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Many description logics (DLs) combine knowledge representation on an abstract, logical
level with an interface to “concrete” domains such as numbers and strings with built-in pred-
icates such as;, +, andprefix-of. These hybrid DLs have turned out to be useful for rea-
soning about conceptual models of information systems, and as the basis for expressive on-
tology languages. We propose to further extend such DLs kéthconstraintghat allow

the expression of statements like “US citizens are uniquely identified by their social secu-
rity number”. Based on this idea, we introduce a number of natural description logics and
perform a detailed analyses of their decidability and computational complexity. It turns out
that naive extensions with key constraints easily lead to undecidability, whereas more careful
extensions yield NEPTIME-complete DLs for a variety of useful concrete domains.



Keys, Nominals, and Concrete Domains

Content Areas: description logics, knowledge representation

Abstract In this paper, we extend the well-known DLs with concrete
L ) ) domains ALC(D) and SHOQ(D) [Baader and Hanschke,
Many description logics (DLs) combine knowledge 1991; Horrocks and Sattler, 200Wvith key constraints and
representation on an ?bstrac'g, logical level with an  5n51yse the complexity of reasoning with the resulting log-
|nterfaqe to “concrete” domains such as numbgrs ics ALCOK(D) andSHOQK(D). We show that allowing
and strings. We propose to extend such DLs with  complex concepts to occur in key constraints dramatically

key constraints that allow the expression of state-  jncreases the complexity ofl£C(D) (which is PSACE

ments like “US citizens are uniquely identified by complete): it becomes undecidable. Restricting key con-

their social security number”. Based on this idea, straints to atomic concepts (such aiufian” in the above

we introduce a number of natural description logics  gyample) still yields a NEPTIME-hard formalism, even for

and present (un)decidability results and tightNE rather simple (PTME) concrete domains. We show several

PTIME complexity bounds. variants of this result that depend on other characteristics of

key constraints, such as the number of concrete features and

1 Introduction the “path length”. This effect is consistent with the observa-

o _ ) tion that the P8SACE upper bound fordLC(D) is not robust
Description Logics (DLs) are a family of popular knowledge [ytz, 2003.
representation formalisms. Many expressive DLs combine Additionally, we prove the NEPTIME bounds to be
powerful logical languages with an interface to concrete dotight by presenting tableau algorithms tdizCOK (D) and
mains (e.g., integers, reals, strings) and built-in predlcategHOQ,C(D) with key admissibleoncrete domains that are
(e.9.,<, sub-string-of)[Lutz, 2002. These can be used to j5 NP, where key admissibility is a simple and natural prop-
form descriptions such as “employee,yvorklng for the“govern-%rty_ We have chosen to devise tableau algorithms since they
mentand earning more than her boss” that combine “abstrachye the potential to be implemented in efficient reasoners
logical components (e.g., working for the government) withang have been shown to behave well in pradiiserrockset
components using concrete domains and predicates (€.9..a® 200d. Due to space restrictions, we can only sketch proof

numerical comparison of earnings). and refer td Anonymous, 200Bfor more details.
DLs with concrete domains have turned out to be useful for

reasoning about conceptual (database) mddleis, 2002¢, . .
and as the basis for expressive ontology languéigesocks 2 Preliminaries

et al, 2003. So far, however, they have not been able to exFirst, we formally introduce the description logic
presskey constrai?t,si.e., constrainTs Sxpressing rt1he &‘act thath£CO]C(D)_

certain “concrete features” uniquely determine the identity of . . .. L .
the instances of a certain cldssE.g., the concrete feature Definition 1. A concrete domairD is a pair (Ap, ®p),
“social security number (SSN)” might serve as a key for citi- WNeré Ao is a set andbp a set of predicate names. Each
zens of the US, and the combination of identification numbePredicate namé & op is associated with an arity and an
and manufacturer might serve as a key for vehicles. Such-ary predicate®™ C Ap,.

constraints are important both in databases and in realistic L8tNc, No, Nk, Ncr be pairwise disjoint and countably in-
ontology applications. inite sets ofconcept namegsiominals role namesandcon-

