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We provide two di�erent model theoretic characterizations of a newfragment of �rst-order logic which we call d-Horn formulas. This frag-ment is dual to the well know Horn fragment and have the same com-plexity for provability. The method used in the characterization (syn-tactic translation functions between formulas which are mimicked bytranslation functions between models) might be applied to character-ize other �rst-order restrictions.Keywords: Horn Formulas, d-Horn Formulas, Model Theoretic Charac-terizations.1 IntroductionThe Horn restriction of �rst-order logic (FO) is known to be a relevant frag-ment specially for Computer Science, its main import being that Horn theo-rem proving is polynomial via the SLD resolution method. For instance, thePROLOG programming language is based on the Horn fragment.In this work we identify a new restriction of FO, the d-Horn set, thatpossesses the same complexity for theorem proving. We present a syntacticde�nition and di�erent model-theoretic characterizations of d-Horn formulas.1



While not disjoint, Horn and d-Horn seem to be dual FO restrictions.Some examples of sentences in these classes are: re
exivity (8x)P (x; x), ir-re
exivity (8x):P (x; x) and symmetry (8xy)(P (x; y)! P (y; x)) are all Hornas well as d-Horn sentences; transitivity (8xyz)(P (x; y)^P (y; z)! P (x; z))is a Horn sentence not equivalent to any d-Horn sentence; but there arealso d-Horn formulas which are not Horn formulas, witness the sentence forconnectedness (8xy)(P (x; y) _ P (y; x)).We de�ne a syntactic translation function (of linear complexity) thatmaps Horn formulas to d-Horn formulas, and conversely, and possesses thecrucial property of preserving satis�ability. This is the key fact to be usedin showing that theorem provability for the d-Horn fragment has also poly-nomial complexity.The purely model theoretic characterization of d-Horn formulas (withouttranslation functions) is as follows: the set of d-Horn formulas can be charac-terized as the set of formulas whose validity is preserved under dual reducedproducts of models (an operation de�ned as a variant of the reduced product[1].)The sort of duality explored in this work suggests studying a similarbehavior for other sets of FO formulas, as for example the set of positiveformulas characterized by preservation under homomorphisms.2 The Propositional CaseWe start with a simple result in Propositional Logic (PL) which motivatesour further research in FO.Conditional sentences in PL are de�ned in [1] and a model theoretic char-acterization is also known:De�nition 2.1 (Conditional Sentences) A conditional sentence is a con-junction '1 ^ : : : ^ 'n in PL such that each 'i is either� a propositional symbol S,� a disjunction of negated propositional symbols :S1 _ : : : _ :Sn, or� a disjunction of negated propositional symbols and a propositionalsymbol :S1 _ : : : _ :Sn _ Sn+1.Theorem 2.2 (Characterization of Conditional Sentences) A theory� of PL is preserved under intersections if and only if � has a set of conditionalaxioms. 2



Where \to be preserved under intersections" means that for a non emptyindex set I, fAi j= �gi2I ) Ti2I Ai j= �. Since models in PL can be thoughtsimply as sets of propositional variables (those which are true in the model),the concept of intersecting models is well de�ned.Consider now the dual pattern: conjunction of sentences where only atmost one negative propositional symbol appeared in disjunction with positivepropositional symbols (which we called quasi-positive sentences.) A similarcharacterization for this set is not hard to �nd.Theorem 2.3 (Characterization of Quasi-Positive Sentences) A the-ory � of PL is preserved under unions if and only if � has a set of quasi-positiveaxioms.Proof. To prove the right to left implication it su�ces to show that quasi-positive sentences are preserved by unions. Namely, let ' be quasi-positiveand take two models such that A j= ' and B j= ' we have to show thatA[ B j= '.If ' is a positive sentence then clearly fromA j= ' we can inferA[B j= '.Suppose then that ' = (:Si_ ) for Si 2 IP and  a positive sentence. Thereare two cases:� If Si 2 A then A j= (:Si _  ) implies A j=  . Then A [ B j=  , since is positive, and A [ B j= :Si _  .� If Si 62 A then again there are two cases{ If Si 2 B then B j=  . Then A [ B j=  , and A [ B j= :Si _  .{ If Si 62 B then Si 62 A[B andA[B j= :Si. HenceA[B j= :Si_ .Let's see now the hard direction. Suppose � is preserved under unions. Let �the set of quasi-positive consequences of �. It su�ces to show that if B j= �then B j= �.Let B a model for �. For each Si 2 B we de�ne �Si the set of sentencesSi ^  where  is negative, that are true in B. Let's notice that the �niteconjunction of elements of �Si is equivalent to a sentence in �Si .Let ' 2 �Si . Clearly :' is equivalent to a quasi-positive sentence � thatis falsi�ed in B. Then, :' is not a consequence of �, therefore � [ f'g issatis�able. Hence, � [ �Si is satis�able.Let ASi be a model of � [ �Si . If Si 2 B then Si 2 ASi. B � SSi2BASi.3



