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Are
es, Bernardi and MoortgatGalois 
onne
ted operators, whi
h in this paper we will write as 0�; �0. Tounderstand the relation between these two 
on
epts, it may be useful to situatethem in their natural algebrai
 
ontext. Residuated and Galois 
onne
tedpairs of mappings were studied in the work of Birkho� [5℄ and Ore [20℄, amongothers. The relevan
e of this early work for 
urrent resear
h on substru
turallogi
s has been emphasized by Mi
hael Dunn, from whose [7℄ we draw thefollowing de�nitions.De�nition 1.1 Consider two posets A = (A;�A) and B = (B;�B), andfun
tions f : A! B; g : B ! A. The pair (f; g) is said to be residuated i�[RES℄ fa �B b i� a �A gb:The pair (f; g) is said to be Galois 
onne
ted i�[GC℄ b �B fa i� a �A gb:Keeping the posets A and B distin
t helps understanding the 
onne
tion be-tween residuated and Galois 
onne
ted pairs of mappings. Let's introdu
e athird poset B0 = (B; (�B)�1) where (�B)�1 = f(b; a) j a �B bg, and 
onsidera fun
tion h : B ! A. Following [RES℄ the fun
tions f; h form a residuatedpair i� the bi
onditional fa (�B)�1 b , a �A hb holds. But now, repla
ing(�B)�1 by �B, we obtain that b �B fa, a �B hb, i.e. the pair f; h is Galois
onne
ted with respe
t to the orders �B and �A. As Dunn [7℄ puts it, theGalois 
onne
ted pair is obtained by turning around the inequality �B in the
hara
terization of residuation.When we 
ast this algebrai
 dis
ussion in terms of 
ategorial type logi
sthe obje
ts we will be 
onsidering are types, ordered by their derivabilityrelation. Galois 
onne
ted operators have been also studied in the 
ontextof Linear Logi
 [12,1,9,21℄ where they are intended to exhibit negation-likebehavior. This means that the Galois properties have to be mixed with extrafeatures guaranteeing, for example, a double negation law 0(A0) = A = (0A)0.In related work, Jim Lambek [13,14℄ 
onsiders algebrai
 stru
tures he 
allspregroups, where ea
h element a has a left and a right adjoint, written al andar. Also in these stru
tures, one has alr = a = arl. In this paper, we donot 
onsider these stronger notions, but we 
on
entrate on the pure Galoisproperties and investigate the e�e
t of adding 0�; �0 to the base logi
 NL(3).We are interested in the base logi
 be
ause we think it opens a window onthe invariants of grammati
al 
omposition | the laws of the base logi
 areuniversals in the sense that they do not depend on stru
tural postulates (thatis, non-logi
al axioms).The paper is organized as follows. In x2 we provide the basi
 model-theoreti
 and proof-theoreti
 groundwork. We show how the 
ompletenessresult for the standard Kripke-style semanti
s for NL(3) 
an be extended tothe Galois 
onne
ted operators, and how a 
ut-free Gentzen style presentation
an be obtained. In x3, we turn to Beghelli and Stowell's analysis of ways of2
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ope taking [3℄ and to Giannakidou's theory of polarity items distribution [8℄,to provide linguisti
 motivation for the Galois 
onne
ted operators. We exploitthe new derivability patterns introdu
ed by the Galois operators to 
onstrainthe s
opal possibilities of generalized quanti�er expressions and des
ribe atypology of polarity items. In this way we improve on the analysis of [4℄,whi
h was given in terms of the residuated operators 3;2#.2 Formal preliminaries2.1 Axiomati
 presentation, 
ompletenessThere are two ways to extend the standard axiomati
 presentation of NL(3)(see [19℄) with Galois operators. The system NL(3,�0) 