It is easy to see that keys can exprassinals i.e., con- crete features We assume thdtlg has a countably infinite

cepts to be interpreted as singleton sets (closely related §f'PS€tNar Of abstract features A pathu is a composition
the “one-of” operator): e.g., if SSN is a key for Human /1"~ fag Of n abstract featureg,, ..., f, (n > 0) and a
(SSN keyfor Human), then the concept “Human with SSN concrete featurg. Let D be a concrete domain. The set of
1234” (Human 1 3SSN. =123,) has at most one instance. ALCOK(D)-concepts is the sr_nalle_st set such that (|)_ev_ery
concept name and every nominal is a concept, and (@) if
!DLs with key constraints, but without concrete domains wereand.D are conceptsR is a role namey is a concrete feature,
investigated in e.dCalvaneset al, 1966; Khizdert al, 2001. u, - .., u, are paths, and®® € ®p is a predicate of arity,



then the following expressions are also concepts: Definition 3. Let D be a concrete domain. R-conjunction
~C, CAD, CUD, 3R.C, YR.C, Juy, ... u,.P, andg]. is a (finite) predicate conjunction of the form

A key definitoris an expressiofuy, . . . , uy keyfor C) for c= /\ Pi(xéi)a e ,37511 ),
uy,...,ur (k> 1) paths and” a concept. A finite set of key i<k _
definitions is called &ey box ¢  whereP; is ann;-ary predicate for < k and thez'" are

As usual, we us& to denote an arbitrary propositional tau- variables. AD-conjunctionc is satisfiableiff there exists a
tology. Throughout this paper, we will consider several frag-functiond mapping the variables into elements ofAp such
ments of the logicALCOK(D): ALCO(D) is obtained from  that (5(1751)),...,5(3753)) € PP for eachi < k. We say
ALCOK(D) by admitting only empty key boxes; by disal- that the concrete domaii is admissibleff (i) p contains a
lowing the use of nominals, we obtain the fragmeiiC (D) nameT p for Ap; (ii) ®p is closed under negation, and (iii)
of ALCO(D) and ALCK (D) of ALCOK(D). satisfiability of D-conjunctions is decidable. We refer to the

The description logicALCOK(D) is equipped with a satisfiability of D-conjunctions a®-satisfiability, O
Tarski-style set-theoretic semantics. Along with the semanAs we shall see, it sometimes makes a considerable differ-
tics, we introduce the standard inference problems: concemnce w.r.t. complexity and decidability to restrict key boxes

satisfiability and concept subsumption. in various ways. Because of this, it is convenient to introduce
Definition 2. An interpretationZ is a pair(Az, ), where  the following notions:
Az is a non-empty set, called thomain and-* is thein-  Definition 4. A key box K is calledBooleanif all concepts

terpretation function The interpretation function maps each appearing in (key definitions ir{} are Boolean combinations
concept name” to a subsetC” of Az, each nominalV to  of concept namegath-freeif all key definitions ink are of
a singleton subsev” of Az, each role name to a subset the form (g1,-.-,9n keyforC) with ¢1,..., g, € Ngg; Sim-
R* of Az x Az, each abstract featuifeto a partial function  ple if it is both path-free and Boolean; anduai-key boxif
J* from Az to Az, and each concrete featugeto a partial  all key definitions inC are of the form(u keyfor C). A con-
functiong” from Az to Ap. ceptC is calledpath-freeif, in all its subconcepts of the form
If w = fi-- fag is & path, themu®(d) is defined as 3y, ... u,.P, ui,...,u, are concrete features. O

T/ T 7 . . =
tgergéc’éd to(z];%b(ifr)azry czn.nczg'?s g]st?(r)pl)lgev'f’ast}on function is ex To emphasize that a key box muntt necessarily be Boolean
' or path-free, we sometimes call such a key gereral Sim-
(=C) := Az \ C* ilarly, to emphasize that a key box is not necessarily a uni-key
(cnD):.=ctnD? box, we sometimes call such a key hoxlti-key box
(CuD)t :=ctubD?
BR.C)t :={de Az |3e€ Az: (de) e RT NecCT} 3 Lower Complexity Bounds

T ._ . T T
(VR.C) ={d€Az|Veec Az: (de) € B —e€C"} |y his section, we present lower complexity bounds for DLs