We show SSi2BASi � B. Namely Sj 2 SSi2BASi implies Sj 2 B. Bycontraposition, Sj 62 B implies Sj 62 SSi2BASi.If Sj 62 B then B j= :Sj and Si ^ :Sj 2 �Si ; 8Si 2 B. Thus, Sj 62ASi; 8Si 2 B. Thus Sj 62 SSi2BASi. Hence B = SSi2BASi.Now, each ASi is a model of �[�Si and, a fortiori, a model of �. However,� is preserved by unions, then SSi2BASi is a model of �. As B = SSi2BASi,B is a model of �. qedThis result in no more than a simple exercise in basic model theory. Butwhat is interesting is that given the characterization for positive formulas,we can give a much simpler proof, by using translation functions.De�nition 2.4 (Translation Function tL) Let tL : L �! L be de�nedrecursively as:tL(S) = :S, for S a propositional symbol.tL(:S) = S, for S a propositional symbol.tL(' _  ) = tL(') _ tL( ).tL(' ^  ) = tL(') ^ tL( ).It is clear that if ' is a conditional sentence then tL(') is a quasi-positivesentence, and vice versa. Suppose furthermore that we de�ne the followingtranslation between PL models.De�nition 2.5 (Translation Function tM) Let tM :M 7!M be de�nedsimply as tM(A) = Ac.Again, by the fact that PL models are sets of propositional symbols thetranslation is well de�ned. We will soon drop the superscripts L and M whenno confusion arises. An important characteristic of this translations is thatthey preserve validity.Proposition 2.6 Let ' be a conditional sentence or a quasi-positive sen-tence and A a PL model, then A j= ' i� t(A) j= t(').Now we can reprove the characterization theorem as follows.Theorem 2.7 (Characterization of Quasi-Positive Sentences) A the-ory � of PL is preserved under unions if and only if � has a set of quasi-positiveaxioms. 4



Proof.)) Let � be the set of quasi-positive axioms for �. Let also Ai; i 2 Ibe PL models such that Ai j= �. By de�nition, t(�) is a set of condi-tional sentences. By Proposition 2.6 above, t(Ai) j= t(�). By Theorem 2.2,Ti2I t(Ai) j= t(�). I�, t(Ti2I t(Ai)) j= t(t(�)). I� Si2I Ai j= �.() Now, let � be preserved under unions. We claim that t(�) is preservedunder intersections. To prove it, take I;Ai; i 2 I such that Ai j= t(�). I�t(Ai) j= �. As � is preserved under unions, Si2I t(Ai) j= �, i� t(Si2I t(Ai)) j=t(�). That is, Ti2I Ai j= t(�). Applying now Theorem 2.2 we have that t(�)has a set of conditional axioms �. But then t(�) is a set of quasi-positiveaxioms for �. qedThe reader might wonder which is the relation between these results andHorn/d-Horn formulas. If attention is given to the de�nition of conditionalsentence, it will be noted that they are \the Horn formulas of PL" while wewill de�ne d-Horn formulas as the FO equivalent of quasi-positive sentences.Furthermore, the techniques used in the last characterization result for quasi-positive formulas can be lifted (mutatis mutandis) directly to FO. This is thetopic of the next section.3 Horn and d-Horn FormulasIn this section, L denotes a �rst order language, with the usual notationalconventions. We use � as the identity symbol. A �rst order model is a tupleA = hA; fRi j i 2 I1g; ffi j i 2 I2g; fci j i 2 I3gi such that A is a non-emptydomain, Ri; i 2 I1 are relations over A, fi; i 2 I2 functions on A and ci; i 2 I3constants in A. We start by stating the characterization of Horn formulas aspresented in [1].De�nition 3.1 (Horn formulas) A formula ' of L is said to be a basicHorn formula i� ' is a disjunction of formulas �i, ' = (�1 _ : : : _ �m) whereat most one of the formulas �i is an atomic formula, the rest being negationsof atomic formulas.Horn formulas are built up from basic Horn formulas with the connectives^, 9 and 8. A Horn sentence is a Horn formula with no free variables.The characterization uses the notion of reduced products.5