an be obtained byextending NL(3) with the axioms (A1), (A2) and the rules (R1), (R2) below.It is easy to show that (GC) is a derived rule in this setting. Alternatively,one adds (GC) to NL(3). It 
an be shown then that (A1), (A2) and the rules(R1), (R2) are derivable.(A1) ` A) 0(A0):(A2) ` A) (0A)0:(R1) From ` A) B infer ` B0 ) A0:(R2) From ` A) B infer ` 0B ) 0A:(GC) ` A) 0B if and only if ` B ) A0:NL(3) has a Kripke-style semanti
s [10℄ whi
h 
an be straightforwardly ex-tended to NL(3,�0). A model for NL(3,�0) is a tupleM = hW;R3; R21; R22; V iwhere W is a non-empty set, R3 � W 3, R2i � W 2, and V is a valuationV : PROP! 2W . The R3 relation governs the residuated triple �; n; =, the R21relation governs the residuated pair 3;2#, while R22 governs the Galois 
on-ne
ted pair �0; 0�. For simpli
ity, in what follows we will restri
t ourselves tomodelsM = hW;R; V i where R is the relation governing the Galois operators.Given a modelM = hW;R; V i and m 2 W we de�neM; m 
 A0 i� 8m0:(Rmm0 )M; m0 6
 A):M; m 
 0A i� 8m0:(Rm0m)M; m0 6
 A):Given an arrow A ) B, a modelM = hW;R; V i and m 2 W , we say thatM; m j= A ) B i�M; m 
 A impliesM; m 
 B. M j= A ) B i� for allm 2 W ,M; m 
 A) B. We say that A) B is valid (notation j= A) B),i� for any modelM,M j= A) B.It is easy to show that the axioms (A1), and (A2) are true in all Kripkemodels, and that the rules (R1) and (R2) preserve validity, establishing sound-ness. For 
ompleteness, we 
an extend the formula-based 
anoni
al 
onstru
-3
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es, Bernardi and Moortgattion for NL(3) (
f. [6,10℄). The 
anoni
al model M
 = hW 
; R
; V 
i hasW 
 = FORM (the set of all formulas in the language);:R
AB i� ` A) B0; andA 2 V 
(p) i� ` A) p:Noti
e that we de�ne when two elements of W are not related by R. This,of 
ourse, de�nes also whi
h elements are related. But we 
an do even betterthan M
. Given an arrow A ) B, we 
an restri
t W 
 to be simply W 
 =Sub(A)[ Sub(B) (the set of subformulas of A and B) and prove the followingtruth lemma.Lemma 2.1 (Truth Lemma) Given A) B, then for all A0; B0 2 Sub(A)[Sub(B)M
; A0 
 B0 i� ` A0 ) B0:With this lemma, we 
an prove 
ompleteness with respe
t to a 
lass of �nitemodels, and hen
e obtain also de
idability (a
tually, even an upper bound on
omplexity).Proof. The proof pro
eeds by indu
tion on the 
omplexity of the 
onsequentformula. For B 2 PROP, M
; A 
 B i� A 2 V 
(B) i�, by de�nition of V 
,` A ) B. We assume as indu
tion hypothesis (IH) that the lemma is truefor formulas of lower or equal 
omplexity than B.We 
onsider 0B (the 
ase for B0 being even simpler).[)℄ dire
tion. M
; A 
 0B i� for all B0 2 W 
 if R
B0A thenM
; B0 6
 B. By
ontraposition and de�nition of R
, for all B0,M
; B0 
 B implies ` B0 ) A0.By de�nition of W 
, B0 is in Sub(A) [ Sub(B) and we 
an apply IH to obtainthat for all B0 2 W 
, ` B0 ) B implies ` B0 ) A0. In parti
ular, B 2 W 
and by (REFL) ` B ) B, hen
e ` B ) A0. By (GC), ` A) 0B.[(℄ dire
tion. Assume ` A ) 0B to prove M
; A 
 0B. Take B0 su
h thatR
B0A, we should prove M
; B0 6
 B. Noti
e that by de�nition of R
, wehave that 6` B0 ) A0. For 
ontradi
tion, suppose M
; B0 
 B, then by IH,` B0 ) B, but then we 
an prove ` B0 ) A0 as follows` A) 0B ` B0 ) B` 0B ) 0B0 (R2)` A) 0B0 (TRANS)` B0 ) A0 (GC) (1)2Theorem 2.2 (Completeness) Given A ) B, then j= A ) B implies` A) B.Proof. Suppose 6` A) B. Then by Lemma 2.1M
; A 6
 B. AsM
; A 
 A,we haveM
 6j= A) B and hen
e 6j= A) B. 24