(g1)* = {d GIAI | % (d) undefined with concrete domains, key boxes and nominals. We start by
(Fui, ..o up Pt = {g €Az |3zy,..., 0 € Ap: - showing that satisfiability 0fALCK(D)-concepts w.r.t. gen-
u; (d) = z; and(z1,...,z,) € PP} eral key boxes is undecidable for many interesting concrete

domains. This discouraging result is relativized by the fact
that, as shown in Section 4, the restriction to Boolean key
boxes recovers decidability. Next, we prove that satisfiabil-
ity of path-free ACCIC(D)-concepts w.r.t. simple key boxes
is NExpTIME-hard for many concrete domains and that this
holds even if we restrict ourselves to uni-key boxes. Finally,
. e T T we identify a concrete domain such tharCO(D)-concept
con(;:elthD ;N,Crt K (written C T, D) iff ¢ < D for ag satisfiability (without key boxes) is already METIME-hard.
MOdeIst of . Undecidability of ALCK(D)-concept satisfiability w.r.t.

It is well-known that, in DLs providing for negation, sub- general key boxes is proved by reduction of the undecidable
sumption can be reduced to (un)satisfiability and vice versapost Correspondence Problem (P@®)st, 1946

C Cx D iff C =D is unsatisfiable w.r.t’lC andC is sat- . . . -
isfiable w.r.t.K iff C Zx —T. Thus we can concentrate Definition 5. An instanceP of the PCP is given by a finite,
on concept satisfiability when investigating the complexity"On-émpty list(é,,71), ..., (£, ) of pairs of words over
of reasoning: the above reduction implies the correspondini?me alphabel. A sequence of integers, . .., i, With

An interpretationZ is a modelof a conceptC' iff CT # (.
Moreover,Z satisfiesa key definition(u, . .., u, keyforC)
if, for any a,b € C%, ul(a) = uZ(b) for 1 < i < nimplies
a = b. 7 is amodelof a key boxX iff Z satisfies all key
definitions inXC. A conceptC is satisfiable w.r.t. a key box
K iff C andKC have a common model” is subsumed bg

; win > 1, is called asolutionfor P iff ¢;, ---4; =1 -7,
E&irsld(isfaraﬁ; té(s)?mgpg-?minﬂ Epues (I:O(;rrr;ep:imentary complexit he problem is to decide whether a given instaitéas a
When devising decision procedures for DLs which are notsolunon. %
tied to aparticular concrete domairgdmissibilityof the con- ~ The reduction uses the admissible concrete doméaintro-
crete domain usually serves as a well-defined interface beduced in[Lutz, 2003, whose domain is the set of words over
tween the decision procedure and concrete domain reasonetsand whose predicates express concatenation of words. For
[Baader and Hanschke, 1991; Lutz, 20p2b each PCP instanc® = (¢1,71),...,(lk,rx), we define a



conceptCp and uni-key boxCp such thatP hasno solu- of a domain element into concrete domain values: for
tion iff Cp is satisfiable w.rtiCp. Intuitively, Cp andKp  xpos, € N, we enforce thatpos? (a) = 1if a € X7 and0
enforce an infinitek-ary tree, where each node represents atherwise (analogously fapos, andYy). Then the key def-
sequences of integers, i.e. a potential solution. The role ahition (xposy, ..., xpos,,, yposy, - . . , ypos,, keyfor T') obvi-

the key box is to guarantee that the tree is of infinite depthpusly ensures uniqueness of positions. Since the reduction
concrete features are used to store the left and right concateencept is path-free ard, -satisfiability is easily seen to be
nations corresponding to the potential solutions; and concatén PTIME, we obtain the following:

nation predicates from the concrete dom#hare used t0  Theorem 8. There exists a concrete domaid such that
compute them. Finally, an inequality predicate also providedy_gaiisfiability is in PTiME and satisfiability of path-free

by W is used to guarantee that none of the potential solutions; »--(p)-concepts w.rt. simple key boxeSNEXPTIME-
is indeed a solution. Since it is known thatsatisfiability is ?ard. () PIS W.rl. simp y

in PTiME [Lutz, 2003, we obtain the following theorem.
Theorem 6. There exists a concrete domain such that