De�nition 3.2 (Filter, Ultra�lter and Reduced Product) Let I be anonempty set, and P(I) the set of all subsets of I. A �lter D over I is a setD � P(I) such that:(i) I 2 D.(ii) If X; Y 2 D then X \ Y 2 D.(iii) If X 2 D and X � Z � I then Z 2 D.D is a proper �lter i� it is not the improper �lter P(I). D is said to be anultra�lter over I i� D is a �lter over I such that for all X 2 P(I), X 2 Di� (I nX) 62 D (ultra�lters are always proper.) Given models Ai; i 2 I, thereduced product over a nonempty proper �lter D (not. �DAi) is the modeldescribed as follows:(i) The domain of �DAi is �DAi the reduced product of Ai modulo D.(ii) Let R be an n-ary relation symbol. The interpretation of R in �DAi isthe relation R�DAi(f 1D : : : fnD) if and only if fi 2 Ij RAi(f 1(i) : : : fn(i))g 2 D.(iii) Let F be an n-ary function symbol. Then F is interpreted in �DAiby the function F�DAi(f 1D : : : fnD) = hFAi(f 1(i) : : : fn(i)) : i 2 IiD.(iv) Let c be a constant. Then c is interpreted by the element c�DAi =hcAi : i 2 IiD.Theorem 3.3 ([1]. Theorem 6.2.5. Horn Characterization) LetAi fori 2 I be models. Let D be a proper �lter on I and f 1; : : : ; fn be elements of�i2IAi. A formula '(x1 : : : xn) is equivalent to a Horn formula i�fi 2 Ij Ai j= '[f 1(i) : : : fn(i)]g 2 D) �DAi j= '[f 1D : : : fnD]:As in the propositional case, a good de�nition of translation functions tLand tM lets us capture, using the above result, the set of d-Horn formulas.We start by de�ning this set. Intuitively, d-Horn formulas are built exactlythe same as Horn formulas but with negated atoms where Horn formulasallow for positive atoms and vice versa, but special care has to be taken withequality (which has a �xed meaning on model and cannot be \adjusted" bythe model translation tM.)De�nition 3.4 (d-Horn Formulas) A formula ' of L is said to be a basicd-Horn formula i� ' = (�1 _ : : : _ �m), where at most one atomic identityformula (those of the form t1 � t2) appears non negated and all atomic nonidentity formulas appear non negated; or (exclusive) all atomic identity for-mulas appears negated and at most one atomic non identity formula appearsnegated. 6



