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Editorial
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The first Methods for Modalities workshop (M4M-1) was born late at night in
November 1998, with a knock on a door, a small but adequate budget, and the
urge to do new things. It grew from the good disposition of invited speakers, the
enthusiasm of contributors, and long hours behind the computer answering mails,
printing articles, organizing time tables, designing web pages and answering phone
calls. The aim was clear: to bring together some of the people, logicians and/or
computer scientists who were, in one way or another, computing with modal and
modal-like logics such as description logic, hybrid logic, temporal logic, etc.

The connections between logic and computing are wide-spread and varied. Well-
known examples of uses of logic in computer science include automated verifica-
tion [25], databases [2], knowledge representation [8], artificial intelligence [20], for-
mal languages [28], etc. Going in the opposite direction, from computer science to
logic, we find extremely fast implementations of model checkers and tableaux-based
and resolution-based theorem provers [9], automata-theoretic methods for decid-
ing powerful languages [5], tight connections between the theories of computational
and descriptive complexity [24], etc. And this is just a small part of a far bigger
development, as logic continues to play an important role in computer science and
permeating more and more of its main areas. All signs indicate that computer sci-
ence and logic have decided to establish a stronghold together and profit from the
interchange of ideas. This development has been recognized throughout the com-
munity, as is witnessed, for instance, by this year’s launch of the ACM Transactions
on Computational Logic [30], the founding of IFCOLOG, the International Feder-
ation on Computational Logic [23], and the first installment of the International
Conference on Computational Logic [12].

While the links between computer science and modal logic may be viewed as
nothing more than specific instances of these developments, there is something spe-
cial to them. Graphs are the key. Graphs are ubiquitous in computer science:
think of transition systems, parse trees, Petri nets, decision diagrams, flow charts,
. . . It is because of this, that modal languages are so well suited to describe com-

231L. J. of the IGPL, Vol. 8 No. 3, pp. 231–237 2000 c©Oxford University Press
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puter science phenomena: Kripke models, the standard semantic structure on which
modal languages are interpreted, are nothing but graphs [4]. Of course, graphs, or
more generally relational structures, are also the semantic structures of choice for
other languages, including first-order logic, but from a computational point of view,
modal languages have a huge advantage when compared to first-order logic: they
are usually decidable.

The first workshop on Method for Modalities focused on the particular relationship
between modal formalisms and computer science. While planning M4M-1, we aimed
to create an environment in which one could really learn from what the speakers
coming from different fields would have to tell us. We settled on long, tutorial-
like presentations by invited speakers, complemented by contributed papers and an
afternoon for system demonstrations.

The invited talks covered some of the main approaches to modern automated
reasoning (resolution and tableaux calculi), discussed techniques for test set gen-
eration, model checking and labeled deduction. Submitted papers, on the other
hand, contributed further, less traditional angles. System presentations included
both classical and state of the art modal theorem provers, demonstrated by the
developers themselves, which helped to create a genuine “hands-on” atmosphere.

The workshop proved to be a stimulating event that motivated people to share
knowledge and expertise. Lecture rooms overflowed as we underestimated the popu-
larity of our late-night-idea. And the ripples created by the pebble we threw back in
November 1998 are still moving out from the center. Material related to the work-
shop is available online at the M4M web site (http://www.illc.uva.nl/~m4m/);
this should serve as an “entry point” for anyone interested in exploring the field.
And, of course, M4M-2 is being planned while we write this editorial.

M4M-1 in this Special Issue

Some of the speakers taking part in the workshop were invited to prepare journal
versions of their presentation for publication in this special issue. We also invited
some of the speakers to join up to form “teams” and provide us with a broad view
of their area of expertise. We are extremely glad that the authors concerned took
the opportunity and agreed to team up and collaborate.

After a formal reviewing process, five papers were selected as a fair representation
of the material presented at M4M-1. Of those five, three focus on methods and
methodologies for traditional modal and modal-like formalisms, while two aim to
extend familiar views of such formalisms to more inclusive ones, either in terms of
general fragments of classical logics or in terms of sorting and naming mechanisms.
Let us briefly introduce each of the papers.

Practical Reasoning for Very Expressive Description Logics by Ian Horrocks, Ul-
rike Sattler, and Stephan Tobies.

Description logics are a family of languages especially devised for knowledge rep-
resentation [16]. The connection between description logics and modal logics has a
long history. The first results date back to [29]; these were extended in, for example,
[15].

In application areas such as knowledge representation, one may need very expres-
sive description logics. For instance, one may need to be able to deal with converse
relations, number restrictions, A-Box and T-Box reasoning, transitivity, etc. Even
though the worst case complexity of the satisfiability problems for these languages
is usually EXPTIME, the known algorithms have a good average case performance.

The paper describes one of the most expressive families of description logics nowa-
days: ALC extended with transitive roles, hierarchies and converse. It explores the



Editorial 233

differences between transitive roles and taking the transitive closure of roles, with
respect to tableau-based decision algorithms. It establishes PSPACE-completeness
of the satisfiability problem for SI, while an undecidability result is obtained when
unrestricted number quantification is also allowed. Finally, the paper discusses
various optimization techniques.

The salient characteristic of the paper is its mixture of theoretical and application
driven results, which is almost a hallmark of the literature on description logics.

Resolution-Based Methods for Modal Logics by Hans de Nivelle, Renate Schmidt,
and Ullrich Hustadt.

Automated theorem proving for first-order logics is a well developed field with
years of history [9]. Attending a conference on the field, like for example CADE,
International Conference on Automated Deduction, can be an unforgettable experi-
ence, where highly tuned heuristics are discussed and test-beds are crunched down
by provers trying to outperform each other.

Now, the standard or relational translation [32] embeds modal logics into first-
order logics while preserving satisfiability; hence, it opens the door to modal theorem
proving by means of first-order techniques. The power of first-order logic translates
into both advantages and disadvantages from the modal point of view. On the
one hand, it allows one to explore combinations of logics, as different logics can be
jointly translated into first-order logic; the resulting theory can then be fed to a
first-order prover. But, of course, there is the issue of (un-)decidability.

The latter is the topic of the paper, which focuses primarily on first-order reso-
lution methods and how to turn them into decision methods for modal logics. The
authors start by introducing the general resolution framework and then go on to dis-
cuss refinements of resolution by means of orders and selection functions which are
powerful enough to “tame” the method and transform it into a decision procedure
for a variety of modal logics.

To complete the picture, the authors also draw connections between resolution
and tableau based modal theorem proving, and comment on simulation results.

An Analysis of Empirical Testing for Modal Decision Procedures by Ian Horrocks,
Peter F. Patel-Schneider, and Roberto Sebastiani.

It is generally accepted that the worst case complexity of the satisfiability problem
for a modal language is not a fair measure to assess the typical case complexity.
Many algorithms deciding the same language might live in the same complexity
class but perform completely differently when tested on randomly generated or
real life problems. Usually, empirical testing is the only way to assess typical case
complexity.

The area of testing in propositional logic is well developed and the easy-hard-
easy pattern of propositional satisfiability well studied [6]. But little is know about
testing for modal logics, which poses a much more complex challenge. For a start,
decidable modal languages usually live in one of three different complexity classes:
the very easy ones like S5 in NP, the classical ones in PSPACE like K or T, and the
hard ones like PDL in EXPTIME; and different tests are needed for each of these
classes. In addition, the typical behavior of modal logics in those classes need not
be the same.

The paper provides a survey of empirical testing methodologies and analyses the
current state of the art, proposing criteria for defining a “good test set.” In addi-
tion, a new test generation methodology is proposed as a variation of the 3CNF2m

algorithm.

Reachability Logic: An Efficient Fragment of Transitive Closure Logic by Natasha
Alechina and Neil Immerman.

As we said, classical modal languages can be embedded into first-order logic by
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means of the standard translation mentioned above. But certain extended modal
languages, such as PDL or CTL∗ [21], allow the Kleene star operator and hence
are beyond first-order logic. FO(TC), first-order logic extended with transitive
closure [17], is a well studied logic in the field of descriptive complexity. The aim
of the paper is to identify fragments of FO(TC) that are general enough to “cover”
modal logics like PDL and CTL∗ but still restricted enough to admit model checking
algorithms of very low (linear) complexity.

In particular, the paper introduces a ‘modal’ fragment of FO2(TC), the language
FO(TC) with only two variables, where quantifiers are restricted by path descrip-
tions, which is later extended with boolean variables. The model checking algorithm
for this fragment, which is called RL, is linear in the size of the formula and the size
of the model, but exponential in the number of boolean variables. Interestingly, the
boolean variables play an important role. The authors show that neither PDL nor
CTL∗ can be embedded in RL without the use of boolean variables. Furthermore,
the number of boolean variables are a good indicator of the complexity of a given
CTL∗ query.

Representation, Reasoning, and Relational Structures: a Hybrid Logic Manifesto
by Patrick Blackburn.

This paper views modal logics as languages that are especially tailored for describ-
ing relational structures. After pointing out the connections between modal logics
and other fields, it describes a natural extension to traditional modal languages:
hybrid logics.

Hybrid logics are languages with the ability to explicitly refer to states in a model.
This capacity, which is absent in traditional modal languages, makes hybrid lan-
guages especially well-suited for many modeling tasks, including knowledge repre-
sentation, the analysis of linguistic phenomena, and temporal reasoning. Blackburn
starts by discussing simple hybrid logics where only names and satisfaction opera-
tors are added. But he also gives a taste of more expressive languages where names
can be bound globally or locally, new sorts are introduced, etc.

Blackburn manages to get many important intuitions across in a very accessible
manner. Examples abound in the paper, which will help the reader to pull together
the many threads from logic, linguistics and computer science that are present in
the paper.

M4M-1 not in this Special Issue

For a variety of reasons there is a number of very interesting topics that were covered
at M4M-1 but that did not make it into this special issue. In this section we briefly
comment on each of them.

Logic offers the possibility of modeling and reasoning about hardware and soft-
ware systems. But which logic? In his presentation, Basin [3] proposed monadic
logics of strings and trees as good candidates for many kinds of discrete systems.
The connection between such logics and modal logics is established at the level of
frames, and the decidability result of Rabin [27] for SnS has often been used to
prove decidability of modal systems by embeddings.

The use of modal and modal-like languages as modeling tools was illustrated in
two presentations. Bleeker and Meertens [7] reported on work dealing with modal
logics able to capture the dynamics of knowledge during communication, with a
view to understanding security protocols. Van Eijck, de Boer, van der Hoek and
Meyer [33] presented work on a modal logic with a special kind of quantification,
aimed at modeling network topologies.

Traditional proof-theoretical concerns were also represented at M4M-1, where
Governatori and Rotolo [22] discussed their recent work on modal proof theory in
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the spirit of Gabbay’s labeled deductive systems, Fariñas del Cerro and Gasquet [14]
presented tableaux-based decision procedures for modal logics of confluence and
density, and Ohlbach [26] introduced a new theory resolution style calculus for
combined A-Box and T-Box reasoning.

Finally, Cerrito, Mayer and Praud [13] presented work on first-order linear time
temporal logics over finite frames; in particular, they discussed a number of results
on undecidability and high undecidability.

The following systems were demonstrated at M4M-1: 2-KE, developed by Cun-
ningham, Pitt, Williams and Kamara; Akka, developed by Hendriks; FaCT and
iFaCT developed by Horrocks; lc2 developed by Marx and Schlobach; Bliksem,
developed by de Nivelle; and DLP, developed by Patel-Schneider.

While the scope of M4M-1 was broad and while we managed to attract contributions
on a wide variety of topics, it was only a two-day event: various important topics on
the interface of modal logic and computing were not addressed during M4M-1, thus
suggesting obvious topics for M4M-2 and other future installments of the workshop.

As regards the application of modal logic to hard-core computer science, the work
on system verification (like temporal languages for real time systems or the recent
advances in model checking [11]) was barely present. Logic programming, and its
modal extension to knowledge programming [18], is also a clear topic for M4M,
as is, more generally, the connection between modal logics and databases, both at
the modeling and inference level. As far as decision methods for modal logics is
concerned, there were two important absentees at M4M-1: sequent calculi [34] and
automata-based techniques [31]. As we mentioned, modal languages are used as
modeling tools in very diverse areas, including computational linguistics, informa-
tion retrieval, natural language semantics, system design, . . . — it would be good
to have a fair amount of case studies from as large a subset of these disciplines as
possible. Finally, the issue of transfer results for combinations of logics deserves
attention [19], as do new connections linking modal languages to game theory [10].

As we tried to convey with the title of this editorial introduction, the message
we want to get across is Use Your Logic. And we mean use in a very concrete
way. Modal logics provide restricted yet expressive languages for modeling a wide
variety of problems, and today we have automated tools that can perform modal
inference with ever increasing efficiency. “Make your life easier, have a theorem
prover installed,” might be the slogan if an advertising agency were behind M4M.
But the phrase is not a mere slogan for us.
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Out of 20 submissions, the program committee selected 9 papers for presentation
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Abstract

Description Logics (DLs) are a family of knowledge representation formalisms mainly characterised
by constructors to build complex concepts and roles from atomic ones. Expressive role constructors
are important in many applications, but can be computationally problematical.

We present an algorithm that decides satisfiability of the DL ALC extended with transitive and
inverse roles and functional restrictions with respect to general concept inclusion axioms and role
hierarchies; early experiments indicate that this algorithm is well-suited for implementation. Addi-
tionally, we show that ALC extended with just transitive and inverse roles is still in PSpace. We
investigate the limits of decidability for this family of DLs, showing that relaxing the constraints
placed on the kinds of roles used in number restrictions leads to the undecidability of all inference
problems. Finally, we describe a number of optimisation techniques that are crucial in obtaining
implementations of the decision procedures, which, despite the hight worst-case complexity of the
problem, exhibit good performance with real-life problems.
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1 Motivation

Description Logics (DLs) are a well-known family of knowledge representation for-
malisms [17]. They are based on the notion of concepts (unary predicates, classes)
and roles (binary relations), and are mainly characterised by constructors that allow
complex concepts and roles to be built from atomic ones. Sound and complete algo-
rithms for the interesting inference problems such as subsumption and satisfiability
of concepts are known for a wide variety of DLs.

Transitive and inverse roles play an important role not only in the adequate repre-
sentation of complex, aggregated objects [35], but also for reasoning with conceptual
data models [9]. Moreover, defining concepts using general concept inclusion axioms
seems natural and is crucial for representing conceptual data models.

The relevant inference problems for (an extension of) ALC augmented in the de-
scribed manner are known to be decidable [15], and worst-case optimal inference
algorithms have been described [16]. However, to the best of our knowledge, nobody
has found efficient means to deal with their high degree of non-determinism, which
so far prohibits their use in realistic applications. This is mainly due to the fact that
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these algorithms can handle not only transitive roles but also the transitive closure
of roles. It has been shown [43] that restricting the DL to transitive roles can lead
to a lower complexity, and that transitive roles, even when combined with role hi-
erarchies, allow for algorithms that behave quite well in realistic applications [31].
However, until now it has been unclear if this is still true when inverse roles are also
present.

In this paper we present various aspects of our research in this direction. Firstly,
we motivate our use of logics with transitive roles instead of transitive closure by con-
trasting algorithms for several pairs of logics that differ only in the kind of transitivity
supported.

Secondly, we present an algorithm that decides satisfiability of ALC extended with
transitive and inverse roles, role hierarchies, and functional restrictions. This al-
gorithm can also be used for checking satisfiability and subsumption with respect to
general concept inclusion axioms (and thus cyclic terminologies) because these axioms
can be “internalised”. The fact that our algorithm needs to deal only with transitive
roles, instead of transitive closure, leads to a lower degree of non-determinism, and
experiments indicate that the algorithm is well-suited for implementation.

Thirdly, we show that ALC extended with both transitive and inverse roles is still
in Pspace. The algorithm used to prove this result introduces an enhanced blocking
technique that should also provide useful efficiency gains in implementations of more
expressive DLs.

Fourthly, we investigate the limits of decidability for this family of DLs, showing
that relaxing the constraints we will impose on the kind of roles allowed in number
restrictions leads to the undecidability of all inference problems.

Finally, we describe a range of optimisation techniques that can be used to produce
implementations of our algorithms that exhibit good typical case performance.

2 Preliminaries

In this section, we present the syntax and semantics of the various DLs that are
investigated in subsequent sections. This includes the definition of inference problems
(concept subsumption and satisfiability, and both of these problems with respect to
terminologies) and how they are interrelated.

The logics we will discuss are all based on an extension of the well known DL
ALC [45] to include transitively closed primitive roles [43]; we will call this logic S
due to its relationship with the propositional (multi) modal logic S4(m) [44].1 This
basic DL is then extended in a variety of ways—see Figure 1 for an overview.

Definition 2.1 Let NC be a set of concept names and R a set of role names with
transitive role names R+ ⊆ R. The set of SI-roles is R ∪ {R− | R ∈ R}. To
avoid considering roles such as R−−, we define a function Inv on roles such that
Inv(R) = R− if R is a role name, and Inv(R) = S if R = S−. In the following, when
speaking of roles, we refer to SI-roles, as our approach is capable of dealing uniformly
with both role names and inverse roles.

Obviously, a role R is transitive iff Inv(R) is transitive. We therefore define Trans

1This logic has previously been called ALC
R+ , but this becomes too cumbersome when adding letters to represent

additional features.
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to return true iff R is a transitive role. More precisely, Trans(R) = true (and we say
that R is transitive) iff R ∈ R+ or Inv(R) ∈ R+.

The set of SI-concepts is the smallest set such that

1. every concept name is a concept, and,
2. if C and D are concepts and R is an SI-role, then (C u D), (C t D), (¬C),

(∀R.C), and (∃R.C) are also concepts.

A role inclusion axiom is of the form R v S, where R and S are two roles, each of
which can be inverse. A role hierarchy is a finite set of role inclusion axioms, and
SHI is obtained from SI by allowing, additionally, for a role hierarchy R. The sub-
role relation v* is the transitive-reflexive closure of v over R ∪ {Inv(R) v Inv(S) |
R v S ∈ R}.
SHIQ is obtained from SHI by allowing, additionally, for qualified number re-

strictions [26], i.e., for concepts of the form 6nR.C and >nR.C, where R is a simple
role, C is a concept, and n ∈ N. A role is called simple iff it is neither transitive
nor has transitive sub-roles. SHIN is the restriction of SHIQ allowing only unqual-
ified number restrictions (i.e., concepts of the form 6nR and >nR), while SHIF
represents a further restriction where, instead of arbitrary number restrictions, only
functional restrictions of the form 61R and their negation >2R may occur.

An interpretation I = (∆I , ·I) consists of a set ∆I , called the domain of I, and a
function ·I which maps every concept to a subset of ∆I and every role to a subset of
∆I × ∆I such that, for all concepts C, D, roles R, S, and non-negative integers n,
the properties in Figure 1 are satisfied, where ]M denotes the cardinality of a set M .
An interpretation satisfies a role hierarchy R iff RI ⊆ SI for each R v S ∈ R; we
denote this fact by I |= R and say that I is a model of R.

A concept C is called satisfiable with respect to a role hierarchy R iff there is some
interpretation I such that I |= R and CI 6= ∅. Such an interpretation is called a
model of C w.r.t. R. A concept D subsumes a concept C w.r.t. R (written C vR D)
iff CI ⊆ DI holds for each model I of R. For an interpretation I, an individual
x ∈ ∆I is called an instance of a concept C iff x ∈ CI .

All DLs considered here are closed under negation, hence subsumption and (un)satisfi-
ability w.r.t. role hierarchies can be reduced to each other: C vR D iff C u ¬D is
unsatisfiable w.r.t. R, and C is unsatisfiable w.r.t. R iff C vR A u ¬A for some
concept name A.

In [37; 3; 44; 1], the internalisation of terminological axioms is introduced, a tech-
nique that reduces reasoning with respect to a (possibly cyclic) terminology to satisfi-
ability of concepts. In [31], we saw how role hierarchies can be used for this reduction.
In the presence of inverse roles, this reduction must be slightly modified.

Definition 2.2 A terminology T is a finite set of general concept inclusion axioms,
T = {C1 v D1, . . . , Cn v Dn}, where Ci, Di are arbitrary SHIF -concepts. An
interpretation I is said to be a model of T iff CI

i ⊆ DI
i holds for all Ci v Di ∈ T .

A concept C is satisfiable with respect to T iff there is a model I of T with CI 6= ∅.
Finally, D subsumes C with respect to T iff, for each model I of T , we have CI ⊆ DI .

The following lemma shows how general concept inclusion axioms can be inter-
nalised using a “universal” role U , a transitive super-role of all roles occurring in T
and their respective inverses.
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Construct Name Syntax Semantics

atomic concept A AI ⊆ ∆I

atomic role R RI ⊆ ∆I × ∆I

transitive role R ∈ R+ RI = (RI)+

conjunction C uD CI ∩DI

disjunction C tD CI ∪DI S
negation ¬C ∆I \ CI

exists restriction ∃R.C {x | ∃y.〈x, y〉 ∈ RI and y ∈ CI}
value restriction ∀R.C {x | ∀y.〈x, y〉 ∈ RI implies y ∈ CI}
role hierarchy R v S RI ⊆ SI H
inverse role R− {〈x, y〉 | 〈y, x〉 ∈ RI} I
number
restrictions

>nR

6nR

{x | ]{y.〈x, y〉 ∈ RI} > n}
{x | ]{y.〈x, y〉 ∈ RI} 6 n}

N

qualifying number
restrictions

>nR.C

6nR.C

{x | ]{y.〈x, y〉 ∈ RI and y ∈ CI} > n}
{x | ]{y.〈x, y〉 ∈ RI and y ∈ CI} 6 n}

Q

Fig. 1. Syntax and semantics of the SI family of DLs

Lemma 2.3 Let T be a terminology, R a role hierarchy, and C,D SHIF -concepts,
and let

CT := u
CivDi∈T

¬Ci tDi.

Let U be a transitive role that does not occur in T , C,D, or R. We set

RU := R∪ {R v U, Inv(R) v U | R occurs in T , C,D, or R}.

Then C is satisfiable w.r.t. T and R iff C u CT u ∀U.CT is satisfiable w.r.t. RU .
Moreover, D subsumes C w.r.t. T and R iff C u ¬D u CT u ∀U.CT is unsatisfiable
w.r.t. RU .

The proof of Lemma 2.3 is similar to the ones that can be found in [44; 3]. Most
importantly, it must be shown that, (a) if a SHIF-conceptC is satisfiable with respect
to a terminology T and a role hierarchy R, then C, T , and R have a connected model,
and (b) if y is reachable from x via a role path (possibly involving inverse roles) in a
model of T and RU , then 〈x, y〉 ∈ UI . These are easy consequences of the semantics
and the definition of U .

Theorem 2.4 Satisfiability and subsumption of SHIF -concepts (resp. SHI-concepts)
w.r.t. terminologies and role hierarchies are polynomially reducible to (un)satisfiability
of SHIF -concepts (resp. SHI-concepts) w.r.t. role hierarchies.

3 Blocking

The algorithms we are going to present for deciding satisfiability of SI- and SHIF -
concepts use the tableaux method [25], in which the satisfiability of a concept D is
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tested by trying to construct a model of D. The model is represented by a tree in
which nodes correspond to individuals and edges correspond to roles. Each node x is
labelled with a set of concepts L(x) that the individual x must satisfy, and edges are
labelled with (sets of) role names.

An algorithm starts with a single node labelled {D}, and proceeds by repeatedly
applying a set of expansion rules that recursively decompose the concepts in node
labels, new edges and nodes being added as required in order to satisfy ∃R.C or
(> 2 F ) concepts. The construction terminates either when none of the rules can be
applied in a way that extends the tree, or when the discovery of obvious contradictions
demonstrates that D has no model.

In order to prove that such an algorithm is a sound and complete decision procedure
for concept satisfiability in a given logic, it is necessary to demonstrate that the
models it constructs are correct with respect to the semantics, that it will always find
a model if one exists, and that it always terminates. The first two points can usually
be dealt with by proving that the expansion rules preserve satisfiability, and that
in the case of non-deterministic expansion (e.g., of disjunctions) all possibilities are
exhaustively searched. For logics such as ALC, termination is mainly due to the fact
that the expansion rules can only add new concepts that are strictly smaller than the
decomposed concept, so the model must stabilise when all concepts have been fully
decomposed. As we will see, this is no longer true in the presence of transitive roles.

3.1 Transitive Roles vs. Transitive Closure

We have argued that reasoning for logics with transitive roles is empirically more
tractable than for logics that allow for transitive closure of roles [43; 31]. In this
section we will give some justification for that claim. The starting point for our
investigations are the logics SH [31] and ALC+ [3], which extend ALC by transitive
roles and role hierarchies or transitive closure of roles respectively. Syntactically,
ALC+ is similar to S, where, in addition to transitive and non-transitive roles, the
transitive closure R+ of a role R may appear in existential and universal restrictions.
Formally, R+ is interpreted by

(R+)I =
⋃
i∈N

(RI)i, where (RI)i =

{
RI , if i = 1

RI ◦ (RI)i−1, otherwise

For both SH and ALC+, concept satisfiability is an Exptime-complete problem.
This result is easily derived from the Exptime-hardness proof for PDL in [18] and from
the proof that PDL is in Exptime in [41]. Nevertheless, implementations of algorithms
for SH exhibit good performance in realistic applications [34] whereas, at the moment,
this seems to be more problematical for ALC+. We believe that the main reason for
this discrepancy, at least in the case of tableau algorithm implementations, lies in
the different complexity of the blocking conditions that are needed to guarantee the
termination of the respective algorithms. In the following we are going to survey the
blocking techniques needed to deal with SH and its subsequent extensions to SHI and
SHIF . To underpin our claim that reasoning with transitive roles empirically leads
to more efficient implementations than for transitive closure, we will also present the
blocking techniques used to deal with transitive closure. These are more complicated
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and introduce a larger degree of non-determinism into the tableaux algorithms, leading
to inferior performance of implementations.

3.2 Blocking for S and SH
Termination of the expansion process of a tableaux algorithm is not guaranteed for
logics that include transitive roles, as the expansion rules can introduce new concepts
that are the same size as the decomposed concept. In particular, ∀R.C concepts,
where R is a transitive role, are dealt with by propagating the whole concept across
R-labelled edges [43]. For example, given a node x labelled {C, ∃R.C, ∀R.(∃R.C)},
where R is a transitive role, the combination of the ∃R.C and ∀R.(∃R.C) concepts
would cause a new node y to be added to the tree with a label identical to that of x.
The expansion process could then be repeated indefinitely.

This problem can be dealt with by blocking: halting the expansion process when
a cycle is detected [3; 8]. For logics without inverse roles, the general procedure is
to check the label of each new node y, and if it is a subset [2] of the label of an
ancestor node x, then no further expansion of y is performed: x is said to block y.
The resulting tree corresponds to a cyclical model in which y is identified with x.

To deal with the transitive closure of roles, tableaux algorithms proceed by non-
deterministically expanding a concept ∃R+.C to either ∃R.C or ∃R.∃R+.C. Again,
since the size of concepts along a path in the tree may not decrease, blocking tech-
niques are necessary to guarantee termination. An adequate blocking condition for
ALC+ is identical as for SH, but one has to distinguish between good and bad cycles.
Consider the following concept:

D = ∃R+.A u ∀R+.¬A u ¬A

While D is obviously not satisfiable, a run of a tableaux algorithm might generate
the following tableau in which node y is blocked by node x without generating any
obvious contradictions.

•x ∃R+.A, ∀R+.¬A, ∃R.∃R+.A, ¬A

R

•y ∃R+.A, ∀R+.¬A, ∃R.∃R+.A, ¬A

The problem is that ∃R+.A has always been expanded to ∃R.∃R+.A, postponing the
satisfaction of A a further step. To obtain a correct tableaux algorithm for ALC+, the
blocking condition must include a check to ensure that each concept ∃R+.C appearing
in such a cycle is expanded to ∃R.C somewhere in the cycle. Such cycles are called
good cycles, whereas cycles in which ∃R+.C has always been expanded to ∃R.∃R+.C
are called bad cycles. A valid model may only contain good cycles.

Summing up, using transitive closure instead of transitive roles has a twofold im-
pact on the empirical tractability: (a) in blocking situations, good cycles have to be
distinguished from bad ones, and (b) the non-deterministic expansion of concepts of
the form ∃R+.C increases the size of the search space.
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•x ¬A, ∃R.∃R+.C

R

•y ∃R+.C, ∃R.C

R

•z C

•x ¬A, ∃R.∃R+.C

R

•y ∃R+.C, ∃R.∃R+.C

R

•z ∃R+.C, ∃R.∃R+.C

R

Fig. 2. Dynamic blocking fails in the presence of transitive closure.

3.3 Adding Inverse Roles

Blocking is more problematical when inverse roles are added to the logic, and a
key feature of the algorithms presented in [35] was the introduction of a dynamic
blocking strategy. Besides using label equality instead of subset, this strategy allowed
blocks to be established, broken, and re-established. With inverse roles the blocking
condition has to be considered more carefully because roles are now bi-directional,
and additional concepts in x’s label could invalidate the model with respect to y’s
predecessor. This problem can be overcome by allowing a node x to be blocked by
one of its ancestors y if and only if they were labelled with the same sets of concepts.

Dealing with inverse roles is even more complicated in the presence of transitive
closure. As an example consider the following concept:

D = ¬A u ∃R.∃R+.C

C = ∀R−.(∀R−.A)

Fig. 2 shows two possible tableau expansions of the concept D. Continuing the
expansion of the left hand tree will necessarily lead to a clash when concept C ∈ L(z)
is expanded as this will lead to both A and ¬A appearing in L(x). The right hand
tree is also invalid as it contains a bad cycle: L(y) = L(z) but ∃R+.D has always
been expanded to ∃R.∃R+.D. Nevertheless, D is satisfiable, as it would be shown by
continuing the expansion of the right hand path for one more step.

In [16], a solution to this problem for CPDL, a strict superset of ALCI+ (ALC+ plus
inverse roles) is presented. The solution consists of an additional expansion rule called
the look behind analytical cut. This rule employs exhaustive non-deterministic guess-
ing to make the past of each node in the tree explicit in the labelling of that node: if y
is an R-successor of a node x, then ∃R−.C or ∀R−.¬C is added non-deterministically
to the label of y for each concept C that may appear during the expansion process.
Obviously, this leads to a further large increase in the size of the search space, with a
correspondingly large adverse impact on empirical tractability. Experience with this
kind of exhaustive guessing leads us to believe that an implementation of such an
algorithm would be disastrously inefficient. The non-existence of implementations for
ALCI+ or CPDL might be taken to support this view.
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3.4 Pair-wise Blocking

Further extending the logic SHI to SHIF by adding functional restrictions (concepts
of the form (6 1 R), meaning that an individual can be related to at most one other
individual by the role R) introduces new problems associated with the fact that the
logic no longer has the finite model property. This means that there are concepts
that are satisfiable but for which there exists no finite model. An example of such a
concept is

¬C u ∃F−.(C u (6 1 F )) u ∀R−.(∃F−.(C u (6 1 F ))),

where R is a transitive role and F v R. Any model of this concept must contain an
infinite sequence of individuals, each related to a single successors by an F− role, and
each satisfying C u∃F−.C, the ∃F−.C term being propagated along the sequence by
the transitive super-role R. Attempting to terminate the sequence in a cycle causes
the whole sequence to collapse into a single node due to the functional restrictions
(6 1 F ), and this results in a contradiction as both C and ¬C will be in that node’s
label.

In order to deal with infinite models—namely to have an algorithm that terminates
correctly even if the input concept has only infinite models—a more sophisticated
pair-wise blocking strategy was introduced in [35], and soundness was proved by
demonstrating that a blocked tree always has a corresponding infinite model.2

The only known algorithm that is able to deal with the combination of transitive
closure, inverse roles, and functional restrictions on roles relies on an elaborate polyno-
mial reduction to a CPDL terminology [13], and the capability of CPDL to internalise
the resulting general terminological axioms. The large number and the nature of the
axioms generated by this reduction make it very unlikely that an implementation with
tolerable runtime behaviour will ever emerge.

4 Reasoning for SI Logics

In this section, we present two tableaux algorithms: the first decides satisfiability of
SHIF-concepts, and can be used for all SHIF reasoning problems (see Theorem 2.4);
the second decides satisfiability (and hence subsumption) of SI-concepts in Pspace.
In this paper we only sketch most of the proofs. For details on the SHIF -algorithm,
please refer to [35], for details on the SI- and SIN -algorithm, please refer to [27].

The correctness of the algorithms can be proved by showing that they create a
tableau for a concept iff it is satisfiable.

For ease of construction, we assume all concepts to be in negation normal form
(NNF), that is, negation occurs only in front of concept names. Any SHIF -concept
can easily be transformed to an equivalent one in NNF by pushing negations in-
wards [25].

Definition 4.1 Let D be a SHIF -concept in NNF, R a role hierarchy, and RD the
set of roles occurring in D together with their inverses, and sub(D) the subconcepts
of D. Then T = (S,L,E) is a tableau for D w.r.t. R iff S is a set of individuals,
L : S → 2sub(D) maps each individual to a set of concepts, E : RD → 2S×S maps
each role to a set of pairs of individuals, and there is some individual s ∈ S such that

2This is not to say that it may not also have a finite model.
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D ∈ L(s). Furthermore, for all s, t ∈ S, C,E ∈ sub(D), and R,S ∈ RD, it holds
that:

1. if C ∈ L(s), then ¬C /∈ L(s),
2. if C u E ∈ L(s), then C ∈ L(s) and E ∈ L(s),
3. if C t E ∈ L(s), then C ∈ L(s) or E ∈ L(s),
4. if ∀R.C ∈ L(s) and 〈s, t〉 ∈ E(R), then C ∈ L(t),
5. if ∃R.C ∈ L(s), then there is some t ∈ S such that 〈s, t〉 ∈ E(R) and C ∈ L(t),
6. if ∀S.C ∈ L(s) and 〈s, t〉 ∈ E(R) for some R v* S with Trans(R), then ∀R.C ∈ L(t),
7. 〈s, t〉 ∈ E(R) iff 〈t, s〉 ∈ E(Inv(R)).
8. if 〈x, y〉 ∈ E(R) and R v* S, then 〈x, y〉 ∈ E(S),
9. if 61R ∈ L(s), then ]{t | 〈s, t〉 ∈ E(R)} ≤ 1, and

10. if >2R ∈ L(s), then ]{t | 〈s, t〉 ∈ E(R)} ≥ 2.

Tableaux for SI-concepts are defined analogously and must satisfy Properties 1-7,
where, due to the absence of a role hierarchy, v* is the identity.

Due to the close relationship between models and tableaux, the following lemma
can be easily proved by induction on the structure of concepts. As a consequence,
an algorithm that constructs (if possible) a tableau for an input concept is a decision
procedure for satisfiability of concepts.

Lemma 4.2 A SHIF-concept (resp. SI-concept) D is satisfiable w.r.t. a role hier-
archy R iff D has a tableau w.r.t. R.

4.1 Reasoning in SHIF
In the following, we give an algorithm that, given a SHIF -concept D, decides the
existence of a tableaux for D. We implicitly assume an arbitrary but fixed role
hierarchy R.

Definition 4.3 A completion tree for a SHIF -concept D is a tree where each node
x of the tree is labelled with a set L(x) ⊆ sub(D) and each edge 〈x, y〉 is labelled with
a set L(〈x, y〉) of (possibly inverse) roles occurring in sub(D).

Given a completion tree, a node y is called an R-successor of a node x iff y is
a successor of x and S ∈ L(〈x, y〉) for some S with S v* R. A node y is called an
R-neighbour of x iff y is an R-successor of x, or if x is an Inv(R)-successor of y.
Predecessors and ancestors are defined as usual.

A node is blocked iff it is directly or indirectly blocked. A node x is directly blocked
iff none of its ancestors are blocked, and it has ancestors x′, y and y′ such that

1. x is a successor of x′ and y is a successor of y′ and
2. L(x) = L(y) and L(x′) = L(y′) and
3. L(〈x′, x〉) = L(〈y′, y〉).

In this case we will say that y blocks x.
A node y is indirectly blocked iff one of its ancestors is blocked, or—in order to

avoid wasted expansion after an application of the 6-rule—it is a successor of a node
x and L(〈x, y〉) = ∅.
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u-rule: if 1. C1 u C2 ∈ L(x), x is not indirectly blocked, and
2. {C1, C2} 6⊆ L(x)

then L(x) −→ L(x) ∪ {C1, C2}
t-rule: if 1. C1 t C2 ∈ L(x), x is not indirectly blocked, and

2. {C1, C2} ∩L(x) = ∅
then, for some C ∈ {C1, C2}, L(x) −→ L(x) ∪ {C}

∃-rule: if 1. ∃S.C ∈ L(x), x is not blocked, and
2. x has no S-neighbour y with C ∈ L(y)

then create a new node y with
L(〈x, y〉) = {S} and L(y) = {C}

∀-rule: if 1. ∀S.C ∈ L(x), x is not indirectly blocked, and
2. there is an S-neighbour y of x with C /∈ L(y)

then L(y) −→ L(y) ∪ {C}
∀+-rule: if 1. ∀S.C ∈ L(x), x is not indirectly blocked,

2. there is some R with Trans(R) and R v* S, and
3. x has an R-neighbour y with ∀R.C /∈ L(y)

then L(y) −→ L(y) ∪ {∀R.C}
>-rule: if 1. (> 2 R) ∈ L(x), x is not blocked, and

2. there is no R-neighbour y of x with A ∈ L(y)
then create two new nodes y1, y2 with

L(〈x, y1〉) = L(〈x, y2〉) = {R},
L(y1) = {A} and L(y2) = {¬A}

6-rule: if 1. (6 1 R) ∈ L(x), x is not indirectly blocked,
2. x has two R-neighbours y and z s.t. y is not an ancestor of z,

then 1. L(z) −→ L(z) ∪ L(y) and
2. if z is an ancestor of y

then L(〈z, x〉) −→ L(〈z, x〉) ∪ Inv(L(〈x, y〉))
else L(〈x, z〉) −→ L(〈x, z〉) ∪ L(〈x, y〉)

3. L(〈x, y〉) −→ ∅

Fig. 3. The tableaux expansion rules for SHIF

For a node x, L(x) is said to contain a clash iff {A,¬A} ⊆ L(x) or {>2R,61S} ⊆
L(x) for roles R v* S. A completion tree is called clash-free iff none of its nodes
contains a clash; it is called complete iff none of the expansion rules in Figure 3 is
applicable.