D-satisfiability is inPTIME and satisfiability ofALCK(D)- ture[Baader and Hanschke, 1992: Haarslev aridléd, 2002

concepts w.r.t. (general) uni-key boxes is undecidable. Lutz, 2002b: 20024 it suffices thatD provides two unary

can easily be adapted to more natural concrete domains SUChThe second reduction uses the more comol te do-
as numerical ones based on the integers and providing pred-_. are i : plex concrete do
icates for equality to zero and one, binary equality, addition main D, which “stores” whole bit vectors rfa_thgr'than only
and multiplication. single bits. InD,, we can translate the posuﬂcﬁm, j) of an

We now establish lower bounds fadCCK(D) with elementa from conceptsXy, Y, into asingle bit vector of

length2(n + 1) that is then stored as lav-successor ofi,
Boolean key boxes and faALCO(D). These results are : :
obtained using a NEPTIME-complete variant of the well- whereby 'fs aconcrete Leatu;e.mecegve (eplacedZ?heH) h bi
known, undecidable domino probldinuth, 1968. concrete features used in the first reduction (one for each bit)

L . . . by the single featurbv, it now suffices to use the simple uni-
Definition 7. A domino syster® is atriple(T’, H, V), where ey hox by keyfor T) to ensure uniqueness of positions. As

T C N is a finite set oftile typesand H,V C T'x T'rep- i D, the reduction concept is path-free. [lAnonymous,
resent the horizontal and vertical matching conditions. Fobgog it is shown thaD,-satisfiability is in PTME.

D a domino system and = ag,...,a,_1 € T™ aninitial . )
condition a mapping- : 2"+ x 27+1 T is asolutionfor Theorem 9. There exists a concrete domai® such

D andaq iff, for all z,y < 2"+, the following holds: (i) if that D-satisfiability is in PTIME and the satisfiability of
(z,y) = t’andr(x—s—’l mod 21 y) =t then(t,¢')  f;  Path-free ALCK(D)-concepts w.rt. simple uni-key boxes is

(i) if 7(z,y) = t and7(z,y + 1 mod 27+!) = ¢/, then ~NEXPTIME-hard.
(t,t") € V; and (iii) 7(¢,0) = a; fori < n. ¢ Again, the artificial concrete domaid, can be replaced by
This variant of the domino problem is NETIME- more natural ones: we can simulate bit vectors using inte-
completefLutz, 20024 The three NEPTIME lower bounds ~gers and the necessary operations on bit vectors by unary
are obtained by using suitable and admissible concrete ddredicates=, for every intergern and a ternary addition
mainsD;, D,, andD; to reduce the above domino prob- Predicate—for more details sé&nonymous, 2008
lem. More precisely, the simplest concrete donfaijris used The last lower bound is concerned with the RILCO(D).
in the reduction toALCK(D,)-concept satisfiability w.r.t. In the absence of key boxes, we need a different reduction
Boolean (multi-)key boxes, the slightly more complBx  strategy and the more complex concrete doniin which
is used in the reduction tdlLCIC(D4)-concept satisfiability — extend<, with so-called domino arrays that allow us to store
w.r.t. Boolearuni-key boxes, and the most powerful concretethe tiling of thewholetorus in a single concrete domain value.
domainD3 is used in the reduction talLCO(Ds)-concept  We can then ensure uniqueness of positions usismgle
satisfiability without key boxes. nominal. Computationally, the concrete domdip is still
The idea underlying all three reductions is to use conceptery simple, namely in PIME. However, it no longer suffices
namesXy, ... X,,Yy,...,Y, to represent positions in the to use only path-free concepts.

2 x 2nttorus: ifa is a domain element representing Theorem 10. There exists a concrete domdhsuch thatD-

P T o
the position(i, j), thena € X" expresses that theth bitin - spisfianility is inP TimE and the satisfiability 0fA.£CO(D)-
the binary coding of is 1, anda € Yf expresses that theth concepts iNEXPTIME-hard.

bit of j is 1. We use standard methods to enforce that there
exists a domain element for every position in the torus. The )
main difference between the three reductions is how itis end Reasoning Procedures

sured that no position is represented by tiifferentdomain  \we describe two tableau-based decision procedures for con-
elements—we call thigniqueness of positions cept satisfiability in DLs with concrete domains, nomi-

The first reduction uses the very simple concrete donals, and keys. The first is folLCOK(D)-concepts w.r.t.
main D, which is based on the sd0,1} and only pro- Boolean key boxes. This algorithm yields a KT IME up-
vides unary predicatesy, =1, and their negations. Unique- per complexity bound matching the lower bounds established
ness of positions is ensured by translating the positiof) in Section 3. The second procedure is&O QK (D) w.r.t.