d-Horn formulas are built up from basic d-Horn formulas with the con-nectives ^, 9 and 8. A d-Horn sentence is a d-Horn formula with no freevariables.It is easy to see now that the sets of Horn formulas and d-Horn formulas arenot disjoint. Any atomic formula is both Horn and d-Horn; so is the negationof an atomic formula, and so is an implication of a positive atomic antecedentand a positive atomic consequent. Identity formulas are a special case, beingHorn if and only if they are d-Horn. While Horn formulas include all thenegative formulas (namely, formulas just involving negated atoms) d-Hornformulas include all positive formulas free of identity.As it was said before, the formulas for re
exivity (8x)P (x; x), irre
ex-ivity (8x):P (x; x) and symmetry (8xy)(P (x; y) ! P (y; x)) are all Hornas well as d-Horn sentences. In contrast, the formula for connectedness(8xy)(P (x; y) _ P (y; x)) is d-Horn but not Horn. The formula for transi-tivity (8xyz)(P (x; y) ^ P (y; z) ! P (x; z)) is Horn but not d-Horn. Theformula (8xyz)(P (x; y) ^ P (y; z) ! (P (x; z) _ P (z; x)) is neither Horn nord-Horn. It is quite straightforward to de�ne a translation function that takesHorn formulas to d-Horn and conversely.De�nition 3.5 (Translation Function tL) Let tL : L �! L be de�nedrecursively as:tL(') = ' if ' is an atomic or negated atomic identity formula.tL(') = :' if ' is an atomic non identity formula.tL(:') = ' if ' is an atomic non identity formula.tL(' _  ) = tL(') _ tL( ).tL(' ^  ) = tL(') ^ tL( ).tL((8x)') = (8x)tL(').tL((9x)') = (9x)tL(').tL is de�ned in such a way that the image of a Horn formula is a d-Hornformula and vice versa. The translation function for models tM is simpler.De�nition 3.6 (Translation Function tM) Let tM :M 7!M be de�nedsimply as tM(hA, fRi j i 2 I1g; ffi j i 2 I2g; fci j i 2 I3gi) = hA; fRci j i 2I1g; ffi j i 2 I2g; fci j i 2 I3gi. Hence, tM(A) is identical with A but has asrelations the complements of the relations in A.Now we must check that satis�ability is preserved by the translations.7



Proposition 3.7 (Satis�ability Preservation) Let A be a model and 'be a Horn or d-Horn formula, then A j= '[a1 : : : an] i� t(A) j= t(')[a1 : : : an].Proof. The proof is by induction on '. The only interesting cases beingwhen ' is atomic or negated atomic as in all the other cases t commutes overthe formula.Suppose ' is an atomic identity formula. Then ' = (t1 � t2). By thetranslation function t(') = ' = (t1 � t2). Then as A and t(A) give the sameinterpretation to functional and constant symbols, A j= (t1 � t2)[a1 : : : an]i� t(A) j= t(t1 � t2))[a1 : : : an]. And the same is true for a negated atomicidentity formula.Suppose ' is ' = Ri(t1 : : : tm) for some relational symbol Ri and terms tj.Then t(') = :Ri(t1 : : : tm). Now, A j= '[a1 : : : an] i� (tA1 [a1 : : : an] : : : tAm[a1: : : an]) 2 RA i� (tA1 [a1 : : : an] : : : tAm[a1 : : : an]) 62 (Rc)A. By the fact thatA and t(A) give the same interpretation to functional and constant symbolsand the de�nition of tL, tM, t(A) j= t(')[a1 : : : an]. qedNow we can derive some useful properties of the translations.Proposition 3.8 (Properties of the translations)1. tL and tM are involutive: tL(tL(')) = ' and tM(tM(A)) = A.2. j= ('!  ) i� j= (tL(')! tL( )).3. For any ' 2 L, ' is equivalent to a Horn formula i� tL(') is equivalentto a d-Horn formula.(Above we apply t to the formula ' where negation appears only for atoms.Every �rst-order formula has an equivalent which satis�es this condition.)Proof.1. Trivial.2. We prove the left to right implication. The other is similar.Suppose not. Then j= (' !  ) but 6j= (tL(') ! tL( )). Hence thereexists some model A such that A 6j= (tL(')! tL( )) i� tL(A) 6j= tL(tL(')!tL( )) i� tL(A) 6j= tL(tL(')) ! tL(tL( )) i� tL(A) 6j= ' !  contradictingthe hypothesis.3. Let ' be equivalent to a Horn formula  . Then j= ' $  i� j=tL(')$ tL( ) and tL( ) is a d-Horn formula. qed8