For a SHIF -concept D in NNF, the algorithm starts with a completion tree con-
sisting of a single node x with L(x) = {D}. It applies the expansion rules, stopping
when a clash occurs, and answers “D is satisfiable” iff the completion rules can be
applied in such a way that they yield a complete and clash-free completion tree.

The soundness and completeness of the tableaux algorithm is an immediate conse-
quence of Lemmas 4.2 and 4.4.

Lemma 4.4 Let D be an SHIF-concept.

1. The tableaux algorithm terminates when started with D.
2. If the expansion rules can be applied to D such that they yield a complete and
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clash-free completion tree, then D has a tableau.
3. If D has a tableau, then the expansion rules can be applied to D such that they

yield a complete and clash-free completion tree.

Before we sketch the ideas of the proof, we will discuss the different expansion rules
and their correspondence to the language constructors.

The u-, t-, ∃- and ∀-rules are the standard ALC tableaux rules [45]. The ∀+-rule
is used to handle transitive roles, where the v* -clause deals with the role hierarchy.
See [35] for details.

The functional restriction rules merit closer consideration. In order to guarantee
the satisfaction of a >2R-constraint, the >-rule creates two successors and uses a
fresh atomic concept A to prohibit identification of these successors by the 6-rule. If
a node x has two or more R-neighbours and contains a functional restriction 61R,
then the 6-rule merges two of the neighbours and also merges the edges connecting
them with x. Labelling edges with sets of roles allows a single node to be both an R
and S-successor of x even if R and S are not comparable by v* . Finally, contradicting
functional restrictions are taken care of by the definition of a clash.

We now sketch the main ideas behind the proof of Lemma 4.4:
1. Termination: Let m = |sub(D)| and n = |RD|. Termination is a consequence

of the following properties of the expansion rules:
(a) The expansion rules never remove nodes from the tree or concepts from node

labels. Edge labels can only be changed by the 6-rule which either expands them or
sets them to ∅; in the latter case the node below the ∅-labelled edge is blocked. (b)
Successors are only generated for concepts of the form ∃R.C and >2R. For a node x,
each of these concepts triggers the generation of at most two successors. If for one of
these successors y the 6-rule subsequently causes L(〈x, y〉) to be changed to ∅, then
x will have some R-neighbour z with L(z) ⊇ L(y). This, together with the definition
of a clash, implies that the concept that led to the generation of y will not trigger
another rule application. Obviously, the out-degree of the tree is bounded by 2m. (c)
Nodes are labelled with non-empty subsets of sub(D) and edges with subsets of RD,
so there are at most 22mn different possible labellings for a pair of nodes and an edge.
Therefore, on a path of length at least 22mn there must be 2 nodes x, y such that
x is directly blocked by y. Since a path on which nodes are blocked cannot become
longer, paths are of length at most 22mn.

2. Soundness: A complete and clash-free tree T for D induces the existence of a
tableaux T = (S,L,E) forD as follows. Individuals in S correspond to paths in T from
the root node to some node that is not blocked. Instead of going to a directly blocked
node, these paths jump back to the blocking node, which yields paths of arbitrary
length. Thus, if blocking occurs, this construction yields an infinite tableau. This
rather complicated tableau construction is necessary due to the presence of functional
restrictions; its validity is ensured by the blocking condition, which considers both
the blocked node and its predecessor.

3. Completeness: A tableau T = (S,L,E) for D can be used to “steer” the
application of the non-deterministic t- and 6-rules in a way that yields a complete
and clash-free tree.

The following theorem is an immediate consequence of Lemma 4.4, Lemma 4.2, and
Lemma 2.3.
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Theorem 4.5 The tableaux algorithm is a decision procedure for the satisfiability and
subsumption of SHIF-concepts with respect to terminologies and role hierachies.

4.2 A PSpace-algorithm for SI
To obtain a PSpace-algorithm for SI, the SHIF algorithm is modified as follows:
(a) As SI does not allow for functional restrictions, the >- and the 6-rule can be
omitted; blocking no longer involves two pairs of nodes with identical labels but only
two nodes with “similar” labels. (b) Due to the absence of role hierarchies, edge
labels can be restricted to roles (instead of sets of roles). (c) To obtain a PSpace

algorithm, we employ a refined blocking strategy which necessitates a second label B
for each node. This blocking technique, while discovered independently, is based on
ideas similar to those used in [46] to show that satisfiability for K4t can be decided
in PSpace.3 In the following, we will describe and motivate this blocking technique;
detailed proofs as well as a similar result for SIN can be found in [27].

Please note that naively using a cut rule does not yield a PSpace algorithm: a cut
rule similar to the look behind analytical cut presented in [16] (non-deterministically)
guesses which constraints will be propagated “up” the completion tree by universal
restrictions on inverted roles. For SI, this technique may lead to paths of exponential
length due to equality blocking. A way to avoid these long paths would be to stop the
investigation of a path at some polynomial bound. However, to prove the correctness
of this approach, it would be necessary to establish a “short-path-model” property
similar to Lemma 4.8. Furthermore, we believe that our algorithm is better suited
for an implementation since it makes less use of “don’t-know” non-determinism. This
also distinguishes our approach from the algorithm presented in [46], which is not
intended to form the basis for an efficient implementation.

Definition 4.6 A completion tree for a SI concept D is a tree where each node x of
the tree is labelled with two sets B(x) ⊆ L(x) ⊆ sub(D) and each edge 〈x, y〉 is labelled
with a (possibly inverse) role L(〈x, y〉) occurring in sub(D).
R-neighbours, -successors, and -predecessors are defined as in Definition 4.3. Due

to the absence of role hierarchies, v* is the identity on RD.
A node x is blocked iff, for an ancestor y, y is blocked or

B(x) ⊆ L(y) and L(x)/ Inv(S) = L(y)/ Inv(S),

where x′ is the predecessor of x, L(〈x′, x〉) = S, and L(x)/ Inv(S) = {∀ Inv(S).C ∈
L(x)}.

For a node x, L(x) is said to contain a clash iff {A,¬A} ⊆ L(x). A completion tree
to which none of the expansion rules given in Figure 4 is applicable is called complete.

For an SI-concept D, the algorithm starts with a completion tree consisting of a
single node x with B(x) = L(x) = {D}. It applies the expansion rules in Figure 4,
stopping when a clash occurs, and answers “D is satisfiable” iff the completion rules
can be applied in such a way that they yield a complete and clash-free completion tree.

As for SHIF , correctness of the algorithm is proved by first showing that a
SI-concept is satisfiable iff it has a tableau, and next proving the SI-analogue of
Lemma 4.4.
3The modal logic K4t is a syntactic variant of SI with only a single transitive role name.
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u-rule: if 1. C1 uC2 ∈ L(x) and
2. {C1, C2} 6⊆ L(x)

then L(x) −→ L(x) ∪ {C1, C2}
t-rule: if 1. C1 tC2 ∈ L(x) and

2. {C1, C2} ∩ L(x) = ∅
then L(x) −→ L(x) ∪ {C} for some C ∈ {C1, C2}

∀-rule: if 1. ∀S.C ∈ L(x) and
2. there is an S-successor y of x with C /∈ B(y)

then L(y) −→ L(y) ∪ {C} and
B(y) −→ B(y) ∪ {C} or

2’. there is an S-predecessor y of x with C /∈ L(y)
then L(y) −→ L(y) ∪ {C}.

∀+-rule: if 1. ∀S.C ∈ L(x) and Trans(S) and
2. there is an S-successor y of x with ∀S.C /∈ B(y)

then L(y) −→ L(y) ∪ {∀S.C} and
B(y) −→ B(y) ∪ {∀S.C} or

2’. there is an S-predecessor y of x with ∀S.C /∈ L(y)
then L(y) −→ L(y) ∪ {∀S.C}.

∃-rule: if 1. ∃S.C ∈ L(x), x is not blocked and no other rule
is applicable to any of its ancestors, and

2. x has no S-neighbour y with C ∈ L(y)
then create a new node y with

L(〈x, y〉) = S and L(y) = B(y) = {C}

Fig. 4. Tableaux expansion rules for SI

Theorem 4.7 The tableaux algorithm is a decision procedure for satisfiability and
subsumption of SI-concepts.

The dynamic blocking technique for SI and SHI described in Section 3, which is
based on label equality, may lead to completion trees with exponentially long paths
because there are exponentially many possibilities to label sets on such a path. Due
to the non-deterministic t-rule, these exponentially many sets may actually occur.

This non-determinism is not problematical for S because disjunctions need not be
completely decomposed to yield a subset-blocking situation. For an optimal SI al-
gorithm, the additional label B was introduced to enable a sort of subset-blocking
which is independent of the t-non-determinism. Intuitively, B(x) is the restriction of
L(x) to those non-decomposed concepts that x must satisfy, whereas L(x) contains
boolean decompositions of these concepts as well as those that are imposed by value
restrictions in descendants. If x is blocked by y, then all concepts in B(x) are even-
tually decomposed in L(y) (if no clash occurs). However, in order to substitute x by
y, x’s constraints on predecessors must be at least as strong as y’s; this is taken care
of by the second blocking condition.

Let us consider a path x1, . . . , xn where all edges are labelled R with Trans(R), the
only kind of paths along which the length of the longest concept in the labels might
not decrease. If no rules can be applied, we have L(xi+1)/ Inv(R) ⊆ L(xi)/ Inv(R) and
B(xi) ⊆ B(xi+1) ∪ {Ci} (where ∃R.Ci triggered the generation of xi+1). This limits
the number of labels and guarantees blocking after a polynomial number of steps.
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Lemma 4.8 The paths of a completion tree for a concept D have a length of at most
m4 where m = |sub(D)|.

Finally, a slight modification of the expansion rules given in Figure 4 yields a
PSpace algorithm. This modification is necessary because the original algorithm
must keep the whole completion tree in its memory—which needs exponential space
even though the length of its paths is polynomially bounded. The original algorithm
may not forget about branches because restrictions which are pushed upwards in the
tree might make it necessary to revisit paths which have been considered before. We
solve this problem as follows:

Whenever the ∀- or the ∀+-rule is applied to a node x and its predecessor y (Case
2’ of these rules), we delete all successors of y from the completion tree. While this
makes it necessary to restart the generation of successors for y, it makes it possible to
implement the algorithm in a depth-first manner which facilitates the re-use of space.

This modification does not affect the proof of soundness and completeness for the
algorithm, but we have to re-prove termination [27] as it relied on the fact that we
never removed any nodes from the completion tree. Summing up we get:

Theorem 4.9 The modified algorithm is a PSpace decision procedure for satisfiabil-
ity and subsumption of SI-concepts.

5 The Undecidability of Unrestricted SHN
In [28] we describe an algorithm for SHIQ based on the SHIF -algorithm already
presented. Like earlier DLs that combine a hierarchy of (transitive and non-transitive)
roles with some form of number restrictions [35; 27] and SHIF , the DL SHIQ allows
only simple roles in number restrictions. The justification for this limitation has
been partly on the grounds of a doubtful semantics (of transitive functional roles)
and partly to simplify decision procedures. In this section we will show that, even
for the simpler SHN logic, allowing arbitrary roles in number restrictions leads to
undecidability, while decidability for the corresponding variant of SHIF is still an
open problem. For convenience, we will refer to SHN with arbitrary roles in number
restrictions as SHN+.

The undecidability proof uses a reduction of the domino problem [7] adapted
from [4]. This problem asks if, for a set of domino types, there exists a tiling of
an N2 grid such that each point of the grid is covered with one of the domino types,
and adjacent dominoes are “compatible” with respect to some predefined criteria.

Definition 5.1 A domino system D = (D,H, V ) consists of a non-empty set of
domino types D = {D1, . . . , Dn}, and of sets of horizontally and vertically matching
pairs H ⊆ D ×D and V ⊆ D ×D. The problem is to determine if, for a given D,
there exists a tiling of an N × N grid such that each point of the grid is covered with
a domino type in D and all horizontally and vertically adjacent pairs of domino types
are in H and V respectively, i.e., a mapping t : N×N → D such that for all m,n ∈ N,
〈t(m,n), t(m+ 1, n)〉 ∈ H and 〈t(m,n), t(m,n+ 1)〉 ∈ V .

This problem can be reduced to the satisfiability of SHN+-concepts, and the un-
decidability of the domino problem implies undecidability of satisfiability of SHN+-
concepts.
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Fig. 5. Visualisation of the grid and role hierarchy.

Ensuring that a given point satisfies the compatibility conditions is simple for most
logics (using value restrictions and boolean connectives), and applying such conditions
throughout the grid is also simple in a logic such as SHN+ which can deal with arbi-
trary axioms. The crucial difficulty is representing the N × N grid using “horizontal”
and “vertical” roles X and Y , and in particular forcing the coincidence of X ◦ Y and
Y ◦X successors. This can be accomplished in SHN+ using an alternating pattern
of two horizontal roles X1 and X2, and two vertical roles Y1 and Y2, with disjoint
primitive concepts A, B, C, and D being used to identify points in the grid with
different combinations of successors. The coincidence of X ◦ Y and Y ◦X successors
can then be enforced using number restrictions on transitive super-roles of each of
the four possible combinations of X and Y roles. A visualisation of the resulting grid
and a suitable role hierarchy is shown in Figure 5, where S⊕

ij are transitive roles.
The alternation of X and Y roles in the grid means that one of the transitive super-

roles S⊕
ij connects each point (x, y) to the points (x+1, y), (x, y+1) and (x+1, y+1),

and to no other points. A number restriction of the form 63S⊕
ij can thus be used

to enforce the necessary coincidence of X ◦ Y and Y ◦ X successors. A complete
specification of the grid is given by the following axioms:

A v ¬B u ¬C u ¬D u ∃X1.B u ∃Y1.C u63S⊕
11,

B v ¬A u ¬C u ¬D u ∃X2.A u ∃Y1.D u63S⊕
21,

C v ¬A u ¬B u ¬D u ∃X1.D u ∃Y2.A u63S⊕
12,

D v ¬A u ¬B u ¬C u ∃X2.C u ∃Y2.B u63S⊕
22.

It only remains to add axioms which encode the local compatibility conditions (as
described in [4]) and to assert that A is subsumed by the disjunction of all domino
types. The SHN+-concept A is now satisfiable w.r.t. the various axioms (which can
be internalised as described in Lemma 2.3) iff there is a compatible tiling of the grid.

6 Implementation and Optimisation

The development of the SI family of DLs has been motivated by the desire to imple-
ment systems with good typical case performance. As discussed in Section 3, this is
achieved in part through the design of the logics and algorithms themselves, in particu-
lar by using transitive roles and by reasoning with number restrictions directly, rather
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than via encodings. Another important feature of these algorithms is that their rela-
tive simplicity facilitates the application of a range of optimisation techniques. Several
systems based on S logics have now been implemented (e.g., FaCT [30], DLP [40] and
RACE [23]), and have demonstrated that suitable optimisation techniques can lead
to a dramatic improvement in the performance of the algorithms when used in re-
alistic applications. A system based on the SHIF logic has also been implemented
(iFaCT [32]) and has been shown to be similarly amenable to optimisation.

DL systems are typically used to classify a KB, and the optimisation techniques
used in such systems can be divided into four categories based on the stage of the
classification process at which they are applied.

1. Preprocessing optimisations that try to modify the KB so that classification and
subsumption testing are easier.

2. Partial ordering optimisations that try to minimise the number of subsumption
tests required in order to classify the KB.

3. Subsumption optimisations that try to avoid performing a potentially expensive
satisfiability test, usually by substituting a cheaper test.

4. Satisfiability optimisations that try to improve the typical case performance of the
underlying satisfiability testing algorithm.

Many optimisations in the first three categories are relatively independent of the
underlying subsumption (satisfiability) testing algorithm and could be applied to any
DL system. As we are mostly concerned with algorithms for the SI family of DLs
we will concentrate on the fourth kind of optimisation, those that try to improve the
performance of the algorithm itself. Most of these are aimed at reducing the size of
the search space explored by the algorithm as a result of applying non-deterministic
tableaux expansion rules.

6.1 Semantic Branching Search

Implementations of the algorithms described in the previous sections typically use a
search technique called syntactic branching. When expanding the label of a node x,
syntactic branching works by choosing an unexpanded disjunction (C1 t . . . t Cn)
in L(x) and searching the different models obtained by adding each of the disjuncts
C1, . . . , Cn to L(x) [22]. As the alternative branches of the search tree are not
disjoint, there is nothing to prevent the recurrence of an unsatisfiable disjunct in
different branches. The resulting wasted expansion could be costly if discovering
the unsatisfiability requires the solution of a complex sub-problem. For example,
tableaux expansion of a node x, where {(A t B), (A t C)} ⊆ L(x) and A is an
unsatisfiable concept, could lead to the search pattern shown in Figure 6, in which
the unsatisfiability of L(x) ∪ {A} must be demonstrated twice.

This problem can be dealt with by using a semantic branching technique adapted
from the Davis-Putnam-Logemann-Loveland procedure (DPL) commonly used to
solve propositional satisfiability (SAT) problems [12; 21]. Instead of choosing an
unexpanded disjunction in L(x), a single disjunct D is chosen from one of the unex-
panded disjunctions in L(x). The two possible sub-trees obtained by adding either
D or ¬D to L(x) are then searched. Because the two sub-trees are strictly disjoint,
there is no possibility of wasted search as in syntactic branching. Note that the order
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Fig. 6. Syntactic branching search

in which the two branches are explored is irrelevant from a theoretical viewpoint, but
may offer further optimisation possibilities (see Section 6.4).

Semantic branching search has the additional advantage that a great deal is known
about the implementation and optimisation of the DPL algorithm. In particular, both
local simplification (see Section 6.2) and heuristic guided search (see Section 6.4) can
be used to try to minimise the size of the search tree (although it should be noted that
both these techniques can also be adapted for use with syntactic branching search).

There are also some disadvantages to semantic branching search. Firstly, it is possi-
ble that performance could be degraded by adding the negated disjunct in the second
branch of the search tree, for example if the disjunct is a very large or complex con-
cept. However this does not seem to be a serious problem in practice, with semantic
branching rarely exhibiting significantly worse performance than syntactic branching.
Secondly, its effectiveness is problem dependent. It is most effective with randomly
generated problems, particularly those that are over-constrained (likely to be unsat-
isfiable) [34]. It is also effective with some of the hand crafted problems from the
Tableaux’98 benchmark suite [24; 6]. However it is of little benefit when classifying
realistic KBs [33].

6.2 Local Simplification

Local simplification is another technique used to reduce the size of the search space
resulting from the application of non-deterministic expansion rules. Before any non-
deterministic expansion of a node label L(x) is performed, disjunctions in L(x) are
examined, and if possible simplified. The simplification most commonly used is to
deterministically expand disjunctions in L(x) that present only one expansion possi-
bility and to detect a clash when a disjunction in L(x) has no expansion possibilities.
This simplification has been called boolean constraint propagation (BCP) [20]. In
effect, the inference rule

¬C1, . . . ,¬Cn, C1 t . . . t Cn tD
D

is being used to simplify the conjunctive concept represented by L(x). For example,
given a node x such that

{(C t (D1 uD2)), (¬D1 t ¬D2 tC),¬C} ⊆ L(x),
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Fig. 7. Semantic branching search

BCP deterministically expands the disjunction (C t (D1 uD2)), adding (D1 uD2) to
L(x), because ¬C ∈ L(x). The deterministic expansion of (D1 uD2) adds both D1

and D2 to L(x), allowing BCP to identify (¬D1 t ¬D2 t C) as a clash (without any
branching having occurred), because {D1, D2,¬C} ⊆ L(x).

BCP simplification is usually described as an integral part of SAT based algo-
rithms [22], but it can also be used with syntactic branching. However, it is more ef-
fective with semantic branching as the negated concepts introduced by failed branches
can result in additional simplifications. Taking the above example of {(A tB), (A t
C)} ⊆ L(x), adding ¬A to L(x) allows BCP to deterministically expand both of the
disjunctions using the simplifications (AtB) and¬A→ B and (AtC) and¬A→ C.
The reduced search space resulting from the combination of semantic branching and
BCP is shown in Figure 7.

Local simplification has the advantage that it can never increase the size of the
search space and can thus only degrade performance to the extent of the overhead re-
quired to perform the simplification. Minimising this overhead does, however, require
complex data structures [20], particularly in a modal/description logic setting.

As with semantic branching, effectiveness is problem dependent, the optimisation
being most effective with over-constrained randomly generated problems [33].

6.3 Dependency Directed Backtracking

Inherent unsatisfiability concealed in sub-problems can lead to large amounts of un-
productive backtracking search, sometimes called thrashing. For example, expanding
a node x (using semantic branching), where

L(x) = {(C1 tD1), . . . , (Cn tDn), ∃R.(A uB), ∀R.¬A},

could lead to the fruitless exploration of 2n possible R-successors of x before the
inherent unsatisfiability is discovered. The search tree resulting from the tableaux
expansion is illustrated in Figure 8.

This problem can be addressed by adapting a form of dependency directed back-
tracking called backjumping, which has been used in solving constraint satisfiability
problems [5] (a similar technique was also used in the HARP theorem prover [39]).
Backjumping works by labelling each concept in a node label with a dependency set
indicating the branching points on which it depends. A concept C ∈ L(x) depends
on a branching point if C was added to L(x) at the branching point or if C ∈ L(x)
was generated by an expansion rule (including simplification) that depends on an-
other concept D ∈ L(y), and D ∈ L(y) depends on the branching point. A concept
C ∈ L(x) depends on a concept D ∈ L(y) when C was added to L(x) by a determin-
istic expansion that used D ∈ L(y). For example, if A ∈ L(x) was derived from the
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Fig. 8. Thrashing in backtracking search

expansion of (A uB) ∈ L(x), then A ∈ L(x) depends on (A uB) ∈ L(x).
When a clash is discovered, the dependency sets of the clashing concepts can be used

to identify the most recent branching point where exploring the other branch might
alleviate the cause of the clash. It is then possible to jump back over intervening
branching points without exploring any alternative branches. Let us consider the
earlier example and suppose that ∃R.(A u B) has a dependency set Di and ∀R.¬A
has a dependency set Dj . The search proceeds until C1 . . . Cn have been added to
L(x), when ∃R.(AuB) and ∀R.¬A are deterministically expanded and a clash occurs
in L(y) between the A derived from ∃R.(A u B) and the ¬A derived from ∀R.¬A.
As these derivations were both deterministic, the dependency sets will be Di and
Dj respectively, and so Di ∪ Dj is returned. This set cannot include the branching
points where C1 . . . Cn were added to L(x) as Di and Dj were defined before these
branching points were reached. The algorithm can therefore backtrack through each
of the preceding n branching points without exploring the second branches, and will
continue to backtrack until it reaches the branching point equal to the maximum value
in Di ∪Dj (if Di = Dj = ∅, then the algorithm will backtrack through all branching
points and return “unsatisfiable”). Figure 9 illustrates the pruned search tree, with
the number of R-successors explored being reduced by an exponential number.

Backjumping can also be used with syntactic branching, but the procedure is
slightly more complex as there may be more than two possible choices at a given
branching point, and the dependency set of the disjunction being expanded must also
be taken into account.

Like local simplification, backjumping can never increase the size of the search
space. Moreover, it can lead to a dramatic reduction in the size of the search tree and
thus a huge performance improvement. For example, when using either FaCT or DLP
with backjumping disabled in order to classify a large (≈3,000 concept) KB derived
from the European Galen project [42], single satisfiability tests were encountered
that could not be solved even after several weeks of CPU time. Classifying the same
KB with backjumping enabled takes less than 100s of CPU time for either FaCT or
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DLP [34].
Backjumping’s only disadvantage is the overhead of propagating and storing the

dependency sets. This can be alleviated to some extent by using a pointer based
implementation so that propagating a dependency set only requires the copying of a
pointer.

6.4 Heuristic Guided Search

Heuristic techniques can be used to guide the search in a way that tries to minimise
the size of the search tree. A method that is widely used in DPL SAT algorithms is to
branch on the disjunct that has the Maximum number of Occurrences in disjunctions
of Minimum Size—the well known MOMS heuristic [20]. By choosing a disjunct
that occurs frequently in small disjunctions, the MOMS heuristic tries to maximise
the effect of BCP. For example, if the label of a node x contains the unexpanded
disjunctions C t D1, . . . , C t Dn, then branching on C leads to their deterministic
expansion in a single step: when C is added to L(x), all of the disjunctions are fully
expanded and when ¬C is added to L(x), BCP will expand all of the disjunctions,
causing D1, . . . , Dn to be added to L(x). Branching first on any of D1, . . . , Dn, on
the other hand, would only cause a single disjunction to be expanded.

The MOMS value for a candidate concept C is computed simply by counting the
number of times C or its negation occur in minimally sized disjunctions. There are
several variants of this heuristic, including the heuristic from Jeroslow and Wang [36].
The Jeroslow and Wang heuristic considers all occurrences of a disjunct, weighting
them according to the size of the disjunction in which they occur. The heuristic then
selects the disjunct with the highest overall weighting, again with the objective of
maximising the effect of BCP and reducing the size of the search tree.

When a disjunct C has been selected from the disjunctions in L(x), a BCP max-
imising heuristic can also be used to determine the order in which the two possible
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branches, L(x) ∪ {C} and L(x) ∪ {¬C}, are explored. This is done by separating the
two components of the heuristic weighting contributed by occurrences of C and ¬C,
trying L(x) ∪ {C} first if C made the smallest contribution, and trying L(x) ∪ {¬C}
first otherwise. The intention is to prune the search tree by maximising BCP in the
first branch.

Unfortunately MOMS-style heuristics can interact adversely with the backjumping
optimisation because they do not take dependency information into account. This
was first discovered in the FaCT system, when it was noticed that using MOMS
heuristic often led to much worse performance. The cause of this phenomenon turned
out to be the fact that, without the heuristic, the data structures used in the imple-
mentation naturally led to “older” disjunctions (those dependent on earlier branching
points) being expanded before “newer” ones, and this led to more effective pruning if
a clash was discovered. Using the heuristic disturbed this ordering and reduced the
effectiveness of backjumping [29].

Moreover, MOMS-style heuristics are of little value themselves in description logic
systems because they rely for their effectiveness on finding the same disjuncts recur-
ring in multiple unexpanded disjunctions: this is likely in hard propositional problems,
where the disjuncts are propositional variables, and where the number of different
variables is usually small compared to the number of disjunctive clauses (otherwise
problems would, in general, be trivially satisfiable); it is unlikely in concept satisfiabil-
ity problems, where the disjuncts are (possibly non-atomic) concepts, and where the
number of different concepts is usually large compared to the number of disjunctive
clauses. As a result, these heuristics will often discover that all disjuncts have similar
or equal priorities, and the guidance they provide is not particularly useful.

An alternative strategy is to employ an oldest-first heuristic that tries to maximise
the effectiveness of backjumping by using dependency sets to guide the expansion [34].
When choosing a disjunct on which to branch, the heuristic first selects those dis-
junctions that depend on the least recent branching points (i.e., those with minimal
maximum values in their dependency sets), and then selects a disjunct from one of
these disjunctions. This can be combined with the use of a BCP maximising heuris-
tic, such as the Jeroslow and Wang heuristic, to select the disjunct from amongst the
selected disjunctions.

The oldest-first heuristic can also be used to advantage when selecting the order
in which existential role restrictions, and the labels of the R-successors which they
generate, are expanded. One possible technique is to use the heuristic to select an
unexpanded existential role restriction ∃R.C from the label of a node x, apply the
∃-rule and the ∀-rule as necessary, and expand the label of the resulting R-successor.
If the expansion results in a clash, then the algorithm will backtrack; if it does not,
then continue selecting and expanding existential role restrictions from L(x) until
it is fully expanded. A better technique is to first apply the ∃-rule and the ∀-rule
exhaustively, creating a set of successor nodes. The order in which to expand these
successors can then be based on the minimal maximum values in the dependency
sets of all the concepts in their label, some of which may be due to universal role
restrictions in L(x).

The main advantage of heuristics is that they can be used to complement other
optimisations. The MOMS and Jeroslow and Wang heuristics, for example, are de-
signed to increase the effectiveness of BCP while the oldest-first heuristic is designed
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to increase the effectiveness of backjumping. They can also be selected and tuned to
take advantage of the kinds of problem that are to be solved (if this is known). The
BCP maximisation heuristics, for example, are generally quite effective with large
randomly generated and hand crafted problems, whereas the oldest-first heuristic is
more effective when classifying realistic KBs.

Unfortunately heuristics also have several disadvantages. They can add a significant
overhead as the heuristic function may be expensive to evaluate and may need to be
reevaluated at each branching point. Moreover, they may not improve performance,
and may significantly degrade it, for example by interacting adversely with other
optimisations, by increasing the frequency with which pathological worst cases can
be expected to occur in generally easy problem sets.

6.5 Caching Satisfiability Status

During a satisfiability check there may be many successor nodes created. Some of
these nodes can be very similar, particularly as the labels of theR-successors for a node
x each contain the same concepts derived from the universal role restrictions in L(x).
Systems such as DLP take advantage of this similarity by caching the satisfiability
status of the sets of concepts with which node labels are initialised when they are
created. The tableaux expansion of a node can then be avoided if the satisfiability
status of its initial set of concepts is found in the cache.

However, this technique depends on the logic having the property that the satisfi-
ability of a node is completely determined by its initial label set, and, due to the
possible presence of inverse roles, SI logics do not have this property. For example,
if the expansion of a node x generates an R-successor node y, with L(y) = {∀R−.C},
then the satisfiability of y clearly also depends on the set of concepts in L(x). Similar
problems could arise in the case where L(y) contains number restriction concepts.

If it is possible to solve these problems, then caching may be a very effective tech-
nique for SI logics, as it has been shown to be in the DLP system with a logic that
does not support inverse roles. Caching is particularly useful in KB classification as
cached values can be retained across multiple satisfiability tests. It can also be effec-
tive with both satisfiable and unsatisfiable problems, unlike many other optimisation
techniques that are primarily aimed at speeding up the detection of unsatisfiability.

The main disadvantage with caching is the storage overhead incurred by retaining
node labels (and perhaps additional information in the case of SI logics) and their
satisfiability status throughout a satisfiability test (or longer, if the results are to be
used in later satisfiability tests). An additional problem is that it interacts adversely
with the backjumping optimisation as the dependency information required for back-
jumping cannot be effectively calculated for nodes that are found to be unsatisfiable
as a result of a cache lookup. Although the set of concepts in the initial label of such
a node is the same as that of the expanded node whose (un)satisfiability status has
been cached, the dependency sets attached to the concepts that made up the two
labels may not be the same. However, a weaker form of backjumping can still be
performed by taking the dependency set of the unsatisfiable node to be the union of
the dependency sets from the concepts in its label.
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7 Discussion

A new DL system is being implemented based on the SHIQ algorithm we have devel-
oped from the SHIF-algorithm described in Section 4.1 [28]. Pending the completion
of this project, the existing FaCT system [31] has been modified to deal with inverse
roles using the SHIF blocking strategy, the resulting system being referred to as
iFaCT.

iFaCT has been used to conduct some initial experiments with a terminology rep-
resenting (fragments of) database schemata and inter schema assertions from a data
warehousing application [10] (a slightly simplified version of the proposed encoding
was used to generate SHIF terminologies). iFaCT is able to classify this terminology,
which contains 19 concepts and 42 axioms, in less than 0.1s of (266MHz Pentium)
CPU time. In contrast, eliminating inverse roles using an embedding technique [11]
gives an equisatisfiable FaCT terminology with an additional 84 axioms, but one
which FaCT is unable to classify in 12 hours of CPU time. As discussed in Section 3,
an extension of the embedding technique can be used to eliminate number restric-
tions [14], but requires a target logic which supports the transitive closure of roles,
i.e., converse-PDL. The even larger number of axioms that this embedding would
introduce makes it unlikely that tractable reasoning could be performed on the re-
sulting terminology. Moreover, we are not aware of any algorithm for converse-PDL
which does not employ a so-called look behind analytical cut [16], the application of
which introduces considerable additional non-determinism. It seems inevitable that
this would lead to a further degradation in empirical tractability.

The DL SHIQ will allow the above mentioned encoding of database schemata to be
fully captured using qualified number restrictions. Future work will include complet-
ing the implementation of the SHIQ algorithm, testing its behaviour in this kind of
application and investigating new techniques for improving its empirical tractability.
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Abstract

In this paper we give an overview of resolution methods for extended propositional modal logics. We
adopt the standard translation approach and consider different resolution refinements which provide

decision procedures for the resulting clause sets. Our procedures are based on ordered resolution
and selection-based resolution. The logics that we cover are multi-modal logics defined over relations
closed under intersection, union, converse and possibly complementation.
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1 Introduction

Modal logics are very popular and appear in various disguises in many areas of com-
puter science, including knowledge representation, the field of logics of programs,
computational linguistics and agent based systems. While decidability is an impor-
tant criterion in many of these areas increasingly more expressive modal logics which
allow complex relational parameters of modal operators are being used. Consider an
example from knowledge representation and linguistics domains. Here the universes
of frames contain arbitrary elements instead of worlds. If E denotes the eats rela-
tion and C is the set of cheeses, then 〈E〉C can be interpreted as denoting the set
of cheese eaters. An expression which requires complex relational parameters is the
set of cheese lovers: [¬(E ∧ L)]¬C, where L denotes the likes relation. We have
x ∈ [¬(E ∧ L)]¬C iff for any y ∈ C, both E(x, y) and L(x, y) are true. In words,
cheese lovers are people who eat and like every cheese. The meaning of x ∈ [E ∧ L]C
would be ‘everything that x eats and likes is cheese’. These kinds of expressions can
be formulated in the logics we consider in this paper.

We focus on subsystems of the multi-modal logic K(m)(∩,∪,−,`) which is defined
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over families of relations closed under intersection, union, complementation and con-
verse. K(m)(∩,∪,−,`) extends Boolean modal logic [17] with converse on relations.
It encompasses very many standard modal logics such as K, KT, KD, KB, KTB,
and KDB, their independent joins, as well as the basic tense logic K t and logics of
philosophical interest, such as logics expressing inaccessibility, sufficiency, or both ne-
cessity and sufficiency, see e.g. [18, 23, 24]. Certain forms of interactions, for example,
inclusions among relations, are covered as well. K(m)(∩,∪,−,`) is related to the de-
scription logic ALB which was first described in [28] and contains a large class of well
known description logics.

We concentrate on translation-based resolution methods for modal logics. This
means that we take a modal formula, translate it into classical logic through the
Kripke-semantics, and then apply some variant of resolution to it. Translation-based
approaches are sometimes regarded as being inferior to tableaux-based approaches, or
other special-purpose inference approaches. Arguably recent advances in the imple-
mentation of tableaux-based modal theorem provers make it harder to motivate the
endeavour of translation into first-order logic. Another criticism often brought for-
ward is the difficulty of reading resolution proofs (this is not true in general, see [28]).
From our perspective the combination of translation and first-order resolution has
a number of advantages, as this paper aims to show. Some obvious advantages of
translation approaches are the following. Any modal logic which can be embedded
into first-order logic can be treated. The translations are straightforward, and can
be obtained in time O(n log n), so no engineering effort is needed here. For the reso-
lution part, standard resolution provers can be used, or otherwise they can be used
with small adaptations (for example, Bliksem [10], SPASS [40], and Otter [34]). The
translation approach is generic, it can handle first-order modal logics, undecidable
modal logics, for example, de Rijke’s dynamic modal logic [11], and combinations
of modal and non-modal logics. In all cases we can at least ensure soundness and
completeness. For a large class of expressive modal and description logics, resolu-
tion provers provide decision procedures, and often the same refinements decide also
first-order generalisations such as the guarded fragment or Maslov’s class K [14, 26].

This paper gives an overview of different resolution refinements which provide deci-
sion procedures for first-order fragments corresponding to a variety of extended modal
logics. We will focus on fragments induced by the standard relational translation of
modal logics. Other translation methods exist but, as yet, it is not known how to
treat modal logics with complex modal parameters within the context of these trans-
lation methods. Surveys of the different translation methods are Ohlbach [35, 36] and
Ohlbach, Nonnengart and Gabbay [37].

Regardless as to which translation method is adopted, a crucial decision is the
choice of a suitable refinement of the basic resolution calculus for first-order logic.
Depending on our aims we have various options. Ordering refinements provide de-
cision procedures for very expressive logics, while if we are interested in generating
models for satisfiable formulae selection-based refinements (or hyperresolution) are
more natural (Fermüller et al. [12, 13], Leitsch [30], Hustadt and Schmidt [28, 29]).
We will describe three resolution decision procedures: an ordered resolution decision
procedure for a class of clauses induced by K(m)(∩,∪,−,`) (Section 5), an ordering
refinement combined with a selection function for the guarded fragment (Section 6),
and a refinement which relies solely on the selection of negative literals for certain
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extensions of K(m)(∩,∪,`) (Section 7). The latter refinement has the property that
for many modal logics its derivations resemble those of tableaux calculi. As with
tableaux-based procedures our selection-based procedure can be used for the auto-
matic construction of finite models for satisfiable input formulae. In Section 8 we
define a semantic tableaux calculus for the logic K(m)(∩,∪,`) which is derived from
the selection-based resolution procedure. We also consider the relationship to single
step prefixed tableaux calculi and prove a number of simulation results. Preliminary
definitions are given in Sections 2, 3 and 4. Section 2 contains definitions of the no-
tational conventions and basic concepts. Of particular importance is the structural
transformation of formulae. Section 3 defines the syntax and semantics of the logic
K(m)(∩,∪,−,`) and specifies the standard translation mapping into first-order logic.
A general framework of ordered resolution and selection is described in Section 4.

This overview is based on the papers [14, 28, 29]. Some results have been improved
and others are new. The definition of the class DL∗ in Section 5, generalises the
class of DL-clauses from [28]. Section 7 includes a new complexity result. The results
for extensions of K(m)(∩,∪,`) with frame properties are slightly more general than
in [29]. The close correspondence between selection-based resolution (or hyperresolu-
tion) and special purpose tableaux calculi is also mentioned in [13, 28, 29]. A novelty
are the tableaux calculi which we have been able to extract from the selection-based
resolution procedure. These are related to calculi for the corresponding description
logics [22, 21], but they do not compile relational formulae away.