The (somewhat artificial) concrete domé&in can be replaced
by many natural concrete domaifsproposed in the litera-



path-free key boxes and also yields a tight NHIME up-  to denote the result of converting the conceft into NNF,

per complexity boundSHO QK (D) is an extension of the sub(C) to denote the set of subconceptygfandsub(K) to

DL SHOQ(D) introduced in[Horrocks and Sattler, 2001; denote the set of subconcepts of all concepts occurring in key
Pan and Horrocks, 20P2which provides a wealth of ex- box K. Moreover, we usel(C, K) as abbreviation for the set
pressive possibilities such as transitive roles, role hierar- )

chies, nominals, qualifying number restrictions, and general sub(C) Usub(K) U{=D | D € sub(K)}.
TBoxes with a path-free concrete domain constructor an‘tomplexity of ALCOK(D)

h-free k . Path-f sSo Dy’ -
path-free key boxes. Path-freenes OQK(D)'s con _We start the presentation of théLCOK (D) tableau algo-

crete domain constructor is crucial for decidability. More ithm by introducina th derlving d
over, it allows us to admit general rather than only Boolear{'thm Py introducing the underlying data structure.

key boxes. Definition 12. Let O, andO, be disjoint and countably in-

Tableau algorithms decide the satisfiability of the inputfinite sets ofabstractandconcrete nodesA completion tree
concept (in our case w.r.t. the input key box) by attempting tdor an ALCOK(D)-conceptC' and a key boxC is a finite,
construct a model for it: starting with an initial data structurelabeled tregV;, V¢, E, £) with a set of noded/, U V. such
induced by the input concept, the algorithm repeatedly apthatV, C O,, V. C Oc, and all nodes fronV. are leaves.
plies completion rules. Eventually, the algorithm either findsEach nodex € V; of the tree is labeled with a subséta)
an obvious contradiction or it encounters a contradiction-fre@f cI(C, K); each edgéa,b) € E with a,b € V; is labeled
situation in which no more completion rules are applicable with a role nameC(a, b) occurring inC or K; and each edge
In the former case the input concept is unsatisfiable, while ifa, z) € E with a € V, andx € V. is labeled with a concrete
the latter case it is satisfiable. featureL(a, ) occurring inC or KC.

Existing tableau algorithms for DLs with concrete do- ForT = (Vi,V., E, L) anda € V,, we uselevr(a) to
mains use admissibility as an “interface” between the tabdenote the depth at whiehoccurs inT (starting with the root
leau algorithm and a concrete domain reasdbetz, 2002b; ~ node at depth 0). Aompletion systerfor an ALCOK(D)-
Baader and Hanschke, 1991 In the presence of keys, conceptC' and a key boxC is a tuple(T, P, <,~), where
this is not enough: besides knowing whether a gien T = (Va, Ve, E, L) is a completion tree fo€' and K, P is
conjunction is satisfiable, the concrete domain reasoner hasfunction mapping eack € ®p with arity » appearing in
to provide information on variables that must take the samé” to a subset oV ", < is a linear ordering o¥;, such that
value in solutions. As an example, consider the concretéevr(a) < levr(b) impliesa < b, and~ is an equivalence
domainN = (N,{<,| n € N}) and theN-conjunction  relation onv. _
¢ = <3(v1) A <2(v2) A <2(v3). Obviously, every solution ~ LetT = (V3, V¢, E, £) be a completion tree. A nodee
§ for c identifies two of the variables , vo, v3. This informa-  Va is an R-successoof a nodea € V, if (a,b) € E and
tion has to be passed from the concrete domain reasoner to t#éa, b) = R. Similarly, a noder € V. is a g-successoof
tableau algorithm since, in the presence of key boxes, it mag if (a,2) € E andL(a,x) = g. For pathsu, the notion
have an impact on the satisfiability of the input concept. E.g.u-successois defined in the obvious way. O
this information transfer reveals the unsatisfiabilitgiéf. AT1 |ntuitively, the relation~ records equalities between concrete
JR.(-ANB)N3R.(~AN-B)NVR.3g.<a W.r.t.g keyfor T.  nodes that have been found during the model construction
To formalize this requirement, we strengthen the notion of adprocess. The relatior induces an equivalence relaties,
missibility into key-admissibility on abstract nodes which, in turn, yields the equivalence rela-

Definition 11. A concrete domaifD is key-admissibléf (i) 10N~ 2 ~ on concrete nodes.