Are
es, Bernardi and MoortgatAs we already said, Lemma 2.1 a
tually establishes a strong �nite modelproperty (an arrow A ) B is valid i� B is satis�ed in M
; A, a (pointed)model whose size is polynomial in jAj [ jBj). From this, an NP upper boundin the 
omplexity of the validity problem for NL(3,�0) follows.Theorem 2.3 Given A ) B 2 NL(3,�0), de
iding whether A ) B is valid
an be done in non-deterministi
 polynomial time.2.2 Gentzen presentation, 
ut-eliminationIn this se
tion, we extend the Gentzen presentation of NL(3) of [18℄ toNL(3,�0). We show that the Cut rule 
an be eliminated, yielding de
idableproof sear
h. Our Gentzen presentation has sequents � ) �, with �;� 2STRUC. Stru
tures are de�ned as STRUC ::= FORM j [STRUC j ℄STRUC,with stru
tural 
onne
tives [ and ℄ mat
hing the logi
al 
onne
tives 0� and �0,respe
tively.In [9,21℄, the proof theory for the Galois 
onne
ted operators is given in theframework of Display Cal
ulus. [2℄ shows how to move from display 
al
ulusto a Gentzen 
al
ulus for (unary and binary) residuated and Galois 
onne
tedoperators. In display 
al
ulus, [ and ℄ are related by (DGC) (the stru
tural
ounterpart of (GC)) �) [� i� �) ℄�, whi
h makes it possible to give thefollowing logi
al rules for the 
onne
tives:�) A0A) [� (D1) �) AA0 ) ℄� (D2) �) [A�) 0A (D3) �) ℄A�) A0 (D4) (2)In the Gentzen presentation, we want to 
ompile away (DGC) (and part of theCut rule) in the logi
al rules. Be
ause the Galois operators are order-reversing,we have to distinguish positive and negative 
ontexts in the statement of theCut rule. We write �[�℄ for a stru
ture � with a substru
ture � in an isotoneposition (dominated by an even number of stru
tural 
onne
tives), and �f�gfor a stru
ture � with � in an antitone position (dominated by an odd numberof stru
tural 
onne
tives). In (3) we give the four instan
es of the Cut rulewe have to 
onsider.�) A �[A℄) �0�[�℄) �0 (C1) �0 ) �[A℄ A) ��0 ) �[�℄ (C2)�) A �0 ) �fAg�0 ) �f�g (C3) �fAg ) �0 A) ��f�g ) �0 (C4) (3)The left introdu
tion logi
al rules below are as in the display 
al
ulus pre-sentation, the right introdu
tion rules 
ompile in an appli
ation of (DGC).5
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es, Bernardi and Moortgat�) A0A) [� (0�L) �) AA0 ) ℄� (�0L) A) ℄��) 0A (0�R) A) [��) A0 (�0R) (4)The logi
al rules in (4) swap around ante
edent and su

edent of a sequent.For 
ut elimination to go through, we also need 
ontextual versions of therules, 
ompiling in the axiom s
hemata (A1)/(A2) with (C2)/(C4), and the
omplementary rules (L�), (R+) repla
ing the logi
al 
onne
tives by theirrespe
tive stru
tural 
ounterparts.�fAg ) ��f℄0Ag ) � (0�L+) �fAg ) ��f[A0g ) � (�0L+) (5)�) �[A℄�) �[℄0A℄ (0�R�) �) �[A℄�) �[[A0℄ (�0R�) (6)We will 
all Seq-NL(3,�0) the Gentzen presentation of NL(3,�0), to distinguishit from its Hilbert presentation Hil-NL(3,�0).Theorem 2.4 (Cut elimination) In Seq-NL(3,�0), every valid sequent A)B has a 
ut-free proof.The proof pro
eeds by indu
tion on the 
omplexity of the Cut inferen
es.Below, we present the prin
ipal 
ases of the 
ut elimination transformation:the 
ases where a 
ut on a 
omplex 
ut formula is repla
ed by a 
ut on itssubformula, thus de
reasing the 
omplexity. The other 
ases follow the sameideas.In (7) and (8), isotone 
uts (C1; C3) on the 
omplex formula A0 are re-pla
ed by antitone 
uts (C4; C2). Similarly for 
uts on 0A. (We use doublelines for the instantiation of the premise that makes a logi
al rule appli
able.)
A) [��) A0 (�0R) �fAg ) �0�f[(A0)g ) �0 (�0L+)�[A0℄) �0�[�℄) �0 (C1)�f[�g ) �0 ; �fAg ) �0 A) [��f[�g ) �0 (C4)(7)
A) [��) A0 (�0R) �0 ) �[A℄�0 ) �[[(A0)℄ (�0R�)�0 ) �fA0g�0 ) �f�g (C3)�0 ) �[[�℄ ; �0 ) �[A℄ A) [��0 ) �[[�℄ (C2)(8)6