2 Preliminary Definitions and Conventions

Throughout, our notational convention is the following: x, y, z are the letters reserved
for first-order variables, s, t, u, v for terms, a, b for constants, f, g, h for function sym-
bols, p, q, r for propositional symbols, and P,Q,R for predicate symbols. A is the
letter reserved for atoms, L for literals, and C,D for clauses. For sets of clauses
we use the letter N . The Greek letters ϕ, ψ, φ are reserved for modal or first-order
formulae, and α, β, γ are reserved for relational formulae.

A literal is an atom or the negation of an atom. The former is said to be a positive
literal and the latter a negative literal. If the predicate symbol of a literal has arity
one (resp. two) then we call this literal a unary literal (resp. binary literal). A clause
with one literal is a unit clause (or unit). If this literal is a unary (resp. binary)
literal then the clause will be called a unary (resp. binary) unit clause. In this paper
clauses are assumed to be sets of literals. The empty clause will be denoted by ∅. The
components in the variable partition of a clause are called split components, that is,
split components do not share variables. A clause which cannot be split further will
be called a maximally split clause. A positive (resp. negative) clause contains only
positive (resp. negative) literals.

Two formulae or clauses are said to be variants of each other if they are equal
modulo variable renaming. Variant clauses are assumed to be equal.

The polarity of (occurrences of) modal or first-order subformulae is defined as
usual: Any occurrence of a proper subformula of an equivalence has zero polarity. For
occurrences of subformulae not below a ‘↔’ symbol, an occurrence of a subformula
has positive polarity if it is one inside the scope of an even number of (explicit or
implicit) negations, and it has negative polarity if it is one inside the scope of an odd



268 Resolution-Based Methods for Modal Logics

number of negations.
For any first-order formula ϕ, if λ is the position of a subformula in ϕ, then ϕ|λ

denotes the subformula of ϕ at position λ and ϕ[ψ 7→ λ] is the result of replacing ϕ|λ
at position λ by ψ. The set of all the positions of subformulae of ϕ will be denoted
by Pos(ϕ).

The structural transformation, also referred to as renaming, associates with each
element λ of Λ ⊆ Pos(ϕ) a predicate symbol Qλ and a literal Qλ(x1, . . . , xn), where
x1, . . . , xn are the free variables of ϕ|λ, the symbol Qλ does not occur in ϕ and two
symbols Qλ and Qλ′ are equal only if ϕ|λ and ϕ|λ′ are equivalent formulae.1 Let

Def+λ (ϕ) = ∀x1 . . . xn (Qλ(x1, . . . , xn) → ϕ|λ) and

Def−λ (ϕ) = ∀x1 . . . xn (ϕ|λ → Qλ(x1, . . . , xn)).

The definition of Qλ is the formula

Defλ(ϕ) =




Def+λ (ϕ) if ϕ|λ has positive polarity,
Def−λ (ϕ) if ϕ|λ has negative polarity,
Def+λ (ϕ) ∧ Def−λ (ϕ) otherwise.

The corresponding clauses will be called definitional clauses. Now, define DefΛ(ϕ)
inductively by:

Def∅(ϕ) = ϕ and
DefΛ∪{λ}(ϕ) = DefΛ(ϕ[Qλ(x1, . . . , xn) 7→ λ]) ∧ Defλ(ϕ),

where λ is maximal in Λ ∪ {λ} with respect to the prefix ordering on positions. A
definitional form of ϕ is DefΛ(ϕ), where Λ is a subset of all positions of subformulae
(usually, non-atomic or non-literal subformulae).

Theorem 2.1 (e.g. Plaisted and Greenbaum [39]) Let ϕ be a first-order formula.

1. ϕ is satisfiable iff DefΛ(ϕ) is satisfiable, for any Λ ⊆ Pos(ϕ).
2. DefΛ(ϕ) can be computed in polynomial time.

3 The Modal Logic K(m)(∩,∪, −,`)

K(m)(∩,∪,−,`) is the multi-modal logic defined over families of binary relations
closed under intersection, union, complementation and converse.

The language of K(m)(∩,∪,−,`) is defined over countably many propositional vari-
ables p, p1, p2, . . . , and countably many relational variables r, r1, r2, . . . . A proposi-
tional atom is a propositional variable, > or ⊥. A modal formula is either a proposi-
tional atom or a formula of the form ¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, 〈α〉ϕ and [α]ϕ, where ϕ is a
modal formula and α is a relational formula. A relational formula is a relational vari-
able or has one of the following forms: α ∧ β, α ∨ β, ¬α, and α` (converse), where
α and β are relational formulae. Other connectives are defined to be abbreviations,

1In practice, one may want to use the same symbols for variant subformulae, or subformulae which are obviously

equivalent, for example, ϕ ∨ ϕ and ϕ.
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for example, ϕ → ψ = ¬ϕ ∨ ψ or the universal modality is [∗] = [rj ∨ ¬rj ], for some
relational variable rj .

We will also consider logics with fewer relational operations. Formally, by a logic
in-between K and K(m)(∩,∪,−,`) we mean a logic K(m)(?1, . . . , ?k) where m ≥ 1,
1 ≤ k ≤ 4 and the ?i are distinct operations from {∩,∪,−,`}.

The semantics of K(m)(∩,∪,−,`) is defined in terms of relational structures or
frames. A frame is a tuple (W,R) of a non-empty set W (of worlds) and a mapping
R from relational formulae to binary relations over W satisfying:

R(α ∧ β) = R(α) ∩R(β) R(¬α) = R(α)

R(α ∨ β) = R(α) ∪R(β) R(α`) = R(α)`.

The defining class of frames of a modal logic determines, and is determined by, a
corresponding class of models. A model (an interpretation) is given by a triple M =
(W,R, ι), where (W,R) is a frame and ι is a mapping from modal formulae to subsets
of W satisfying:

ι(⊥) = ∅ ι(>) = W ι(¬ϕ) = ι(ϕ)
ι(ϕ ∧ ψ) = ι(ϕ) ∩ ι(ψ) ι(〈α〉ϕ) = {x | ∃y ∈W (x, y) ∈ R(α) ∧ y ∈ ι(ϕ)}
ι(ϕ ∨ ψ) = ι(ϕ) ∪ ι(ψ) ι([α]ϕ) = {x | ∀y ∈W (x, y) ∈ R(α) → y ∈ ι(ϕ)}.

A modal formula ϕ is satisfiable if an M exists such that for some x in W , x ∈ ι(ϕ).
The standard translation of K(m)(∩,∪,−,`) into first-order logic follows the se-

mantic definition and is therefore given by the following.

π(>, x) = > π(⊥, x) = ⊥
π(pi, x) = Pi(x) π(¬ϕ, x) = ¬π(ϕ, x)

π(ϕ ? ψ, x) = π(ϕ, x) ? π(ψ, x) for ? ∈ {∧,∨,→,↔}
π(〈α〉ϕ, x) = ∃y (τ(α, x, y) ∧ π(ϕ, y)) π([α]ϕ, x) = ∀y (τ(α, x, y) → π(ϕ, y)).

Relational formulae are translated according to:

τ(rj , x, y) = Rj(x, y)

τ(¬α, x, y) = ¬τ(α, x, y) τ(α`, x, y) = τ(α, y, x)
τ(α ? β, x, y) = τ(α, x, y) ? τ(β, x, y) for ? ∈ {∧,∨,→,↔}

In the translation each propositional or relational variable (pi or rj) is uniquely asso-
ciated with a unary or binary predicate variable, denoted by the corresponding capital
letter (Pi or Rj).

By definition, Π maps any modal formula ϕ to ∃x π(ϕ, x).

Theorem 3.1 Let L be a logic in-between K and K(m)(∩,∪,−,`). For any modal
formula ϕ, ϕ is satisfiable in L iff Π(ϕ) is first-order satisfiable.

In order to keep the presentation simple, modal formulae are assumed to be in
negation normal form. This means that in every subformula of the form ¬ϕ, ϕ is a
propositional variable. The negation normal form of any modal formula is obtained
as usual, namely, by moving negation symbols inwards as far as possible (using De
Morgan’s laws, ¬〈α〉ψ ↔ [α]¬ψ and ¬[α]ψ ↔ 〈α〉¬ψ, and ¬(α`) ↔ (¬α)`) and
eliminating double negations.
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4 The Resolution Framework

In this paper we will make use of A-ordered resolution, extended with selection.
A-ordered resolution is well-known and widely used in resolution decision proce-
dures [12, 13, 5, 34, 30, 26]. It follows from the results in Bachmair and Ganzinger [3, 4]
that A-ordered resolution can be combined with a selection function. This selec-
tion function can override the A-ordering, give preference to inferences with nega-
tive literals. A-ordered resolution with selection is controlled by two parameters:
an A-ordering and a selection function. An A-ordering is an ordering � on atoms,
which satisfies the following condition: For all atoms A,B and for all substitutions σ,
A � B implies Aσ � Bσ. For a literal L = (¬)A let at(L) = A. A-orderings are ex-
tended to literals by L � L′ iff at(L) � at(L′). If one uses orderings that do not ignore
the negation sign (these are called L-orderings), one does not loose completeness [7].
However L-orderings cannot be combined with selection. Given an A-ordering �, we
define the maximal literals in a clause in the standard way: A literal L in a clause C
is maximal in C, if there is no literal L′ in C, for which L′ � L.

Let � be an A-ordering. A selection function S, based on �, is a function which
assigns to each clause C a non-empty set of its literals, such that one of the following
holds:

Either S(C) contains a negative literal, or(4.1)
S(C) contains all the �-maximal literals of C.(4.2)

No further restrictions are imposed on the selection function. If the selection function
always prefers the second alternative, one has just A-ordered resolution. If the se-
lection function always selects only the negative literals in non-positive clauses, then
the restriction simulates A-ordered hyperresolution. Based on a selection function S,
resolution and factoring can be defined as follows:

C ∨ A1 ¬A2 ∨ D
(C ∨ D)σ

Resolution:

provided (i) σ is the most general unifier of A1 and A2, and (ii) A1 ∈
S(C ∨ A1) and ¬A2 ∈ S(¬A2 ∨ D). Then the clause (C ∨ D)σ is a
resolvent.

C ∨ A1 ∨ A2

(C ∨ A1)σ
Factoring:

provided (i) σ is the most general unifier of A1 and A2, and (ii) A1 ∈
S(C ∨ A1 ∨ A2). Then the clause (C ∨ A1)σ is called a factor of
C ∨ A1 ∨ A2.

The combination of selection-based resolution and factoring forms a complete refuta-
tion system for clause sets.

The premise C ∨ A1 of the resolution rule and premise of the factoring rule will be
referred to as a positive premise, while the premise ¬A2 ∨ D of the resolution rule will
be referred to as a negative premise. The literals resolved upon and factored upon
are called eligible literals.
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Simplification and Splitting

In the previous section we explained where the clauses come from. In this section we
explain how to get rid of them. In order to obtain termination, one needs redundancy
criteria. Let C and D be clauses. Clause C subsumes D if |C| ≤ |D|, and there
exists a substitution σ, such that Cσ ⊆ D. Without the length-restriction factors
would be subsumed by their parents. This would result in deletion of all factors.
Since the factoring rule is necessary to completeness, deleting all factors would result
in incompleteness. Determining whether or not clause C subsumes clause D, is NP-
complete. A condensation of C is a minimal subset D of C, such that D subsumes C.
One can show that condensations are unique up to renaming. Determining whether
or not a clause is condensed, is NP-complete. Computing the condensation is NP-
hard. In practice, NP-hardness does not cause problems, since the clauses are short
(< log log) in comparison to the number of clauses. A clause C is a tautology if it
contains a complementary pair of literals A and ¬A.

Let N be a clause set. A saturation of N is a clause set N∞, such that, for every
non-tautological clause C in N, there is a clause D in N∞, such that D subsumes C,
and for each non-tautological clause C, that is derivable from clauses in N∞, there is
a clause D in N∞, such that D subsumes C.

For selection based resolution the following holds.

Theorem 4.1 For every clause set N, and every saturation N∞ of N the following
holds: N is unsatisfiable iff N∞ contains the empty clause.

This follows from the results in Bachmair and Ganzinger [3, 4]. This completeness
allows us to freely delete tautologies and subsumed clauses, or replace clauses by
condensations. In general it is possible to use stronger notions of redundancy. One
can define a clause to be redundant if it is implied by a finite set of strictly smaller
clauses (under an appropriate extension of � to clauses), see [3, 4].

Our notion of saturation is not appropriate for building into a real theorem prover,
because it does not model the time aspect. A clause may become redundant only
after some time, after it has been used for deriving clauses that occur in the proof.

The splitting rule is a rule that is borrowed from semantic tableaux. Let N be a
set of clauses containing a clause C, that has two split components C1 and C2. Then,
instead of trying to refute N one tries to refute N ∪{C1} and N ∪{C2} (or N ∪{C1}
and N ∪ {C2,¬C1}, if C1 is a ground clause). Note that in both sets, the original
clause C has become redundant. The splitting rule can be essentially simulated in the
resolution context by introducing a new propositional symbol. If C1 ∨ C2 is a clause
that can be split into two split components C1 and C2, then it is possible to replace
C1 ∨ C2 by two clauses C1 ∨ q, and ¬q ∨ C2. q is made minimal in the A-ordering,
and ¬q is selected. In most cases this is easier to implement than the full splitting
rule.

5 Ordered Resolution for K(m)(∩,∪, −,`)

Many modal logics naturally translate into decidable fragments of first-order logic.
For example the basic logic K translates into the two-variable fragment, and into the
guarded fragment. By constructing decision procedures for these decidable fragments,
one obtains generic decision procedures for modal logics. We consider two classes. One
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is a clause fragment based on the two-variable fragment, called DL∗. This fragment is
a variation of the class of DL-clauses, that was introduced in Hustadt and Schmidt [28]
with the purpose of handling expressive description logics. The other one is the
guarded fragment, which was introduced by Andréka, Van Benthem and Németi [2]
as the ‘modal subset of first-order logic’. Although it did not quite meet the ambitious
goals, it is an important fragment, containing many modal logics.

The class of DL∗-clauses is related to the class S+ in Fermüller et al. [12]. This class
was introduced there as the clause fragment belonging to the two-variable fragment.
The class S+ can only be decided by a non-liftable ordering [8], or by an A-ordering
combined with a rule called monadisation [12]. Since we try to root our approach on
the common basis of liftable orderings, we slightly restrict the class, so that it can be
decided by a liftable ordering. The restriction is still general enough to contain the
clause translations of the Π-transformation of the modal formulae in K(m)(∩,∪,−,`).

We now introduce the clause fragment DL∗. In order to simplify the exposition, we
assume that all clauses are maximally split. The notions can be easily adopted for
clauses with more than one split component.

Let C be a clause. It is a DL∗-clause if

1. all literals are unary, or binary,
2. there is no nesting of function symbols,
3. every functional term in C contains all the variables of C, and
4. every binary literal (even if it has no functional terms) contains all variables of C.

Observe that 3. implies that if C contains a functional ground term, then C is ground.
The difference with S+ is Condition 4. For S+, Condition 4 would be (4a): Every
clause C has a literal containing all variables of C. Condition 4 forbids the follow-
ing problematic clauses, which are allowed by Condition 4a: P (x, x) ∨ Q(x, y) and
¬P (x, x) ∨ R(x, y). In order to stay within S+, one would have to block the inference
based on P (x, x) and ¬P (x, x), since this would result in the clause Q(x, y) ∨ R(x, z),
which contains more variables than each of the parent clauses. However no A-ordering
can put Q(x, y) � P (x, x), for all predicate symbols P and Q.

Examples of DL∗-clauses include ground clauses, and

¬Q0(x) ∨ Q1(x) ∨ ¬Q2(x) Q0(x) ∨ ¬R0(x, y) ∨ Q1(y)
¬Q0(x) ∨ Q1(f(x)) ¬Q0(x) ∨ ¬R0(f(x), x)
R0(x, y) ∨ ¬R1(y, x) ∨ R2(x, y).

The clausesR0(x, y) ∨ R0(x, f(x)), Q0(x, x, x) ∨ Q1(f(f(x))) andR0(x, x) ∨ R1(x, y)
do not belong to the class of DL∗-clauses. The clause Q0(x) ∨ Q1(a) does in principle
belong to DL∗, but is not maximally split.

Theorem 5.1 Over a finite signature2 there are only finitely many maximally split
DL∗-clauses (modulo variable renaming).

The proof is similar to the proof for the class of DL-clauses in Hustadt and Schmidt [28].
The proof can be obtained by first observing that there is a fixed upper bound for

2The supply of function symbols and predicate symbols is finite, while there are possibly infinite but countably

many variables.
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the maximal number of variables in a clause. Then there are only a finite number of
possible literals. Because every clause is a subset of the set of possible literals, there
is a finite set of possible clauses.

Theorem 5.2 The number of possible DL∗-clauses is bounded by 22f(s)
, where f is

of order s log(s) and s is the size of the signature.

Proof. Let a be maximal arity of any function symbol. Because any clause contains
at most a variables, the number of possible terms is bounded by (s+a)+(s+a)a+1 ≤
(s+a)a+2. The number of possible atoms is then equal to s((s+a)a+2)2 ≤ (s+a)2a+5.
The number of possible literals equals 2(s+ a)2a+5 ≤ (s+ a)2a+6. Consequently, the
number of non-equivalent clauses is bounded by 2(s+a)2a+6

= 22(2a+6) log(s+a)
.

The reduction of modal formulae to sets of DL∗-clauses makes use of a structural
transformation introducing new names for subformulae corresponding to non-literal
subformulae of the original modal formula. For a given modal formula ϕ and its
translation into first-order logic ϕ′ = Π(ϕ), we apply the mapping DefΛ with

Λ = {λ | there is a non-literal subformula ϕ|λ′ of ϕ and ϕ′|λ = Π(ϕ|λ′ )}.

For example, the definition corresponding to a subformula 〈rj〉p is

∀x (Q〈rj〉p(x) → ∃y (Rj(x, y) ∧ P (y))).

The formula

∃x∀y ((¬R1(x, y) ∧ R2(x, y)) → ∃z (¬R1(y, z) ∧ R2(y, z) ∧ P (z))), (∗)

which is a translation of the modal formula [¬r1∧r2]〈¬r1∧r2〉p results in the following
set of definitions, together with ∃xQ[α]〈α〉p(x).

∀x (Q[α]〈α〉p(x) → ∀y (Qα(x, y) → Q〈α〉p(y)))
∀x (Q〈α〉p(x) → ∃y (Qα(x, y) ∧ P (y)))

∀xy (Qα(x, y) → (¬R1(x, y) ∧ R2(x, y)))
∀xy ((¬R1(x, y) ∧ R2(x, y)) → Qα(x, y)).

Here α is used as an abbreviation for ¬r1 ∧ r2. Notice that one new symbol Qα was
used for the positive and negative occurrences of the subformula ¬R1(x, y) ∧ R2(x, y).

Theorem 5.3 Let ϕ′ be a first-order formula that results from the translation of a
modal formula ϕ in K(m)(∩,∪,−,`). Every clause in the clausal normal form of
DefΛ(ϕ′) is a DL∗-clause.

Proof. Not difficult.

In order to decide the class DL∗, we use the following A-ordering which is similar
to the recursive path ordering. First we define an order >d on terms: s >d t if s is
deeper than t, and every variable that occurs in t, occurs deeper in s. Then we define
P (s1, . . . , sn) � Q(t1, . . . , tm) as {s1, . . . , sn} >mul

d {t1, . . . , tm}. Here >mul
d is the

multiset extension of >d . So we have P (f(x)) � P (a), P (x) and P (x, y) � Q(x), but
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not P (f(x)) � P (f(a)). The >d ordering originates from Fermüller et al. [12]. The
selection function S is completely determined by �, so there is no preferred selection
of negative literals.

We now give the clausal normal form of the formula (*) above. The maximal literals
are marked with ∗. These are the literals that can potentially be resolved or factored
upon.

Q[α]〈α〉p(a)∗

¬Q[α]〈α〉p(x) ∨ ¬Qα(x, y)∗ ∨ Q〈α〉p(y)
¬Q〈α〉p(x) ∨ Qα(x, f(x))∗

¬Q〈α〉p(x) ∨ P (f(x))∗

¬Qα(x, y)∗ ∨ ¬R1(x, y)∗

¬Qα(x, y)∗ ∨ R2(x, y)∗

R1(x, y)∗ ∨ ¬R2(x, y)∗ ∨ Qα(x, y)∗

In the last three clauses there is more than one maximal literal. This could be
prevented by completing � with an ordering on atoms. In that case it is necessary
to distinguish equivalent from incomparable literals. Instead of �, one would have
to define �. Then A � B would have to be defined as A � B and A 6� B. In the
case that A � B and A � B, one can try to use a second ordering for establishing a
priority.

In order to prove that the procedure that we described is indeed a decision procedure
we have to show that it is complete, and terminating. The completeness follows from
Theorem 4.1. Termination is a consequence of Theorem 5.1, and the fact that the
restriction derives only clauses that are within DL∗, or that can be split. This fact is
obtained by a case analysis, similar as in [28]. Therefore:

Theorem 5.4 Let L be a logic in-between K and K(m)(∩,∪,−,`). Let N be the
clausal form of DefΛΠ(ϕ), where ϕ is any modal formula in L. Then:

1. Any derivation from N terminates in double exponential time.
2. ϕ is unsatisfiable in L iff the saturation of N contains the empty clause.

This result covers actually a larger class of modal logics. Boolean modal logic, and
hence also K(m)(∩,∪,−,`), is expressive enough to allow for frame properties to be
specified by relational formulae. Implication of relational formulae can be defined
by (α → β) = [α ∧ ¬β]⊥ [38]. Hence, the symmetry of the accessibility relation R1

associated with r1 can be specified by r1 → r`1 .
If ∆ is a set of relational frame properties then L∆ will denote the logic charac-

terised by the class of frames satisfying the conjunction of properties in ∆.

Corollary 5.5 Let L be a logic in-between K and K(m)(∩,∪,−,`). Let ∆ be the
Boolean combination of relational inclusions or equivalences expressed over intersec-
tion, union, complementation and converse. Suppose ϕ is any modal formula and N
is the clausal form of DefΛΠ(ϕ). Then:

1. Any derivation from N ∪ ∆ terminates in double exponential time.
2. ϕ is unsatisfiable in L∆ iff the saturation of N ∪ ∆ contains the empty clause.
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The decidability result for the classes DL∗ and DL allows for a slightly more general
result, which includes reflexivity and irreflexivity. Modal and relational formulae with
positive occurrences of relational composition can also be embedded into the class
DL∗. Moreover, relational properties such as ∀xy (R1(x, y) → R2(x, x)) are covered
by the class S+.

6 Ordered Resolution for the Guarded Fragment

In this section we use ordered resolution with selection as a decision procedure for
the guarded fragment. The guarded fragment was first shown decidable by Andréka,
Németi and Van Benthem [1]. Grädel [20] has shown that the satisfiability problem
for the guarded fragment is DEXPTIME-complete. There it was also shown that the
guard condition is necessary only for the universal quantifiers, when the formula is in
negation normal form. A resolution decision procedure for the guarded fragment was
first established in de Nivelle [9]. In Ganzinger and de Nivelle [14] the method was
adapted to the guarded fragment with equality. It is shown there that the complexity
of the resolution decision procedure is consistent with the complexity given in [20].
The decision procedure that we give here is based on the one in [14].

A first-order formula is in the guarded fragment if it is function free, and every
quantification has form ∀x (G→ ψ), or ∃x (G ∧ ψ). Here G is an atom containing all
free variables of ψ, and x is a sequence of variables.

We use the following clausal normal form. A clause C is a guarded clause if

1. there is no nesting of function symbols,
2. every functional term in C contains all variables of C, and
3. if C contains variables, then there is a negative, function-free literal that contains

all variables of C. Such a literal is called a guard literal.

As is the case with the class of DL∗-clauses, there is only a finitely bounded set of
guarded clauses.

Theorem 6.1 (Ganzinger and de Nivelle [14]) Over a finite signature the num-
ber of possible guarded clauses is of order 22s

, where s is the size of the signature.

For the reduction to clausal normal form we assume that a guarded formula ϕ is
in negation normal form. The reduction of ϕ into guarded clauses uses a structural
transformation DefΛ with

Λ = {λ | λ is a position in ϕ of a formula of the form ∀x (G→ ψ)}.

It can be shown that this structural transformation preserves the guarded fragment.
The definitional formula that defines a guarded formula ∀x (G→ ψ), has the form

∀y (Q∀x(G→ψ)(y) → ∀x (G→ ψ)).

Every variable in y and x occurs in G. This formula is not guarded by itself but it
is equivalent to the following formula, which is guarded: ∀xy (G → (Q∀x(G→ψ)(y) →
ψ)).

Formulae in K(m)(∩,∪,`) are translated by Π into the guarded fragment. Nega-
tions of accessibility relations would be problematic. For example, [¬r]p is trans-
lated into ∃x∀y (¬R(x, y) → P (y)). This formula is not guarded. The formula
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[(r1 ∧ r2) ∨ r`3 ]p is translated into ∃x∀y ((R1(x, y) ∧ R2(x, y) ) ∨ R3(y, x) → P (y)).
This formula is not guarded either, however, it is equivalent to the guarded formula:

∃x∀y (R1(x, y) → (R2(x, y) → P (y))) ∧ ∀y (R3(y, x) → P (y)).

We show that this is in general the case for formulae in K(m)(∩,∪,`). The mapping
Π translates formulae of K(m)(∩,∪,`) into first-order formulae in which the quan-
tifications have the form ∀x (G → ψ). In this, G is a relational expression without
negation and function symbols, in which each atom contains all free variables of ψ.
This G can be translated into disjunctive normal form,

(G1,1 ∧ . . . ∧ G1,l1) ∨ . . . ∨ (Gn,1 ∧ . . . ∧ Gn,ln).

The Gi,j are atoms, containing all free variables of ψ. Then ∀x (G→ ψ) is equivalent
to

∀x ((G1,1 ∧ . . . ∧ G1,l1) → ψ) ∧ . . . ∧ ∀x ((Gn,1 ∧ . . . ∧ Gn,ln) → ψ),

which is in turn equivalent to

∀x (G1,1 → (. . .→ (G1,l1 → ψ))) ∧ . . . ∧ ∀x (Gn,1 → (. . .→ (Gn,ln → ψ))).

The Gi,1 are well-formed guards.
In order to obtain a decision procedure for the guarded fragment, we make use of

the ordering � of the previous section, combined with selection of negative literals.

1. If C is a non-ground clause without functional terms, then S(C) contains all guards
of C.

2. If C is a clause with functional terms, then S(C) contains all literals with func-
tional terms.

It is easily checked that this is a valid selection function for guarded clauses. If C
is a non-ground clause, then it has at least one guard. Because this guard is negative,
it is possible to select it. If C contains functional terms, then some of the literals
containing functional terms are �-maximal. Because of this it is possible to select
these literals.

The formula ∃x∃y (R1(x, y) ∧ R2(x, y) ∧ ∀z (R1(y, z) → R2(y, z) → P (z))), which
is a translation of 〈r1 ∧ r2〉[r1 ∧ r2]p results in the following formula.

∃x∃y (R1(x, y) ∧ R2(x, y) ∧ Q[r1∧r2]p(y))
∧ ∀yz ((R1(y, z) ∧ R2(y, z)) → (Q[r1∧r2]p(y) → P (z))).

The clausal normal form consists of the clauses

R1(a, b)∗

R2(a, b)∗

Q[r1∧r2]p(b)
∗

¬R1(x, y)∗ ∨ ¬R2(x, y)∗ ∨ ¬Q[r1∧r2]p(x) ∨ P (y).
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The literals marked with ∗ are the maximal literals. The restriction could be com-
pleted, as in the previous section, in order to obtain a more total ordering. The
termination proof is analogous to the proof for DL-clauses. The main difficulty is
to prove that the restriction preserves the guarded fragment. For this we refer to
Ganzinger and de Nivelle [14]. Consequently:

Theorem 6.2 Let L be a logic in-between K and K(m)(∩,∪,`). Let N be the clausal
form of DefΛΠ(ϕ), where ϕ is any modal formula in L. Then:

1. Any derivation from N terminates in double exponential time.

2. ϕ is unsatisfiable in L iff the saturation of N contains the empty clause.

7 Selection-Based Resolution for K(m)(∩,∪,`)

K(m)(∩,∪,`) and logics below it have the property that they can be decided by a
refinement of resolution which is defined solely by a selection function of negative
literals [29].

Here new names are introduced for all non-atomic subformulae of the translation
of a modal formula, that is, we use DefΛ where Λ is the subset of positions in ϕ′ (the
first-order translation) which correspond to non-atomic subformulae of ϕ (the original
modal formula). Moreover DefΛ introduces the same symbol for variant subformulae
with the same polarity. Because, by assumption, ϕ is in negation normal form, all
occurrences of non-atomic subformulae of ϕ′ with one free variable have positive
polarity. This means Defλ(ϕ′) = Def+λ (ϕ′) for the positions λ associated with these
occurrences. But subformulae corresponding to relational formulae (subformulae with
two free variables) can occur both positively and negatively. For these DefΛ introduces
one symbol for all variant occurrences of subformulae corresponding to non-atomic
relational subformulae with positive polarity and a different symbol for all variant
occurrences with negative polarity.

For example, DefΛ will introduce for the subformulae of [α]〈α〉p with α = r1 ∧ r2
the definitions (in addition to ∃xQ[α]〈α〉p(x)):

∀x (Q[α]〈α〉p(x) → ∀y (Qnα(x, y) → Q〈α〉p(y)))
∀x (Q〈α〉p(x) → ∃y (Qpα(x, y) ∧ P (y)))

∀xy (Qpα(x, y) → (R1(x, y) ∧ R2(x, y)))
∀xy ((R1(x, y) ∧ R2(x, y)) → Qnα(x, y)).

(7.1)

The symbol Qnα (resp. Qpα) is associated with the negative (resp. positive) occurrence
of α.

In order to characterise the induced class of clauses we introduce some more nota-
tion. We denote introduced predicate symbols by Qψ and Qpα or Qnα, where Qψ repre-
sents an occurrence of a modal subformula ψ and Qp/nα represents a positive/negative
occurrence of a relational subformula α. We also find it convenient to use the notation

P(s) for some literal in {Pi(s), Qψ(s)}i,ψ , and

R(s, t) for some literal in {Rj(s, t), Rj(t, s), Qp/nα (s, t), Qp/nα (t, s)}j,α.
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Note the order of the arguments in R(s, t) is not fixed. Two occurrences of P(s), or
R(s, t), need not be identical. For example, ¬Qψ(x) ∨ Pi(x) ∨ Qχ(x) is an instance
of ¬Qψ(x) ∨ P(x) ∨ P(x), while

¬Qψ(x) ∨ ¬Rj(y, x) ∨ Qχ(y) and ¬Qψ(x) ∨ ¬Qnα(x, y) ∨ Qχ(y)

are instances of ¬Qψ(x) ∨ ¬R(x, y) ∨ P(y).
Thus, all input clauses have one of the following forms.

P(a)
¬Qψ(x)∗ ∨ ¬Pi(x)∗ if ψ = ¬pi
¬Qψ(x)∗ ∨ P(x) [∨ P(x)] if ψ = φ1 ∧[∨] φ2

¬Qψ(x)∗ ∨ ¬R(x, y)∗ [∨ P(y)] if ψ = [α]φ [ψ = [α]⊥]

¬Qψ(x)∗ ∨ P(f(x))
¬Qψ(x)∗ ∨ R(x, f(x))

if ψ = 〈α〉φ

¬Qpα(x, y)∗ ∨ R(x, y) [∨ R(x, y)] if α = β1 ∧[∨] β2 has pos. polarity
Qnα(x, y) ∨ ¬R(x, y)∗ [∨ ¬R(x, y)∗] if α = β1 ∧[∨] β2 has neg. polarity.

(7.2)

The literals marked with ∗ are the selected literals.
The minimal calculus which we will use is based on maximal selection of negative

literals. This means the selection function selects exactly the set of all negative literals
in any non-positive clause. An ordering refinement is optional. The resolution rule is
the following:

Resolution with maximal selection:

C1 ∨ A1 . . . Cn ∨ An ¬An+1 ∨ . . . ∨ ¬A2n ∨ D
(C1 ∨ . . . ∨ Cn ∨ D)σ

provided for any 1 ≤ i ≤ n, (i) σ is the most general unifier of Ai and
An+i, (ii) Ci ∨ Ai and D are positive clauses, (iii) no Ai occurs in Ci,
and (iv) Ai,¬An+i are selected.

The negative premise is ¬An+1 ∨ . . . ∨ ¬A2n ∨ D and the other premises are the
positive premises. The literals Ai and An+i are the eligible literals.

The inference rules of our calculus, denoted by RMOD, are the above resolution rule,
positive factoring, splitting and at least tautology deletion. All derivations in RMOD

are generated by strategies in which no application of the resolution or factoring with
identical premises and identical consequence may occur twice on the same path in any
derivation. In addition, deletion rules, splitting, and the deduction rules are applied
in this order, except that splitting is not applied to clauses which contain a selected
literal.

As all non-unit clauses of a typical input set (a concrete example is given in Figure 2
below) contain a selected literal no factoring steps are possible and all definitional
clauses can only be used as negative premises of resolution steps. To begin with there
is only one candidate for a positive premise, namely, the ground unit clause Qϕ(a)
representing the input formula ϕ. Inferences with such ground unary unit clauses
produce ground clauses consisting of positive literals only, which will be split into
ground unit clauses.
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R1

Q[α]〈α〉p Qpα Qnα tt
Q〈α〉p R2

P

Fig. 1. Dependency among predicate symbols for (7.1)

Lemma 7.1 Maximally split (non-empty) inferred clauses have one of two forms:
P(s), or R(s, f(s)), where s is a ground term.

Proof. Every resolution inference step with a definitional clause from the input set
and ground unit clauses of the form P(s) or R(s, f(s)) yields a ground clause which
can be split into ground unit clauses of the required form.

In general, s will be a nested non-constant functional ground term, which is usu-
ally undesirable, because in most situations this causes unbounded computations.
However, as the next theorem proves, for the class of clauses under consideration any
derived clause is smaller than its positive parent clauses with respect to a well-founded
ordering which reflects the structure of the formula.

By definition the modal depth of a formula ϕ is the maximal nesting of modal
operators 〈α〉 or [α] in ϕ.

Theorem 7.2 Let ϕ be any K(m)(∩,∪,`)-formula and let N be the clausal form of
DefΛΠ(ϕ). Then:

1. Any RMOD-derivation from N terminates.
2. ϕ is unsatisfiable in K(m)(∩,∪,`) iff the RMOD-saturation of N contains the empty

clause.

Proof. 2. follows from the soundness and refutational completeness of ordered reso-
lution with selection (Theorem 4.1).

For 1., define a dependency relation �d on the predicate symbols by S1 �d S2, if
there is a definition ψ → φ in DefΛΠ(ϕ) such that S1 occurs in ψ and S2 occurs in
φ. An additional restriction is that if Qψ is the symbol introduced for a diamond
formula ψ, and Qφ is the symbol introduced for a box formula φ, and ψ and φ
occur at the same modal depth in ϕ, then Qψ �d Qφ. Moreover, let tt be a new
symbol smaller than all predicate symbols. (For example, for (7.1) the dependency
relation is depicted in Figure 1. That is, Q[α]〈α〉p �d Q〈α〉p, and so on.) Let �D
be any ordering on the predicate symbols in DefΛΠ(ϕ) which is compatible with the
transitive closure of �d, that is, �+

d ⊆ �D. Such an ordering can always be found.
For this, it was important to introduce different predicate symbols for positive and
negative subformulae associated with relational subformulae.

By definition, a predicate symbol Q is associated with a function symbol f , written
Qf , if there is a clause ¬Q(x) ∨ R(x, f(x)) in N . Define a measure µ as follows:

µ(C) =




(P ,P) if C = P(s)
(Q,R) if C = R(s, t)
(tt, tt) if C = ∅,
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where Q is the predicate symbol associated with the leading function symbol of the
maximal term in {s, t}. For example, the measure of a clause R(s, f(s)) is (Qf , R).
Complexity measures are compared by the lexicographic combination �c= (�D,�D).
Now, it is routine to verify that any inference step from positive premises C1, C2 by
resolution or factoring will produce a clause D such that µ(C1) �c µ(D), µ(C2) �c
µ(D). For example, for the inference step

Qψ(s)+ R(s, f(s))+ ¬Qψ(x)+ ∨ ¬R(x, y)+ ∨ P(y)
P(f(s))

µ(P(f(s))) = (P ,P), µ(Qψ(s)) = (Qψ, Qψ), and µ(R(s, f(s))) = (Qf ,R), where Qf
is the symbol introduced for a diamond formula φ, say. φ cannot occur at a higher
modal depth than ψ, which is a box formula. Hence, it follows that Qf (= Qφ) �D P .
Consequently, µ(R(s, f(s))) �c µ(P(f(s))). Since Qψ �D P , by definition, we also
have that µ(Qψ(s)) �c µ(P(f(s))). For

Qψ(s)+ ¬Qψ(x)+ ∨ R(x, f(x))
R(s, f(s))

we have that µ(Qψ(s)) = (Qψ , Qψ) �c (Qψ,R) = µ(R(s, f(s))), because Qψ �D R.
For the following inference, we have that µ(R(s, f(s))) = (Qf ,R) �c (Qf , Qnα) =
µ(Qnα(s, f(s))), since α occurs negatively in ϕ and thus R �D Qnα.

R(s, f(s))+ Qnα(x, y) ∨ ¬R(x, y)+

Qnα(s, f(s))

It follows that any derivation terminates.

Theorem 7.3 For any logic in-between K and K(m)(∩,∪,`), the space complexity for
testing the satisfiability of a modal formulae ϕ with RMOD is bounded by O(ndm), where
n is the number of symbols in ϕ, d is the number of different diamond subformulae in
ϕ, and m is the modal depth of ϕ.

Proof. Suppose ϕ is an arbitrary formula of K(m)(∩,∪,`) and N is the associated
input set. ϕ has at most n subformulae, and hence, the number of clauses belonging
to N is O(n). Also, N contains at most n different predicate symbols (roughly one
for each subformula), d different unary function symbols and one constant symbol.
Recall from Lemma 7.1, split derived clauses are ground unit clauses of a certain form.
As the maximal term depth bound is given by the modal depth of the input formula,
there are at most O(ndm) such split clauses. It follows that the number of different
literals in any derivation tree is bound by O(ndm).