These results let us extend the characterization results of Horn formulas tod-Horn formulas in the following way.Theorem 3.9 (Indirect d-Horn Characterization) Let Ai for i 2 I bemodels of L. Let D be a proper �lter on I and f 1; : : : ; fn be elements of�i2IAi. A formula '(x1 : : : xn) is equivalent to a d-Horn formula i�fi 2 Ij Ai j= '[f 1(i) : : : fn(i)]g 2 D) �Dt(Ai) j= t(')[f 1D : : : fnD]:Proof.)) Suppose that ' is a d-Horn formula and that fi 2 Ij Ai j= '[f 1(i): : : fn(i)]g 2 D holds. If and only if by Proposition 3.7 fi 2 Ij t(Ai) j=t(')[f 1(i) : : : fn(i)]g 2 D.As t(') is a Horn formula, it is preserved by reduced products: �Dt(Ai) j=t(')[f 1D : : : fnD]() Suppose that ' is such that whenever fi 2 Ij Ai j= '[f 1(i) : : :fn(i)]g 2 D then �Dt(Ai) j= t(')[f 1D : : : fnD], and fi 2 Ij t(Ai) j= t(')[f 1(i): : : fn(i)]g 2 D. Finally, �Dt(Ai) j= t(')[f 1D : : : fnD].Hence, t(') is equivalent to a Horn formula. Now t(t(')) is equivalent toa d-Horn formula by Proposition 3.8 and by involution, ' is equivalent to ad-Horn formula. qedIt is possible yet to simplify the expression of Theorem 3.9 to one just contain-ing the model translation using involution: t(�Dt(Ai)) j= t(t('))[f 1D; : : : ; fnD]i� t(�Dt(Ai)) j= '[f 1D; : : : ; fnD]. The theorem would then read:Theorem 3.10 (Indirect d-Horn Characterization) Let Ai for i 2 Ibe models of L. Let D be a proper �lter on I and f 1; : : : ; fn be elements of�i2IAi. A formula '(x1 : : : xn) is equivalent to a d-Horn formula i�fi 2 Ij Ai j= '[f 1(i) : : : fn(i)]g 2 D) t(�Dt(Ai)) j= '[f 1D : : : fnD]:Even though this last formulation involves only translations between models,we are interested now in a direct characterization of d-Horn formulas; namely,one that also eliminates the translation for models. To make a parallel withthe propositional case we are now in a case where we prove the result for(Ti2I Aci)c and we are after a results which proves (Ti2I Aci)c = Si2I A.We introduce a new construction on models, called dual reduced product,notated as ��D. 9



De�nition 3.11 (Dual Reduced Product) Given models Ai; i 2 I, andD a nonempty proper �lter, the dual reduced product ��DAi is the modeldescribed as follows:(i) The domain of ��DAi is �DAi.(ii) Let R be an n-ary relation symbol. The interpretation of R in ��DAi isthe relation R��DAi(f 1D : : : fnD) if and only if (9U an ultra�lter)(D � U ^ fi 2Ij Ri(f 1(i) : : : fn(i))g 2 U).(iii) Let F be an n-ary function symbol. Then F is interpreted in ��DAiby the function F��DAi(f 1D : : : f 1D) =hFi(f 1(i) : : : fn(i)) : i 2 IiD.(iv) Let c be a constant. Then c is interpreted by the element c��DAi =hai : i 2 IiD.Hence, dual reduced products are exactly like reduced products in theirclauses for universes, functions and constants. What changes is the conditionfor the relations (this is in accordance to the translation between models wewere using.) Perhaps surprisingly, the de�nition of dual reduced products isexistential in nature (\there exists an ultra�lter U . . . "), but if we consideragain the propositional case we see that for an element to be in the union set,it needs to be just in one of the sets, contrasting with the universal de�nitionof intersection.To prove that this construction is the one we where looking for, we have tocheck that it coincides with the construction obtained through the translationfunction.Proposition 3.12 Let Ai be models for L, D be a proper �lter on I, then��DAi = t(�Dt(Ai)).Proof. As the translation does not change the universe of the model, orthe interpretation of function and constant symbols these elements are int(�Dt(Ai)) the same as in �DAi and the same is true for ��DAi.It rests to check the interpretation of the relation symbols.Suppose that R is an n-ary relational symbol of L. We have to checkthat given f 1; : : : ; fn 2 ��DAi, R(f 1D : : : fnD) 2 ��DAi i� (Rf 1D : : : fnD) 2t(�Dt(Ai)).Suppose that R(f 1D : : : fnD) 2 t(�Dt(Ai)) i� R(f 1D : : : fnD) 62 �Dt(Ai) i�fi 2 Ij Rt(Ai)(f 1(i) : : : fn(i))g 62 D i�fi 2 Ij (Ri)c(f 1(i) : : : fn(i))g 62 D i� fi 2 Ij :Ri(f 1(i) : : : fn(i))g 62 D.10