Are
es, Bernardi and MoortgatIn (9) and (10), antitone 
uts (C4; C2) are repla
ed by isotone 
uts (C1; C3).�f℄Ag ) �0�fA0g ) �0 (�0L�) �) AA0 ) ℄� (�0L)�f℄�g ) �0 (C4) ; �) A �f℄Ag ) �0�f℄�g ) �0 (C1) (9)�0 ) �[℄A℄�0 ) �[A0℄ (�0R+) �) AA0 ) ℄� (�0L)�0 ) �[℄�℄ (C2) ; �) A �0 ) �[℄A℄�0 ) �[℄�℄ (C3) (10)2.3 Soundness and 
ompleteness of Seq-NL(3,�0)We start by proving the following.Proposition 2.5 LetM = hW;R; V i be a model, and m 2 W then(i) M; m j= �) �0[A℄ and j= A) B then �) �0[B℄.(ii) M; m j= �[A℄) �0 and j= B ) A then �[B℄) �0.(iii) M; m j= �) �0fAg and j= B ) A then �) �0fBg.(iv) M; m j= �fAg ) �0 and j= A) B then �fBg ) �0.Proof. By indu
tion on the number of operators surrounding A. 2Now de�ne the following forgetting fun
tion.De�nition 2.6 We de�ne the following translation Tr : STRUC! FORM asfollows, Tr(p) = p for p 2 PROPTr(0(A)) = 0(Tr(A)) Tr([(A)) = 0(Tr(A))Tr((A)0) = (Tr(A))0 Tr(℄(A)) = (Tr(A))0:Theorem 2.7 (Soundness of Seq-NL(3,�0)) The sequent presentation ofthe logi
 NL(3,�0) is sound.Proof. Given a rule A) BC ) Dwe prove that if j= Tr(A)) Tr(B) then j= Tr(C)) Tr(D), and similarly forrules with two premises.Noti
e that Proposition 2.5 proves soundness of the Cut rules. For rules(0�R), (�0R), (0�L) and (�0L) use the fa
t that the (GC) rule is sound. Forrules (0�R�), (�0R�), (0�L+) and (�0L+) use Proposition 2.5 plus the fa
t thataxioms (A1) and (A2) are valid. 27
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es, Bernardi and MoortgatTheorem 2.8 (Equivalen
e of Seq-NL(3,�0) and Hil-NL(3,�0)) If A)B is a theorem of Hil-NL(3,�0) then there is a proof of A) B in Seq-NL(3,�0).And for every proof of a sequent � ) � in Seq-NL(3,�0), Tr(�) ) Tr(�) isa theorem of Hil-NL(3,�0).3 Linguisti
 appli
ationNow that the logi
al properties of NL(3,�0) have been explained in detail, letus turn to its linguisti
 appli
ation. In order to explore the possible uses ofthe Galois unary operators it is important to look at the new properties theyintrodu
e. As we pointed out in the beginning, these new operators di�er fromthe residuated ones in their monotoni
ity properties, and in their derivabilityrelation with respe
t to their argument when 
onsidering their 
omposition(viz. while A derives both (0A)0 and 0(A0), it derives 2#3A but not 32#A).If we 
onsider 
omplex types as 
omposition of fun
tions, we realize thathaving at our disposal downward monotoni
 operators gives a way to modifythe polarity position of their arguments. For example, if we 
onsider the
omposition of 0� with the binary fun
tion =, whi
h is positive in its �rstargument and negative in the other, we see that their monotoni
 propertiesare reversed. More spe
i�
ally, if 0A 
omposes with B=� giving B=0(A), A willbe in a positive position, and if it 
omposes with �=B, resulting in 0(A)=B,A will be in a negative position. Sin
e the monotoni
ity properties of the
onne
tives govern the derivability relation among types, having added theGalois operators in
reases the 
onne
tions between types whi
h is the mainfeature of 
ategorial type logi
.In the next part of this se
tion we will show how to use the derivabilitypatterns between the types of NL(3,�0) to a