For logics without converse, space can be conserved by adopting the common
tableaux inference strategy of considering disjunctive branches and branches asso-
ciated with different 3-subformulae in turn. In addition, the inferences with defini-
tional clauses associated with diamond subformulae need to be postponed until no
other inferences with definitional clauses associated with Boolean subformulae3 are
possible. This provides a PSPACE resolution procedure for logics in-between K and
K(m)(∩,∪).

3In Boolean subformulae the outermost connective is a Boolean connective.
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Automatically Generating Models

Any saturated clause set derivable from a given set N allows for the effective con-
struction of a model of N . In general this model will not be finite. However, for
K(m)(∩,∪,`) models are given by a finite set of positive ground unit clauses. The
proofs of the results in this subsection are slight modifications of the corresponding
results in Hustadt and Schmidt [29].

Formally, a model of a clause set is a set I of ground atoms. The presence of an
atom A in I means A is true in I, and the absence of A means ¬A is true in I. In
general, a clause C is true in I iff for all ground substitutions σ there is a literal L in
Cσ which is true in I. Falsehood is defined dually.

Lemma 7.4 Let ϕ be a K(m)(∩,∪,`)-formula. Let N be the clausal form of DefΛΠ(ϕ),
and let N∞ denote the RMOD-saturated clause set derivable from N . Let I be the set
of positive ground unit clauses in N∞. If N∞ does not contain the empty clause then
I is a model of N∞ and N .

Now it is an easy matter to construct a modal model M = (W,R, ι) for ϕ from I.
Essentially, the set of worlds is defined by the set of ground terms occurring in I. The
interpretation of relational formulae is determined by the set of Ri literals in I. For
anyRi, ifRi(s, t) is in I then (s, t) ∈ R(ri), which can be extended to a homomorphism
for complex relational formulae. The interpretation of modal formulae can be defined
similarly. For any unary literal Pi(s) (resp. Qψ(s)) in I, s ∈ ι(pi) (resp. s ∈ ι(ψ)),
that is, pi (resp. ψ) is true in the world s. This is homomorphically extended as
expected. Consequently:

Theorem 7.5 For any modal formula satisfiable in K(m)(∩,∪,`) a finite modal model
can be effectively constructed on the basis of RMOD.

Corollary 7.6 Let L be any logic in-between K and K(m)(∩,∪,`). Then, L has the
finite model property.

Generalisation

Results 7.2, 7.5 and 7.6 can be generalised.

Theorem 7.7 Let L be a logic in-between K and K(m)(∩,∪,`). Let ∆ be a finite
RMOD-saturated set of clauses consisting of two kinds of split components.

Clauses with at most two free variables, which are built from finitely many
binary predicate symbols Rj, no function symbols, and containing at least
one guard literal (that is, this literal is negative and includes all the variables
of the clause).

(7.3)

Clauses built from one variable, finitely many function symbols (including
constants), and finitely many binary predicate symbols Rj, with the restric-
tion that (i) the argument multisets of all non-ground literals coincide, and
(ii) each literal which contains a constant is ground.

(7.4)

Suppose ϕ is an L-formula and N is the clausal form of DefΛΠ(ϕ). Then:

1. Any RMOD-derivation from N ∪ ∆ terminates.
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2. ϕ is unsatisfiable in L∆ iff the RMOD-saturation of N ∪ ∆ contains the empty
clause.

Proof. Soundness and completeness follows by the general soundness and complete-
ness result of ordered resolution with selection (Theorem 4.1).

For the problem of termination we first consider what kind of clauses we are dealing
with. Input clauses have the form (7.2), (7.3) or (7.4). To begin with we consider
the saturation of all theory clauses and the subset of clauses in N which contain only
binary predicate symbols. The latter have the form:

¬Qpα(x, y)+ ∨ R(x, y) [∨ R(x, y)] and Qnα(x, y) ∨ ¬R(x, y)+ [∨ ¬R(x, y)+].(′)

We will prove that (non-empty maximally split) inferred clauses include ground unit
clauses (more precisely, clauses of the form [¬]R(s, t), where s and t are ground terms),
and clauses which are specified by (7.4), except that they may be defined over the
given Rj symbols and the introduced Qp/nα symbols. Call such clauses (7.4)+. Let K
denote the class of clauses (′), (7.3), (7.4)+ and ground unit clauses, defined over a
finite signature. W.l.o.g. we consider only maximally split clauses.

Claim 1: Inferences with clauses satisfying (7.3) and clauses (′) or ground unit
clauses produce ground clauses only. Assume C is a (7.3) clause. C participates
in inference steps as a negative premise and the only potential partners are ground
clauses. As at least one of the eligible literals in C is a guard literal the result of such
an inference step is a ground resolvent.

Claim 2: Inferences with clauses satisfying (7.3) and (7.4)+ produce clauses with
ground or (7.4)+ split components. The proof is not difficult. Observe that the
conclusion of a resolution step in RMOD is always a positive clause.

Claim 3: Inferences with (7.4)+ clauses and (′) clauses or ground unit clauses pro-
duce either ground clauses or (7.4)+ clauses. First consider any positive (7.4)+ clause
C. Clearly, the factor of C is again a clause satisfying (7.4)+. Now consider the
possibilities for resolution inferences with C.

1. Assume C is resolved with a clause of the form ¬Qψ(x)+ ∨ ¬R(x, y)+ ∨ P(y).
The other positive premise besides C will be a ground unit clause Qψ(s)+. Regardless
of whether C is ground or not the conclusion will be a ground clause (because the
single variable that may occur in C will be instantiated with a ground term).

2. Another possibility is that C is resolved with a clause Qnα(x, y) ∨ ¬R(x, y)+,
or a clause Qnα(x, y) ∨ ¬R(x, y)+ ∨ ¬R′(x, y)+. In the first case the resolvent is a
variation of C, namely C with the predicate symbol of the eligible literal replaced
by Qnα and possibly the arguments exchanged. In the second case the form of the
resolvent depends on the second positive premise. If the second premise is ground
then the resolvent will also be ground (because if C is not ground then the single
variable of C will be instantiated with a ground term). The second premise C′ may
be a (7.4)+ clause which is not ground. In this case a resolution step is only possible if
the multisets of arguments of the eligible literals of C and C′ are identical. It follows
that any resolvent satisfies the conditions of (7.4)+. Notice that no term depth growth
occurs.

3. The third possibility is that C is resolved with a clause (7.3). This possibility is
covered by Claim 2.

Second, consider the case that C is a non-positive (7.4)+ clause. C can only be
a negative premise in a resolution inference step. The only resolution partners are
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ground unit clauses and positive (7.4)+ clauses. In the first case the conclusion is a
ground clause, and in the latter case the conclusion is again a (7.4)+ clause.

Claim 4: Inferences with input clauses (′) and ground unit clauses produce ground
clauses. The argument is similar as for Lemma 7.4.

Claims 1 to 4 prove that the class K is closed under inferences in RMOD. Now the
saturation ∆′ of ∆ and the set of (′) clauses in N is a subset of K. ∆′ is bounded
because inferred clauses contain at most two variables and there is no increase of the
term depth.

We now establish that, conclusions of further inferences are ground. No inferences
are possible between theory clauses satisfying condition (7.3) and clauses in N . In-
ferences with clauses not in ∆′ are with ground clauses, and produce ground clauses.
Similarly, inferences with clauses (7.4)+ and clauses not in ∆′ are with ground clauses,
and produce ground clauses. The remaining inferences are as in Lemma 7.1. It follows
that non-empty split ground conclusions have the form

P(s), (¬)R(s, f(s)), (¬)R(s, s) or (¬)R(b, c).

Termination of any derivation fromN∪∆ is now shown as follows. Let T, tt be new
symbols which do not occur in either N or ∆. Again, we use a dependency relation
�d on the predicate symbols. It is defined almost as in the proof of Theorem 7.2, but
with subtle differences: S1 �d S2, if there is a definition ψ → φ in DefΛΠ(ϕ) such
that S1 occurs in ψ and S2 occurs in φ. In addition, all relational symbols Rj which
do not occur in N are smaller than any unary predicate symbols. Let T be the largest
symbol with respect to �d, and tt the smallest symbol. As before, let �D be any
ordering compatible with the transitive closure of �d. In addition, define

Γ(T ) = {(¬)R(s, t) | s, t ∈ T and R is a binary predicate symbol}.

Let NC denote the set of clauses derived prior to C, and C itself. Now, define a
measure on (a subset of) clauses in a derivation by:

µ(C) =




(P , ∅) if C = P(s)
(Q,Γ({s, t}) \NC) if C = (¬)R(s, t)
(tt, ∅) if C = ∅,

where Q is the predicate symbol associated with the leading function symbol of the
maximal term in {s, t}, whenever such a symbol exists, and T otherwise. Here, max-
imality is with respect to the proper subterm ordering. The ordering on the com-
plexity measures �c of positive premises and conclusions is defined to be the lexi-
cographic combination of �D and the proper superset relationship. This ordering is
well-founded. Now we need to verify that split ground conclusions are strictly smaller
than their positive premises, which is routine. Termination follows.

Theorem 7.8 Let L and ∆ be as in the previous theorem. For any modal formula
satisfiable in L∆ a finite modal model can be effectively constructed on the basis of
RMOD.

Proof. The construction of a modal model M is as above from the set of ground
unit literals in the saturation of N ∪ ∆. It remains to consistently complete M in
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accordance with the background theory ∆. This is always possible because ∆ contains
no clauses requiring the creation of new worlds. For example, if ∆ = {Ri(x, f(x))}
then add (s, s) ∈ R(ri) for each dead end world s. Only propositional literals will be
true in s.

Corollary 7.9 Let L and ∆ be as in the previous theorem. Then, L∆ has the finite
model property.

Which extended modal logics satisfy the conditions of Theorem 7.7? Relational
frame properties which can be described by the above clausal form include reflexivity,
irreflexivity, seriality, symmetry, inclusions among relations, for example, R1 ⊆ R2 or
R1 ⊆ (R`2 ∩R3), as well as, for example,

∀x∃y ¬R(x, y), ∀x∃y (R(x, y) ∨ R(y, x)), or ∀xy (R(x, y) → R(x, x)).

Thus, familiar logics covered by the above results include KT, KD, KB, KTB, and
KDB, but also the basic tense logic K t. The results also cover a variety of description
logics, for example, ALC endowed with role conjunction, role disjunction and inverse
roles, acyclic TBox statements, and both concept and role ABox statements.

By refining RMOD with an ordering restriction which would prefer to resolve upon
literals containing functional terms of the theory clauses in ∆ we expect that the
above decidability result can be improved considerably.

Finally, let us look at a sample derivation, in Figure 2, and make a few observations.
R is assumed to be reflexive, for otherwise not many inference steps are possible. First,
notice how the correspondence to modal subformulae is retained during inference in
RMOD. For example, 14.1.1 and 14.2.1 say that p and 3p are true in the initial world
a, 14.2.2, 14.2.3 and 14.2.4 say that p and p ∨ 3p are true in a successor world of a.
Second, notice the similarity of this derivation to the derivation of a classical tableaux
procedure. This connection will be formally discussed in the next section.

8 Tableaux Calculi

Selection refinements of resolution (and hyperresolution) are closely related to stan-
dard modal tableaux calculi and description logic systems [13, 27, 28, 29]. In this
section, we exploit this connection and present tableaux calculi for the modal logic
K(m)(∩,∪,`), and logics below it. These calculi resemble and enhance those com-
monly used in description logic systems [22, 21]. We also investigate the relationship
between our selection-based resolution procedure and single-step prefixed tableaux
calculi.

Tableaux Calculi for Subsystems of K(m)(∩,∪,`)

A tableaux is a finitely branching tree whose nodes are sets of labelled formulae. Given
that ϕ is a formula to be tested for satisfiability the root node is the set {a : ϕ}.
Successor nodes are constructed in accordance with a set of expansion rules. A rule

X
X1 | ... | Xn

fires for a selected formula F in a node if F is an instance of the numerator
X , or more generally, F together with other formulae in the node are instances of
the formulae in X . n successor nodes are created which contain the formulae of
the current node and the appropriate instances of Xi. It is assumed that no rule is
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1. Qϕ(a)
2. ¬Qϕ(x)+ ∨ Q2(x)
3. ¬Qϕ(x)+ ∨ Q¬(x)
4. ¬Q2(x)+ ∨ ¬R(x, y)+ ∨ Q∨(y)
5. ¬Q∨(x)+ ∨ P (x) ∨ Q3(x)
6. ¬Q3(x)+ ∨ R(x, f(x))
7. ¬Q3(x)+ ∨ P (f(x))
8. ¬Q¬(x)+ ∨ ¬P (x)+

9. R(x, x)
10. Q2(a) [1, 2]

11. Q¬(a) [1, 3]

12. Q∨(a) [4, 9, 10]

13. P (a) ∨ Q3(a) [5, 12]

14.1.1. P (a) [13, split]

14.1.2. ∅ [8, 11, 14.1.1]

14.2.1. Q3(a) [13, split]

14.2.2. R(a, f(a)) [6, 14.2.1]

14.2.3. P (f(a)) [7, 14.2.1]

14.2.4. Q∨(f(a)) [4, 10, 14.2.2]

14.2.5. P (f(a)) ∨ Q3(f(a)) [5, 14.2.4]

14.2.5.1.1. P (f(a)) [14.2.5, split] 14.2.5.1.2. Q3(f(a)) [14.2.5, split]

Fig. 2. Derivation tree for testing the satisfiability of ϕ = 2(p ∨ 3p) ∧ ¬p in KT.

applied twice to the same instance of the numerator. In the following we assume ϕ is
a formula in negation normal form.

Figure 3 lists the expansion rules for the logic K(m)(∩,∪,`), while for any logic L
in-between K and K(m)(∩,∪,`) the expansion rules are given by appropriate subsets,
see Figure 4. The rules for K(m)(∩,∪,`) include the clash rule (⊥), seven ‘elimination’
rules (∧), (∨), (3), (2), (`), (∧r), and (∨r) for positive occurrences of subformulae,
and three ‘introduction’ rules (`I), (∧rI) and (∨rI) for negative occurrences of subfor-
mulae. The side conditions for the introduction rules ensure that formulae are not
introduced unnecessarily. Conjunction and disjunction are assumed to be associative
and commutative operations. Note that only the disjunction rules are “don’t know”
nondeterministic and require the use of backtracking.

To avoid unnecessary duplication and superfluous inferences we define a notion of
redundancy which is in the spirit of Bachmair and Ganzinger [3]. A labelled formula
F is redundant in a node if the node contains labelled formulae F1, . . . , Fn (for n ≥ 0)
which are smaller than F and |=L (F1 ∧ . . . ∧ Fn) → F . In this context a formula ψ
is smaller than a formula φ if ψ is a subformula of φ, but a more general definition
based on an admissible ordering in the sense of [3, 4] may be chosen. The application
of a rule is redundant if its conclusion(s) is (are) redundant in the current node. For
example, for any s, s : > is redundant, and if a node includes s : ψ and s : ψ ∨ φ,
then the (∨) rule need not be applied, and no new branches are introduced.
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(⊥)
s : ψ, s : ¬ψ

s : ⊥ (∧)
s : ψ ∧ φ
s : ψ, s : φ (∨)

s : ψ ∨ φ
s : ψ | s : φ

(3)
s : 〈α〉ψ

(s, t) : α, t : ψ with t new to the branch (2)
(s, t) : α, s : [α]ψ

t : ψ

(`)
(s, t) : α`

(t, s) : α (∧r) (s, t) : α ∧ β
(s, t) : α, (s, t) : β (∨r) (s, t) : α ∨ β

(s, t) : α | (s, t) : β

(`I)
(t, s) : α

(s, t) : α`
(∧rI)

(s, t) : α, (s, t) : β
(s, t) : α ∧ β

(∨rI)
(s, t) : α

(s, t) : α ∨ β

For the rules (`I), (∧rI) and (∨rI) the side conditions are that the formulae in the
denumerator, i.e. α`, α ∧ β or α ∨ β, occur as subformulae of the parameter γ of a
box formula s : [γ]ψ on the current branch.

Fig. 3. Tableaux expansion rules for K(m)(∩,∪,`).

For K(m): (⊥), (∧), (∨), (3), (2)
For K(m)(`): (⊥), (∧), (∨), (3), (2), (`), (`I )
For K(m)(∩): (⊥), (∧), (∨), (3), (2), (∧r), (∧rI)
For K(m)(∪): (⊥), (∧), (∨), (3), (2), (∨r), (∨rI)
For K(m)(∩,∪): (⊥), (∧), (∨), (3), (2), (∧r), (∧rI), (∨r), (∨rI)
...

...

Fig. 4. Tableaux calculi for logics in-between K(m) and K(m)(∩,∪,`).

Theorem 8.1 A formula ϕ is satisfiable in K(m)(∩,∪,`) iff a tableaux containing a
branch B can be constructed with the rules of Figure 3 such that B does not contain
the falsum (s : ⊥ for some s) and each rule application is redundant.

Proof. By soundness, completeness and termination of the selection refinement RMOD

(Theorem 7.2), and the observation that the tableaux rules are macro inference steps
of RMOD on the set

N = N ′ ∪ {¬Qpα(x, y)+ ∨ Qnα(x, y) | α is a non-atomic relational formula in ϕ},

where N ′ is the clausal form of DefΛΠ(ϕ), and Λ is as defined at the beginning of
the previous section. For this extended N the termination argument is the same as
in Theorem 7.2.

Define a mapping h′ from labelled formulae to ground unit clauses by (h′ is in fact
a bijection)

h′(s : ψ) = h(ψ)(h(s))
h′((s, t) : α) = h(α)(h(s), h(t)),

where ψ denotes a modal formula, α a relational formula. h is defined by: h(pi) = Pi,
h(rj) = Rj , h(ψ) = Qψ, h(α) = Qpα, h(a) = a, and h(t) = f〈α〉ψ(h(s)) where s : 〈α〉ψ
is the formula for which t was introduced and f〈α〉ψ is the Skolem function associated
with 〈α〉ψ.
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The RMOD-derivation corresponding to an application of the (3)-rule is: from
Q〈α〉ψ(h(s)), ¬Q〈α〉ψ(x)+ ∨ Qpα(x, f(x)) and ¬Q〈α〉ψ(x)+ ∨ Qψ(f(x)), derive the
units Qpα(h(s), f(h(s))) and Qψ(f(h(s))) in two resolution steps. For (`I) the resol-
vent of Qnα(h(s), h(t)) (or Qpα(h(s), h(t)) and ¬Qpα(x, y)+ ∨ Qnα(x, y)) and Qnα`(x, y) ∨
¬Qnα(y, x)+, is Qnα`(h(t), h(s)). Similarly, for the other rules.

Apart from factoring there are no inference steps in RMOD which are not involved in
some macro inference step. Due to the fact that all positive premises are ground and
thus subject to the application of splitting, factoring is not needed for completeness,
and is thus optional.

Corollary 8.2 The appropriate subsets (see Figure 4) of the rules from Figure 3
provide sound, complete and terminating tableaux calculi for logics in-between K and
K(m)(∩,∪,`).

An immediate consequence of Theorem 7.5 is:

Corollary 8.3 If L is a logic in-between K and K(m)(∩,∪,`) and ϕ is satisfiable in L
then a finite modal model can be effectively constructed on the basis of the appropriate
tableaux calculus for L.

Simulation of Single-Step Prefixed Tableaux

We distinguish between two notions of polynomial simulation (or p-simulation). By
definition, a proof system A p-simulates derivations of a proof system B iff there is
a function g, computable in polynomial time, which maps derivations in B for any
given formula ϕ, to derivations in A for ϕ. We also say system A p-simulates search
of a system B iff there is a polynomial function g such that for any formula ϕ, g maps
derivations from ϕ in A to derivations from ϕ in B. The first notion generalises the
notion of p-simulation found in [6], who are only concerned with the p-simulation
of proofs (that is, successful derivations leading to a proof). Simulation of search
is a relationship in the opposite direction. It implies that A does not perform any
inference steps for which no corresponding inference steps exist in B. To show that A
p-simulates proofs or derivations of B it is sufficient to prove that for every formula
ϕ and every derivation D2 of ϕ in B, there exists a derivation D1 of ϕ in A such
that the number of applications of inference rules in D1 is polynomially bounded by
the number of applications of inference rules in D2. This can be achieved by showing
that there exists a number n such that each application of an inference rule in D1

corresponds to at most n applications of inference rules in D2. It follows that the
length of D2 is polynomially bounded by the length of D1. We call this a step-wise
simulation of B by A. Note that a step-wise simulation is independent of whether the
considered derivations are proofs or not.

The single-step prefixed tableaux calculi of Massacci [31, 33] for subsystems of S5
are defined by Figures 5 and 6. (Remember KT = KDT, S4 = KT4, KB4 = KB5,
S5 = KTB4 = KDB4 = KT5.) The basic entities are formulae labelled with prefixes.
A labelled (prefixed) formula has the form σ : ϕ, where σ is a sequence of positive
integers and ϕ is a modal formula. σ represents a world in which ϕ is true. Tableaux
derivations have a tree structure and begin with the formula, 1 : ϕ in the root node.
Successor nodes are then constructed by the application of expansion rules. The
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(⊥)
σ : ψ, σ : ¬ψ

σ : ⊥ (∧)
σ : ψ ∧ φ
σ : ψ, σ : φ (∨)

σ : ψ ∨ φ
σ : ψ | σ : φ

(3)
σ : 3ψ
σ.n : ψ with σ.n new to the current branch

(2)
σ : 2ψ
σ.n : ψ

(D)
σ : 2ψ
σ : 3ψ

(T )
σ : 2ψ
σ : ψ

(B)
σ.n : 2ψ
σ : ψ

(4)
σ : 2ψ
σ.n : 2ψ

(4r)
σ.n : 2ψ
σ : 2ψ

(4d)
σ.n : 2ψ
σ.n.m : 2ψ

(5)
1.n : 2ψ
1 : 22ψ

Fig. 5. Single step prefixed tableaux expansion rules for subsystems of S5.

For K : (⊥), (∧), (∨), (3), (2)
For KD : (⊥), (∧), (∨), (3), (2), (D)
For KT : (⊥), (∧), (∨), (3), (2), (T )
For KB : (⊥), (∧), (∨), (3), (2), (B)
For K4 : (⊥), (∧), (∨), (3), (2), (4)
For K5 : (⊥), (∧), (∨), (3), (2), (4r), (4d), (5)
For KDB : (⊥), (∧), (∨), (3), (2), (D), (B)
For KD4 : (⊥), (∧), (∨), (3), (2), (D), (4)
For KD5 : (⊥), (∧), (∨), (3), (2), (D), (4r), (4d), (5)
For KTB : (⊥), (∧), (∨), (3), (2), (T ), (B)
For S4 : (⊥), (∧), (∨), (3), (2), (T ), (4)
For KB4 : (⊥), (∧), (∨), (3), (2), (B), (4), (4r)
For K45 : (⊥), (∧), (∨), (3), (2), (4), (4r), (4d)
For KD45 : (⊥), (∧), (∨), (3), (2), (D), (4), (4r), (4d)
For S5 : (⊥), (∧), (∨), (3), (2), (T ), (4), (4r)

Fig. 6. Tableaux calculi for subsystems of S5.

prefixes in the expansion rules, except for σ.n of the (3)-rule, are assumed to be
present on the current branch.

Theorem 8.4 (Massacci [31, 33], Goré [19]) Let Σ ⊆ {D,T,B, 4, 5}. A formula
ϕ is satisfiable in a logic KΣ iff a tableaux containing a branch B can be constructed
by the tableaux calculus for KΣ such that B does not contain the falsum and further
rule applications are redundant.

The first-order background theories for the different axiom schemas are determined
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by the following.

TK = ∅ TKD = {R(x, f(x))+} TKT = {R(x, x)+}
TKB = {¬R(x, y)+ ∨ R(y, x)} TK4 = {¬R(x, y)+ ∨ ¬R(y, z) ∨ R(x, z)}
TK5 = {¬R(x, y) ∨ ¬R(x, z) ∨ R(y, z),¬R(x, y) ∨ R(y, y)}

For modal logics closed under more than one additional axiom schema the background
theories are defined by the union of the corresponding clause sets, for example, TKD4 =
TKD ∪ TK4.

Observe that for 4 and 5 only certain negative literals will be selected in the theory
clauses. In the case of 5 we do not select any literal.

Theorem 8.5 Let Σ ⊆ {D,T,B, 4, 5}. Resolution p-simulates derivations of single
step prefix tableaux for KΣ.

Proof. Suppose we are interested in the satisfiability of the modal formula ϕ. We
will show that RMOD p-simulates single step prefix tableaux step-wise.

Similar as in the proof of Theorem 8.1 define a mapping (bijection) h′ from prefixed
formulae to ground unit clauses by h′(σ : ψ) = h(ψ)(h(σ)), where h is defined by:
h(pi) = Pi, h(rj) = Rj , h(ψ) = Qψ for ψ a modal subformula of ϕ, h(1) = a, and
h(σ.n) = f3ψ(h(σ)) where 3ψ is the formula for which n was introduced and f3ψ is
the Skolem function associated with 3ψ. For example, the unit clause associated (by
h′) with the formula 1 : ϕ contained in the root node is Qϕ(a).

Now show that each tableaux inference step can be simulated by a constant num-
ber of RMOD-inference steps. For instance, the derivation of ⊥ by the clash rule
corresponds to one resolution inference step applied to Qψ(h(σ)), Q¬ψ(h(σ)) and
¬Q¬ψ(x)+ ∨ ¬Qψ(x)+, which generates the empty clause. For the simulation of the
application of the (3) rule to σ : 3ψ we may assume that Q3ψ(h(σ)) is present in
the clauses set. Also present are the definitional clauses ¬Q3ψ(x)+ ∨ R(x, f(x)), and
¬Q3ψ(x)+ ∨ Qψ(f(x)). Then an application of the (3) rule corresponds to perform-
ing two resolution inference steps producing R(h(σ), f(h(σ))) and Qψ(f(h(σ))). The
term f(h(σ)) corresponds to the new prefix σ.n. The interested reader may fill in the
details for the other rules, see also [29].

For the modal logics KΣ with Σ ⊆ {D,T,B} there is a near bisimulation between
the tableaux calculi and RMOD. If factoring rules are added to the tableaux calculi then
tableaux p-simulates also derivations of the selection-based resolution refinement. It
follows that:

Theorem 8.6 RMOD p-simulates search in single step prefix tableaux for KΣ with
Σ ⊆ {D,T,B}.

This is not true for logics in which 4 and 5 are theorems. For 4 and 5 termination
in single step prefixed tableaux is ensured by a loop checking mechanism [31, 33].
Once a loop is detected in a branch no further rules are applied. In RMOD further
inference steps will be performed. To prevent this we have to provide the means
by which the resolution procedure can recognise the redundancy of further inference
steps. This may possibly be realised by soft typing [16] or some form of blocking
which is analogous to loop checking [27].
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In this section we have focussed on single-step prefixed tableaux calculi, but this
choice is arbitrary. Our technique can also be applied for obtaining simulation results
of modal tableaux calculi with implicit or explicit accessibility relation and analytic
modal KE tableaux [25, 32], or even sequent proof systems. Simulation results of
tableaux calculi for description logics by resolution can be found in Hustadt and
Schmidt [27, 28].

9 Concluding Remarks

The approach purported in this overview paper is that modal logics can be seen to
be fragments of first-order logic and inference systems for modal logics can be devel-
oped and studied within the framework of first-order resolution. Several issues were
considered. In particular, we have focussed on the decision problem for a range of
expressive extended modal logics and have described resolution procedures of varying
nature. We have looked at using resolution methods for automatically generating
models. Exploiting the link between selection-based resolution and tableaux meth-
ods, we have proposed a new tableaux calculus for multi-modal logics defined over
relations closed under union, intersection and converse. And, we have presented simu-
lation results which give us an understanding of modal tableaux methods in the wider
context of first-order logic and resolution.

Some important modal logics for which we have not presented a decision procedure
are modal logics with transitive modalities. To decide extensions of K4 one possibility
is to modify the calculus and add ordered chaining rules for transitive relations [15].
Another possibility is to use the resolution procedures described in this paper but
block further inferences with clauses containing terms in which the level of nesting
exceeds a pre-computed term depth bound. In practice this solution is rather poor,
as are solutions encoding K4 or S4 problems in K or KT.
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Abstract

Recent years have seen the emergence of a new generation of heavily-optimised modal decision
procedures. Several systems based on such procedures are now available and have proved to be much
more effective than the previous generation of modal decision procedures. As both computational
complexity and algorithm complexity are generally unchanged, neither is useful in analysing and
comparing these new systems and their various optimisations. Instead, empirical testing has been
widely used, both for comparison and as a tool for tuning systems and identifying their strengths and
weaknesses. However, the very effectiveness of the new systems has revealed serious weaknesses in
existing empirical test suites and methodologies. This paper provides a detailed survey of empirical
testing methodologies, analyses the current state of the art and presents new results obtained with
a recently developed test method.

Keywords: empirical testing, modal decision procedures

1 Motivations for Empirical Testing

Heavily-optimised systems for determining satisfiability of formulae in propositional
modal logics are becoming available. These systems, including DLP [30], FaCT [23],
KSatC [13], *SAT [35], and TA [26], have more optimisations and are much faster
than the previous generation of modal decision procedures, such as leanK [3], Logics
Workbench [21], and 2KE [32].

As with most theorem proving problems, neither computational complexity nor al-
gorithm complexity is useful in determining the effectiveness of optimisations. The
worst-case complexity of the problem, of course, remains unchanged. For many propo-
sitional modal logics, this complexity ranges from PSPACE-complete to EXPTIME-
complete. The worst-case complexity of the algorithms in the systems also generally
remains unchanged under optimisation. The worst-case complexity for most of these
systems is exponential time and either polynomial or exponential space. Further, de-
termining any useful normal-case or special-case complexity is essentially impossible.

As theoretical studies do not provide any indication of the effectiveness of the new
systems and their optimisations, this has to be determined by empirical testing. In
any case, empirical testing provides a number of benefits over theoretical complexity.
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It directly gives resource consumption, in terms of computation time and memory
use. It factors in all the pieces of the system, not just the basic algorithm itself.

Empirical testing can be used not only to compare different systems, but also to
tune a system with parameters that can be used to modify its performance. Moreover,
it can be used to show what sort of inputs the system handles well, and what sort of
inputs the system handles poorly.
In this paper we provide a detailed survey of empirical testing methodologies for modal
decision procedures, including a review of previous work in the area and an analysis of
the current state of the art.1 We point out desirable and undesirable characteristics
of these methodologies. We also present some new results obtained with a recently
developed test method, and identify some of the remaining weaknesses in both modal
decision procedures and testing methodologies.

Our goal in this paper is not to show the effectiveness of various systems and
their optimisations, but is instead to provide a framework for evaluating empirical
testing methodologies for modal decision procedures, to analyse these methodologies,
and to give a direction for better empirical testing methodologies for modal decision
procedures.

2 Evaluating Empirical Testing

2.1 Kinds of Empirical Test Sets

Several kinds of inputs can be used for empirical testing. Inputs that have been
encountered in the past can be used. Variations on these past inputs, either systematic
or random, can be used. It is also possible to deterministically synthesise inputs.
These can be either hand-generated individual inputs, possibly parameterised, or
inputs that systematically cover an area. Finally, randomly-generated inputs can be
used. Each of these kinds of inputs has benefits and potential problems.

Actual past inputs provide a good mechanism for comparing the behaviour of dif-
ferent systems. However, as systems improve, old inputs can become so easy that
they provide no guidance. Also, newer inputs will not necessarily be the same as
past inputs, so using past inputs may not provide guidance for future performance.
Further, there may not be enough past inputs to provide sufficient testing.

Variations on past inputs can be used to overcome some of these problems. Vari-
ations provide more inputs. If the past inputs can be modified to be larger or more
difficult, then the problem of past inputs being too easy can be overcome.

Hand-generated inputs can be specifically tailored to provide good tests, at least
for particular systems. In particular, if the inputs are parameterised, then they can
often be made large enough to be difficult, even for newer systems. However, it can
be very hard to hand-generate difficult problems, even if parameterised—a particular
optimisation may make a whole parameterised set of inputs trivial. Further, hand-
generation is expensive.

Systematic inputs can be very effective, provided that systematic generation is pos-
sible. However, many kinds of inputs are too large to systematically cover. Random
inputs are often easy to generate, and can provide a mechanism to cover a class of
inputs. Both systematic and random inputs may not be typical inputs, and so testing

1Some of the testing in this paper has been reported on in other papers [25; 24; 13].
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using these kinds of inputs may not provide useful data.
In many cases there is a lack of past inputs, not enough resources for hand-

generation, and no way of systematically covering the input space, so the major
mechanism for generating inputs for empirical testing has to be random generation.
This is the case in propositional modal logics. The current main empirical testing
methodologies involve random generation of formulae. The only other significant test
consists of hand generated, parameterised formulae, but this test has become too easy
for state-of-the-art systems.

2.2 Good and Bad Empirical Testing

The benefits of empirical testing depend on the characteristics of the inputs provided
for the testing, as empirical testing only provides data on these particular inputs. If
the inputs are not typical or suitable, then the results of the empirical testing will not
be useful. This means that the inputs for empirical testing must be carefully chosen.

We believe that good test sets should be created according to the following key
criteria.2

Reproducibility. Any test is not very useful if it cannot be reproduced, and varied.
The test formulae or their generation function should thus be made available.
Even if the test formulae are made available, the generation function should also
be made available, so that variants of the test can be developed. If the actual
test formulae are not made available it should be possible to exactly reproduce the
entire test set, so all the inputs to the generation function should be disclosed,
including any “random” or environmental inputs.

Representativeness. The ideal test set should represent a significant area of the
whole input space, and should span the whole range of sources of difficulty. A
good empirical test set should at least cover a large area of inputs. Empirical
test sets that consist of only a few inputs or that concentrate on only a small
area of the input space provide no information about most inputs. This can be
a particular problem if the small area has a different computational complexity
than the input space as a whole.

Valid vs. not-valid balance. In a good test set, valid and not-valid (or, equiva-
lently, satisfiable and unsatisfiable) problems should be more or less equal both in
number and in difficulty. In fact, solvable and unsolvable problems may present
different sources of difficulty, so that a system which is good at handling one type
may be not good—or not capable at all—of handling the other type. Moreover,
to prevent the usage of routines/heuristics which are explicitly aimed at detecting
either solvability or unsolvability, the testbed should provide no a priori infor-
mation which could help in guessing the result —that is, maximum uncertainty
regarding the solvability of the problems is desirable. (Notice that, in the real
world, the solvability of a problem is not known a priori.)

Difficulty. A good empirical test set should provide a sufficient level of difficulty for
the system(s) being tested. (Some problems should be too hard even for state-of-
the-art systems, so as to be a good benchmark for forthcoming systems.) If the

2Notice that some of the criteria are identical or similar to those suggested by Heurding and Schwendimann[22].
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inputs are too easy, then the resulting resource consumption may be too small
to easily measure, and the resource consumption may be dominated by start-up
costs that do not grow as the difficulty of the inputs grow. Comparing absolute
performances—which may depend on factors like the platform used, the quality of
implementation, etc.—may be less significant than comparing how performances
scale up with problems of increasing difficulty.

Termination. To be of practical use, the tests should terminate and provide infor-
mation within a reasonable amount of time. If the inputs are too hard, then the
system may not be able to provide answers within the established time. This
inability of the system is of interest, but can make system comparison impossible
or insignificant.

The following criteria derive from or are significant sub-cases of the main criteria
above.

Parameterisation. One way of creating test sets with the appropriate features and
with a large number of inputs is to have parameterised inputs with sufficient
parameters and degrees of freedom to allow the inputs to range over a large portion
of the input space. On the other hand, the number of parameters and their degrees
of freedom should not be too large, otherwise the number of tests required to cover
a significant subspace might blow up. (Ideally, the parameter set should work as
much as possible as a “base” for the input space.)

Control. In particular, it is very useful to have parameters that control monotonically
the key features of the input test set, like the average difficulty and the solvable
vs. unsolvable rate. Monotonicity is a key point, as it allows for controlling one
feature independently of the values of the other parameters, and for eliminating
uninteresting areas of the input space.

Modal vs. propositional balance. Reasoning in modal logics involves alternating
between two orthogonal search efforts: pure modal reasoning—that is, spanning
the potential Kripke models—and pure propositional reasoning—that is, assigning
truth values to sub-formulae within each Kripke state. A good test set should be
challenging from both viewpoints.

Data organisation. The data should be summarisable—so as to make a compari-
son possible with a limited effort—and plottable—so as to enable the qualitative
behaviour of the system(s) to be highlighted. For instance, a list of hundreds of
uncorrelated numbers is not a well-organised data set, since it makes a comparison
impractical, and makes it very hard to produce any qualitative information from
it.

Focus on narrow problems. As an alternative to wide-ranging tests, small “ad
hoc” test sets may be used for testing systems on one particular source of difficulty,
or for revealing one particular possible weakness. For instance, formulae which
are satisfied only by exponentially-large Kripke models (see, e.g., [20]) might cause
the system under test to blow up in space, thus revealing its non-PSPACEness.

Finally, in creating good test sets, particular care must be taken to avoid the following
problems.

Redundancy. Empirical test sets must be carefully chosen so as not to include in-
advertent redundancy. They should also be chosen so as not to include small
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sub-inputs that dictate the result of the entire input. Empirical test sets can be
made irrelevant by advances in systems if the advanced systems include optimisa-
tions that identify some inherent redundancy and cause the test set to be trivially
solved. Of course, a system that can detect such redundancy is better than one
that cannot, but the presence of detectable redundancies can reduce test sets to
triviality.

Triviality. A good test set should be flawless, that is, it should not contain significant
subsets of trivial problems. This problem has claimed victims in many other areas
of AI, as flaws have been detected in random test methods for propositional satis-
fiability [29], for constraint satisfiability problems [1], and for quantified boolean
formulae [10].

Artificiality. A good empirical test set should correspond closely to inputs from
applications. If the test set does not resemble actual inputs, then the results from
the empirical testing will not necessarily correspond with the behaviour of the
system in real use.

Over-size. The single problems should not be too big with respect to their difficulty,
so that the resources required for parsing and data managing do not seriously
influence total performance.