®p contains a nam& p for Ap; (i) ®p is closed under Definition 13. Let S = (T, P, <, ~) be a completion system
negation, and (iii) there exists an algorithm that takes as inpuor a conceptC' and a key boxXC with T = (V,, V., E, L),
aD-conjunctione, returnsclash if ¢ is unsatisfiable, and oth- and leta be an equivalence relation dry. For eachR €
erwise non-deterministically outputs an equivalence relatiolNg, a nodeb € V, is an R/~-neighborof a nodea € V,
~ on the set of variable® used inc such that there exists a if there exists a node € V, such thata ~ ¢ andb is an
solutions for ¢ with the following property: foralb,o' € V' R-successor of. For pathsu, the notionu/~-neighboris
§(v) = 6(v')iff v ~ o'. Such an equivalence relation is defined analogously.

henceforth called &@oncrete equivalenceWe say thatex- We define a sequence of equivalence relations
tendedD-satisfiability is in NPf there exists an algorithmas ~0 C ~! C --- onV; as follows:
above running in polynomial time. O

_ _ _ ~)={(a,b) € VZ|AN € No: N € L(a) N L(b)}
It can easily be seen that any concrete domain that is ad- ;1

. \ . . . ~itl=nt U
missible and provides for an equality predicate is also key- @ )
admissibld Anonymous, 200B {(a,b) € V7 [Fc € Va, f € Nsr:
In the following, we assume that all concepts (the input a andb are f /~-neighbors of:} U
concept and those occuring in key boxes) aneggation nor- {(a,b) € V2 [3(uy,...,un, keyfor D) € K
mal form (NNF)i.e., negation occurs only in front of concept ’ : T ;o ’
names and nominals; if the concrete dom&iris admissi- 321, 2 ¢ 75 IS u;/~;-neighbor ofa,
ble, then everyALCOK(D)-concept can be converted into 1,5 Yn ¢ Y5 IS u;/~L-neighbor ofb,
an equivalent one in NNFAnonymous, 200B We use~C DeL(@)NLO)ANI<j<n:z;~y;)}



Finally, set~, = ;> ~4, and definer ~. y if z ~ y or
there aren € V, andg € N such thatr andy are g/~,-
neighbors ofs.

Intuitively, if we havea ~, b, thena andb describe the same
domain element of the constructed model (and similarly fo
the . relation on concrete nodes).

Let D be a key-admissible concrete domain. To de-
cide the satisfiability of anALCOK(D)-conceptCy w.r.t.
a Boolean key boxtC (both in NNF), the tableau algo-
rithm is started with thenitial completion systent., =
(TCovpﬂamaQ])v WhereTCo ({ao}vq)v@a {ao = {CO}})
and Py maps eachP? € ®p occurring inCy to . We now
introduce an operation that is used by the completion rules t
add new nodes to completion trees.

Definition 14. LetS = (T, P, <, ~) be a completion system
with T = (V,, V., E, £). An element ofO, or O, is called
freshin T if it does not appear ifT. We use the following
notions:

S +aRb: Leta € V,, b € O, freshinT, andR € Ngr. We

RO ifCinCy e E(a and{Cl,Cg} Z ﬁ(a)

thenL(a) := £(a§ U{C1,C2}
Ru if C1 UCs € L(a)and{C1,C2} N L(a) =0
thenL(a) := L(a) U {C} for someC € {C4, C>}