ount for the di�erent distributionof generalized quanti�ers with respe
t to negation and to des
ribe a typologyof polarity items.3.1 Generalized Quanti�ers S
opeWe start with an example of how to a

ount for s
ope phenomena using the
omposition of the Galois operators and the fa
t that (0s)0 6 ! 2#3s, whereA �! B means that the formula is a tautology, viz. A �! B i� j= A) B.A well known problem of general quanti�ers expressions (GQs) in the 
ate-gorial literature is the proper 
hara
terization of an in situ binding operationsu
h as required for the s
ope possibilities of GQs. In [17℄ a \s
oping 
on-stru
tor" operator q(A;B;C) is introdu
ed to 
apture this behavior. A GQ isassigned the type q(np; s; s) be
ause it a
ts lo
ally like a noun phrase but takess
ope semanti
ally at a higher sentential level. The logi
al rule governing thisoperator is: �[A℄) B �[C℄) D�[�[q(A;B;C)℄℄) D (qL):8



Are
es, Bernardi and MoortgatThe introdu
tion of this 
onne
tive raises a number of model-theoreti
al andproof-theoreti
al questions whi
h have been addressed in [16℄, where it isshown that the q 
onne
tive 
an be obtained as a de�ned operator of standard
ategorial type systems, and the above (qL) rule as a derived rule of inferen
e.The solution there proposed 
an be further simpli�ed, but for reason of spa
ewe 
annot go in the detail of this aspe
t.The s
oping 
onstru
tor q is intended to provide the full set of 
ombi-natorially possible s
ope relations in a multiple quanti�er 
ontext | in thatsense, it 
ould be seen as the dedu
tive version of May's [15℄ S
ope Uniformitythesis. Beghelli and Stowell [3℄ have 
onvin
ingly shown that GQs have non-uniform s
ope possibilities. The main 
laim of their theory is that, for 
ertain
ombinations of quanti�er types, the natural language grammar simply ex-
ludes 
ertain logi
ally possible s
ope 
onstruals. In our setting this requirestype-re�nement of the subtypes of a q(np; s; s) assignment.A �rst analysis following these ideas was provided in [4℄. In this paper,the derivability relation, 32#s �! s �! 2#3s is used to distinguish threedi�erent sentential levels: the one lower than negation (32#s), the negativeone (s), and the one higher than negation (2#3s). The di�erent distributionof GQs like every N, a N and some N, with respe
t to these sentential levelsis en
oded in their type assignments.However, the linear derivability relation given by a pair of residuated op-erators, is not enough to a

ount for more 
omplex linguisti
 phenomena. Forexample, the type assignment proposed in [4℄ 
ould not blo
k the o

urren
esof negative polarity expressions like any N in a positive senten
e.We will show by means of an example, how we 
an use the type (0s)0to solve this problem and how the di�erent s
ope possibilities of positive vs.negative polarity items 
an be a

ounted for. Let's start with the lexi
onentries we are interested in.didn't 2 ((s=(npns))ns)=(npn(0s)0).any N 2 q(np; (0s)0; (0s)0).some N 2 q(np;2#3s;2#3s).The o