() But then it is consistent to extend D to a set DExt in such a way asto get fi 2 Ij Ri(f 1(i) : : : fn(i))g 2 DExt and furthermore, we can make thisextension maximal and take an ultra�lter U .)) Now suppose there exists an ultra�lter U extending D such thatfi 2 Ij Ri(f 1(i) : : : fn(i))g 2 U , we want to prove that fi 2 Ij :Ri(f 1(i) : : :fn(i))g 62 D.Suppose not, then as U extends D we have fi 2 Ij :Ri(f 1(i) : : : fn(i))g 2U . But by hypothesis fi 2 Ij Ri(f 1(i) : : : fn(i))g 2 U and these two setsare complementary, arriving to a contradiction with the choice of U as anultra�lter. qedIt would be very rewarding to �nd a direct proof for d-Horn characterizationin terms of the dual reduced product operation, hopefully simpler than theproofs known for Horn characterization. Such a proof could provide an indi-rect Horn characterization following the same process used in this work butfrom d-Horn to Horn. The \hope" for a simpler proof comes from the sim-ilarities of the d-Horn fragment with the positive formulas (remember thanthe propositional set was called quasi-positive) and the easy characterizationresult of positive formulas via homomorphisms.The dual reduced product of a set of models is a new model theoretic con-struction that might have interesting properties besides those presented inthis work. We will brie
y comment on the connections between reducedproducts and dual reduced products. It is easy to observe that the satisfac-tion of a formula R(t1 : : : tm) in a given reduced product �DAi and valuation[a1 : : : an] implies satisfaction in the corresponding dual reduced product.Proposition 3.13 Let Ai; i 2 I be models, D be a proper �lter on I,f1; : : : ; fm be elements of �DAi then R�DAi(t1 : : : tn)[f 1D : : : fmD ] impliesR��DAi(t1 : : : tn)[f 1D : : : fnD].The proof only relies on the fact that every proper �lter can always be ex-tended to an ultra�lter. It is interesting to check when the converse holds.Apparently, only when D is an ultraproduct, which is a trivial case. Supposewe de�ne a relation E(I;D), where I is a set and D is a proper �lter onI and that re
ects the property we are studying now, namely, that for thisspecial proper �lter D on set I, the constructions �D and ��D are equivalent.This condition is really a condition about the relations because the only dif-ference between the two constructions is how the relational symbols in the11



language are interpreted. Actually, E(D; I) i� (8fAigi2I) (8n 2 IN) (8R)(8f 1D; : : : fnD 2 �DAi)R�DAi(f 1D : : : fnD)$ R��DAi(f 1D : : : fnD).We know that R�DAi is always included in R��DAi . So in order to satisfyE(D; I) it is necessary and su�cient that R��DAi � R�DAi holds. But as wesaw in the proof of Proposition 3.12 for this to be true we need D to be anultra�lter. Perhaps, setting further conditions on R or fAig; i 2 I we canobtain a less strict condition on D, which we leave outside the scope of thiswork.4 The Interest of the d-Horn RestrictionGiven the great celebrity that the Horn restriction enjoys, the examples wehave given here suggest that the d-Horn restriction might be of interest.As we already remarked, the formula for connectedness is a proper d-Hornsentence and so are (identity free) positive sentences. Hence, the expressivepower of the d-Horn restriction is di�erent from Horn's. In this short andquite undeveloped section we reveal the possible signi�cance of the d-Hornrestriction. The ideas we are presenting here are part of our future work.Complexity Remarks of d-Horn Fragment The syntactic translationwe presented maps Horn formulas to d-Horn formulas preserving satis�ability.Therefore, due to the soundness and completeness of FO, theoremhood inHorn and in d-Horn are in direct correspondence. Theorem proving for theHorn fragment has polynomial complexity, via SLD resolution [3]. Sincethe complexity of our translation function is linear, theorem proving is alsopolynomial for d-Horn. For instance, let � be a d-Horn theory and ' a d-Hornformula, and suppose we want to check if � j= ' holds. By Corollary 3.7,this is the case if and only if t(�) j= t(') holds. Given that t(�) is equivalentto a Horn theory and t(') a Horn formula, a derivation can be found inpolynomial time by SLD resolution.The Translation Function and Deduction Patterns Following C. S.Peirce [2], given a theory and a sentence two di�erent sorts of logical inferencecan be performed, deduction and abduction, being dual forms of inferencewith respect to Modus Ponens. For example, consider the sentence (' ^ ) ! �. Given (' ^  ), sentence � can be deduced. However, given �, viaabduction ('^ ) is obtained. Numerous Arti�cial Intelligence logic oriented12