In general, these criteria boil down to providing a reproducible sample of an in-
teresting portion of the input space with appropriate difficulty. This is no differ-
ent from the criteria in other areas, notably propositional satisfiability testing [9; 7;
33], theorem proving [34], CSP [7; 11]. However, the situation for modal decision
procedures is more difficult than for the fields above, because of the greater variety
in modal logics and formulae and the lesser capabilities of current modal decision
procedures.

3 Systems

The systems involved in most of this testing have different characteristics, but are
all based around a front-end that takes an input formula, converts it into an internal
form, and uses a search engine to exhaustively search for a model of the formula. The
input formula is satisfiable if such a model is found and unsatisfiable otherwise. All
the systems are able to handle (at least) the propositional modal logic K(m).

Two systems, DLP [30] and FaCT [23], are based on custom-built search engines
that employ tableaux techniques to search for the model. These systems both trans-
late input formulae into an internal normal form, attempting to exploit redundancies
and local analytic truth and falsity. Their search engines employ mechanisms to re-
duce overlapping search, cut off search branches that cannot succeed, detect forced
branches, and reuse cached results from previous searching.

Both DLP and FaCT can handle logics that are supersets of K(m). FaCT allows
transitive modalities, deterministic (functional) modalities and inclusion relationships
between modalities. DLP allows full propositional dynamic logic, although it has a
compile-time switch to change from propositional dynamic logic to S4(m). Most of
the tests in this paper will use only DLP as it is based on the ideas developed in
the FaCT system, includes most of FaCT’s optimisations, and has some additional
optimisations (in particular caching). If not otherwise specified, all the examples
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with DLP were obtained with DLP version 3.1 in its S4(m) configuration running on
a machine roughly comparable to a SPARC Ultra 1 with 256MB of main memory.

Two other systems, KSatC [13] and *SAT [35], are based on state-of-the-art propo-
sitional satisfiability testing procedures. The two systems make multiple calls to the
propositional decision procedure. While KSatC’s optimisations are largely those
of the underlying propositional system, *SAT features many modal search pruning
optimisations like modal backjumping and caching. *SAT also handles many non-
normal modal logics. If not otherwise specified, all the examples with *SAT in this
paper were obtained with *SAT -e -m6, compiled with Linux gcc -O2 and run on
a 350MHz PentiumII with 128MB of main memory.

The TA system [26] translates propositional formulae into a decidable fragment
of first order logic. It uses an optimised first-order theorem prover to determine the
satisfiability of the translated formulae. TA thus inherits the optimisations built into
this theorem prover, but it also uses a translation that is designed to produce easier
first-order formulae.

4 The Heuerding and Schwendimann Tests

As discussed in Section 2.1, it is possible to hand-generate formulae for testing modal
decision procedures. In the past such formulae were difficult to analyse, but the
optimised decision procedures that are now available make short work of such hand-
generated formulae. For example, Heuerding and Schwendimann [22] report that their
(moderately-optimised) system, LWB, can rapidly process several previous collections,
with the longest test taking under 1/10th of a second.

Such short times are not satisfactory as differences between systems may be the
result of startup costs and not indicative of their behaviour on more-difficult formulae.

4.1 Rationale

To overcome the above difficulty, and also to provide more test formulae, Heuerding
and Schwendimann [22] created a suite of formulae for testing modal decision pro-
cedures. They wanted to provide a test suite that would not be quickly rendered
obsolete and that would provide a comprehensive test of a modal decision procedure,
so they started with a number of postulates:3

1. The test suite should include valid as well as invalid formulae.

2. The test suite should provide formulae of various structures.

3. Some of the formulae should be hard for future systems.

4. The validity status of the formulae should be known in advance.

5. The formulae should be resistant to simple tricks.

6. Executing the entire benchmark should not take an excessive amount of time.

7. It should be possible to summarise succinctly the results of the benchmark.

3These postulates are elaborated in the paper by Heuerding and Schwendimann [22, pp. 2–3].
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4.2 Description

To meet these postulates Heuerding and Schwendimann created classes of formulae.
Each class was generated from a (relatively) simple parameterised logical formula that
was either valid or invalid. Some of these formulae were made harder by hiding their
structure or adding extra pieces. The parameters allow formulae of different size to
be created, thus allowing for formulae of differing difficulty. The idea behind the
parameter is that the difficulty of most of the problems should be exponential in the
parameter. This supposed exponential increase in difficulty would make differences
in the speed of the machines used to run the benchmarks relatively insignificant.

For each logic, K, KT, and S4, 9 classes of formula were created, in both valid
and invalid versions. For example, the branching formulae of Halpern and Moses [20],
form a formula class for all three logics. Other problem classes in the set are based
on the pigeon-hole principle and a two-colouring problem on polygons.

The benchmark methodology was to test formulae from each class, starting with
the easiest instance, until the validity status of a formula could not be correctly deter-
mined within 100 seconds. The result from this class would then be the parameter of
the largest formula that could be solved within the time limit. The parameter ranges
only from 1 to 21—if a system can solve all 21 instances of a class, the result is given
as “>”.

This benchmark suite and methodology meets several of the postulates above simply
as a result of its design. The suite contains both valid and invalid formulae of various
structures whose validity status is known in advance. The benchmark can be executed
in a few hours at most and the results can be given in three tables each with nine
rows and two columns.

4.3 Results

The benchmark suite was used in a comparison at Tableaux’98 [2]. Six entries were
submitted to this comparison, giving results for a total of ten systems. Since then
the benchmark has been run on several other systems, including some more-recent
versions of systems included in the original test. Several results are given in Tables 1,
2, and 3. Some of these results are from the Tableaux’98 comparison, but some are
more recent.

The results show that this benchmark is appropriate, perhaps even too difficult, for
some of the systems. However, the heavily-optimised systems, including *SAT and
DLP, are able to handle all of the instances of many of the problem classes in their
areas of coverage. *SAT is able to completely solve 15 out of 18 of the K tests and
DLP is able to completely solve 11 out of 18 of both the KT tests and the S4 tests.
This means that the effective number of tests is reduced considerably.

In fact, the situation is even worse than indicated by the raw results. The heavily-
optimised systems can solve many of the problem classes with little or no search.
This is indicated in Table 4, which gives the time taken for the most-difficult solved
problems in K for *SAT, DLP and TA.4 The times for TA are subdivided between
FLOTTER (a pre-processor) and SPASS itself.

4These results differ slightly from the previous results for DLP and differ considerably for TA because they were

performed on a different version of the systems.
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branch d4 dum grz lin path ph poly t4p

K p n p n p n p n p n p n p n p n p n

leanK 2.0 1 0 1 1 0 0 0 > > 4 2 0 3 1 2 0 0 0
2KE 13 3 13 3 4 4 3 1 > 2 17 5 4 3 17 0 0 3
LWB 1.0 6 7 8 6 13 19 7 13 11 8 12 10 4 8 8 11 8 7
TA 9 9 > 18 > > > > > > 20 20 6 9 16 17 > 19
KSAT 8 8 8 5 11 > 17 > > 3 4 8 5 5 13 12 10 18
*SAT 1.2 > 12 > > > > > > > > > > 8 12 > > > >

Crack 1.0 2 1 2 3 3 > 1 > 5 2 2 6 2 3 > > 1 1
Kris 3 3 8 6 15 > 13 > 6 9 3 11 4 5 11 > 7 5
FaCT 1.2 6 4 > 8 > > > > > > 7 6 6 7 > > > >

DLP 3.1 19 13 > > > > > > > > > > 7 9 > > > >

Table 1. Results for K

45 branch dum grz md path ph poly t4p

K p n p n p n p n p n p n p n p n p n

leanKT 2.0 3 0 1 0 3 4 0 0 3 2 2 1 2 1 0 0 > 0
2KE 14 2 16 15 1 1 0 > 4 4 16 6 4 3 0 0 7 17
LWB 1.0 5 4 5 6 5 10 6 > 5 5 10 9 4 8 14 2 5 7

TA 17 6 13 9 17 9 > > 16 20 > 16 5 12 > 1 11 0
KSAT 5 5 8 7 7 12 9 > 2 4 2 5 4 5 1 2 1 1
Crack 1.0 0 0 2 2 0 1 0 0 2 4 1 5 2 2 1 1 0 1
Kris 4 3 3 3 3 14 0 5 3 4 1 13 3 3 2 2 1 7
FaCT 1.2 > > 6 4 11 > > > 4 5 5 3 6 7 > 7 4 2
DLP 3.1 > > 19 12 > > > > 3 > 16 14 7 > > 12 > >

Table 2. Results for KT

45 branch dum grz md path ph poly t4p

K p n p n p n p n p n p n p n p n p n

KT4 1 6 2 3 0 17 5 8 > 18 1 2 2 2 2 2 0 3
leanS4 2.0 0 0 0 0 0 0 1 1 2 2 1 0 1 0 1 1 0 0
2KE 8 0 > > 0 > 6 4 3 3 9 6 4 3 1 > 3 1
LWB 1.0 3 5 11 7 9 > 8 7 8 6 8 6 4 8 4 9 9 12
TA 9 0 > 4 14 0 6 > 9 10 15 > 5 5 > 1 11 0
FaCT 1.2 > > 4 4 2 > 5 4 8 4 2 1 5 4 > 2 5 3
DLP 3.1 > > 18 12 > > 10 > 3 > 15 15 7 > > > > >

Table 3. Results for S4

As the table shows, the hardest instances of many of the completely-solved formula
classes can be solved in under one second. Allowing for larger values of the parameter
would not make these tests effective. In fact, some of the problems are completely
or almost-completely solved in the input normalisation phases of the systems. This
is shown in Table 5, which gives (for DLP) the maximum total time and time for
the search component, as well as the growth with respect to the parameter in search
time, backtracks, and number of modal successors visited.5 As can be seen, most of
the tests no longer have exponential growth in the parameter. In fact, many of them

5Some of the growth orders are only approximate because of the limited data.
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*SAT 1.2 DLP 3.2 TA 1.4

Test Size Time Size Time Size SPASS FLOTTER

branch p > 0.21 19 46.06 6 51.95 13.81
branch n 12 94.49 13 53.63 6 84.21 12.23

d4 p > 0.06 > 0.05 15 0.64 70.47
d4 n > 2.87 > 1.12 14 1.14 42.92

dum p > 0.04 > 0.02 17 3.32 61.67
dum n > 0.12 > 0.02 16 1.75 64.07

grz p > 0.04 > 0.04 > 0.35 0.16
grz n > 0.01 > 0.05 > 0.16 0.17

lin p > 0.01 > 0.03 > 1.03 8.21
lin n > 47.80 > 0.13 > 16.07 63.94

path p > 0.72 > 0.32 5 22.85 2.18
path n > 0.96 > 0.36 4 58.70 2.14

ph p 8 48.54 7 10.23 6 42.19 0.97
ph n 12 0.60 > 2.69 9 45.21 9.92

poly p > 1.73 > 0.11 5 2.48 51.00

poly n > 2.25 > 0.18 4 1.23 7.86

t4p p > 0.29 > 0.06 16 3.91 84.75
t4p n > 1.28 > 0.13 9 3.37 84.35

Table 4: Timing Results from [15] for *SAT (options -k1 -e -m6), DLP and TA

for K. (Courtesy of E. Giunchiglia, F. Giunchiglia and A. Tacchella.)

Test Result Total Search Backtrack Successor
Name Time Time Growth Growth Growth

branch p 19 46.06 45.07 O(2n) 0 O(2n)
branch n 13 53.63 53.50 O(2n) 0 O(2n)

d4 p > 0.05 0.02 O(n) 0 O(n)

d4 n > 1.12 1.08 O(nc) O(n) O(n)

dum p > 0.02 0.01 O(n) 1 O(n)
dum n > 0.02 0.01 O(n) 0 O(n)

grz p > 0.04 0.00 O(c) 2 O(c)
grz n > 0.05 0.02 O(n) O(n) O(n)

lin p > 0.03 0.00 0 0 0
lin n > 0.13 0.05 O(n) 0 0

path p > 0.32 0.25 O(n) 0 O(n)
path n > 0.36 0.28 O(nc) 0 O(n)

ph p 7 10.23 10.21 O(cn) O(cn) 1
ph n > 2.69 0.53 O(nc) 0 O(nc)

poly p > 0.11 0.04 O(n) 1 O(n)
poly n > 0.18 0.11 O(n) 0 O(n)

t4p p > 0.06 0.04 O(n) O(n) O(n)
t4p n > 0.13 0.10 O(n) O(n) O(n)

Table 5. Growth for DLP for K

have linear growth or even no growth at all.
The tests for K that remain hard for both *SAT and DLP are branch n and ph p.

The first of these consists of the Halpern and Moses branching formulae [20], which
have an exponentially-large counter-model but no disjunction. The time taken to
build this counter-model is what makes these formulae difficult, and systems that try
to store the entire model at once will find these formulae even more difficult. The
second is an instance of the Pigeon-Hole principle [31], which has hard propositional
reasoning but essentially no modal reasoning.
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4.4 Discussion

The Heuerding and Schwendimann benchmarks were designed to meet many of the
criteria that we deem important. Both the formulae and their generator were pub-
lished, along with the rationale behind the formulae, so the tests can be reproduced
and extended. The formula classes have a built-in balance between valid and invalid
formulae. The test methodology is not computationally intensive and does provide
data that can be easily summarised. The size parameter was designed to allow for a
monotonic, exponential increase in the difficulty of the formulae. The formula classes
attempt to cover a considerable variety of formula structures, thus providing a mea-
sure of significance to the test. The formulae are large, but not excessively so. The
formulae are artificial, in that they do not correspond to any particular application,
but were supposed to be representative of general formulae.

However, with the advent of heavily-optimised provers, many of the formula classes
have become too easy under the initial parameter cut-off. Most of these easy formula
classes have become in some sense trivial, with input normalisation of the formulae
doing most or all of the work. This “triviality” has two effects. First, increasing
the parameter will not significantly increase the difficulty of a formula, at least until
the formulae become gigantic. Second, these classes no longer test the comparative
performance of the search mechanisms, but instead only show that of a particular
normalisation. Thus these formula classes, although historically interesting, are no
longer good tests for state-of-the-art modal decision procedures, which all employ
sufficient input normalisation to render these formula classes “trivial”.

An augmented set of formula classes could be created to try to solve the problems
detailed above, but it is difficult to devise by hand formulae that are resistant to
the various input normalisations of the heavily-optimised systems, and it may prove
impossible to devise formulae that will resist new and as yet unknown optimisations.

5 The 3CNF2m Random Tests

Random formulae can be generated that do not have the problems of the Heuerding
and Schwendimann formulae. The first random generation technique used in testing
modal decision procedures, the random 3CNF2m test methodology, was proposed by
Giunchiglia and Sebastiani [16; 18]. It was conceived as a generalisation of the 3SAT
test method which is widely used in propositional satisfiability [29]. The method was
subsequently criticised and improved by Hustadt and Schmidt [26; 27], who pointed
out some major weaknesses, and proposed some solutions. Finally Giunchiglia et.al.
[12; 13] proposed the current version of the method, which embeds Hustadt and
Schmidt’s suggestions, plus some further improvements. (If not otherwise stated, from
now on by “random 3CNF2m formulae” we implicitly mean the formulae generated
with the final version of the 3CNF2m random generator algorithm described in [13].)

5.1 Description

In the 3CNF2m test methodology, the performance of a system is evaluated on sets
of randomly generated 3CNF2m formulae. A CNF2m formula is a conjunction of
CNF2m clauses, where each clause is a disjunction of either propositional or modal
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literals. A literal is either an atom or its negation. Modal atoms are formulae of
the form 2iC, where C is a CNF2m clause. For normal modal logics there is no loss
in the restriction to CNF2m formulae, as there is an equivalence between arbitrary
normal modal formulae and CNF2m formulae. 6

A 3CNF2m formula is a CNF2m formula where all clauses have exactly 3 literals.
The definition extends trivially to K-CNF2m formulae, for any positive integer K.
Again, there is no loss in restricting attention to 3CNF2m formulae, as there is a
satisfiability-preserving way of converting any modal formula into 3CNF2m .

In the 3CNF2m test methodology, a 3CNF2m formula is randomly generated ac-
cording to the following parameters:

• the (maximum) modal depth d;
• the number of clauses L;
• the number of propositional variables N ;
• the number of distinct box symbols m;
• the probability p of an atom occurring in a clause at depth < d being purely

propositional.

Notice that d represents the maximum depth of a 3CNF2m formula: e.g., if p = 1,
then the depth is 0, no matter the value of d.

The random 3CNF2m generator works as follows:

• a 3CNF2m formula of depth d is produced by randomly, and independently,7

generating L 3CNF2m clauses of depth d, and forming their conjunction;
• a 3CNF2m clause of depth d is produced by randomly generating three distinct,

under commutativity of disjunction, 3CNF2m atoms of depth d, negating each of
them with probability 0.5, and forming their disjunction;

• a propositional atom is produced by picking randomly an element of {A1, . . . , AN};
• a 3CNF2m atom of depth d > 0 is produced by generating a random propositional

atom with probability p; and with probability 1− p, a 3CNF2m atom 2rC, where
2r is picked randomly in {21, . . . ,2m} and C is a randomly generated 3CNF2m

clause of depth d− 1.

As there are no repetitions inside a clause, the number D(d,N) of possible distinct,
under commutativity of disjunction,8 3CNF2m , with m = 1, atoms of depth d is given
by the recursive equation

D(0, N) = N

D(d,N) = 23 ·
(
D(d− 1, N)

3

)
[+D(0, N) if p 6= 0], (5.1)

That is, D(d,N) grows approximately as (2N)(3
d).

A typical problem set is characterised by a fixed N , m, d and p: L is varied in such
a way as to empirically cover the “100% satisfiable—100% unsatisfiable” transition.

6The conversion works recursively on the depth of the formula, from the leaves to the root, each time applying to

sub-formulae the propositional CNF conversion and the transformation 2r
V

j

W
i ϕij =⇒ V

j 2r
W

i ϕij .

7This means that clauses may be repeated in a formula.

8We consider two formulae that differ only in the order of disjuncts in embedded disjunctions to be the same

formulae, that is A ∨ B ∨ C is the same as B ∨ C ∨ A.



304 An Analysis of Empirical Testing for Modal Decision Procedures

Then, for each tuple of the five values in a problem set, a certain number (100,
500, 1000, . . . ) of 3CNF2m formulae are randomly generated, and the resulting
formulae are given as input to the procedure under test, with a maximum time bound
of, typically, 1000 seconds. The fraction of satisfiabile formulae, median/percentile
values of CPU times, and median/percentile values of other parameters, e.g., number
of steps, memory, etc., are plotted against the number of clauses L.

To save testing time, if significantly more than 50% of the samples seen so far
exceed the time bound for a given value of L—so that the median and the other Qth
percentiles for Q ≥ 50 are very likely to exceed the bound—then the system is not
run on the other samples, and the test goes on with the next L value.

5.2 Parameters and Features

In the random 3CNF2m test method, each of the five parameters plays a specific role.

d represents the maximum depth of the Kripke models for the 3CNF2m formulae,
and thus increases exponentially the size of the potential Kripke models [19]. Thus
d allows for increasing at will the difficulty of the solution, particularly for the the
modal component of reasoning. The size of generated formulae grows on average
as (3 − 3p)d.

N defines the number of propositional variables which are to be assigned within each
Kripke state, and thus enlarges exponentially the space of the possible models for
ϕ. (TypicallyN is very small with respect to 3SAT problems, as each propositional
atom has an “implicit multiplicity” equal to the number of states of a potential
Kripke model.) Thus N allows for increasing at will the difficulty of the solution,
particularly for the propositional component of reasoning. N has no effect on the
size of generated formulae.

L is the number of conjuncts in the formula, and thus it controls the constrainedness
of the formula (see, e.g., [36; 8]): the bigger L, the more likely unsatisfiable the
formula. Increasing L, we pass with continuity from an initial 100% satisfiability
fraction to 100% unsatisfiability. Tuning L allows for balancing the satisfiable vs.
unsatisfiable ratio. Obviously the size of generated formulae grows as O(L).

m represents the number of distinct accessibility relations in the potential models.
In K(m) m partitions each branch in the search tree into m independent sub-
branches, each restricted to a single 2r. Therefore, for larger m the search space
is more partitioned and the problem should be easier; moreover, as there is no
mutual dependency between the modal satisfiability of the distinct sub-branches,
for larger m the formulae are less constrained and more likely to be satisfiable.
Thus m affects both difficulty and constrainedness. m has no effect on the size of
generated formulae.

p represents the “propositional vs. modal” rate for the atoms. p has been introduced
to unbalance the tree-structure of the random 3CNF2m formulae, and allows for
distributing the propositional atoms at the different depth levels. Increasing p
reduces the number of modal atoms, and thus reduces the difficulty of the solution,
particularly for the modal component of reasoning. Increasing p causes a reduction
in size of the formula, as the average size of formulae is O((3 − 3p)d).
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Fig. 1: KsatC on a 3CNF2m test set (d=1, N=6, p=0, m=1, 100 samples/point).
(Left): satisfiability fraction and median # of calls; (Right): Qth percentile CPU
time.

In a 3CNF2m test session the values of the parameters should be chosen as follows.
First, set the values for d, m and p so as to target an area of the input space; then
set N to fix the desired level of difficulty; finally, run tests for increasing values of L,
so as to cover the whole transition from 100% satisfiability to 0% satisfiability.

Consider the plots in Figure 1, presenting a test for KsatC from [13], with d=1,
N=6, p=0, m=1, and 100 samples/point. Figure 1 (left) represents the fraction of
satisfiable formulae together with the median number of recursive calls of KsatC,
which measures the size of the space searched. Figure 1 (right) represents the Qth
percentile CPU time. Both plots exhibit the typical easy-hard-easy pattern centered
around the 50% cross-over point—also called “phase transition”—which has been
revealed in many NP-complete problems (see, e.g., [29; 36]). This should not be a
surprise, as satisfiability in K(m) and in most modal logics is NP-complete if the
modal depth is bounded [19], which is the case of each single plot. Thus, generally
speaking, by tuning N and L it is possible to generate very hard 3CNF2m problems
with the maximum uncertainty on the results.

It might sound counter-intuitive that, after the 50% cross-over point, the difficulty
of the problem decreases with the size of the formula. Giunchiglia and Sebastiani [17]
noticed that this is due to the capability of a system to backtrack at any constraint
violation: the larger the value of L, the more constraint violations are detected, and
the higher the search tree is pruned. As a side-effect, if a plot does not decrease
after the 50% cross-over point, then this may reveal a problem of constraint violation
detection in the system.

5.3 Problems

As highlighted by Hustadt and Schmidt [26; 27], the formulae generated by the first
version of the method suffered from a couple of major drawbacks:

(Propositional) redundancy: As the initial 3CNF2m generator did not check for
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repeated propositional variables inside the same clause, the random formulae gen-
erated could contain propositional tautologies. When this was the case, the size
of formulae could be reduced (in some cases dramatically) by a propositional sim-
plification step;

Trivial (un)satisfiability: For certain values of the generator’s parameters, the for-
mulae generated were “trivially (un)satisfiable”, that is, they could be solved at
the top level by purely propositional inference. (This definition is slightly different
from the one in Hustadt and Schmidt, as explained below.)

As a solution, Hustadt and Schmidt [27] proposed three guidelines for generating more
challenging problems:

(i) Set to their smallest possible value those parameters that do not significantly
influence the difficulty of the 3CNF2m formulae. They included among them the
parameters m and d, which they suggested setting to 1.

(ii) To avoid trivially (un)satisfiable formulae, set p = 0.
(iii) Modify the random generator so as to prevent repeated propositional variables

inside the same clause.

They also improved the data analysis considering not just median values as was done
in [16], but a range of Qth percentile values.

Redundancy was a problem due to a flaw in the first version of Giunchiglia and
Sebastiani’s generator, and it was easily solved. The solution (iii) completely solved
propositional redundancy. Giunchiglia et.al. [13] later noticed that an extra compo-
nent of redundancy was due to the presence inside one clause of repeated modal atoms
and of permutations of the same modal atom. Thus, they introduced the following
variation of (iii):

(iii’) Modify the random generator so as to create distinct atoms, under commutativity
of disjunction, both propositional and modal, inside the same clause.

Trivial (un)satisfiability is a much more complex problem, and deserves some more
discussion.9

5.3.1 Trivial Satisfiability

A 3CNF2m formula ϕ is trivially satisfiable iff it has at least one ¬2-free satisfying
assignment. (Hustadt and Schmidt’s definition is in terms of being satisfiable on
a Kripke model with one world, which works out the same.) The existence of one
¬2-only clause is a sufficient condition for avoiding trivial satisfiability, as every
assignment then contains at least one ¬2 literal. Each top-level literal is ¬2 with
probability (1−p)/2; each top-level clause is ¬2-only with probability (1−p)3/8; the
probability of having no such clauses is thus (1− (1− p)3/8)L. As the set of trivially
satisfiable formulas is a subset of the set of formulas having no ¬2-only clause, the
probability of being trivially satisfiable is bounded above by a function that converges
exponentially to 0 as L goes to infinity. This matches the empirical behaviour revealed
in [27], where the fraction of trivially satisfiable formulae decays exponentially with
L.
9Some discussion about trivial solvability—although to a lower level of detail—can be found in [14].
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Trivial satisfiability is not a big problem for random 3CNF2m testbeds. First, a
trivially satisfiable formula is not necessarily trivial to solve. In fact, in the general
case, a literal l occurring in a model µ for ϕ, has the same probability of being positive
or negative; thus µ is ¬2-free with probability 2−w, w denoting the number of modal
literals in µ. On average, only a very small percentage of satisfying assignments are
¬2-free, and unless the procedure is explicitly biased to detect trivial satisfiability
there is no reason to assume that the first assignment found by the procedure will be
one of them. Biasing the procedure for detecting trivial satisfiability may not be a
good strategy in the general case. (For instance, the suggested default settings of the
*SAT system are not the best ones to detect trivial satisfiability.) In practice, most
current state-of-the-art procedures are not guaranteed to solve trivially satisfiable
formulae without any modal reasoning. Second, due to the exponential decrease in
the fraction of trivially satisfiable formulae with L, the effects of trivial satisfiability
are limited to the extreme left part of the satisfiability plots—where problems are
easy and satisfiable anyway—and typically are negligible in the satisfiability transition
area—which is the really interesting zone. Moreover, notice that the (1− (1−p)3/8)L

bound is pessimistic, as typically the fraction decreases much faster. This is due to
the fact that for larger values of L, it is harder to get ¬2-free assignments, even if
no ¬2-only clause occurs in the formula; for instance, the presence of a clause like
(¬2ϕ1 ∨¬2ϕ2 ∨¬A1) forces all assignments which include A1 to include at least one
¬2 literal.

Consider for example the plots in Figure 2 (left), which results from running *SAT

with its default settings on a 3CNF2m testbed with d=2, N=3, p=0.5, m=1, 100
samples/point. In this test, *SAT found only 3 trivially satisfiable formulae for L =
16, and none elsewhere. Even rerunning the testbed with the *SAT option -s3 -m6
(“while branching, choose always positive values first”), which will find more ¬2-free
assignments, we obtain only 25, 2 and 1 trivially satisfiable formulae for L = 16, 24,
32 respectively, and none elsewhere.
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5.3.2 Trivial Unsatisfiability
A random 3CNF2m formula ϕ contains on average Lp3 clauses that contain three
propositional literals (and thus contain no boxes). The larger the value of L, the
more likely it is that these clauses will be jointly unsatisfiable—thus making ϕ triv-
ially unsatisfiable. (The definition of trivial unsatisfiability by Hustadt and Schmidt
is precisely this, but our definition also allows unsatisfiability resulting from com-
plementary modal literals in top-level clauses.) This explains the large number of
trivially unsatisfiable formulae detected empirically by Hustadt and Schmidt [27] in
the center and right of their plots. If p = 0, then ϕ contains no such purely proposi-
tional clauses so the problem is eliminated, at least so far as Hustadt and Schmidt’s
definition is concerned.

When p > 0, however, trivial unsatisfiability becomes a serious problem in 3CNF2m

testbeds. First, a trivially unsatisfiable formula is typically exceedingly easy to solve
for most state-of-the-art procedures because any reasonable 3CNF2m test set for these
procedures will have only a very small number of propositional variables. In fact most
procedures look for modal successors only after having found a satisfying assignment:
if no such assignment exists, the formula is solved without performing any modal
reasoning. Second, when p is significantly greater than zero, trivially unsatisfiable
formulae may affect all the values beyond the 100% satisfiable range, including the
satisfiability transition area. For instance, when p = 0.5, it is difficult to generate
unsatisfiable 3CNF2m formulae that are not trivially unsatisfiable. A “signature” of
the heavy presence of trivial unsatisfiability is what we call a “Half-Dome plot”10 for
median CPU times: the median value grows until L reaches the 50% satisfiability
crossover point, then it falls abruptly down to (nearly) zero, and does not increase
significantly thereafter. Analogously, the Qth percentile value grows until L reaches
the (100-Q)% satisfiability crossover point, and then falls abruptly.

For example, consider Figure 2. In this figure, together with the 3CNF2m plots, we
also present the results of running *SAT on the conjunction of the purely proposi-
tional clauses of the formulae. We call these propositional conjunctions the embedded
3SAT sub-formulae. Moreover, as a comparison, we also run *SAT on a pure 3SAT
testbed with N = 3, rescaled horizontally by a 1/p3 factor. (E.g., L = 144 in the
plot means that the pure 3SAT formulas have 144 · 0.53 = 18 clauses.) We call these
formulas the rescaled pure 3SAT formulas. As N = 3 means that we have only 8
distinct pure 3SAT clauses, it is possible to evaluate the SAT probability exactly,
which is given by the following equation:

[RESCALED] P3SAT (L) =
8∑
k=1

(
8
k

)
(−1)8−k(k/8)L·p

3
. (5.2)

In Figure 2 (left) we plot the fraction of satisfiable 3CNF2m formulae, 1 minus
the fraction of unsatisfiable 3CNF2m formulae, and 1 minus the fraction of trivially
unsatisfiable 3CNF2m formulae. For the embedded 3SAT formulae and the rescaled
pure 3SAT formulae, we plot only the fraction of satisfiable formulae, which in both
cases is identical to 1 minus the fraction of unsatisfiable formulae. We also plotted
the (rescaled) 3SAT probability of Equation 5.2. Needless to say, the two latter plots
match apart for some noise. Finally, we plotted the fraction of formulae found to be

10The name refers to the shape of a famous mountain in Yosemite, California.
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trivially satisfiable by *SAT and by *SAT -s3 -m6, as discussed above. (Considering
the well-known satisfiability transition results [29; 5], for the rescaled pure 3SAT plot
one might expect an average of 50% unsatisfiable formulae for L ≈ 4.28 · N/p3 =
102.72; however, N = 3 is too small for applying these results, whilst it is possible to
provide an exact calculation as in Equation 5.2.) Figure 2 (right) presents run times
for the tests.

Several conclusions are evident from this data. Firstly, the fraction of satisfiable
3CNF2m formulae nearly coincides with 1 minus the fraction of unsatisfiable 3CNF2m

formulae that is, very few tests exceeded the bound. Secondly, the fraction of unsatis-
fiable 3CNF2m formulae and the fraction of trivially unsatisfiable 3CNF2m formulae
are very near, that is, most unsatisfiable formulae are also trivially unsatisfiable. (In
our testing experience, unsatisfiable 3CNF2m formulae that are not trivially unsatisfi-
able are rare in testbeds with p = 0.5.) Thirdly, the fraction of unsatisfiable embedded
3SAT formulae is very close to the fraction of trivially unsatisfiable 3CNF2m formu-
lae, that is, most trivially unsatisfiable formulae are such because the embedded 3SAT
component is unsatisfiable. Fourthly, the fraction of unsatisfiable embedded 3SAT
formulae is very close to the fraction of unsatisfiable rescaled pure 3SAT formulae.

In Figure 2 (right), the plots for the embedded 3SAT and for the rescaled pure 3SAT
testbeds cannot be distinguished from the X axis—that is, CPU times are always
smaller than 0.01 seconds. The median CPU time plot for the 3CNF2m testbed grows
until L reaches the 50% satisfiability crossover point, where it falls down abruptly; the
remainder of the plot cannot be distinguished from the X axis. The Qth percentile
values behave analogously with respect to the (100-Q)% satisfiability crossover point.

This behaviour can be explained as follows. If we plot the fraction of satisfiable for-
mulae for the embedded 3SAT formulae, we obtain a satisfiability transition similar to
the one of the rescaled pure 3SAT, with a 50%-satisfiable crossover point for L ≈ 150.
The slight differences between the two plots are due to the fact that the length of the
embedded 3SAT formulae is not fixed with L, as p3 · L is only an average value. As
N is generally rather small, the embedded 3SAT formula is mostly unsatisfiable with
a very low value of L, making the entire formula trivially unsatisfiable. Thus the em-
bedded 3SAT transition dominates the whole satisfiability plot. The first effect is that
the transition is expected to nearly coincide with the embedded 3SAT transition. The
second effect is that nearly all unsatisfiable formulae are trivially solvable. This means
that the CPU times are entirely dominated by the values required to solve satisfiable
formulae, which typically grow with L. Immediately after the (100-Q)% satisfiability
crossover point, the easiest Q% of samples are nearly all trivially unsatisfiable, so that
the Qth percentile value falls down abruptly to a negligible value.

The small difference between the fraction of the embedded 3SAT formulae that are
unsatisfiable and the fraction of the 3CNF2m formulae that are trivially unsatisfiable
can be explained as follows. When the embedded 3SAT formula is “nearly unsatisfi-
able”, that is, it has only one or very few models, some other clauses may contribute to
cause trivial unsatisfiability. For instance, consider ϕ = ϕ1 ∧ (C1 ∨2ψ)∧ (C2 ∨¬2ψ),
where C1 and C2 are propositional sub-clauses, and the embedded 3SAT formula, ϕ∗,
is “nearly unsatisfiable”. If the few models of ϕ∗ each violate both C1 and C2, then
all assignments must propositionally satisfy ϕ∗∧(2ψ)∧(¬2ψ). If 2ψ is treated as an
atom (which is the case in most optimised systems), then ϕ is trivially unsatisfiable,
even though ϕ∗ is satisfiable. With p = 0.5, an average of 3/8 clauses have exactly
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one modal literal. With N = 3 and d = 2, the probability that two such clauses have
mutually contradictory modal literals 2ψ and ¬2ψ is not negligible. As before, with
p = 0 no “nearly unsatisfiable” embedded 3SAT formula occurs.

5.3.3 The p = 0, d = 1, m = 1 Solution

Unfortunately the guidelines indicated by Hustadt and Schmidt [27], and described
above, are not a panacea, as they introduce new problems.

Consider the d = 1 guideline. First, in K(m) the 3CNF2m class represents only
the class of formulae of depth d, as there is no way to reduce the depth of formulae.
Therefore, if d = 1 the input subspace sampled is not very representative. Moreover,
as shown in [19], a formula ϕ which is satisfiable in K(m) (and also in KT(m), K45(m),
KD45(m) and S5(m)) has a tree-like Kripke model whose number of states is smaller
than |ϕ|depth(ϕ), where |ϕ| and depth(ϕ) are respectively the size and the modal
depth of ϕ. As a consequence, satisfiable 3CNF2m formulae with d = 1 have very
small models, so that they are not very challenging from the viewpoint of pure modal
reasoning, regardless of the values chosen for the other parameters. More generally,
when bounding the modal depth, the satisfiability problems for the logics above decays
from PSPACE-complete to NP-complete [19].

Consider the p = 0 guideline. If p = 0, then the random 3CNF2m formulae are
complete ternary trees where propositional atoms occur only at the maximum depth
level. Such formulae can hardly be considered as a representative sample of the modal
input space. Moreover, they are even less representative if used as a testbed for most
modal logics different from K. In fact, in most modal logics, restricting the occurrence
of propositional variables to the maximum depth level hinders a relevant source of
reasoning due to the interaction between variables occurring at different depth levels.
For instance, the assignment {A1,21ϕ} is satisfiable in K(m) but may be not in
KT(m) if A1 occurs in ϕ (e.g., if ϕ = ¬A1).

Finally, consider the d = 1 and p = 0 guidelines together. In [27] the d = 1
statement derived from the results of an experiment with N = 3, p = 0.5, m = 1,
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d = 2, 3, 4, 5 where the complexity did not seem to increase significantly with d,
and the growth was smaller than the increase in size. Unfortunately, this experiment
was strongly influenced by the p = 0.5 choice. With p = 0, it turns out that the
overall difficulty grows dramatically with d. Consider the plots in Figure 3, which
have been obtained by running *SAT on three test sets, with d = 1, 2 and 3, N = 3,
p = 0, m =1, and 100 samples/point. Figure 3 (left) shows both the fraction of
formulae found to be satisfiable and 1 minus the fraction of formulae found to be
unsatisfiable. Figure 3 (right) shows the median and max CPU times. For d = 1,
all formulae are either found to be satisfiabile or found to be unsatisfiable—that is,
no sample exceeded the timeout—and the satisfiability fraction decreases very fast,
reaching 100% unsatisfiability for L < 100; the median and max CPU times are so
small that cannot be distinguished from the X axis. This should not be a surprise:
with N = 3, p = 0 and d = 1, there are only 8 distinct modal atoms, so that the test
bed is only a little harder than a 3SAT testbed with N = 8+3 variables. For d = 2, 3
things change dramatically. Both median and maximum CPU times rapidly reach
the timeout. As a consequence, the fraction of formulae found to be satisfiable plus
the fraction of formulae found to be unsatisfiable add to much less than 1, as most
problems exceed the timeout. The real satisfiability fraction is somewhere between
them. For instance, with L = 80 more than 50% of the d = 3 samples have exceeded
the timeout, while for L = 120 more than 50% of the d = 2 samples have exceeded
the timeout. Running *SAT for d = 2 and L = 400, no sample was solved within
the timeout. As a consequence, for p = 0 and d > 1, the test sets are mostly out
of the reach of *SAT, and no information about the satisfiability transition can be
provided. The situation is no better with other current decision procedures such as
DLP. To our knowledge, no system so far has been able to fully plot the satisfiability
transition for d = 2, N = 3, p = 0, m = 1, as in the satisfiability transition area most
solution times exceed the timeout.