urren
e of any in a positive 
ontext, e.g. anybody left, is blo
ked asshown by the proof below (as (0s)0 �! 2#3s 
annot be derived in the 
al
u-lus): np) np s) (0s)0np � npns) (0s)0 (nL) (0s)0 6) 2#3sq(np; (0s)0; (0s)0) � npns) 2#3s (qL)The ungrammati
ality of, e.g., anybody didn't leave is proved in a similar way.We now turn to the non-uniform behavior of polarity items with respe
t tonegation. The 
ombination of GQ and negation gives rise to s
ope ambiguity,whi
h in type logi
 grammars 
orresponds to multiple proofs. In the 
ase of9
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es, Bernardi and Moortgatpolarity items (PI) not all the logi
al possibilities are allowed. In parti
ular,negative PI will allow only for the reading with the negation having wides
ope (:GQ), while positive PI will produ
e the reading with negation havingnarrow s
ope (GQ:). The proof-s
hemata in Figures 2 and 3 illustrate howthe lexi
on entries above 
orre
tly predi
t these linguisti
 phenomena.When instantiating the quanti�er q(np; s1; s2) with a positive polarity itemlike some book, e.g. John didn't read some book, the proof-s
hema in Figure 2will fail, while the one in Figure 3 will not. Applying the type assigned aboveto some book, q(np;2#3s;2#3s), the sentential types of the quanti�er, s1; s2,will both be instantiated with 2#3s. Therefore in Figure 2 the derivations2 �! (0s)0 will fail (as 2#3s 6�! (0s)0). While both the displayed derivationsin Figure 3 will be provable, viz. s �! 2#3s and 2#3s �! 2#3s.On the other hand, when 
onsidering the derivations as a proof of Johndidn't read any book, the sentential types assigned to the negative polarityitem, any book, will be s1 = s2 = (0s)0, whi
h give the 
orre
t derivationss �! (0s)0 and (0s)0 �! (0s)0 in Figure 2, and blo
k the derivation inFigure 3 with (0s)0 6�! 2#3s.These simple examples show that di�erent s
ope distribution exhibitedby items whi
h belong to the same synta
ti
 
ategory 
an be a

ounted forby means of derivability patterns among types. More pre
isely, the unaryoperators (3;2#;0 �; �0) provide a way to en
ode the di�erent features whi
h
hara
terizes items of the same 
ategory. In the above examples we have usedonly a small part of the ri
h pattern of types at our disposal in NL(3,�0).The pi
ture in Figure 1 summarizes some of the relations we have. Note thatthese relations 
an be further extended with a third level sin
e besides thederivation A �! (0A)0, A �! 0(A0) holds as well. In the next pages we willrefer to the types using the 
orresponding abbreviations si given below.

q������I �������q������� q������Iq
s1 32#s

ss4 2#332#s 2#3s6 666s04 (02#332#s)0 s03 (02#3s)0 (0s)0 s02
s01 (032#s)0

q������� q������Iq������I �������
q

Fig. 1. Some derivability patterns in NL(3,�0)10
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np) np np) np s) s1np � npns) s1 (nL)np � ((npns)=np � np)) s1 (=L) s2 ) (0s)0np � ((npns)=np � q(np; s1; s2) )) (0s)0 (qL)(npns)=np � q(np; s1; s2)) npn(0s)0 (nR) np) s=(npns) s) 2#3snp � (s=(npns))ns) 2#3s (nL)np|{z}subje
t �(((s=(npns))ns)=(npn(0s)0)| {z }negation �((npns)=np| {z }trans. verb � q(np; s1; s2)| {z }gen. quanti�er ))) 2#3s (=L)Fig. 2. Wide s
ope negation (:GQ)

np) np s) (0s)0 np) npnpns) npn(0s)0 (nR;L) np) s=(npns) s) s1np � (s=(npns))ns) s1 (nL)np � (((s=(npns))ns)=(npn(0s)0) � npns)) s1 (=L)np � (((s=(npns))ns)=(npn(0s)0) � ((npns)=np � np))) s1 (=L) s2 ) 2#3snp|{z}subje
t �(((s=(npns))ns)=(npn(0s)0)| {z }negation �((npns)=np| {z }trans. verb � q(np; s1; s2)| {z }gen. quanti�er ))) 2#3s (qL)

Fig. 3. Narrow s
ope negation (GQ:)