applications are based on abductive reasoning, like causation, explanation,language and image interpretation. From what we have already seen it isplain that the translation function carries through deduction. It also comesinto obvious to realize that the translation function t carries through theabductive inference too. For any theory � and formulas '; �. �[f�g j= ' i�t(�)[ft(�)g) j= t(') i� t(�)[ft(:')g j= t(:�). This last expression revealsa special behavior when '; � are atomic non-identity formulas, obtaining�[f�g j= ' i� t(�)[f'g j= �. This is a curious correlation since models for� and models for t(�) in many cases are disjoint.4.1 Illustrating d-Horn characterization resultsThis section deals with examples of FO sentences illustrating (proper) mem-bership in the Horn and d-Horn restrictions.Let's give a concrete example to illustrate the translation function overthe �rst order language, the translation function over models and the preser-vation result for d-Horn formulae. Let ' be the characteristic axiom forconnectivity, which is a d-Horn sentence.' = (8xy)(P (x; y) _ P (y; x)) = (8xy) (x; y)(observe that ' implies re
exivity of the relation involved.)Let the index set be I = f1; 2; 3g and let Ai; i 2 I be models of L.We follow the usual convention that in models Ai relation symbols P areinterpreted by relations Ri. Let Ai;A2;A3 three models satisfying ':A1 = hfag; R1i, where R1 = f(a; a)g,A2 = hfa; bg; R2i, where R2 = f(a; a); (b; b); (a; b)g, andA3 = hfa; bg; R3i, where R3 = f(a; a); (b; b); (b; a)g.Hence we have Ai j= ':Now let's turn to the translation function over ', which yields a Hornsentence. (t(') implies irre
exivity of the relation it denotes.)t(') = (8xy)(:P (x; y) _ :P (y; x)):Let's apply the translation function over the Ai models:t(A1) = hfag; Rc1i, where Rc1 = t(R1) = fg,t(A2) = hfa; bg; Rc2i, where Rc2 = t(R2) = f(b; a)g, andt(A3) = hfa; bg; Rc3i, where Rc3 = t(R3) = f(a; b)g.13



We want to illustrate our result that says that a formula '(x1 : : : xn) isequivalent to a d-Horn formula thenfi 2 I : Ai j= '[a1(i); : : : ; an(i)]g 2 D) �Dt(Ai) j= t(')[a1D : : : anD]:Let's turn now to the reduced product of models t(Ai). Consider the proper�lter D = ff2; 3g; f1; 2; 3gg on I = f1; 2; 3g.�Dt(Ai) = h�DAi; Riwhere �DAi = f[(aaa)]; [(aba)]; [(aab)]; [(abb)]gand R = f[(aba)]; [(aab)]g since f2; 3g = fi 2 Ij Rci (f 1(i); f 2(i)g:�D(t(Ai)) satis�es t('), namely, �D(t(Ai)) j= (8xy)(:P (x; y) _ :P (y; x)).We can also use the example to see that t(�Dt(Ai)) j= '[a1D : : : anD].Given that ' is a sentence, we can drop the assignment.t(�Dt(Ai)) = t(h�DAi; f([aba]; [aab])gi) = h�DAi; Si;where S = f(x; y)j x; y 2 �DAig n f([aba]; [aab])g:S contains every pair of elements but f([aba]; [aab])g. Clearly, h�DAi; Ri j=(8xy)(P (x; y) _ P (y; x)).We can use the example further to illustrate that the pair ([aba]; [aab]) isnot in the relationR for the dual reduced product construction. By de�nitionof relations in a dual reduced product, f([aba]; [aab])g 2 R i� there exists anultra�lter U � D such that fi 2 I : Ri(f 1(i); : : : ; fn(i))g 2 U . Speci�cally,f([aba]; [aab])g 2 R () 9Us:t:fi 2 I : Ri([aba](i); [aab](i))g = f1g 2 UGiven that genf2g and genf3g are the only ultra�lters extending D, clearlyf1g 62 genf2g and f1g 62 genf3g. Hence ([aba]; [aab]) 62 R.A d-Horn formula which is not Horn We know from its syntactic formthat the characteristic axiom for connectedness is d-Horn. Let's prove nowthat there is no equivalent Horn formula. We will use the characterizationresult for Horn formulae that says that a formula '(x1 : : : xn) is equivalentto a Horn formula i�fi 2 I : Ai j= '[a1(i); : : : ; an(i)]g 2 D) �DAi j= '[a1D : : : anD]:14