We believe that such behaviour should be expected. As for satisfiability fraction, the
number of possible distinct atoms N(d,N) in equation (5.1) grows exponentially with
d, decreasing the probability of conflicts between modal literals. As a consequence,
with L fixed, the fraction of unsatisfiable formulae decreases very rapidly with d,
causing a relative increase in the number of clauses L necessary to reach the 50%
cross-over point, that is, a relative shift to the right of the transition area. As for
difficulty, the size of the Kripke models for ϕ is up to |ϕ|depth(ϕ) [19]. Thus, if L is
fixed and d grows, it is reasonable to expect that the effort required to search for such
exponentially-big models grows at least exponentially with d. Notice that, if ϕ is a
random 3CNF2m formula with p = 0, then |ϕ| also grows as O(3d).

This prompts the question as to why the same behaviour is not observed with
p = 0.5. As for satisfiability, the effects of increasing d are counteracted by the
embedded 3SAT component, which forces trivial unsatisfiability with very low values
of L, preventing the shifting of the satisfiability transition described above. As for
difficulty, first, |ϕ| is much smaller, as only about a (1 − p)d fraction of the branches
of the formula tree of ϕ actually reach depth d. Moreover, the high percentage of
propositional literals reduces dramatically the number of assignments found, as it
gets much harder for most candidate assignments to avoid containing propositional
contradictions like Aj , ¬Aj . Finally, the modal literals are only a subset of each
assignment found, so that the number of states to be explored for every assignment
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is reduced. Figure 4 shows both the median CPU times, the median number of
assignments found and the median number of states explored by *SAT for d = 2,
N = 3, m = 1, with both p = 0.0 and 0.5. It can be seen that all three values are
drastically reduced by setting p = 0.5.

5.4 Discussion

Even with the above problems, the random 3CNF2m test methodology produces
a good empirical test for many purposes. The generators are available and their
“randomness” can be controlled by setting the seed of their random number generator
to reproduce test sets if the actual formulae are not available. The rationale behind the
methodology has been extensively discussed. The formulae generated, although large,
are not too large, and many very difficult (relative to size) formulae are generated if
appropriate parameter values are chosen. The test methodology produces a balance
between satisfiable and unsatisfiable formulae. With the recent improvements, the
problems of redundancy and triviality are much reduced.

The test generator is highly parameterised, perhaps too highly, but by concentrating
on a subsection of the test space interesting tests can be generated. The biggest
problem with the test methodology is that the maximum modal depth of formulae is
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Fig. 5. Results for m = 1, d = 1, and p = 0.0

fixed, thus reducing the inherent difficulty of the problem from PSPACE-complete to
NP-complete. However, even at modal depths 1 and 2, difficult tests can easily be
devised.

One disadvantage with random tests is that they take much longer to perform (for
interesting hard problems) because a large number of formulae have to be generated
and tested at each data point for the results to be reliable. However, probably the
biggest drawback with the random 3CNF2m test methodology is that, because of
their low modal depths, the formulae generated are very artificial. This is not really
a problem with the test methodology per se, but is instead due to the combination of
the test methodology and the capabilities of current decision procedures.

One benefit of the random 3CNF2m test methodology is that it can show the
changing relative behaviour of several systems as the various parameters change. For
example, several qualitative differences between DLP and KSatC can be discerned
from the tests shown in Figures 5, 6, and 7 which give 90th percentile results for
several tests.

These results illustrate a number of differences between the two decision procedures,
which can be traced back to characteristics of the system. For example, KSatC uses
an underlying satisfiability engine with very efficient data structures whereas DLP
does not have as highly optimised data structures. This difference in data structures
shows up in different run times for larger formulae (larger values of L/N) with non-
zero p (Figures 6 and 7) where formulae are mostly trivially unsatisfiable, but where
DLP takes some amount of time just to traverse its data structures.

KSatC uses an aggressive look-ahead technique that investigates modal successors
very early on in the search space. This technique is good when the problems are
over-constrained, resulting in better performance in particular for d = 1 and p = 0
(Figure 5), and also in narrower peaks for d = 1 and p = 0.5 (Figure 6). However,
when there are significant numbers of modal successors that are satisfiable, this early
investigation, and the necessary reinvestigation when more information is known,
becomes a serious liability, as shown for d = 2 and p = 0.5 (Figure 7).

It is this sort of comparative analysis that is most useful to the understanding of
how various algorithms behave and how they can be improved.
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Fig. 6. Results for m = 1, d = 1, and p = 0.5
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Fig. 7. Results for m = 1, d = 2 and p = 0.5.

6 New Random Empirical Testing

Since 1998 some new forms of random testing—both variants of the 3CNF2m method
and completely new ones—have been investigated and/or proposed. In the following
section we briefly outline and review the most significant of these.

6.1 Using Modalised Atoms

Recently Massacci [28] proposed a “K-modalised” variant of the 3CNF2m method
borrowing an idea from [19]: within each 3CNF2m formula ϕ, substitute each oc-
currence of each propositional variable Ai with the corresponding modal expression
¬2(A0 ∨2i¬A0). (A similar encoding was proposed for S4.) The encoding preserves
satisfiability in K, and the resulting formula ϕ′ has only one propositional variable A0

and depth d+N + 1. Moreover, ϕ′ is relatively bigger than ϕ, as the global number
of propositional literals is doubled and, for each propositional atom, one “∨” and an
average of N/2 + 1 “2”s are added. Thus, we would expect K-modalised 3CNF2m

formulae to be much harder than their corresponding 3CNF2m ones, especially for
low d’s and high N ’s.
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Fig. 8: *SAT on 3CNF2m and K-modalised 3CNF2m test sets, (N=4,5 and 6, d=1,
p=0, m=1, 100 samples / point). (Left): median and 90% percentile CPU time
(seconds). (Right): median and 90% size of the space searched.
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Figure 8 shows the results of running *SAT on the testbeds in [27; 13]—i.e., with
d=1, p=0, m=1, N=4,5,6 and 100 samples / point—using both 3CNF2m formulae and
their K-modalised counterparts.The top row represents median and 90% percentile
CPU time; the bottom row represents median and 90% percentile size of the space
searched, that is, the number of single truth-value assignments performed by *SAT.
All curves present the usual easy-hard-easy pattern. From the first row, we notice that
the K-modalised samples in general require a longer CPU time to solve. Nevertheless,
the gap never exceeds a 2-3 factor, which is well justified by the increase in size of
the input formulae. (Similarly, the CPU time gap between the K-modalised and
non-modalised 3CNF2m tests presented in [28] never exceeds a 2-3 factor.) Moreover,
from the second row, we notice that there is no significant difference in the size of the
space effectively explored.

These results may be explained as follows. As far as basic propositional reasoning
is concerned, modalisation introduces no difference, as *SAT considers boxed formu-
lae as propositional atoms. In the simple 3CNF2m case, *SAT takes one shot to
determine the satisfiability of a purely propositional assignment like

{Ai1 , ..., Ain ,¬Aj1 , ...,¬Ajm}. (6.1)

In the K-modalised case, the assignment corresponding to (6.1) is

{¬2(A0∨2i1¬A0), ...,¬2(A0∨2in¬A0),2(A0∨2j1¬A0), ...,2(A0∨2jm¬A0)}. (6.2)

Although (6.2) is satisfiable in K [19], checking its satisfiability requires determining
the satisfiability of the sub-formulae

¬A0 ∧ ¬2i¬A0 ∧ (A0 ∨ 2j1¬A0) ∧ ... ∧ (A0 ∨ 2jm¬A0), (6.3)

for every negated boxed atom ¬2(A0 ∨ 2i¬A0) in (6.2). However, this step is de-
terministic. First, all the A0 disjuncts are wiped off by unit-propagating the first
¬A0:

¬2i¬A0 ∧ 2j1¬A0 ∧ ... ∧ 2jm¬A0. (6.4)

As (6.4) and all its modal successors contain only one negated box, *SAT solves (6.4)
deterministically by generating a linear concatenation of i states, without performing
any search within each of them. An analogous behaviour is to be expected, e.g., from
DLP and FaCT.

As far as we can see from the experiments, despite the relative increase in depth
and size of the formulae, K-modalisation does not seem to produce testbeds which
are significantly more challenging than standard 3CNF2m ones. For instance, in the
tests in Figure 8, modalisation simply introduces an overhead due to an extra amount
of deterministic steps, without increasing significantly the size of the search space.

6.2 Re-interpreting p: the New 3CNF2m Test Method

To overcome the problems of the 3CNF2m generator due to the embedded SAT
component ϕ∗, we propose a new variant of the random generator of [13], called
New 3CNF2m . The difference relies on a different interpretation of the p parame-
ter. In the 3CNF2m generator, p is interpreted as ”the probability of an atom being
propositional”. In the New 3CNF2m generator, p is interpreted as “the proportion of
propositional atoms in a clause”, in the sense that
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Fig. 9: *SAT on a New 3CNF2m test set, (d=2, N=3, p=0.5, m=1, 100 samples
/ point). (Left): (un)satisfiability fractions; (Right): Qth percentile CPU time (sec-
onds), log scale.

• if p = k/3, k ∈ {0, 1, 2, 3}, then the proportion is interpreted in the obvious way,
that is, “exactly k propositional literals and 3 − k modal literals”.

• otherwise, the residual part is interpreted as a probability, that is, “exactly b3pc
propositional literals, 3 − d3pe modal literals, and the last literal is propositional
with probability 3p − b3pc”, where bxc =def max{n ∈ N|n ≤ x} and dxe =def

min{n ∈ N|n ≥ x}.

The first case is a sub-case of the second: if p = k/3, then b3pc = d3pe = 3p = k.
The definition trivially extends to K-CNF2m formulae by substituting 3 with K. A
random New 3CNF2m clause is thus generated in the following way (and then sorted):

1. generate randomly b3pc distinct propositional literals;
2. generate randomly 3 − d3pe distinct New 3CNF2m literals;
3. flip a coin: with probability 3p − b3pc, generate randomly a fresh propositional

literal; otherwise, generate randomly a fresh New 3CNF2m literal (“fresh” here
means “not already present in the clause”).

For instance, if p = 1/3, then the clause contains 1 propositional and 2 modal literals;
if p = 0.5, then it contains 1 propositional and 1 modal literal, and the other is
propositional with probability 0.5; if p = 0.6, then it contains 1 propositional and 1
modal literals, and the other is propositional with probability 0.8, as 3·0.6−b3 · 0.6c =
1.8 − 1 = 0.8.

As with the 3CNF2m case, a New 3CNF2m clause contains an average of 3p propo-
sitional literals. However, if p < 2/3, then no purely propositional clause can be
generated. This prevents a random New 3CNF2m formula ϕ from containing any
embedded 3SAT sub-formulae ϕ∗, and thus eliminates the main source of trivial un-
satisfiability while preserving the benefits of setting p > 0.

Figure 9 shows plotted the results of running *SAT on a random New 3CNF2m

test set, with d = 2, N = 3, p = 0.5, m = 1 and 100 samples / point. Figure 9
(left) shows the fraction of formulae found to be satisfiable, 1 minus the fraction
of formulae found to be unsatisfiable, 1 minus the fraction of formulae found to
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be trivially unsatisfiable, the fraction of formulae found to be trivially satisfiable
by *SAT and by *SAT -s3 -m6. First, the satisfiable and unsatisfiable fractions
add to close to 1 but not exactly to 1, that is, a few tests exceeded the bound.
Secondly, there are very few trivially unsatisfiable formulae, but there are some. The
trivial unsatisfiability in these formulae is caused by complementary modal atoms
in top-level clauses. Thirdly, the fraction of unsatisfiable formulae is much greater
than the fraction of trivially unsatisfiable formulae, that is, very few unsatisfiable
formulae are also trivially unsatisfiable, and nearly all of these are located in the 100%
unsatisfiable zone. With its default settings, *SAT found only 1 trivially satisfiable
formula for L = 16, and none elsewhere. As before, rerunning the testbed with the
*SAT option -s3 -m6 we obtained 22 and 2 trivially satisfiable formulae for L = 16
and 24 respectively, and none elsewhere. In Figure 9 (right), the median CPU time
and the other Qth percentile plots reveal a typical easy-hard-easy pattern centred in
the satisfiability transition area, growing up to the 50% cross-over point, and then
decreasing gently.

Now compare the plots with those of the analogous 3CNF2m test set in Figure 2
(the parameters’ values and the system tested are the same). Firstly, the satisfiability
transition here is relatively shifted to the right. Secondly, the New 3CNF2m CPU
time plots are slightly harder than the 3CNF2m plots in the satisfiable area, becom-
ing dramatically harder as the fraction of trivially unsatisfiable 3CNF2m formulae
increases. In fact, the effect is due to the Qth percentile values for the 3CNF2m test
set becoming dramatically lowered by the increasing percentage of trivially unsatisfi-
able formulae, the solution times for which are negligible. This does not happen with
the New 3CNF2m test set, where the percentage of trivially unsatisfiable formulae is
negligible and hard unsatisfiable formulae are generated. Finally, the New 3CNF2m

CPU time plots describe easy-hard-easy patterns which decrease gently with L, in-
stead of falling down abruptly. The New 3CNF2m plots are no longer dominated by
the trivially unsatisfiable formulae, and thus they are free to follow their “natural”
easy-hard-easy pattern induced by the increase in the constrainedness.

On the whole, the New 3CNF2m test method with p ≤ 2/3 solves the problems
related to trivial unsatisfiability in the 3CNF2m method. This is done without im-
posing the p = 0 and d = 1 restrictions, which introduce new problems of their own.
Work is still ongoing to plot full diagrams for d > 2. Generating full New 3CNF2m

plots for bigger values of d and N may be a challenge for both state-of-the art and
future systems.

6.3 Random QBF Tests

A common criticism of 3CNF2m testbeds comes from the consideration that for many
modal logics the class of formulae with bounded depth is in NP [19], so that 3CNF2m

testbeds with bounded d have only NP complexity [28]. To overcome this problem,
Massacci proposes a completely new kind of random empirical benchmark, which was
used in the TANCS’99 system performance comparison. In this benchmark, random
QBF formulae are generated according to the method described by Cadoli et.al. [4],
and then converted into modal logic by using a variant of the conversion by Halpern
and Moses [20]. The converted modal formulae are satisfiable iff the QBF formulae
are true.
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Random QBF formulae are generated with alternation depth D and at most V
variables at each alternation. The matrix is a random propositional CNF formula
with C clauses of length K, with some constraints on the number of universally and
existentially quantified variables within each clause. (This avoids the problem of
trivial unsolvability for random QBF formulae highlighted by Gent and Walsh [10].)
For instance, a random QBF formula with D = 3, V = 2 looks like:

∀v32v31.∃v22v21.∀v12v11.∃v02v01.ψ[v32, ..., v01]. (6.5)

In this section, ψ is a random QBF formula with parameters C, V and D, while U
and E denote the total number of universally and existentially quantified variables
respectively. Clearly, both U and E are O(D · V ). Moreover, ϕ is the modal formula
resulting from Halpern and Moses’ K conversion, so both the depth and the the
number of propositional variables of ϕ are also O(D · V ).

A from-scratch empirical evaluation of the random QBF test method would require
an effort exceeding the proposed scope (and length) of this paper. Thus we will
restrict our analysis to some basic considerations.

As with 3CNF2m , the results of each QBF-based testbed are easy to reproduce
as the generator’s code and all the parameters’ values are publicly available. By
increasing V and D the difficulty of the generated problems scales up, while C allows
for tuning the sat-versus-unsat rate of the formula. Random QBF plots, with fixed D
and V , also present easy-hard-easy patterns centred in the solvability transition areas
[4; 10]. Moreover, with respect to 3CNF2m formulae, random QBF formulae allow
for generating 50%-solvable formulae with higher modal depth that are still within
the reach of current state-of-the-art deciders.

From a purely theoretical viewpoint, it is claimed that, unlike CNF2m formulas,
modal-encoded QBF formulas can capture the problems in ΣPD, as QBF formulas
with bounded D and unbounded V are in ΣPD, while CNF2m formulas with bounded
d and unbounded N are “stuck at NP” [28]. We notice that this statement is rather
misleading. Massacci treats the alternation depth D and the number of variables
within each alternation V as the “QBF-equivalent” of the modal depth d and the
number of propositional variables N respectively – they are the same parameters in
the random generator. We remark that the “QBF-analogous” role of modal depth is
played instead by the total number of universally quantified variables U ≈ V ·D/2. In
fact, similarly to modal K(m) with bounded depth, the class of random QBF formulae
with bounded U is in NP, as it is possible to “guess” a tree-like witness with O(U ·2U )
nodes.11 Moreover, as in the case of 3CNF2m formulae with bounded d and N , if D
and V are bounded—which is the case of every finite-size test set—then the random
QBF problems are not only in NP, but even in P.

Another problem with modal-encoded QBF formulae is that they are rather artifi-
cial, as their potential Kripke structures are restricted to those having the very regular
structure imposed by the QBF and/or binary search trees. As far as representativity
is concerned, modal-encoded QBF formulae have a very peculiar modal structure, so
that they can hardly be considered as a representative sample of the input space.

Finally, a serious problem with random modal-encoded QBF formulas is size. Initial
versions of the translation method produced test sets in the 1GB range. The problem

11More precisely O(E · 2U ) nodes, but E is O(U) in the class of formulae considered.
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with such very large formulae is that they may be only stressing the data-storage and
retrieval portion of the provers; e.g., running DLP on these formulae resulted in a
1000s timeout without any significant search. Even the current versions produce very
large modal formulae, mostly to constrain the Kripke structures.

7 Discussion

The current situation in empirical testing of modal decision procedures is not com-
pletely satisfactory. There are a number of available test sets and methodologies that
can be used to examine modal decision procedures, each of which has certain benefits
and certain flaws.

The Heuerding and Schwendimann test suite provides a number of interesting in-
puts. The input formula classes are different from each other, but there is only a
small number of classes and they do not cover all kinds of input formula. The input
formulae are parameterised, potentially providing a good range of difficulty. How-
ever, current systems incorporate pre-processing steps that reduce many of the test
formula classes to trivial formulae even before search starts, dramatically reducing
the difficulty of the class.

The standard 3CNF2m random test methodology provides a means for easily gen-
erating very hard problems. It has some problems with trivial (un)satisfiability, but
these problems are not severe. Disguising the 3CNF2m formulae by modalising the
propositional atoms does not make the tests appreciably better. Our new random
test methodology may help alleviate these problems, but more testing is required.

The new QBF random testing, when compared with New 3CNF2m formulae, allows
for generating 50%-solvable formulae with higher modal depth which are still within
the reach of current state-of-the-art deciders. On the other hand, modal-encoded
QBF formulae are rather artificial, as their potential models are restricted to those
having a very regular structure.

Unfortunately, current systems can only handle very small values for some of the
parameters at interesting points in the parameter space of the 3CNF2m random test
methodology. This makes it very hard to investigate the behaviour of systems over an
interesting range of the parameter. Further, there are four active parameters, which
makes it hard to cover large sections of the input space.

However, even with the above-mentioned flaws, current empirical test methodolo-
gies provide evidence of great strides forward in the performance of modal decision
procedures. The current fastest systems, including DLP and *SAT, can quickly solve
problems that were impossible to solve just a couple of years ago. The Heuerding and
Schwendimann test suite shows the importance of pre-processing to remove as many
redundancies as possible. The standard 3CNF2m test suites show the effect, both
positive and negative, of certain strategies built into these systems.

It is interesting to compare the situation in empirical testing of modal decision
procedures with that for propositional satisfiability [9; 6; 33], where a random-3CNF
methodology is also used. With propositional formulae, the methodology can be tuned
to provide problems of appropriate difficulty, and captures the hardest formulae of a
particular size. There are only two parameters, which allows for easy coverage of large
sections of the input space. Current systems can process reasonably large inputs, but
it is easy to generate formulae that are hard or even impossible to solve. Achieving a
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similarly satisfactory situation in the empirical testing of modal decision procedures
will require advances in both the decision procedures and the testing methodology.
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Abstract

We define reachability logic (RL), a fragment of FO2(TC) (with boolean variables) that admits ef-
ficient model checking – linear time with a small constant – as a function of the size of the structure
being checked. RL is expressive enough so that modal logics PDL and CTL? can be linearly embed-
ded in it. The model checking algorithm is also linear in the size of the formula, but exponential in
the number of boolean variables occurring in it. In practice this number is very small. In particular,
for CTL and PDL formulas the resulting model checking algorithm remains linear. For CTL? the
complexity of model checking — which is PSPACE complete in the worst case — can be read from
the face of the translated formula.

Keywords: graph query languages, model checking, PDL, CTL∗

1 Introduction

Many problems in computer science can be reduced to asking questions about paths
in a graph: for example, is there a path from one vertex to another; is the graph
connected; is it acyclic; is there a path comprised of a certain kind of steps (e.g.
described by a regular expression). We are interested in a logical language that can
express these kinds of path queries, or reachability queries, and at the same time
where expressions can be efficiently evaluated.

The complexity of query evaluation which we are striving for is linear time in the
size of the query times the size of the graph (that is, the number of vertices plus the
number of edges in the graph). The graphs under consideration are usually large and
sparse.

Several different modal logics have been proposed for talking about paths in a graph,
for example, PDL, CTL, CTL∗, modal µ-calculus and others. It is not surprising that
modal languages are appropriate for expressing reachability queries. They are usually
less complex than a ‘classical’ logic which encompasses them (e.g. basic modal logic
vs. first-order logic) but they can quantify over reachable objects and thus express
reachability queries.

We believe that a natural ‘encompassing’ logic for path queries is first-order logic
extended with the transitive closure operator [9, 10]. We are looking for a fragment of
it which admits efficient model checking and which can express both PDL and CTL∗
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expressible properties of graphs (note that these two logics are complementary in the
sense that neither is more expressive than the other) [5].

In the next section, we formally introduce transitive closure logic and the structures
it is interpreted on. Then we introduce a ‘modal’ fragment RL0 of FO2(TC) where
quantifiers are restricted by path descriptions and which admits linear time model
checking. However, PDL and CTL∗ cannot be linearly embedded in it.

In order to express all interesting reachability queries (and provide a linear embed-
ding for PDL and CTL∗) RL0 needs to be extended with additional variables, which
range over the set {0, 1} and are called boolean variables, or booleans. The resulting
fragment is called Reachability Logic (RL). The model checking algorithm for RL
is linear in the size of the formula and the size of the model, but exponential in the
number of booleans in the formula.

We show that PDL and CTL∗ can be linearly embedded in RL, which results in a
new model checking algorithm for these logics. There is no polynomial embedding of
CTL∗ in RL0, i.e., without the booleans [1]. The booleans are an important indicator
of the complexity of a given CTL∗ query: they make it possible to distinguish ‘difficult’
queries (which require lots of booleans) from the ‘easy’ ones just by looking at the
syntax of the query.

It can be shown that there is no embedding of PDL in RL without the booleans.
However, embedding PDL uses at most logarithmically many booleans. We show that
the model checking algorithm which translates a PDL formula to RL and evaluates
the result is still linear time in the size of the initial PDL formula. The subset CTL of
CTL? can be linearly embedded in RL0 so a linear model checking algorithm results
in this case as well.

2 Transitive Closure Logic

The structures of interest to us in this paper are finite labeled graphs, sometimes called
Kripke structures. Let L = {a, b, · · ·} be a finite set of edge labels and Φ = {p, q, p1, q1,
. . .} be a finite set of propositional symbols (vertex labels).

The language L(Φ, L) consists of first-order logic with unary relation symbols {p :
p ∈ Φ}, binary relation symbols: {Ra : a ∈ L} and equality =.

A Kripke structure of vocabulary (Φ, L) is a finite labeled directed graph:

K = 〈S; pK : p ∈ Φ; RK
a : a ∈ L〉

where S is the set of states (vertices), each pK ⊆ S is a unary relation on S and each
RK
a ⊆ S2 is a binary relation on S: the set of edges labeled a. Sometimes when it is

clear which graph we are talking about we will omit the superscript K.
For any first-order formula ϕ, we will write K |= ϕ to mean that ϕ is true in K.
The following first-order formula says that there is an edge labeled a from the vertex

x to some vertex that satisfies p: ∃y(Ra(x, y) ∧ p(y)).
Since the reachability relation is not expressible in first-order logic, we cannot yet

write such simple formulas as,

“There is a path of a-edges from x to a vertex where p holds.” (*)

We next add a transitive closure operator to first-order logic to allow us to express
reachability, cf. [9].
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Let the formula ϕ(x1, . . . xk, y1, . . . yk) represent a binary relation on k-tuples. We
express the reflexive, transitive closure of this relation using the transitive-closure
operator (TC), as follows: TCx,yϕ(x, y) (or TCϕ if no confusion is likely to arise).
Strict transitive closure is denoted by TCs. Note that strict transitive closure is
definable in terms of TC.

Let FO(TC) be the closure of first-order logic under the transitive-closure operator.
For example, the following formula expresses (*):

∃y((TCx,yRa(x, y))(x, y) ∧ p(y)).

Let FO2(TC) be the restriction of first-order logic with transitive closure in which
only two variables may appear in a formula (we call them x and y).

3 RL0, a modal fragment of FO2(TC)

To illustrate the idea behind the reachability logic RL we first introduce a weaker
fragment RL0. In RL0, quantifiers are restricted by formulas describing paths. More
precisely,

Definition 3.1 An adjacency formula (without booleans) is a quantifier-free formula
that is a disjunction of conjunctions where each conjunct contains at least one of
x = y, Ra(x, y) or Ra(y, x) for some edge label a; in addition, the conjuncts may
contain unary atomic formulas of the form p(x).

Observe that an adjacency formula necessarily implies that there is an edge from x
to y or an edge from y to x, or x is equal to y. We allow quantification restricted by
an adjacency formula or by a transitive closure of an adjacency formula.

Definition 3.2 RL0 is the smallest language that satisfies the following:

1. Boolean constants >, ⊥ are members of RL0.
2. If p is a unary relation symbol, then p ∈ RL0.
3. If ϕ, ψ ∈ RL0, then ¬ϕ ∈ RL0 and ϕ ∧ ψ ∈ RL0.
4. If ϕ, ψ ∈ RL0 and q is a new unary predicate symbol, then (let q = ϕ in ψ) is in

RL0.
5. If ϕ ∈ RL0 and δ is an adjacency formula, then the following formulas are in

RL0:
(a) NEXT(δ)ϕ
(b) REACH(δ)ϕ
(c) CYCLE(δ)

Semantics of RL0: We give the semantics of RL0 by interpreting each RL0

construct (on the left) by its meaning in FO2(TC) on the right. Here the free variable
x always refers to the current position.

p ≡ p(x)
(let q = ϕ in ψ) ≡ ψ[ϕ/q]
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NEXT(δ)ϕ ≡ ∃y(δ(x, y) ∧ ϕ[y/x])
REACH(δ)ϕ ≡ ∃y(TC δ)(x, y) ∧ ϕ[y/x])

CYCLE(δ) ≡ (TCs δ)(x, x)

The idea behind the logic RL0 is that we may speak about the current vertex (x),
steps out of x, paths out of x, and cycles from x back to itself. RL0 may be thought of
as a modal logic, or as a fragment of FO2(TC) in which only the variable x may occur
free. Clearly RL0 is a proper fragment of FO2(TC) because RL0 may not discuss
vertices unreachable from the current vertex. For example, the following formula is
not expressible in RL0,

∀y(TCRa)(x, y) .

The let construct allows for simpler and more modular formulas. It allows us to use
a new symbol q for a formula ϕ and thus may save space in a formula in which we
had to write out ϕ several times. Furthermore, without the let construct we could
not restrict adjacency formulas to be quantifier free.

The following are a few sample RL0 formulas and their meanings. Note that the
third formula asserts that there exists an infinite chain. Thus RL0 does not have the
finite model property. However, we do restrict our attention in this paper to finite
structures.

1. ¬REACH(R(x, y))CYCLE(R(x, y)∧ p(x)∧¬q(x)) means that there is no reach-
able cycle along which p is always true and q is always false. Over finite structures
this expresses weak fairness, i.e, there is no infinite path along which a resource is
always requested (p) but never granted (q).

2. ¬REACH(R(x, y))(p∧CYCLE(R(x, y)∧¬q(x))) means that there is no reachable
cycle along which p occurs at least once but q never holds. Over finite structures
this expresses strong fairness, i.e., there is no infinite path along which a request
is made infinitely often but granted only finitely often.

3. ¬REACH(R(x, y))(¬NEXT(R(x, y))> ∨ CYCLE(R(x, y))) means that every
reachable point has a successor and is not involved in a cycle.

4. let r = REACH(Ra(x, y))p in REACH(R(x, y) ∧ r)CYCLE(R(x, y) ∧ r) means
there is an infinite path for which at all times we can take a path of a-edges to a
point where p holds.

RL0 is unexpectedly similar to other ‘bounded quantifier fragments’ (see [3]). How-
ever, instead of quantifying over objects accessible by an atomic step, in RL0 we
quantify over objects reachable by a path. The reason for restricting quantifiers in
RL0 is not the quest for decidability, as in bounded fragments, but for efficient eval-
uation. The following theorem illustrates this point.

Theorem 3.3 There is an algorithm that given a graph G and a formula ϕ ∈ RL0

marks the vertices in G that satisfy ϕ. This algorithm runs in time O(|G||ϕ|).

Proof. We inductively mark the vertices of G according to whether they satisfy each
subformula of ϕ.

We assume that G is represented by a sorted adjacency list. That is, for each vertex
s we have the list of all adjacent vertices, v1, . . . , vd. For each vi on the list we have a
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label indicating exactly which edge relations hold, e.g. Ra(s, v1) and Rb(v1, s). This
structure is linear in the size of G (number of vertices + double the number of edges).

We also assume that we have a list of all subformulas of ϕ in the order of increasing
complexity. We iterate through the list, and for every vertex s we mark it according
to the following rules:

1. Base case: Mark vertex s for p, iff s ∈ pG.
2. Mark s for ¬ϕ iff s is not marked for ϕ. Mark s for ϕ ∧ ψ iff s is marked for ϕ

and s is marked for ψ.
3. There are three cases in the remaining part of the marking algorithm:
(a) Mark s for NEXT(δ(x, y))ϕ iff there is an edge from s to a vertex s′ that is

marked for ϕ and such that δ(s, s′) holds. Note that the time required to check
all adjacent vertices for every vertex is at most the size of δ times the size of the
adjacency list.

(b) Mark s for REACH(δ)ϕ iff there is a δ-path to some vertex s′ that is marked for
ϕ. This can be tested in linear time by doing a depth first search of G starting
from all points marked for ϕ and proceeding backwards along edges for which δ
holds.

(c) Mark s for CYCLE(δ)(x, x) iff s is in a non-trivial strongly connected compo-
nent of the δ-graph. This can also be checked in linear time using depth first
search of G [2].

Although we feel that RL0 is an interesting fragment of FO2(TC) in itself, and it
admits linear time model checking, we need to show that RL0 can express interesting
queries. Unfortunately, we cannot show this by (linearly) embedding modal logics
PDL and CTL∗ in RL0. Indeed, we next show that PDL is embeddable neither in
RL0 nor in full FO2(TC) without booleans.

Proposition 3.4 PDL cannot be embedded in RL0, nor in FO2(TC) without booleans.

Proof. Consider the PDL formula EVEN ≡ 〈(a; a)?〉¬〈a〉> meaning that there is
an even length path of a’s from where we arrive to a point that has no a-edge going
out of it. If FO2(TC) without booleans is interpreted over finite successor structures,
then every FO2(TC) formula is equivalent to a two-variable first-order formula with
order. (Note that no such formula can express the property that the distance from x
to y is two.) But over finite orderings, EVEN is not expressible in first-order logic1.

4 Reachability Logic

In order to provide linear embeddings of PDL and CTL∗ in FO2(TC) we need to intro-
duce additional expressive power. In addition to ordinary (or domain variables, which
range over the domain of the input structure, we allow boolean variables b, c, d, b1, . . ..
Boolean variables are essentially first-order variables that are restricted to range only
over the first two elements of the universe, which we fix as 0 and 1.

In what follows, we will assume that FO2(TC) may contain boolean variables.
We modify the definition of an adjacency formula as follows:

1We thank the anonymous referee who suggested this simpler version of our original proof.
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Definition 4.1 An adjacency formula (with booleans) is a disjunction of conjunctions
where each conjunct contains at least one of x = y, Ra(x, y) or Ra(y, x) for some edge
label a; in addition, the conjuncts may contain expressions of the form (¬)(b1 = b2),
(b1 = 0), (b1 = 1) and p(x), where b1 and b2 are boolean variables.

Definition 4.2 RL is the smallest fragment of FO2(TC) that satisfies the following:

1. If p is a unary relation symbol then p ∈ RL; also >,⊥ ∈ RL.
2. If ϕ, ψ ∈ RL, then ¬ϕ ∈ RL and ϕ ∧ ψ ∈ RL.
3. If ϕ ∈ RL and b is a boolean variable, then ∃bϕ ∈ RL.
4. If ϕ, ψ ∈ RL and q is a new unary predicate symbol, then (let q = ϕ in ψ) is in

RL.
5. If ϕ ∈ RL and δ(x, b, y, b′) is an adjacency formula (a binary relation between two
n-tuples 〈x, b1, . . . , bn−1〉 and 〈y, b′1, . . . , b′n−1〉), then the following formulas are in
RL:

(a) NEXT(δ)ϕ
(b) REACH(δ)ϕ
(c) CYCLE(δ)

Semantics of RL: The semantics of RL is similar to that of RL0, the only
difference being the use of booleans in adjacency formulas. In each case below assume
that δ(x, b, y, b′) is an adjacency formula.

p ≡ p(x)
(let q = ϕ in ψ) ≡ ψ[ϕ/q]

NEXT(δ)ϕ ≡ ∃y(δ(x, 0, y, 1) ∧ ϕ[y/x])
REACH(δ)ϕ ≡ ∃y(TC δ)(x, 0, y, 1) ∧ ϕ[y/x])

CYCLE(δ) ≡ (TCs δ)(x, 0, x, 0)

Here are some examples of formulas in RL:

• REACH(δ)p where δ(x, b1, b2, y, b′1, b
′
2) is

(Ra(x, y) ∧ b1b2 = 00 ∧ b′1b
′
2 = 01) ∨ (Rb(x, y) ∧ b1b2 = 01 ∧ b′1b

′
2 = 11) (this is

〈a; b〉p of PDL, see Section 6).
• ϕ1 = REACH(R)p (EFp of CTL?, see Section 5).
• ϕ2 = REACH(δ)CYCLE(δ), where δ is R(x, y) ∧ q(x) (EGq of CTL?).
• (let q = ϕ1 in ϕ2) (EGEFp of CTL?).

RL is a logical language and it is a fragment of FO2(TC). However, because of the
‘let’ construct, when we talk about size in the representation of RL, we are really
talking about circuits. Thus the size of an RL-circuit may be logarithmic in the size
of the smallest equivalent FO2(TC) formula. This allows the linear size embedding of
CTL∗ which presumably does not hold for FO2(TC) (without a circuit representation
or an extra domain variable cf. [10]).

Boolean variables however add extra complexity, which is not surprising since model
checking CTL∗ is PSPACE complete [13].
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Theorem 4.3 There is an algorithm that given a graph G and a formula ϕ(x) ∈ RL
marks the vertices in G that satisfy ϕ. This algorithm runs in time O(|G||ϕ|2nb )
where nb is the number of boolean variables occurring in ϕ.

Proof. As for RL0, we inductively mark the vertices of G according to whether they
satisfy each subformula of ϕ. For subformulas that include a free boolean variable,
we include this subformula with both substitutions of the boolean variable, thus with
nb booleans there could be as many as 2nb copies of some subformulas.

In RL, formulas talk about transitions between tuples of the form (node, sequence
of booleans). In addition to G, we need to maintain an adjacency list corresponding
to the extended graph G, where nodes correspond to old nodes followed by sequences
of 0s and 1s of length nb. G is exponentially (in the number of booleans) larger than
G.

We also assume that we have a list of all subformulas of ϕ in the order of increasing
complexity. We iterate through the list, and for every vertex s mark it as we did for
RL0. The new cases are:

• Mark s for (∃b)ϕ iff s is marked for at least one of ϕ(0/b) or ϕ(1/b).
• For the formula (let q = ϕ in ψ), we have inductively marked states according to

whether they satisfy ϕ. Thus, our Kripke structure is expanded to interpret the
new predicate symbol q, true of those states marked for ϕ. Now we evaluate the
smaller formula ψ on this expanded structure.

• The cases of NEXT(δ)ϕ, REACH(δ)ϕ, and CYCLE(δ) are the same as for RL0,
but we do depth first search of G instead of G. For the last clause, we check that
s, 0 is in a non-trivial strongly connected component of the δ-subgraph of G.

It is easy to see that the above marking algorithm is correct and runs in the required
time.

5 Embedding CTL? in RL
A popular and quite expressive language for Model Checking is computation tree logic
CTL?. CTL? is a version of temporal logic that combines linear and branching time.
CTL? has two kinds of formulas: state formulas , which are true or false at each state,
and path formulas, which are true or false with respect to an infinite path through
the model. The following is an inductive definition of the state and path formulas of
CTL?.

Definition 5.1 (Syntax of CTL?) State formulas S and path formula P of CTL?

are the smallest sets of formulas satisfying the following:

State Formulas, S:
the boolean constants > and ⊥ are elements of S;
if pi ∈ Φ, then pi ∈ S;
if ϕ ∈ P, then Eϕ ∈ S.

Intuitively, Eϕ means that there exists an infinite path starting at the current state
and satisfying ϕ.

Path Formulas, P:
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if α ∈ S then α ∈ P;
if ϕ, ψ ∈ P, then ¬ϕ,ϕ ∧ ψ, Xϕ, and ϕUψ are in P.

Intuitively, Xϕ means that ϕ holds at the next moment of time and ϕUψ means that
at some time now or in the future, ψ holds, and from now until then, ϕ holds.

Next, we formally define the semantics of the above operators. A path ρ = ρ0, ρ1, . . .
is a mapping of the natural numbers to states in K such that for all i, K |= R(ρi, ρi+1).
We use the notation ρi for the tail of ρ, with states ρ0, ρ1, . . . , ρi−1 removed.