11



Are
es, Bernardi and MoortgatIn the remaining part of the paper we show how the above derivability pat-terns give a pre
ise way to (i) gain a deeper understanding of the typology ofpolarity items proposed in the literature of formal linguisti
s, (ii) 
larify the
onsequen
es predi
ted by the typologies opening the way to further investi-gations, (iii) 
arry out 
ross-linguisti
 
omparisons. In parti
ular we will lookat the typology of Greek polarity items dis
ussed in [8℄ and 
ompare it withItalian data and types.3.2 A typology of polarity items in NL(3,�0)Extending the results presented in [23,22℄ Giannakidou gives an in depth anal-ysis of polarity items in terms of sensitivity to (non)-veridi
ality { where, in-tuitively, a non-veridi
al expression NV is su
h that when 
omposed with aproposition p it does not entail that p is true. Besides the standard distin
-tions we introdu
ed above between negative and positive polarity items, shegives eviden
e for a further 
lassi�
ation among items of the former group.For reasons whi
h will be
ome 
lear soon, she refers to the whole group as af-fe
tive PI (API) leaving the adje
tive \negative" to denote some spe
ial itemsof it. The polarity items whi
h do not belong to API are 
onsidered as pos-itive polarity items (PPI). We now roughly present the theory and sket
h itstypologi
al a

ount.To give a 
ategorial type logi
 (CTL) analysis of polarity items the mainobservations to keep in mind are the following. (a) Episodi
 senten
es (E)
an be either veridi
al or non-veridi
al, where the di�eren
e is marked bythe o

urren
es of veridi
al vs. non-veridi
al expressions (e.g. now vs. may,respe
tively). (b) Among the non-veridi
al expressions we 
an distinguishthe subset of the anti-veridi
al ones (AV) whi
h are negation-like operators(e.g. without, does not). (
) Among the a�e
tive polarity items we have todi�erentiate negative polarity items (NPIs) whi
h are de�ned as the itemswhi
h require to be the argument of AV, and APIs whi
h are feli
itous alsowithin the s
ope of NV. In CTL terms (a) means that the appli
ation of NV(and therefore AV) expressions will return an episodi
 senten
e; (b) meansthat the type of AV must derive the type of NV; (
) says that APIs are of aweaker type than NPIs, hen
e the type assigned to API must derive the oneof NPI. Let us illustrate this by means of the derivations sket
hed below.Let NV 2 E=PI;AV 2 E=NPI and E=NPI �! E=PI, thenAV 2 E=NPI NPI 2 NPIAV Æ NPI 2 E NV 2 E=PI API 2 APINV Æ API 2 EAV 2 E=NPIAV 2 E=API PI 2 APIAV Æ API 2 E NV 2 E=APINV 2 E=NPI [�℄ NPI 2 NPI�NV Æ NPI 2 EThe derivations show that if we assign to AV and NV types governed by therelations above, then an anti-veridi
al expression will 
ompose both with a12



Are
es, Bernardi and MoortgatNPI and with an API, but a non veridi
al operator will not 
ompose with NPI.Due to the logi
al properties of =, E=API 6�! E=NPI implies NPI 6�! APIand E=NPI �! E=API means API �! NPI. Therefore point (
) simplyfollows from (b).More formally, this simple fa
t 
an be expressed using (one of) the deriv-ability relations given in Figure 1. But the 
ube o�ers a mu
h ri
her hierar
hyof types whi
h will allow us to make more �ne-grained distin
tions amongpolarity items as a
tually is required by the linguisti
 data. We look at theGreek data presented in [8℄ and to Italian data for a 
ross-linguisti
 analysis.In Giannakidou's analysis free 
hoi
e items (FCIs) are shown to be sensitiveto (non)-veridi
ality, and in parti
ular to be a spe
ial 
ase in the group ofa�e
tive polarity items. We will in
lude them in our data. In the examplesbelow the li
ensing operator is emphasized and the li
ensed item is underlined.The > stands for the s
ope distribution, e.g. Neg > API means Neg has s
opeover API.GreekNPI: ipe leksi, API: kanenan, FCI: opudhipote1. Dhen idha kanenan. Neg > API(tr. I didn't see anybody)2. Dhen ipe leksi oli mera Neg > NPI(tr. He didn't say a word all day)3. *Dhen idha opjondhipote *Neg > FCI(tr. I didn't see anybody)4. Opjosdhipote �titis bori na lisi afto to provlima. Modal > FCI(tr. Any student 
an solve this problem.)5. An dhis tin Elena [puthena/opudhipote℄, : : : Cond > API/FCI(tr. If you see Elena anywhere, : : :)6. An pis leksi tha se skotoso. Cond > NPI(tr. If you say a word, I will kill you)For the reasons dis
ussed above the following types will 
orre
tly predi
t thesedata. For 
ompleteness we in
lude also the type for the PPI kapjon (tr. some).
13