R3 if 3R.C € L(a) and there is nd?-successob of a
such thatC € L(b),

thenS := S + aRbandL(b) := {C}

if VR.C € L(a), bis anR/~,-neighbor ofa, and
C ¢ Lb)
thenL(b) := L(b) U{C}

R3cif Jus,...,un.P € L(a) and there are no
u;-successors; of a with (z1,...,z,) € P(P)
thenS := (S + auiz1 + -+ - + aunxn)

andP(P) :=P(P)U{(z1,...,xn)}

Rehif (u1,...,us keyforC) € K, {C,-C} N L(a) = 0,
and there are; /~,-neighborsz; of a
thenL(a) := L(a) U {D} for someD € {C,~C}

if £(b) € L(a)anda € V; is minimal w.r.t.<
such that ~, b

RY

O

Rp

write S+ a Rb to denote the completion syste$hthat can be

then£(a) == £(a) U L(b)

obtained fromS by adding(a, b) to E and settingC(a, b) =

R and £(b) = (. Moreover,b is inserted into< such that
b < cimplieslevy(b) < levr(c).

S+agx: Leta € V,, z € O freshinT andg € N.

We write S + agx to denote the completion systeffi that
can be obtained fron$ by adding(a, z) to E and setting
L(a,x) = g.

When nestingt, we omit brackets writing, e.gS + aR1b +

bRyc for (S + aRyb) + bRac. Letu = f1 -+ f,,g be a path.
With S + aux, wherea € V, andxz € O. is fresh inT, we

denote the completion systes that can be obtained froi

by taking fresh nodes,, . .., b, € O, and setting

S’ ;:S+af1b1+"'+bn71fnbn+bn9w' O

The completion rules are given in Figure 1, where we assum
that newly introduced nodes are always fresh. Rheand

Figure 1: Completion rules fadLCOK (D).

say that the completion systefhis concrete domain satisfi-
ableiff the conjunction

(s N

P usedinC

(150,20 )EP(P)
is satisfiable.S contains alashiff (i) there is ana € V, and
anA € N¢ such tha{ 4, -A} C L(a); (ii) there area € 1,
andz € V. such thay? € L£(a) andz is g/~,-neighbor of
a; or (iii) S is not concrete domain satisfiable.dfdoes not
contain a clash, thefl is calledclash-free S is completeif
go completion rule is applicable 9. %

We now give the tableau algorithm in pseudocode nota-

_ P(z1,...,z) A N\ =(2,y)

TRIY

Rch rules are non-deterministic and the upper five rules aré¢ion, wherecheck denotes the algorithm computing concrete

well-known from existing tableau algorithms fot£C(D)-
concept satisfiability (c.f. for exampléutz, 20024). Only
RV deserves a comment: it considétg~,-neighbors rather
than R-successors since, relates nodes denoting the same
domain element.

The last two rules are necessary for dealing with key boxes.

The “choose rule’Rch (c.f. [Hollunder and Baader, 1991;
Horrockset al., 2004Q) guesses whether an abstract nade
satisfiesC' in case ofC' occurring in a key definition and
a having neighbors for all paths; in this key definition.

The Rp rule deals with equalities between abstract nodes as

recorded by thex, relation: ifa ~, b, thena andb describe
the same element, and thus their node labels should be iden

cal. We choose one representative for each equivalence cla%s

of ~, (the node that is minimal w.r.tk) and make sure that
the representative’s node label contains the labels of all th
nodes it represents.

Definition 15. LetS = (T, P, <, ~) be a completion system
for a conceptC and akey boxC with T = (V,, Ve, <, ~). We

equivalences as described in Definition 11:
define proceduresat(S)
do
if S contains a clasthen return unsatisfiable
~ := check((s)
computex, and therr.
while ~ # ~
if S contains a clasthen return unsatisfiable
if S'is completehen return satisfiable
apply a completion rule t8 yielding S’
return sat(S’)
The algorithm realizes a tight coupling between the con-
grete domain reasoner and the tableau algorithm: if the con-
ete domain reasoner finds that two concrete nodes are equal,
e tableau algorithm may use this to deduce (via the com-
Butation of~, and=.) even more equalities between con-
Crete nodes. The concrete domain reasoner may then return
in check((s) further “equalities”~ and so forth.
A similar interplay takes place in the course of several re-
cursion steps: equalities of concrete nodes provided by the



concrete domain reasoner may make new rules applicable (f@oolean key boxes—provided that the concrete dorfiaia
exampleRp and therR3c) which change® and thus alsqg. not too complex, i.e., extenddd-satisfiability is in NP.

This may subsequently lead to the detection of more equali-
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