Definition 5.2 (Semantics of CTL?) The following are inductive definitions of the
meaning of CTL? formulas:

State Formulas:

(K, s) |= pi iff K |= pi(s)
(K, s) |= Eϕ iff ∃ path ρ(ρ0 = s ∧ (K, ρ) |= ϕ)

Path Formulas:

(K, ρ) |= α iff (K, ρ0) |= α for α ∈ S
(K, ρ) |= ϕ ∧ ψ iff (K, ρ) |= ϕ and (K, ρ) |= ψ

(K, ρ) |= ¬ϕ iff (K, ρ) 6|= ϕ

(K, ρ) |= Xϕ iff (K, ρ1) |= ϕ

(K, ρ) |= ϕUψ iff ∃i((K, ρi) |= ψ ∧ (∀j < i)(K, ρj) |= ϕ)

Theorem 5.3 There is a linear-time computable function g that maps any CTL?

formula ϕ to an equivalent formula g(ϕ) ∈ RL. While g(ϕ) has only two domain
variables, it may have a linear number of boolean variables.

Proof. We review the proof from [10] that CTL? is linearly embeddable in FO2(TC)
and show that the embedding lands in RL.

Let E(ϕ) be a CTL? formula in which the “¬”s have been pushed inside as far as
possible subject to the fact that all path quantifiers should be Es. For this purpose
we will need the temporal operator B, the dual of U,

ϕBψ ≡ ¬(¬ϕU¬ψ)

The intuitive meaning of ϕBψ is that “ϕ holds before ψ fails.”2

Inductively assume that we have computed g(α) for every state subformula of ϕ.
We can then use the “let” rule of RL to replace g(α) by a new unary relation symbol.
We can thus assume that ϕ has no path quantifiers.

Define the closure of ϕ (cl(ϕ)) to be the set of all subformulas of ϕ. We introduce
a boolean variable bα for each α ∈ cl(ϕ). Intuitively, we use the boolean variables to
encode the state of the automaton that runs along a path and checks that the path

2Other authors use “R” for the dual of U and say that, “ϕ releases ψ,” (from the obligation of holding in the

future).
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satisfies a path formula (see [14]). We do not need booleans for state formulas but we
use them just to make the following inductive definition simpler.

Let b be a tuple of all the boolean variables bα, for α ∈ cl(ϕ). Define the transition
relation δ0ϕ(y, b̄, y′, b′) as follows. In each case, the comment on the right is the con-
dition under which the given conjunct is included in the formula. (We assume that ϕ
is written in positive-normal form.)

R(x, y)
∧ bα = 1 → g(α)(x) ∀ state formula α ∈ cl(ϕ)
∧ bα∧β = 1 → bα = 1 ∧ bβ = 1 ∀ path formula α ∧ β ∈ cl(ϕ)
∧ bα∨β = 1 → bα = 1 ∨ bβ = 1 ∀ path formula α ∨ β ∈ cl(ϕ)
∧ bXα = 1 → b′α = 1 ∀ path formula Xα ∈ cl(ϕ)
∧ bαUβ = 1 → bβ = 1 ∨ (bα = 1 ∧ b′αUβ = 1) ∀ path formula αUβ ∈ cl(ϕ)
∧ bαBβ = 1 → bβ = 1 ∧ (bα = 1 ∨ b′αBβ = 1) ∀ path formula αBβ ∈ cl(ϕ)

It follows that if bϕ = 1, then an infinite δ0ϕ-path starting at (b, x) may satisfy ϕ.
However, there could be some booleans bαUβ that are true, promising that eventually
β will become true, but in fact as we walk around a cycle, α remains true but β never
becomes true.

In order to solve this problem, let m be a tuple of bits mβ , one for each “Until”
formula, αUβ ∈ cl(ϕ). We use the “memory bit” mβ to check that β actually occurs
by starting it at 0 and only letting it become 1 when β becomes true.

Let d be a set of |cl(ϕ)| “destination” bits and let c0, c1 be “control” bits. Define
the adjacency formulas δ1 and δ2 as follows. They imply that δ1 starts with bϕ = 1
and ends at b = d. Similarly δ2 starts with b = d and the memory bits all zero and
ends with b = d and the memory bits all one:

δ1(c, b, x, c′, b′) ≡ (c = 00 ∧ c′ = 01 ∧ b′ϕ = 1 ∧ x = y)

∨ (c = c′ = 01 ∧ δ0ϕ(b, x, b′, y))

∨ (c = 01 ∧ c′ = 11 ∧ b = d ∧ b′ = 1 ∧ x = y)

δ2(c, b,m, x, c′, b′,m′) ≡ (c = 00 ∧ c′ = 01 ∧ b′ = d ∧m = 0 ∧ x = y)
∨ (c = c′ = 01 ∧ δ0ϕ(b, x, b′, y)

∧ (m′
β = 1 → (mβ = 1 ∨ bβ = 1)) for αUβ ∈ cl(ϕ) )

∨ (c = 01 ∧ b = d ∧ c′ = 0 ∧m′ = b′ = 0 ∧ x = y

∧ (bαUβ = 1 → mβ = 1) for any αUβ ∈ cl(ϕ) )

We define the desired mapping g from CTL? state formulas to RL as follows:

g(Eϕ) ≡ ∃dREACH(δ1)CYCLE(δ2)

By construction, g(Eϕ) asserts that there is an infinite path along which ϕ holds, as
desired.
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6 Embedding PDL in RL
Propositional Dynamic Logic (PDL) was introduced in [12] as a logic to reason about
programs. The language of PDL includes two sets of primitive symbols: a set of
propositional symbols and a set of atomic transitions. Propositional symbols stand
for properties that can be true or false for a node in a graph (in the original interpre-
tation of PDL, they are properties of states in the execution of a program). Atomic
transitions (edge labels) are interpreted in PDL as basic instructions, e.g., assignment
statements.

Definition 6.1 (Syntax of PDL) Transition terms, T :
elements of L (edge labels) are transition terms;
if t ∈ T , then t∗ ∈ T ;
if t1, t2 ∈ T , then t1; t2 and t1 ∪ t2 are in T ;
if ϕ is a formula, then ϕ? ∈ T .

Intuitively, ‘;’ corresponds to sequential composition, ‘∪’ to non-deterministic choice,
‘∗’ to finite iteration of unspecified length and ‘ϕ?’ to test for ϕ.

Formulas, F :
the boolean constants > and ⊥ are elements of F ;
if pi ∈ Φ, then pi ∈ F ;
if ϕ, ψ ∈ F and t ∈ T , then ¬ϕ,ϕ ∧ ψ, 〈t〉ϕ are in F .

The formula 〈t〉ϕ means ‘after some transition t, ϕ holds’ .

For example, 〈a∗〉¬〈b〉> means that after 0 or finitely many a links, one can reach a
node that has no outgoing links labeled b.

The language of PDL is interpreted by Kripke structures.

Definition 6.2 (Semantics of PDL) The meaning of transition terms is given by
the following function tr:

tr(a) = Ra
tr(t1 ∪ t2) = tr(t1) ∪ tr(t2)
tr(t∗) is the reflexive, transitive closure of tr(t)
tr(t1; t2) = {(u, v) : ∃z(tr(t1)(u, z) ∧ tr(t2)(z, v))}
tr(ϕ?) = {(u, u) : ϕ is true at u}

The following are inductive definitions of the meaning of PDL formulas:

(K, s) |= pi iff K |= pi(s)
(K, s) |= ϕ ∧ ψ iff (K, s) |= ϕ and (K, s) |= ψ

(K, s) |= ¬ϕ iff (K, s) 6|= ϕ

(K, s) |= 〈t〉ϕ iff ∃s′((s, s′) ∈ tr(t) and (K, s′) |= ϕ)

PDL model checking is linear time, i.e., O(|K||ϕ|). This follows from the fact that
PDL can be linearly embedded into alternation-free µ-calculus circuits [5], and the
latter can be model checked in linear time [4]. In this section we show how to linearly
embed PDL into a portion of RL which admits linear time model checking.
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We begin by informally showing how to model check PDL in linear time and then
how to preserve this linear-time algorithm as we first map PDL to RL and then
model-check the resulting formula.

We are given a PDL formula ϕ, and a Kripke structure, K. We want to mark each
state of K according to whether it satisfies each subformula of ϕ.

The only tricky case is 〈α〉ψ, where we assume that we have inductively marked all
states satisfying ψ. The formula α is a regular expression which can be translated to
an nondeterministic finite automata Nα of size |Nα| = O(|α|).

Next, we can mark all states of K such that a string in L(Nα) can take them to a
state marked ψ. This is just a depth-first search of K×Nα, taking time O(|K||N |)3.
The desired time O(|K||ϕ|) model checking algorithm for PDL results.

The above linear-time model checking algorithm for PDL suggests a natural way
to translate PDL to RL. Define a linear translation h from PDL to RL as follows:

h(p) = p
h(α ∧ β) = h(α) ∧ h(β)
h(¬α) = ¬h(α)

h(〈α〉ψ) = REACH(δα)h(ψ)

The only interesting case in the above definition of h is the last. Here, δα is a
translation of the transition relation of Nα using log |α| + O(1) pairs of booleans to
encode the state. Clearly δα can be written in disjunctive normal form in size and
time that is linear in the size of Nα4. Each clause of δα is of the form

ā = c̄ ∧ a′ = d̄ ∧Ra(x, y)

where Nα has a transition from state c̄ to state d̄ reading the letter a. We encode the
start state as 0̄ a tuple of zero’s and similarly we can have Nα have a unique final
state and encode it as 1̄.

It is easy to see that,

Lemma 6.3 The mapping h from PDL to RL defined above is computable in linear
time. Furthermore, for all PDL formulas ϕ, and Kripke structures K with states s,
we have that,

K, s |= ϕ ⇔ K, s |= h(ϕ)

It is intuitively clear that the resulting formula h(ϕ) ∈ RL can be model checked in
linear time.

Lemma 6.4 Model checking for formulas in the image of PDL under the mapping h
is linear.

Proof. Let ϕ ∈ RL be a translation of a PDL formula. Observe that all adjacency
formulas δ in ϕ are in complete DNF, meaning that for each clause t, and each boolean
variable b, one of b = 0 or b = 1 occurs in t.

3Note that if α includes a subformula of the form “γ?” then inductively we have marked the states of K according

to whether or not they satisfy γ. For a state that satisfies γ, γ? is a possible move that leaves the state of K fixed,

whereas for a state that does not satisfy γ, γ? is not possible.

4Here we are assuming that the size of an equation of the form ā = c̄ is O(1) where ā and c̄ are log n-tuples of

booleans. This is consistent with the unit cost for operations on log n-bit words that underly most linear-time

algorithms [2].
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The model checking algorithm is simpler than the algorithm for the full RL with
no free boolean variables. Again the only interesting case is (5). We know that for all
formulas which are translations of PDL formulas under h, there are no occurrences
of NEXT or CYCLE, and all occurrences of REACH are of the form

ϕ ≡ REACH(δα)h(ψ)

We may assume that we have inductively marked the states satisfying h(ψ). As in the
model checking algorithm for RL, we replace the graph G with a larger graph G where
each node is an original node of G followed by a sequence of 0s and 1s. Note that
G = G × Nα is of size at most O(|G||δ|). The linear-time model checking algorithm
results.

7 Conclusions

We have shown that PDL and CTL? can be embedded in reachability logic, RL ⊆
FO2(TC). RL can be efficiently model checked in time O(|K||ϕ|2nb): linear in the
size of the structure and the formula, but exponential in the number of booleans in
the formula. Furthermore, for PDL and CTL this algorithm is linear, i.e., O(|K||ϕ|).

This is useful, both because nb tends to be tiny, and because the language involved
is closely tied to reachability queries which are the bread and butter of model checking.
One nice feature is that we can look at the formula, count the number of booleans,
and automatically say whether the query can be checked efficiently or not. (Recall
that model checking CTL? is PSPACE complete [13]. Thus there presumably are
some CTL? queries that are not feasible. An advantage of translating to RL is that
we can see whether or not it is feasible on the face of the resulting query.)

We believe that model checking using RL may be more efficient than using the
µ-calculus in many practical cases. The following directions should be investigated
concerning model checking via transitive closure logic:

• Dynamic model checking strategies are needed, i.e., we should often be able to
efficiently recompute a model checking query after a small change in the design
being checked.

• We have only shown that explicit model checking for RL is efficient. We believe
the same will be true of symbolic model checking but this needs to be investigated.

• From Savitch’s theorem, we know that reachability is contained in DSPACE[log2 n].
The time/space tradeoff for computing reachability should be investigated and ex-
ploited in model checking.
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Abstract

This paper is about the good side of modal logic, the bad side of modal logic, and how hybrid logic
takes the good and fixes the bad.

In essence, modal logic is a simple formalism for working with relational structures (or multi-
graphs). But modal logic has no mechanism for referring to or reasoning about the individual nodes
in such structures, and this lessens its effectiveness as a representation formalism. In their simplest
form, hybrid logics are upgraded modal logics in which reference to individual nodes is possible.

But hybrid logic is a rather unusual modal upgrade. It pushes one simple idea as far as it will
go: represent all information as formulas. This turns out to be the key needed to draw together a
surprisingly diverse range of work (for example, feature logic, description logic and labelled deduc-
tion). Moreover, it displays a number of knowledge representation issues in a new light, notably the
importance of sorting.

Keywords: Labelled deduction, description logic, feature logic, hybrid logic, modal logic, sorted

modal logic, temporal logic, nominals, knowledge representation, relational structures

1 Modal Logic and Relational Structures

To get the ball rolling, let’s recall the syntax and semantics of (propositional) multi-
modal logic.

Definition 1.1 (Multimodal languages) Given a set of propositional symbols
PROP = {p, q, p′, q′, . . . }, and a set of modality labels MOD = {π, π′, . . . }, the set of
well-formed formulas of the multimodal language (over PROP and MOD) is defined
as follows:

WFF := p | ¬ϕ | ϕ ∧ ψ | ϕ ∨ ψ | ϕ→ ψ | 〈π〉ϕ | [π]ϕ,

for all p ∈ PROP and π ∈ MOD. As usual, ϕ↔ ψ := (ϕ→ ψ) ∧ (ψ → ϕ).

Definition 1.2 ((Kripke) models) Such a language is interpreted on models (often
called Kripke models). A model M (for a fixed choice of PROP and MOD) is a triple
(W, {Rπ | π ∈ MOD}, V ). Here W is a non-empty set (I’ll call its elements states,
or nodes), and each Rπ is a binary relations on W . The pair (W, {Rπ | π ∈ MOD})
is called the frame underlying M, and M is said to be a model based on this frame.
V (the valuation) is a function with domain PROP and range Pow (W ); it tells us at
which states (if any) each propositional symbol is true.
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Definition 1.3 (Satisfaction and validity) Interpretation is carried out using the
Kripke satisfaction definition. Let M = (W, {Rπ | π ∈ MOD}, V ) and w ∈ W . Then:

M, w 
 p iff w ∈ V (p), where p ∈ PROP
M, w 
 ¬ϕ iff M, w 6
 ϕ
M, w 
 ϕ ∧ ψ iff M, w 
 ϕ and M, w 
 ψ
M, w 
 ϕ ∨ ψ iff M, w 
 ϕ or M, w 
 ψ
M, w 
 ϕ→ ψ iff M, w 6
 ϕ or M, w 
 ψ
M, w 
 〈π〉ϕ iff ∃w′(wRπw′ & M, w′ 
 ϕ)
M, w 
 [π]ϕ iff ∀w′(wRπw′ ⇒ M, w′ 
 ϕ).

If M, w 
 ϕ we say that ϕ is satisfied in M at w. If ϕ is satisfied at all states in all
models based on a frame F , then we say that ϕ is valid on F and write F 
 ϕ. If ϕ
is valid on all frames, then we say that it is valid and write 
 ϕ.

Now, you’ve certainly seen these definitions before — but if you want to understand
contemporary modal logic you need to think about them in a certain way. Above all,
please don’t automatically think of models as a collection of “worlds” together with
various “accessibility relations between worlds”, and don’t think of modalities as “non-
classical logical symbols” suitable only for coping with intensional concepts such as
necessity, possibility, and belief. Modal logic can be viewed in these terms, but it’s a
rather limited perspective. Instead, think of models as relational structures, or multi-
graphs. That is, think of a model as an underlying set together with a collection of
binary and unary relations. We use the modalities to talk about the binary relations,
and the propositional symbols to talk about the unary relations.

Remark 1.4 (Kripke models are relational structures) Let’s make this precise.
Consider a model M = (W, {Rπ | π ∈ MOD}, V ). The underlying frame (W, {Rπ |
π ∈ MOD}) is already presented in explicitly relational terms, and it is trivial to
present the information in the valuation in same way: in fact M can be presented as
the following relational structure M = (W, {Rπ | π ∈ MOD}, {V (p) | p ∈ PROP}).

Why think in terms of relational structures? Two reasons. The first is: relational
structures are ubiquitous. Virtually all standard mathematical structures can be
viewed as relational structures, as can inheritance hierarchies, transition systems,
parse trees, and other structures used in AI, computer science, and computational
linguistics. Indeed, anytime you draw a diagram consisting of nodes, arcs, and labels,
you have drawn some kind of relational structure. There are no preset limits to the
applicability of modal logic: as it is a tool for talking about relational structures, it
can be applied just about anywhere.

Secondly, relational structures are the models of classical model theory (see, for
example, Hodges [35]). Thus there is nothing intrinsically “modal” about Kripke
models, and we’re certainly not forced to talk about them using modal languages. On
the contrary, we can talk about models using any classical language we find useful (for
example, a first-order, infinitary, fixpoint, or second-order language). Unsurprisingly,
this means that modal and classical logic are systematically related.

Remark 1.5 (Modal logic is a fragment of classical logic) To talk about a Krip-
ke model in a classical language, all we have to do is view it as a relational structure
(as described in the previous example) and then ‘read off’ from the signature (that is,
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MOD and PROP) the non-logical symbols we need, namely a MOD-indexed collection
of two place relation symbols Rπ, and a PROP-indexed collection of unary relation
symbols P, Q, P′, Q′, and so on. We then build formulas in the classical language of
our choice.

As modal languages and classical languages both talk about relational structures, it
seems overwhelmingly likely that a systematic relationship exists between them. And
in fact, the modal language (over PROP and MOD) can be translated into the best-
known classical language of all, namely the first-order language (over PROP and
MOD). Here are some clauses of the Standard Translation, a top-down translation
which inductively maps modal to first-order formulas:

STx(p) = P(x), p ∈ PROP
STx(¬ϕ) = ¬STx(ϕ)
STx(ϕ ∧ ψ) = STx(ϕ) ∧ STx(ψ)
STx(〈π〉ϕ) = ∃y(xRπy ∧ ST y(ϕ))
STx([π]ϕ) = ∀y(xRπy → ST y(ϕ)).

Here x is a fixed but arbitrary free variable. In the fourth and fifth clause, the variable
y can be any variable not used so far in the translation. The clauses governing ST y are
analogous to those given for ST x; in particular, the clauses for the modalities introduce
a new variable (say z) and so on. For any modal formula ϕ, STx(ϕ) is a first-order
formula containing exactly one free variable (namely x), and it is easy to see that
M, w 
 ϕ iff M |= STx(ϕ)[w] (where |= denotes the first-order satisfaction relation
and [w] means assign the state w to the free variable x in STx(ϕ)). The equivalence
can be proved by induction, but it should be self-evident: the Standard Translation is
simply a reformulation of the clauses of the Kripke satisfaction definition.

There are also non-trivial links between modal logic and infinitary logic, fixed-point
logic, and second-order logic; in particular, modal validity is intrinsically second-
order. For further discussion, see Blackburn, de Rijke, and Venema [14].

In short, modal logic is not some mysterious non-classical intensional logic, and
modalities are not strange new devices. On the contrary, modalities are simply macros
that handle quantification over accessible states.

This, of course, leads to another question. OK — so we can use modal logic when
working with relational structures — but why bother if it’s really just a disguised way
of doing classical logic? I think the following two answers are the most important:
modal logic brings simplicity and perspective.

Simplicity comes in a variety of forms. For a start, modal representations are
often clean and compact: modalities pack a useful punch into a readable notation.
Moreover, modal logic often brings us back to the realms of the computable: while the
first-order logic over MOD and PROP is undecidable (whenever MOD is non-empty),
its modal logic is decidable (in fact, PSPACE-complete).

Perspective is more subtle. Modal languages talk about relational structures in
a special way: they take an internal and local perspective on relational structure.
When we evaluate a modal formula, we place it inside the model, at some particular
state w (the current state). The satisfaction clause (and in particular, the clause for
the modalities) allow us to scan other states for information — but we’re only allowed
to scan states reachable from the current state. The reader should think of a modal
formula as a little automaton, placed at some point on a graph, whose task is to explore
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the graph by visiting accessible states. This internal, local, perspective is responsible
for many of the attractive mathematical properties of modal logic. Moreover, it makes
modal representations ideal for many applications. Here’s a classic example:

Example 1.6 (Temporal logic) We’ll be seeing a lot of the bimodal language with
MOD = {F,P} in this paper: the modality 〈F〉 means “at some Future state”, and
〈P〉 means “at some Past state”. To reflect this temporal interpretation, we usually
interpret this language on frames of the form (T,<) that can plausibly be thought of
as ‘flows of time’. For example, if we think of time as a branching structure, (T,<)
might be some kind of tree, and if we want a linear view of time, (T,<) might be
(Z, <) (the integers in their usual order). When interpreting the language on such
frames we insist that RF is <, and RP is its converse; that is, as required, we ensure
that 〈F〉 looks forward along the flow of time, and 〈P〉 backwards.

Consider the formula 〈P〉Mia-unconscious. This is true iff we can look back in
time from the current state and see a state where Mia is unconscious. Similarly
〈F〉Mia-unconscious requires us to scan the states that lie in the future looking for one
where Mia is unconscious. Thus these two formulas work similarly to the English
sentences Mia has been unconscious and Mia will be unconscious: these sentences don’t
specify an absolute time for Mia’s unconsciousness (which we could do by giving a date
and time), rather they locate it relative to the time of utterance. In short, English and
other natural languages exploit the fact that human beings live in time, and modal
logic models this neatly.

This situated perspective can be lifted to more interesting temporal geometries. For
example, we could regard temporal states as unbroken intervals of time, add new
modalities such as 〈SUB〉 (meaning “at some SUBinterval of the current state”) and
〈SUP〉 (meaning “at some SUPerinterval of the current state”). Then a formula of
the form 〈SUB〉〈F〉〈SUP〉p means “by looking down to a subinterval, and then forward
to the future, and then up to a superinterval, it is possible to find a state where p is
true”. Halpern and Shoham [34] take this idea to its ultimate conclusion: abstracting
from the work of James Allen [1], they present a modal logic which allows all possible
relationships between two closed intervals over a linear flow of time to be explored
‘from the inside’.

Nowadays, few modal logicians regard modal logic as a non-classical logic, and they
certainly don’t feel tied to any of the traditional interpretations of modal machinery.
On the contrary, since the early 1970s modal logic has been explored as a subsystem
of various classical logics, and it is now clear that modal logic are a very special
part of classical logic. Indeed, modal languages are in many respects so natural, that
— as modal logicians love to point out — it’s not particularly surprising that they
have been independently reinvented by other research communities that make use of
relational structures. Let’s look at two well known examples.

Example 1.7 (Feature logic) Feature structures are widely used in unification-based
approaches to natural language. In essence, feature structures are multigraphs that
represent linguistic information:
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Computational linguists have a neat notation for talking about feature structures:
Attribute-Value Matrices (AVMs). Here’s an example:[

agreement

�
person 1st
number plural

�

case −dative

]

This AVM is a partial description in the above feature structure — it’s satisfied in
that structure at the root node. The AVM describes a feature structure in which the
agreement transition leads to a node from which person and number transitions
lead to the information 1st and plural respectively, and if you work down the left hand
side of the previous diagram from the root you’ll find this structure. The AVM also
demands a case transition from the root node that does not lead to the information
dative. The feature structure depicted above also satisfies this requirement, for the
case transition leads to a node bearing the information nominative.

Now, this all sounds very modal — and indeed, the AVM is a notational variant of
the following formula:

〈agreement〉(〈person〉1st ∧ 〈number〉plural )
∧ 〈case〉¬dative

Example 1.8 (Description logic/Terminological logic) In description logic, con-
cept languages are used to build knowledge bases. An important part of the knowledge
base is called the TBox (or terminology). This is a collection of concept macros de-
fined over the primitive concept names using booleans and role names. For example,
the concept of being a hired killer for the mob is true of any individual who is a killer
and employed by a gangster, and we can define this in the description language ALC
using the following expression:

killer u ∃employer.gangster

Here killer and gangster are concept names, employer is a role name, and u is a
boolean (intersection). This expression means exactly the same thing as the following
modal formula:

killer ∧ 〈employer〉gangster
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Indeed, as Schild [49] pointed out, any ALC expression corresponds to a modal for-
mula: simply replace occurrences of u by ∧, t by ∨, ∃r by 〈r〉, and ∀r by [r] (both
formalisms typically use the symbol ¬ to denote boolean-complement/negation, so oc-
currences of ¬ can be left in place). This correspondence lifts to many stronger concept
languages: number restrictions correspond to counting modalities, mutually converse
roles correspond to mutually converse modalities, and commonly used role constructors
(for example, for forming the transitive closure of a role) correspond to the modality
constructors of Propositional Dynamic Logic (pdl).

Summing up, modal logic is a well-behaved and intuitively natural fragment of
classical logic. Over the past 25 years, modal logicians have explored and extended this
fragment in many ways. By introducing modal operators of arbitrary arities, they have
made it possible to work with relational structures containing relations of any arity.
By evaluating formulas at sequences of states (as is done in multidimensional modal
logic; see Marx and Venema [39]) they have generalized the notion of perspective.
By introducing logical modalities (see Goranko and Passy [33] and de Rijke [47]) they
have shown how to introduce certain forms of globality into modal logic while retaining
(and in certain respects improving) their desirable properties. Indeed, in recent work
on the guarded fragment (see Andréka, van Benthem, and Németi [2]) they have
shown that it is even possible to “export” the locality intuition back to classical logic;
this line of work has unearthed several previously unknown decidable fragments of
first-order (and other) classical logics. For a detailed account of contemporary modal
logic, see Blackburn, De Rijke, and Venema [14].

So modal logicians have a lot to be proud of. But for all these achievements,
something is missing. What exactly?

2 The Trouble with Modal Logic

Carlos Areces summed it up neatly: there is an asymmetry at the heart of modal
logic. Although states are crucial to Kripke semantics, nothing in modal syntax get
to grips with them. This leads to (at least) two kinds of problem. For a start, it means
that for many applications modal logic is not an adequate representation formalism.
Moreover, it makes it difficult to devise usable modal reasoning systems.

Example 2.1 (Temporal logic) Although the temporal language with modalities 〈F〉
and 〈P〉 neatly captures the perspectival nature of natural language tenses, it fails to
get to grips with a linguistic fact of equal importance: many tenses are referential .
An utterance of Vincent accidentally squeezed the trigger doesn’t mean that at some
completely unspecified past time Vincent did in fact accidentally squeeze the trigger, it
means that at some particular, contextually determined, past time he did so. The nat-
ural representation, 〈P〉Vincent-accidentally-squeeze-the-trigger, fails to capture this.

Similarly, while it’s certainly possible to abstract elegant modal logics from the work
of James Allen, such abstractions amputate a central feature of his work: reference
to specific intervals. Allen’s formalism includes the notation Hold(P, i) meaning “the
property P holds at the interval i”, and Hold plays a key role in his approach to
temporal knowledge representation. This construction is not present in the modal
logic of Halpern and Shoham.

And there are deeper limitations, centered on the notion of validity. Suppose we
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are working with the temporal language in 〈F〉 and 〈P〉. Can we write down a formula
that is valid on every transitive frame, and not valid on any others? That is, can
we define transitivity? Sure: 〈F〉〈F〉p → 〈F〉p does so. OK: but can we write down
a formula valid on precisely the asymmetric frames (that is, frames (T,<) such that
∀xy(x < y → y 6< x))? Try what you like, you won’t find any such formula: a central
property of flows of time is invisible to modal representations.

Example 2.2 (Feature Logic) While AVM notation is related to modal logic, it
offers something new: it lets us name specific nodes in feature structures. Consider
the following AVM: [

subj 1

�
agr foo
pred bar

�

comp [subj 1 ]

]

The ‘tag’ 1 names a point in the feature structure. This AVM demands that the
node we reach by following the subj transition from the root is also the node we reach
by first taking a comp transition from the root and then taking a subj transition.
No matter which path we take, we have to end up at the node tagged 1 . For this
reason, the AVM is not satisfied on the left hand feature below (which otherwise gets
everything right) but is satisfied by the right hand feature structure:
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(ii) (i)

Thus AVM notation is not a notational variant of ordinary multimodal logic: it’s
strictly stronger. So are many description logics:

Example 2.3 (Description logic) Description logic lets us reason about specific in-
dividuals — in fact, it lets us do so in two distinct ways. First, knowledge bases need
not consist of just a TBox — they can also contain an ABox. In the ABox (or
assertional component) we specify how properties and roles apply to specific individ-
uals. For example, to assert that Vincent is a gunman we add Vincent:gunman to
the ABox, and to insist that Pumpkin loves Honey-Bunny we add (Pumpkin, Honey-
Bunny):loves.

Now, the assertional level is a separate level in the knowledge base, so such specifica-
tions aren’t written in the underlying concept language (in essence they’re statements
in a constraint language that manipulates formulas of the concept language). But some
description languages push matters further: just as feature logic does, they allow ref-
erence to individuals to be integrated into the underlying representation formalism
itself, thus allowing assertions about individuals to be integrated into the TBox. This
is done via the one-of operator O. The notation O(Jules, . . . ,Vincent) picks out one
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of the individuals Jules, . . . , Vincent, and O(Mia) picks out Mia. In short, we now
have a concept language rich enough to refer to specific individuals. Such a concept
language is not a notational variant of ordinary multimodal logic, or even multimodal
logic enriched with (say) counting modalities and pdl-like constructs: it offers a novel
form of expressivity.

There is a method (introduced in the late 1960s by Arthur Prior) which allows ref-
erence to states to be incorporated into modal logic. But although Prior’s idea has
attracted a handful of advocates (see the Guide to the Literature at the end of the
paper) it’s never been part of the modal mainstream. On the other hand, descrip-
tion logicians such as De Giacomo [22] have realized its relevance. This method —
hybridization — is central to the paper, and I’ll introduce it shortly.

In short, the asymmetry underlying orthodox modal logic translates into obvious
weaknesses as a representation formalism. The same asymmetry leads to problems
with reasoning. Until recently, modal proof theory was a relatively neglected topic.
Traditionally, modal logicians have been content to formulate modal proof systems
as Hilbert-style axiomatizations, this being enough to get on with the topics that
interested them with a minimum of syntactic fuss. But it resulted in few usable modal
proof systems available, and little in the way of general proof-theoretical results.

An important exception to this was Fitting’s [25] groundbreaking work on prefixed
tableau systems. Fitting’s work can be viewed as a precursor to Gabbay’s [26] work
on labelled deduction. In essence, Gabbay’s proposal is to develop a metalinguistic
algebra of labels that can act as the motor for modal deduction. Another recent
general approach, display calculus (see Kracht [37]), though very different from la-
belled deduction, also makes use of novel metalinguistic machinery. Display calculus
is an extension of sequent calculus which introduces additional notation to allow us to
freely manipulate object language formulas (in much the same way as a school child
rewrites polynomial equations).

Now, first-order proof theory does not require this kind of metalinguistic support.
This is because first-order languages are expressive enough to support the key deduc-
tion steps at the object level. If we find a representation formalism that is not capable
of doing this, but needs to be augmented by a rich metatheoretic machinery, this is a
signal that something is missing. Modal logic seems to be such a formalism — what
exactly does it lack?

If we look at the Fitting-Gabbay tradition, an answer practically leaps off the page:
we need to be able to deal with states explicitly. We need to be able to name them,
reason about their identity, and reason about the transitions that are possible between
them. In essence, labelled deduction in its various forms supplies metalinguistic equip-
ment for carrying out these tasks, and this leads to modally natural proof systems.
In particular, labelled deduction successfully captures the key intuition underlying
Kripke semantics, that of a little automaton working it’s way through a graphlike
structure — except that the automaton’s deductive task is to try and build such a
structure, not explore a pre-existing one.

Summing up, whether we think about representation or reasoning the conclusion
is the same: modal logic’s lack of mechanisms for dealing with states explicitly is a
genuine weakness.
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3 Hybrid Logic

Hybrid languages provide a truly modal solution to this problem. Modal logic may
not be perfect — but it’s certainly a most remarkable fragment of classical logic. How
can we add reference to states without destroying it?

Let’s go back to basics. Modal logic allows us to form complex formulas out of
atomic formulas using booleans and modalities. There’s only formulas, nothing else.
So if we want to name states and remain modal, we should find a way of naming
states using formulas. We can do this by introducing a second sort of atomic formula:
nominals. Syntactically these will be ordinary atomic formulas, but they will have
an important semantic property: nominals will be true at exactly one point in any
model; nominals ‘name’ this point by being true there and nowhere else. Let’s make
this idea precise — and improve it in one respect, by adding satisfaction operators .

Definition 3.1 (Hybrid multimodal languages) Let NOM be a nonempty set dis-
joint from PROP and MOD. The elements of NOM are called nominals, and we typ-
ically write them as i, j, k and l. We define the hybrid multimodal language (over
PROP, NOM, and MOD) to be the:

WFF := i | p | ¬ϕ | ϕ ∧ ψ | ϕ ∨ ψ | ϕ→ ψ | 〈π〉ϕ | [π]ϕ | @iϕ.

For any nominal i, we shall call the symbol sequence @i a satisfaction operator.

Remark 3.2 (Nominals and satisfaction operators) As promised, nominals are
formulas. What are satisfaction operators? In essence, a simple way of further ex-
ploiting the presence of nominals: @iϕ means “go to the point named by i (that is, the
unique point where i is true) and see if ϕ is true there”. That is, @iϕ is a way of as-
serting — in the object language — that ϕ is satisfied at a particular point. Formulas
of the form @iϕ and ¬@iϕ are called satisfaction statements.

Definition 3.3 (Hybrid models, satisfaction, and validity) A hybrid model is
a triple (W, {Rπ | π ∈ MOD}, V ) where (W, {Rπ | π ∈ MOD}) is a frame and V is
a hybrid valuation. A hybrid valuation is a function with domain PROP∪NOM and
range Pow (W ) such that for all nominals i, V (i) is a singleton subset of W . We call
the unique state in V (i) the denotation of i. We interpret hybrid languages on hybrid
models by adding the following two clauses to the Kripke satisfaction definition:

M, w 
 i iff w ∈ V (i), where i ∈ NOM
M, w 
 @iϕ iff M, w′ 
 ϕ, where w′ is the denotation of i.

If ϕ is satisfied at all states in all hybrid models based on a frame F , then we say
that ϕ is valid on F and write F 
 ϕ. If ϕ is valid on all frames, then we say that it
is valid and write 
 ϕ.

Remark 3.4 (Hybrid logic is modal) Hybrid languages contain only familiar modal
mechanisms: nominals are atomic formulas, and satisfaction operators are actually
normal modal operators (that is: for any nominal i, @i(ϕ→ ψ) → (@iϕ → @iψ) is
valid; and if ϕ is valid, then so is @iϕ).

Moreover, like multimodal logic, hybrid logic is a fragment of classical logic: indeed,
it is easy to extend the Standard Translation to hybrid logic. Divide the first-order
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variables into two sets such that one contains the reserved variable x and the variables
used to translate familiar modalities, while the other contains a first-order variable xi
for every nominal i. Define:

STx(i) = x = xi, i ∈ NOM
STx(@iϕ) = (STx(ϕ))[xi/x]

Clearly M, w 
 ϕ iff M |= STx(ϕ)[w, V (i), . . . , V (j)], where x, xi, . . . xj are the free
variables in STx(ϕ). Nominals correspond to free variables, and (as the substitution
[xi/x] makes clear) satisfaction operators let us switch our perspective from the current
state to named states.

So far, so modal — but what about computational complexity? No change. As
Areces, Blackburn and Marx [4] show, hybrid logic is (up to a polynomial) no more
complex than multimodal logic: deciding the validity of hybrid formulas is a PSPACE-
complete problem.

Remark 3.5 (Hybrid logic is hybrid) Any modal logic is a fragment of classical
logic — but hybrid logic takes matters a lot further. The near-atomic satisfaction
statement @ij asserts that the states named by i and j are identical, thus we have
incorporated part of the classical theory of equality. Similarly @i〈π〉j means that the
state named by j is an Rπ-successor of the state named by i, so we’ve incorporated
the classical ability to make assertions about the relations that hold between specific
states. Thus hybrid logic is a genuine hybrid: it brings to modal logic the classical
concepts of identity and reference.

With this extra classical power at out disposal, it is straightforward to fix the repre-
sentational problems noted in the previous section.

Example 3.6 (Temporal logic) First, although Vincent accidentally squeezed the
trigger can’t be correctly represented in the ordinary temporal language in 〈F〉 and 〈P〉
, it can be with the help of nominals: 〈P〉(i∧Vincent-accidentally-squeeze-the-trigger)
locates the trigger-squeezing not merely in the past, but at a specific temporal state
there: the one named by i.

Second, if we want to work with interval-based temporal models, we can now do so
in a way that is faithful to the work of James Allen: the satisfaction statement @iϕ
is a clear analog of Allen’s Hold(i, ϕ) construct. More on this in Section 6.

Third, we also solve the deeper issue concerning definability: i → ¬〈F〉〈F〉i defines
asymmetry (that is, it is valid on all asymmetric frames and no others). More on this
in Section 5.

Example 3.7 (Feature logic) Nominals correspond to tags. Consider once more
the problematic AVM: [

subj 1

�
agr foo
pred bar

�

comp [subj 1 ]

]

This corresponds to the following LN wff:

〈subj〉(i ∧ 〈agr〉foo ∧ 〈pred〉bar)
∧ 〈comp〉〈subj〉i
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And in fact, AVM notation is essentially a two-dimensional notation for multimodal
logic with nominals. For more on feature logic as hybrid logic, see Blackburn [10],
Blackburn and Spaan [17], and Reape [45, 46] (and see Bird and Blackburn [9] for
related ideas in phonology).

Example 3.8 (Description Logic) The TBoxes of the concept language ALCO (that
is, ALC enriched with the O operator mentioned in Example 2.3) is a notational
variant of the @-free fragment of hybrid multimodal logic. First, every nominal cor-
responds to an expression of the form O(i). Conversely, every ALCO expression of
the form O(i, . . . , j) corresponds to the formula i ∨ · · · ∨ j.