Are
es, Bernardi and MoortgatLexi
onPPI: q(np; s4; s4), kapjon N NPI: npns02, ipe leksiAPI: q(np; s01; s01), kanenan FCI: q(np; s04; s04), opudhipotemodal: (((s04=np)ns04)ns1)=(npns04), bori neg.: (npns1)=(npns02), dhen
ond.: (s1=s01)=s03, anWe 
an 
ompare the Greek data and types with the Italian ones.ItalianNPI: nessuno, API: mai, FCI: 
hiunque1. Non gio
o mai Neg > API(tr. I don't play ever)2. Non ho visto nessuno Neg > NPI(tr. I haven't seen anybody)3. *Non ho visto 
hiunque *Neg > FCI(tr. I haven't seen anybody)4. Chiunque pu�o risolvere questo problema Modal > FCI(tr. Anybody 
an solve this problem)5. *Puoi gio
are mai *Modal > API(tr. You 
an play ever)6. *Puoi prendere in prestito nessun libro *Modal > NPI(tr. You 
an borrow any book)7. Se verrai mai a trovarmi, : : : Cond > API(tr. If you ever 
ome to visit me, : : :)Lexi
onPPI: q(np; s4; s4), qual
uno NPI: q(np; s02; s02), nessunoAPI: (npns1)n(npns01), mai FCI: q(np; s004; s004), 
hiunquemodal: (((s004=np)ns004)ns1)=(npns004), pu�o neg.: (npns1)=(npns02), non
ond: (s1=s01)=s04, seThe reader is referred to [8℄ for the 
omplete analysis of the Greek data. We14



Are
es, Bernardi and Moortgatsummarize the results in the table below 
omparing it with the Italian ones.Greek FCI API NPIVeridi
al * * *Negation * Yes YesModal verb Yes Yes *Conditional Yes Yes Yes
Italian FCI API NPIVeridi
al * * *Negation * Yes YesModal verb Yes * *Conditional * Yes *Finally, the lexi
on type assignments given for Greek and Italian 
an be sum-marized as follows:

q������I �������q������� q������IqPPI
6 666FCI/Modal Cond NPI/Neg
API

q������� q������Iq������I �������
q

q������I �������q������� q������IqPPI
6 666Cond NPI/Neg
API

q������� q������Iq������I �������
q

?FCI/ModalGreek ItalianFrom this 
omparison the following 
on
lusions 
an be drawn: (i) there 
ouldbe 
ontexts where both PPI and API are feli
itous (e.g. 
onditionals andmodal operators); (ii) there 
ould be non-veridi
al operators whi
h do notli
ense polarity items (eg. in Italian FCI are not allowed in 
onditionals), (iii)there 
an be other sorts of polarity items sensitive to these and to other kindsof non-veridi
al expressions.4 Con
lusionsIn this paper, we have fo
used on the minimal implementation of Galois 
on-ne
ted operators in the base logi
, and shown how this minimal additionenhan
es the a

ura
y of the grammati
al logi
.An obvious topi
 for further resear
h is the 
ommuni
ation between theGalois operators and the unary and binary residuated families.15



Are
es, Bernardi and MoortgatAnother interesting dire
tion is to investigate whi
h is the true impa
t ofthe addition of order-reversing operators to the 
ategorial types. In the mainlinguisti
 appli
ation in x3 we made use only of the 
omposition of Galoisoperators (0(�))0; 0((�)0) whi
h are in itself order-preserving operators.Furthermore, our sear
h for the right lexi
al type assignments suggests apossible 
onne
tion between non-verdi
ality and (0�; �0), and veridi
ality and(2#;3). This might shed light on the understanding of the semanti
 interpre-tations of these operators when used to reason with linguisti
 resour
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