We can reuse models A1;A2;A3 and the �lter D = ff2; 3g; f1; 2; 3gg inorder to show that their reduced product does not validate the formula ofconnectedness. �DAi 6j=  [([aba]; [aab])]:As �DAi is not a model for ', ' is not equivalent to a Horn formula.d-Horn formulae are not preserved under direct products As ex-pected, d-Horn formulae in general are not preserved under direct products.Again let's reuse the example to prove it.A2 �A3 = hA2 � A3; Ri;where R = h ([aa], [aa]), ([ab], [ab]), ([ba], [ba]), ([bb], [bb]), ([aa], [ba]), ([ab],[aa]), ([ab], [bb]), ([bb], [ba]) i. It su�ces to show that there is an instancewhere  is not satis�ed. In particular, A2 �A3 6j=  ([aa]; [bb]).Neither Horn nor d-Horn Let's consider the following sentence' � (8xyz)(P (x; y) ^ P (y; z)! P (x; z) _ P (z; x)) = (8xyz) (x; y; z):We prove that ' is not equivalent to a Horn formula. Take models A1 =hfa; b; cg; R1i such that R1 = f(a; b); (b; c); (a; c)g and A2 = hfa; b; cg; R2isuch that R2 = f(a; b); (b; c); (c; a)g. Clearly Ai j= '. Let's consider thetrivial �lter D = f1; 2g. Now,�DAi 6j=  [[(a; a)]; [(b; b)]; [(c; c)]]:Therefore ' is not equivalent to any Horn formula.Let's see now that ' is not equivalent to a d-Horn formula. Considertwo new models A1 = hfa; b; cg; R1i such that R1 = f(a; b)g and A2 =hfa; b; cg; R2i such that R2 = f(b; c)g. Clearly Ai j= '. Consider again thetrivial �lter D = f1; 2g. Now,��DAi 6j=  [[(a; a)]; [(b; b)]; [(c; c)]]:Therefore ' is not equivalent to any d-Horn formula.
15



5 Conclusions and Future WorkIn this study we have identi�ed a FO restriction that we named d-Horn,for which we have provided syntactic and model theoretic characterizations.The Horn and d-Horn are linked through translation functions that preservesatis�ability and have been used to carry on Horn properties over to thed-Horn set. In particular, the complexity of d-Horn theorem proving is poly-nomial via SLD resolution. d-Horn formulas include all the positive otherthan identity, resembling disjunctive databases in Computer Science.A number of problems remain as future work. The same dual patternexplored in this study seems applicable to other sets of FO as the positiveformulas, preserved via homomorphisms. As already remarked it can be ofconsiderable interest to obtain a direct simple proof of our d-Horn character-ization result. Then following the reverse path we have used in this work wecould provide for a simpler indirect Horn characterization result A quite dif-ferent line of research is to study the Horn and d-Horn restrictions of ModalLogic (ML), requiring the appropriate translation functions. Given that theDeduction Theorem does not hold in general for ML, it would be interestingto consider the correlation between abductive and deductive inference overtheories and translated theories.Acknowledgments: We would like to thank Dr. Guillermo Martinez forhis corrections, directions and all the valuable discussions.References[1] Chang, C. and Keisler, H. Model Theory. Elsevier Science Publishers B.V., 1977.[2] Rescher, N. Peirce's Philosophy of Science: Critical Studies in his Theoryof Induction and Scienti�c Method. University of Notre Dame Press.Notre Dame, 1978.[3] Sch�oning, U. Logic for Computer Scientists. Birkh�auser, 1989.
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