Furthermore, @ has a natural description logic interpretation. The ABox specifica-
tion i :ϕ corresponds to the satisfaction statement @iϕ, and the specification (i, j) : r
corresponds to @i〈r〉j. But whereas ABox specifications are constraints stated at a
separate representational level, their hybrid equivalents are part of the object language.
In effect, hybrid multimodal logic is an extension of ALCO which fully integrates
ABox specifications into the concept language (without moving us out of PSPACE).
For more on description logic as hybrid logic, see De Giacomo [22], Blackburn and
Tzakova [19], Areces and de Rijke [6], and (in spite of its title) Areces, Blackburn and
Marx [3].

4 Hybrid Reasoning

Nominals and @ make it possible to create names for states, and to reason about
state identity and the way states are linked. This give us enough classical power in
the object language to capture the modal locality intuition (recall the little automaton
exploring/building graphs) without requiring elaborate metatheoretic proof machin-
ery. Hybrid deduction is a form of labelled deduction — but it’s labelled deduction
that has been internalized into the object language. I’ll formulate hybrid reasoning
as an unsigned tableau system. We’ll need two groups of rules. Here’s the first:

@s¬ϕ
¬@sϕ

[¬]
¬@s¬ϕ
@sϕ

[¬¬]

@s(ϕ ∧ ψ)
@sϕ

[∧]
¬@s(ϕ ∧ ψ)

¬@sϕ | ¬@sψ
[¬∧]

@sψ

@s@tϕ

@tϕ
[@]

¬@s@tϕ

¬@tϕ
[¬@]

@s〈π〉ϕ
@s〈π〉a

[〈π〉]
¬@s〈π〉ϕ @s〈π〉t

¬@tϕ
[¬〈π〉]

@aϕ

@s[π]ϕ @s〈π〉t
@tϕ

[[π]]
¬@s[π]ϕ
@s〈π〉a

[¬[π]]

¬@aϕ

In these rules, s and t are metavariables over nominals, and a is a metavariable over
new nominals (that is, nominals not used so far in the tableau construction). The
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rules for ∨ and → are obvious variants of the rules for ∧ (we’ll see both rules when
we give some examples).

Remark 4.1 (The first group internalizes the satisfaction definition)
These rules use the resources available in hybrid logic to mimic the Kripke satisfaction
definition: they draw conclusions from the input to each rule (the formula(s) above
the horizontal line) to the output (the formula(s) below the line). For example, the
∧-rule says that if ϕ ∧ ψ is true at s, then both ϕ and ψ are true at s, while it’s
dual rule ¬∧ (a branching rule) says that if ϕ ∧ ψ is false at s, then either ϕ or ψ
is false at s. Note that both the [π]-rule and the ¬〈π〉-rule take two input formulas,
one of which (the minor premiss) is a formula of the form @s〈π〉t. For example, the
[π]-rule says that if a pair of formulas of the form @s[π]ϕ and @s〈π〉t can be found
on some branch of the tableau, we are free to extend that branch by adding @tϕ — a
clear reflection of the Kripke semantics for [π]. Already first-order ideas are creeping
into the system: this rule trades on the fact that hybrid logic is strong enough to make
statements about state succession (using near-atomic satisfaction statements of the
form @s〈π〉t).

But it is with the 〈π〉- and [π]-rules that first-order ideas really make themselves
felt. What do we know when a formula of the form 〈π〉ϕ is true at s? The Kripke
satisfaction definition gives us the answer: we know that (1) we can make an Rπ
transition from s to some state, and (2) at this Rπ-successor state, ϕ is true. The
〈π〉-rule captures this idea: it tells us to (1) introduce a new nominal a to name the
successor state, and (2) insist that ϕ is true at a. Recall that in first-order reasoning,
existential quantifiers are eliminated by introducing new parameters. In effect, the
〈π〉-rule uses nominals to exploit this first-order idea. Incidentally: we don’t apply
the 〈π〉-rule to formulas of the form @s〈π〉ϕ where ϕ is a nominal. Doing so is
pointless, for it would simply create a new name for a state that already had a name.

But we need a second group of rules. Nominals and @ come with a certain amount
of logic built in: they provide theories of state equality and state succession. Just
as we need to add special rules or axioms to first-order logic to handle the equality
symbol correctly, we need additional mechanisms for nominals and @:

[s on branch]
@ss

[Ref]
@ts

@st
[Sym]

@st @tϕ

@sϕ
[Nom]

@s〈π〉t @tt
′

@s〈π〉t′
[Bridge]

Remark 4.2 (The second group is essentially a classical rewrite system)
The Ref rule says that if a nominal s occurs in any formula on a branch, then we are
free to add @ss to that branch; this is clearly an analog of the first-order reflexivity
rule for =, just as the Sym rule is an analog of the first-order symmetry rule for =.
What about transitivity? From @st and @tt

′ we should be able to conclude @st
′. But

this is a special case of Nom, namely when ϕ is chosen to be a nominal t′. More
generally, Nom ensures that identical states carry identical information, while Bridge
ensures that states are coherently linked. In first-order terms, these rules ensure that
state identity is not merely an equivalence relation but a congruence.

As with any tableau system, we prove formulas by systematically trying to falsify
them. Suppose we want to prove ϕ. We choose a nominal (say i) that does not
occur in ϕ (this acts as a name for the falsifying state that is supposed to exist),
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prefix ϕ with ¬@i, and start applying rules. If the tableau closes (that is, if every
branch contains some formula and its negation), then ϕ is proved. On the other
hand, suppose we reach a stage where we have applied the appropriate connective
rule to every complex formula (or in the case of [π]-formulas, we have applied the
[π]-rule to every pair of formulas of the form @s[π]ϕ, @s〈π〉t on the same branch; and
analogously for ¬〈π〉-formulas) and no application of the rewrite rules yields anything
new. If the tableau we have constructed contains open branches (that is, branches
not containing conflicting formulas), then ϕ is not valid (and hence not provable), and
the near-atomic satisfaction statements on the open branch specify a countermodel.

Example 4.3 (A standard multimodal validity) Let’s start with an example from
ordinary multimodal logic: 〈π〉(p ∨ q) → 〈π〉p ∨ 〈π〉q is valid (for any modality 〈π〉),
hence this formula should be provable. Here’s how to do it:

1 ¬@i(〈π〉(p ∨ q) → 〈π〉p ∨ 〈π〉q)
2 @i〈π〉(p ∨ q) 1,¬→
2′ ¬@i(〈π〉p ∨ 〈π〉q) Ditto
3 ¬@i〈π〉p 2′,¬∨
3′ ¬@i〈π〉q Ditto
4 @i〈π〉j 2, 〈π〉
4′ @j(p ∨ q) Ditto
5 ¬@jp 3, 4,¬〈π〉
6 ¬@jq 3′, 4,¬〈π〉
7 @jp | @jq 4′,∨

z 5, 7 z z 6, 7 z

In short, we start with one initial state (namely i) and then use the tableau rules
to reason about what must hold there. At line 4 we use the 〈π〉-rule to introduce a
new state name, namely j. We continue to reason about the way information must
be distributed across these two states until we are forced to conclude that there is no
coherent way of doing so.

Example 4.4 (A genuinely hybrid validity) The previous example gives only the
barest hint of what the system can do. Here’s a more interesting example, which shows
that hybrid reasoning not merely makes use of nominals and @, but also gets to grip
with the logic of state identity and succession they embody.

Suppose we’re working with a language with three modalities. To emphasize the
geometric intuitions underlying hybrid reasoning, let’s call these 〈vert〉, 〈hor〉 and
〈diag〉 (for vertical , horizontal and diagonal) respectively. Now, 〈hor〉〈vert〉(i ∧
p)∧〈diag〉i→ 〈diag〉p is valid (for there’s only one state named i) and we can prove
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it as follows:

1 ¬@j(〈hor〉〈vert〉(i ∧ p) ∧ 〈diag〉i → 〈diag〉p)
2 @j(〈hor〉〈vert〉(i ∧ p) ∧ 〈diag〉i) 1,¬→
2′ ¬@j〈diag〉p Ditto
3 @j〈hor〉〈vert〉(i ∧ p) 2,∧
3′ @j〈diag〉i Ditto
4 @j〈hor〉k 3, 〈hor〉
4′ @k〈vert〉(i ∧ p) Ditto
5 @k〈vert〉l 4′, 〈vert〉
5′ @l(i ∧ p) Ditto
6 @li 5′,∧
6′ @lp Ditto
7 @il 6,Sym
8 @ip 6′, 7,Nom
9 ¬@ip 2′, 3′,¬〈diag〉

z 8, 9 z

Think in terms of a graph-building automaton: it creates an initial state named i,
generates successor states j, k and l, and reasons about the way information must
be distributed over them until it becomes clear that there is no way to construct a
countermodel.

Remark 4.5 (There are other approaches) I have presented hybrid reasoning as
an unsigned tableau system, but we are not forced to do this, and the underlying
graph construction intuition come through in a range of proof styles. For example,
Seligman [52] presents sequent and natural deduction systems with much the same
geometrical flavor (indeed Seligman motivates his rules by discussing what a logic of
spatial locations should look like). The same is true of Tzakova’s [55] Fitting-style
indexed tableau approach, Demri’s [23] sequent system for the 〈F〉 and 〈P〉 language
enriched with nominals but without @, and Konikowska’s [36] sequent based approach
to the logic of relative similarity.

One last point. The link with orthodox modal labelled deduction should now be
clear — but there is also a link with description logic: hybrid reasoning is a form of
ABox reasoning. The tableau system manipulates satisfaction statements, which are
essentially ABox specifications (recall Example 3.8).

5 Other Frame Classes

The tableau system is (sound and) complete in the following sense. Let us say that a
formula ϕ is tableau provable iff there is a closed tableau with ¬@iϕ as its root (where
i is a nominal not occurring in ϕ). Then:

Theorem 5.1 ϕ is tableau provable iff ϕ is valid.

Proof. Soundness is straightforward. A completeness proof for unimodal languages
is given in Blackburn [13] using a Hintikka set argument; it extends straightforwardly
to multimodal languages.

So far so good — but valid means “true in all states in any hybrid model based
on any frame”, and often we only care about models based on frames with certain
properties, and we want to reason in the stronger logics such frames give rise to.
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In many cases hybrid reasoning adapts straightforwardly to cope with such de-
mands. In particular, if we use pure formulas (that is, formulas containing no propo-
sitional variables) there is a straightforward link between defining a class of frames
and reasoning about the frames in that class. A formula ϕ defines a class of frames
F iff ϕ is valid on all the frames in F and falsifiable on any frame not in F. A formula
defines a property of frames (such as transitivity) iff it defines the class of frames with
that property. So: what can pure formulas define?

Example 5.2 (Pure formulas and frame definability) Consider the temporal lan-
guage in 〈F〉 and 〈P〉. Using pure formulas, we can define a number of properties
relevant to temporal logic:

@i¬〈F〉i ∀x¬(xRFx) (Irreflexivity)
@i¬〈F〉〈F〉i ∀xy(xRFy → ¬yRFx) (Asymmetry)
@i[F](〈F〉i → i) ∀xy(xRFy ∧ yRFx→ x = y) (Antisymmetry)
〈F〉〈F〉i → 〈F〉i ∀xyz(xRFy ∧ yRFz → xRFz) (Transitivity)
〈F〉i→ 〈F〉〈F〉i ∀xy(xRFy → ∃z(xRFz ∧ zRFy)) (Density)
@i〈F〉j ∨ @ij ∨ @j〈F〉i ∀xy(xRFy ∨ x = y ∨ yRFz) (Trichotomy)

The properties just listed only tell us about RF — but a far more basic property of
frames is needed for temporal logic, namely that RF and RP be mutually converse
relations. This can also be defined using pure formulas. First note that the following
relations between RF and RP are definable:

@i[F]〈P〉i ∀xy(xRFy → yRPx)
@i[P]〈F〉i ∀xy(xRPy → yRFx)

It follows that the conjunction @i[F]〈P〉i ∧ @i[P]〈F〉i defines those frames in which
RF and RP are mutually converse. And once we have this fundamental interaction
defined, we can stop thinking in terms of separate RF and RP relations, instead viewing
〈F〉 as looking forward along some binary relation < (the “flow of time”) and 〈P〉 as
looking backwards along the same relation. This enables us to define further temporally
interesting properties:

〈P〉〈F〉i ∀xy∃z(z < x ∧ z < y) (Left-Directedness)
@i(〈F〉>→〈F〉[P][P]¬i) ∀xy(x<y→∃z(x<z ∧ ¬∃w(x<w<z))) (Right-Discreteness)

I mentioned in Example 2.1 that asymmetry was not definable in ordinary temporal
logic. In fact, with the exception of the mutually converse property, transitivity, and
density, none of the properties just defined are definable in orthodox temporal logic.
Hybrid languages fill a genuine expressive gap when it comes to defining frames.

Remark 5.3 (All we need are satisfaction statements) Note that if a formula
ϕ defines a class of frames F, then so does the satisfaction statement @iϕ, where i is
any nominal not occurring in ϕ. The relevance of this for tableaux will soon be clear.

So nominals and @ enable us to define interesting classes of frames, and moreover
every definable class of frames is definable using a satisfaction statement. This is
pleasant — but the really important point is the way these frame defining powers
interact with hybrid reasoning. Roughly speaking, if a pure formula α defines a class
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of frames F, and we are free to introduce α as an axiom into our tableau proofs, then
the axiom-enriched tableaux system is guaranteed to be complete with respect to F.
For pure formulas, definability and completeness match perfectly.

More precisely, let A be a countable set of pure satisfaction statements , and H+A
be the tableau system that uses the formulas in A as axioms. That is, for any α in
A, and any nominals j, j1, . . . , jn that occur on a branch of a tableau, we are free to
add α or α[j1/i1, . . . , jn/in] to the end of that branch (here i1 . . . , in are nominals
in α, and α[j1/i1, . . . , jn/in] is the pure satisfaction statement obtained by uniformly
substituting nominals for nominals as indicated).

Theorem 5.4 Let A be a finite or countably infinite set of pure satisfaction state-
ments, and let F be the class of frames that A defines (that is, the class of frames on
which every formula in A is valid). Then H+A is complete with respect to F.

Proof. See Blackburn [13] for the unimodal case. The multimodal case is a straight-
forward generalization.

Example 5.5 (An application in temporal logic) Suppose we are working with
the 〈F〉 and 〈P〉 temporal language, and that we are interested in models with a tran-
sitive flow of time. Which axioms guarantee completeness?

The following suffice. First, to ensure that 〈F〉 and 〈P〉 really are mutually converse,
add the axioms @i[F]〈P〉i and @i[P]〈F〉i; we know from Example 5.2 that together these
formulas define the converse property, and both are pure satisfaction statements. Now
to guarantee transitivity. The pure formula 〈F〉〈F〉i → 〈F〉i defines this property. This
is not a satisfaction statement, but @j(〈F〉〈F〉i → 〈F〉i) is, and this defines transitivity
too.

What can we prove in this system? Here’s an illustration. Note that for any choice
of formula ϕ (not just pure formulas), 〈P〉〈P〉ϕ→ 〈P〉ϕ is valid on the class of frames
our axioms define. Thus, by Theorem 5.4, we should be able to prove any instance of
this schema. And we can. In what follows i, j, and k, are chosen to be nominals not
occurring in ϕ:

1 ¬@i(〈P〉〈P〉ϕ → 〈P〉ϕ)
2 @i〈P〉〈P〉ϕ 1,¬→
2′ ¬@i〈P〉ϕ Ditto
3 @i〈P〉j 2, 〈P〉
3′ @j〈P〉ϕ Ditto
4 @j〈P〉k 3′, 〈P〉
4′ @kϕ Ditto
5 @j [P]〈F〉j Axiom
6 @k〈F〉j 4, 5, [P]
7 @i[P]〈F〉i Axiom
8 @j〈F〉i 3, 7, [P]
9 @k(〈F〉〈F〉i → 〈F〉i) Axiom
10 ¬@k〈F〉〈F〉i | @k〈F〉i 9,→
11 6, 10,¬〈F〉 ¬@j〈F〉i @k[F]〈P〉k Axiom
12 z 8, 11 z @i〈P〉k 10, 11, [F]
13 ¬@kϕ 2′, 12,¬〈P〉

z 4′, 13 z

Once again, it is best to think of this proof in terms of a little graph-building automa-
ton: it stepwise generates a graph and shows (now with the help of the axioms) that
there is no coherent way to decorate the resulting structure with information.
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In effect, Theorem 5.4 tells us that we can analyze hybrid reasoning in terms of a
basic proof engine (such as our tableau rules) together with an axiomatic theory (at
least so long as the axiomatic theory is formulated using only pure formulas). This is
the way things work in first-order logic, and the resemblance is not coincidental. First,
recall that the Standard Translation for hybrid languages maps nominals to free first-
order variables. It follows that any pure formula ϕ defines a first-order class of frames
(namely the class defined by the universal closure of ST (ϕ)). Second, analogous the-
orems have been proved for various hybrid languages, and although the completeness
proofs differ in many respects, they typically have one ingredient in common: they
use nominals to integrate the standard first-order model construction technique (the
use of Henkin constants) with the standard modal technique (canonical models). As
a number of authors emphasize (in particular Bull [21], Passy and Tinchev [41], and
Blackburn and Tzakova [20]), such proofs show that hybrid logic genuinely blends
modal and classical ideas.

Remark 5.6 (Related work) Many of the same technical themes (including an es-
sentially identical model construction technique) can be found in Basin, Matthews,
and Vigano’s [7] approach to labelled deduction for orthodox modal languages. The
links between their work and the hybrid tradition deserves further exploration (for a
start, many of their proof-theoretical insights may generalize to hybrid languages).
Other general completeness results covering first-order definable frame classes have
been proved for hybrid languages, such as Demri’s [23] extension of the modal Sahlqvist
theorem for his nominal-driven temporal sequent system.

But the emphasis on first-order aspects of hybrid logic also point to the limitations
of the previous theorem: it doesn’t cover second-order frame classes — and many such
classes are definable with the aid of propositional variables.

Example 5.7 (Second-order frame classes) By making use of mixed formulas (that
is, formulas containing both nominals and ordinary propositional variables) we can
define Z, the integers in their usual order, up to isomorphism; this cannot be done in
first-order logic.

The key observation is due to van Benthem [8], who points out that the simple 〈F〉
and 〈P〉 language can almost define Z. As he notes, the formula

([P]([P]p → p) → (〈P〉[P]p → [P]p)) ∧ ([F]([F]p → p) → (〈F〉[F]p → [F]p))

(a bidirectional variant of the Löb formula used in modal provability logic) defines Z
up to isomorphism on the class of strict total orders without endpoints (that is, this
Löb variant is valid on a frame (T,<) that is a strict total order without endpoints iff
(T,<) is isomorphic to Z.)

But it follows from standard modal results that we can’t define strict total order
without endpoints using only propositional variables — and this is where nominals
come to the rescue. We have already seen that there are (pure) formulas defining
the mutual converse property of 〈F〉 and 〈P〉, transitivity, irreflexivity and trichotomy.
Furthermore, the formulas 〈F〉> and 〈P〉> ensure that there are no endpoints. So the
conjunction of all these (pure) formulas defines the class of strict total orders without
endpoints — and hence conjoining the Löb variant yields a (mixed) formula valid on
precisely the frames isomorphic to Z. In a similar way, using a mixed formula it is
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possible to define N, the naturals in their usual order, up to isomorphism; see Black-
burn [11] for details. The second-order aspects of hybrid languages deserve further
study.

The result has another limitation: it gives no computational information. While the
basic satisfaction problem for hybrid languages is PSPACE-complete, adding further
axioms can have a wide range of effects: they may lower the problem into NP, leave it
in PSPACE or lift it to EXPTIME (see Areces, Blackburn and Marx [3] for examples
of all three possibilities). Nor is it difficult to devise axioms which result in logics
with undecidable satisfaction problems. So the previous result tells us nothing about
proof search or termination: it simply draws attention to a group of logic which are
well-behaved from the perspective of completeness theory. It may well be that proof-
theoretical and computational insights from the labelled deduction and description
logic communities have a role to play in analyzing these logics further.

6 Binding Nominals to States

From the perspective of the Standard Translation, adding nominals to a modal lan-
guage is in effect to add free variables over states. This immediately suggest a further
extension: why not bind these “free variables”, thus giving ourselves access to even
more expressive power? I’ll give a brief sketch of such logics, and then turn to the
issue that interests me here: why they are relevant to knowledge representation.

Example 6.1 (Losers, jerks, and politicians) Let’s jump into the realms of pop-
psychology and define a loser to be someone with no self-respect. Now, we can’t define
this concept in the hybrid logics we have seen so far; the closest we get is:

i ∧ ¬〈respect〉i.

This says that a specific individual i lacks self-respect. But we want more: we want
a formula that is true at precisely those nodes (individuals) which lack a reflexive
respect arc. We can get what we want by binding i out:

∃x(x ∧ ¬〈respect〉x).

This sentence is true at precisely those those nodes at which it is possible to bind x
to the current state, but impossible to loop back to the current state via the respect

relation.
Two remarks. First, the idea of binding nominals to the current state is so impor-

tant in hybrid logic that a special notation (namely ↓) has been introduced for it. So
the previous sentence would normally be written:

↓x.¬〈respect〉x.

Second, as these examples illustrate, orthodox variable notation (x, y, z, and so on)
is usually used for bound nominals.

OK — let’s now define a jerk to be an idiot who admires himself:

idiot ∧ ↓x.〈admires〉x.
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This sentence is satisfied at precisely those nodes which (1) have the idiot property,
and (2) from which it is possible to take a reflexive step via the admires relation.

Finally, let’s define a politician as a smooth talker such that everyone he talks to
mistrusts him:

↓x.(smooth-talker ∧ ∀y(〈talks-to〉y → ¬@y〈trusts〉x).

Note the way the @y switches the perspective from the node x (the politician) to his
audience.

I won’t give a precise definition of the syntax and semantics of hybrid languages with
∀ and ∃ here (you can find all this in Blackburn and Seligman [15, 16] or Blackburn
and Tzakova [18, 19]). The previous examples tell you pretty much everything you
need to know, and the discussion that follows should clarify things further.

Remark 6.2 (We now have first-order expressivity) Our new hybrid logic is strong
enough to express any first-order concept. Here’s the Hybrid Translation from first-
order representations to our new hybrid logic:

HT (xRπy) = @x〈π〉y
HT (Px) = @xp
HT (x = y) = @xy
HT (¬ϕ) = ¬HT (ϕ)
HT (ϕ ∧ ψ) = HT (ϕ) ∧HT (ψ)
HT (∃vϕ) = ∃vHT (ϕ)
HT (∀vϕ) = ∀vHT (ϕ).

But although we can jump straight up to full first-order power, we don’t have to.
For a start, the use of @ in the hybrid translation is crucial . If we work with the
@-free sublanguage, binding nominals to states with ∃ and ∀ does not yield full first-
order expressive power; for a counterexample, see Proposition 4.5 of Blackburn and
Seligman [15]. Hybrid logic decomposes the action of the classical quantifiers into
two subtasks: perspective-shifting (performed by @) and binding (performed by the
hybrid binders ∃ and ∀).

Moreover, we’ve seen that there is a useful restricted form of these binders, namely
↓. Some recent papers have explored hybrid logics with a primitive ↓binder (without
∃ or ∀), and it turns out that such logics characterize the notion of locality; see Areces,
Blackburn, and Marx [4].

Remark 6.3 (But even local binding is complex) Be warned: ↓ may seem sim-
ple, but it’s not. Even without @ (let alone ∀ or ∃, which are obviously powerful) it
has an undecidable satisfaction problem. A detailed analysis is given in Areces, Black-
burn, and Marx [5].

Why is this? The following result (taken from Blackburn and Seligman [15]) may
help the reader see why local binding is so powerful. We’ll see — using a spypoint
argument — that a hybrid language containing ↓ and just a single diamond lacks the
finite model property. Let SCID4 be the conjunction of the following formulas:

S x ∧ ¬〈R〉x ∧ 〈R〉¬x ∧ [R]〈R〉x
C [R][R] ↓y.(¬x→ 〈R〉(x ∧ 〈R〉y))
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I [R] ↓y.¬〈R〉y
D [R]〈R〉¬x
4 [R] ↓y.〈R〉(x ∧ [R](〈R〉(¬x ∧ 〈R〉y → 〈R〉y)))

Note that these formulas are pure, and that ↓x.SCID4 is a sentence. Moreover, note
that this sentence has at least one model. For let (ω,<) be the natural numbers in
their usual order, and suppose s 6∈ ω (s is the spypoint). Let N s be the model bearing
a single binary relation R defined as follows: W is ω ∪ {s}, R is < ∪{(n, s), (s, n) :
n ∈ ω}, and the valuation V is arbitrary. Clearly N s, s 
↓x.SCID4.

Obviously N s is an infinite model. In fact any model M = (W,R, V ) for ↓x.SCID4
is infinite. For suppose M, s 
↓ x.SCID4. Let B = {b ∈ W : sRb}. Because S is
satisfied, s 6∈ B, B 6= ∅, and for all b ∈ B, bRs. Because C is satisfied, if a 6= s and a
is an R-successor of an element of B then a is also an element of B. As I is satisfied
at s, every point in B is irreflexive; as D is satisfied at s, every point in B has an
R-successor distinct from s; and as 4 is satisfied, R is a transitive ordering of B.
So B is an unbounded strict partial order, thus B is infinite, hence so is W . So the
ability to bind locally really does give us the power to see a lot of structure. And this
power leads to undecidability (we can use spypoints to gaze upon the representation
of some undecidable problem, such as an unbounded tiling problem).

Thus nominal binding offers (lots!) of new representational power — but how do
we reason?

Remark 6.4 (∀ and ∃ have classical tableau rules) To cope with hybrid logic en-
riched with ∀ and ∃, we add the following rules to our tableau system. Note their form:
they are the classical tableaux rules for existential and universal quantifiers:

¬@s∃xϕ @s∃xϕ
¬@sϕ[t/x] @sϕ[a/x]

¬@s∀xϕ @s∀xϕ
¬@sϕ[a/x] @sϕ[t/x]

(Important: recall that a stands for a new nominal.) But while the rules are essentially
classical, don’t forget that the underlying language is different (after all, ∀ and ∃ bind
formulas!). So as well as being able to prove all the standard classical quantificational
principles (for example, ∀x(ϕ → ψ) → (ϕ → ∀xψ), where x does not occur free in
ϕ) we can also prove intrinsically modal principles. For example, ∃xx is valid (this
says: it is always possible to bind a variable to the current state). We can prove it as
follows:

1 ¬@i∃xx
2 ¬@ii 1,¬∃
3 @ii Ref
z 2, 3 z

These rules give us a complete deduction system for hybrid logic with ∀ and ∃. More-
over, Theorem 5.4 extends to these systems: adding pure axioms yields a system
complete with respect to the class of frames the axioms define. As before, “pure” sim-
ply means “contains no propositional variables”, so we are free to make use of ∀ and
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∃ in our axioms. It follows (with the help of the Hybrid Translation) that we have a
general completeness result that covers any first-order definable class of frames. Rules
for ↓ can be found in Blackburn [13].

It’s time to turn to the link with knowledge representation. I’ll approach this topic
via James Allen’s classic work on temporal representation.

Example 6.5 (Allen style representations) The core of Allen’s system is an or-
thodox first-order theory of interval structure to which the metapredicate Hold has
been added: Hold(P, i) asserts that property P holds at the interval i.

Allen then goes on to elaborate his account of properties. He introduces function
symbols suggestively named and, or, not, exists, and all, for combining property sym-
bols, together with axioms governing them: for example

Hold(and(P,Q), i) ↔ Hold(P, i) ∧ Hold(Q, i).

It’s clear Allen wants an ‘internal’ logic of terms that mirrors the ‘external’ logic of
formulas. To put it another way, although he represents properties using terms, he
wants them to behave like formulas.

This aspect of Allen’s system has been criticized (some of the axioms governing the
logical functions are rather odd; furthermore, as the structure of property terms is
never fully specified, it’s rather unclear what can and cannot be done with them; see
Turner [54] and Shoham [53]). But I’m not so much interested in the details as the
general strategy — for this is now standard in AI.

For example, if you look at Russell and Norvig [48] (in particular, the discussion of
ontological engineering in Chapter 8) you’ll see that Allen’s approach has been gen-
eralized into a multistep methodology: (1) start with a first-order language; (2) reify
the language heavily (that is, treat categories as individuals); (3) add metapredicates;
and (4) when handling temporal aspects of ontology, induce boolean structure on the
terms by adding and axiomatizing the logical functions and, or, and not (exists and
all are not discussed).

Why is the methodology pioneered by Allen so popular? In my view, the point is the
following. Knowledge representation is ultimately about representing information in
a usable form — and this means bringing a variety of information types into a precise
framework in which it can be manipulated as flexibly as possible. In essence, Allen’s
strategy is to start with first-order logic (because it’s well understood) and then to
mould it to the requirements of knowledge representation. Heavy use of reification
and metapredicates allows general statements about a wide range of category types
to be made. Logical functions are an attempt to soften the rigid distinction first-
order logic draws between terms (which code referential information) and formulas
(which code other types of information), thereby making more flexible representations
possible. It’s an interesting strategy — but it’s not the only one.

Why not start with the intuition that all types of information should be treated
democratically — or more accurately, polymorphically? This is the intuition behind
hybrid logic. Hybrid logic begins with the observation that we can freely combine
referential and non-referential information if we represent both types of information
as formulas. Because this is our starting point, we don’t need to introduce special
logical functions and axioms to govern them — there is no term/formula distinction:
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the standard connectives are responsible for combining all information right from the
start. (Note that @i(p ∧ q) ↔ @ip ∧ @iq, the hybrid analog of Allen’s axiom for the
and function, isn’t something extra that needs to be stipulated: it’s just a validity of
hybrid logic, and can easily be proved in the basic tableau system.) Nor is there any
mystery about what “property terms” are: Allen seems to have wanted properties to
have a formula-like structure, and of course, that’s exactly the form all representations
take in hybrid logic. And binding nominals with ∀ and ∃ (which seems to correspond
to Allen’s intentions regarding the logical functions exists and all) will take us all the
way up to first-order expressivity (if that’s where we want to go).

7 The Sorting Strategy

In horticulture, hybrids are crossbreeds between distinct but related strains: ideally
they combine the desirable properties of the parent strains in interesting new ways.
Hybrid logic is certainly hybrid in this sense. Enriching modal logic with nominals
and @ leads to systems that draw on both modal and first-order logic: we retain the
locality and decidability of modal logic, gain the ability to name states and reason
about their identity and their interrelationships, and (via nominal binding) open a
novel route to first-order expressivity.

But hybrid logic is also a sociological hybrid: it’s a meeting place for ideas from
many traditions. We’ve seen that feature logic, description logic, and labelled de-
duction have independently developed key ideas of hybrid logic, and I’ve argued that
the Allen-style ontological engineering languages can be viewed as strong hybrid lan-
guages. In short, a number of research communities, faced with similar problems
(how best to represent and reason about graphlike structures) have come up with
similar answers independently. Not only do they draw (consciously or unconsciously)
on modal logic, they even moved beyond the barriers of modal orthodoxy in much
the same way — the way encapsulated in hybrid logic.

But there is a third sense in which hybrid languages are hybrid, and this is perhaps
the most important of all: hybrid languages are intrinsically hybrid. They allow us
combine different sorts of information in a single formalism. In a nutshell, hybrid
logics are sorted modal logics.

The importance of sorting has long been recognized in AI, linguistics, and philoso-
phy: knowing that a piece of information is of a particular kind may allow us to draw
useful conclusions swiftly and easily. But sorting has been neglected in the logical
tradition: many useful kinds of sortal reasoning (for example, chaining through an
inheritance hierarchy) are regarded as too simple to be of logical interest, and every
logician knows that sorted first-order languages offer no new expressive power.

But sorted modal languages certainly do. As we have seen, by adding a second sort
of atomic formula (nominals) and a new construct to exploit it (satisfaction operators),
we can describe models in more detail and define new classes of frames. Moreover, we
can create a basic reasoning system that is modally natural and supports a wide range
of richer logics. But the hybrid languages of this paper have been simple two-sorted
systems. Why stop there?

Example 7.1 (Sorting and fine-grained temporal reference)
Blackburn [12] presents multisorted modal logics with atomic formulas ranging over
intervals of different lengths (seconds, hours, years, . . . ). This lets us build repre-
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sentations like

〈P〉(3.05∧P.M.∧Friday∧26th∧March∧1999∧Vincent-accidentally-squeeze-the-trigger),

which locates the trigger-squeezing event at the specific day and time the notation
suggests. These logics are then extended to deal with indexical expressions (such as
now, yesterday, today, and tomorrow), enabling us to build representations such as

〈P〉(Yesterday ∧ Marvin’s-head-explode),

which locates the exploding-head event yesterday. Doing this properly means we have
to sort two-dimensional modal logic (among other things, we need to guarantee that
〈F〉(yesterday ∧ ϕ) is false at every state in every model, for yesterday always lies in
the past), and sorting turns out to be an effective way of exploiting two-dimensional
semantics. The resulting logics are decidable (in fact, NP-complete) in many cases of
interest.

Example 7.2 (Sorting and paths) When reasoning about branching time we often
want to assert that that some event will take place in all possible paths into the future.
This cannot be done in the temporal language in 〈F〉 and 〈P〉, even with the help of
nominals and @.

Bull [21] solved this problem by further sorting. He introduced a three-sorted modal
language: in addition to propositional variables and nominals, his language contained
path nominals, atomic formulas true at precisely the points on some path through a
frame. He allowed explicit quantification over path nominals, and hence could define
a “true at some state in every future” modality:

〈every-fut〉ϕ := ∀ρ(ρ → 〈F〉∃x(x ∧ ρ ∧ ϕ)).

Here ρ is a bound path nominal, and x a bound nominal, so this says that on every
path ρ through the current state, there is some future state x at which ϕ is true. See
Goranko [32] and Blackburn and Tzakova [20] for more on hybrid languages for paths.

I believe such examples point the way to an interesting line of work: dealing with
all ontological distinctions in multisorted modal languages. At present little is known
about what can and cannot be done in such systems, but interesting questions abound.
I hope some equally interesting answers will soon be forthcoming.

A Brief Guide to the Literature

I have said little about the history of hybrid logic; these notes are an attempt to
put this right, and provide a route into the hybrid literature. I’ll omit references to
applications of hybrid logic (such as feature logic) as these were given in the main
text.

Hybrid logic was invented by Arthur Prior, the inventor of 〈F〉 and 〈P〉 based tem-
poral logic (that is, tense logic). The germs of the idea seem to have emerged in
discussion with C.A. Meredith in the 1950s, but the first detailed account is in Chap-
ter V and Appendix B3 of Prior’s 1967 book Past, Present, and Future [42]. Several
of the papers collected in Paper on Time and Tense [43] allude to or discuss hy-
brid languages, and the posthumously published book Worlds, Times and Selves [44]
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is solely devoted to the topic (unfortunately, the book is only an approximation to
Prior’s intentions: it’s essentially a reconstruction, by Kit Fine, of notes found after
Prior’s death in 1969). Prior called nominals world propositions, typically worked
with very rich hybrid languages (he bound nominals using ∀ and ∃) and made heavy
use of near-atomic satisfaction statements like the ones used in our tableau systems.

The next big step was Robert Bull’s 1970 paper “An Approach to Tense Logic” [21].
Bull introduced a three-sorted hybrid language (propositional variables, nominals,
and path nominals), noted that the presence of ∀ and ∃ made it easy to combine the
modal canonical model construction with the first-order Henkin construction (and
thus proved the earliest version of Theorem 5.4), and re-thought modal and hybrid
completeness theory in terms of Robinson’s non-standard set theory. It’s a (too long
overlooked) classic. Tough going in places, it repays careful reading.

I know of no more papers on the subject till the 1980s, when hybrid logic was
independently reinvented by a group of Bulgarian logicians (Solomon Passy, Tinko
Tinchev, George Gargov, and Valentin Goranko). The locus classicus of this work
is Passy and Tinchev’s “An Essay on Combinatoric Dynamic Logic” [41], a detailed
study of hybrid Propositional Dynamic Logic. Like Bull’s paper, it’s one of the must
reads of the hybrid literature (but don’t overlook the many other excellent papers
by these authors, such as [40, 40, 30, 28, 29].) The Sofia School did discuss nominal
binding with ∀ and ∃, but one of their enduring legacies is that they initiated the
study of binder-free systems. Gargov and Goranko’s “Modal Logic with Names” [27]
studies such systems in the setting of unimodal logic, and my own “Nominal Tense
Logic” [11] does so in tense logic.

During the 1990s, the emphasis has been on understanding the hybrid hierarchy in
more detail. Goranko [31] introduced ↓, Blackburn and Seligman [15, 16] examined
the interrelationships between a number of different binders, and Blackburn and Tza-
kova [18, 20] mapped hybrid completeness theory for many of these systems. Intuitions
about locality hinted at in some of these papers are placed on a firm mathematical
footing in Areces, Blackburn and Marx [4]; the paper also proves some fundamental
interpolation and complexity results (see also [5], by the same authors, for a detailed
discussion of undecidability in ↓ based logics). The late 1990’s also saw a number
of papers of hybrid proof theory: Blackburn [13], Demri [23], Demri and Goré [24],
Konikowska [36], Seligman [52] and Tzakova [55]. Actually, pioneering work had been
done by Seligman at the beginning of the decade (see [50, 51]); unfortunately his work
was overlooked.

Here’s three suggestions for further reading. First, Chapter 7 of Blackburn, de Ri-
jke, and Venema [14] contains a textbook level discussion on how to blend the canon-
ical model and Henkin constructions (the idea behind Theorem 5.4 and its analogs).
Second, “Complexity Results for Hybrid Temporal Logics” [3] a recent paper by Are-
ces, Blackburn and Marx studies complexity issues in some detail. The proofs make
heavy use of relational structures and have a strong geometric content. The paper
relates the results to issues in temporal (and, in spite of the title, description) logic;
for many readers this would be a good place to learn more about the expressivity hy-
brid languages offer. Third, Marx [38] is a review of HyLo’99 (the First International
Workshop on Hybrid Logic). This will give you a birds-eye-view of current issues in
the field. In addition, Carlos Areces has recently created a hybrid logic website at
http://www.illc.uva.nl/~carlos/hybrid. You can find the papers just mentioned
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(and others) there.
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