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On September 2003 LORIA, the “Laboratoire Lorrain de Recherche en Informa-
tique et ses Applications” organized the third instance of the Methods for Modal-
ities Workshop (M4M-3) in Nancy, France. As in the previous instances of the
workshop, the focus of the meeting was on reasoning methods, decision methods
and proof tools for modal and modal-like languages and, also as in previous in-
stances, the event was a great place to interchange ideas and obtain an up-to-date
picture of the field.

In addition to about 15 paper presentation, M4M-3 hosted 6 tutorials: Stephane
Demri on (Modal) Logics for Semistructured Data (bis); Claude Kirchner onAn
Introduction to Deduction Modulo; Carsten Lutz onExpressivity and Complexity
of Description Logics with Concrete Domains; Maarten Marx onVariable Free
Reasoning on Finite Trees; Stephan Merz onThe Automata-theoretic Framework
for Model Checking Revisited; and Ralf M̈oller on The Ins and Outs of RACER.
And all that in only 2 days, which made for a very full, but also very interesting
agenda.

Given the quality of the submissions received, the M4M Program Committee de-
cided that a journal special issue was in order, and I took the editorial responsibil-
ities. I decided to have an open call for papers to which all M4M-3 submissions
were invited to contribute, but which also allowed the addition of new articles. The
call was extremely successful, with a total of over 25 papers submitted, and the
selection of the ones to be included in the present issue was not an easy matter.

All papers were carefully reviewed and refereed and the result of about one year of
work is the following selection:

“A general method for proving decidability of intuitionistic modal logics”by Ale-
china and Shkatov. Alechina and Shkatov generalize in this paper a result of Ganz-
inger, Meyer and Veanes on the decidability of the two variable monadic guarded
fragment of FOL with constraints on the guard relations expressible in monadic
SOL to also allow constraints involving several relations. In this way, the frame-
work fits the semantic definitions of many well known intuitionistic modal logics
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where the accessibility relations governing the modalities usually interacts with
the order relation used in the definition of the intuitionistic operators. The result:
straightforwards new proofs of decidability for many intuitionistic modal logics.

“Intuitionistic hybrid logic” by Bräuner and de Paiva. Continuing with the topic of
intuitionistic modal logics, in this paper the authors investigate the effects of ex-
tending a number of such logics with hybrid operators (nominals and the ‘at’ oper-
ator). Sound and complete natural deduction calculi for a wide class of constructive
hybrid logics are provided, and a general normalization theorem and a version of
the subformula property are proved. In this way, the paper shows that constructive
hybrid logics are a viable enterprise opening the way for future applications, and
that the process of ‘hybridization’ does not require a classical basis.

“On modalµ-calculus with explicit interpolants”by D’Agostino and Lenzi. In this
paper, D’Agostino and Lenzi discuss in detail the issue of how the existential bisim-
ulation quantifier can be used to construct uniform interpolants for theµ-calculus.
They provide an explicit form for the uniform interpolant of a given disjunctive
µ-formula, and show that it belongs to the same level of the fix-point alternation hi-
erarchy. Moreover, the paper proves that the result cannot be extended to the whole
logic: while the first two levels of the hierarchy are closed under the existential
bisimulation quantifier, the closure of the third level has already the expressivity
of the wholeµ-calculus. The paper finishes with a complete axiomatization of the
µ-logic extended with the existential bisimulation quantifier.

“Model checking hybrid logics (with and application to semistructured data)”by
Franceschet and de Rijke. Even though the satisfiability problem for many differ-
ent hybrid logics has been, by now, well investigated, the model checking problem
has received considerably less attention. The paper of Franceschet and de Rijke
closes this gap, providing a detailed complexity analysis of this reasoning prob-
lem together with model checking algorithms for a wide spectrum of hybrid lan-
guages. In addition, the paper shows how model checking for hybrid languages can
be used in two different applications (query and constraint evaluation) concerning
semistructured data.

“A general tableau method for propositional interval temporal logics: theory and
implementation”by Goranko, Montanari, Sala and Sciavicco. Temporal logics in-
terpreted over point-based structures (either linear or branching) are widely used
(e.g., in the field of verification) and their theoretical properties are well known. In
contrast,interval based temporal logics, providing a natural framework for repre-
senting and reasoning in several areas of computer science, are much less under-
stood. Goranko, Montanari, Sala and Sciavicco start this paper with an overview
of the current state-of-the-art in the field of interval temporal logics. The main re-
sult of the paper is a general tableaux method for a very expressive interval based
temporal logic which can be easily tailored to most propositional interval temporal
logics proposed in the literature. A first implementation of the tableaux has been
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developed and preliminary testing is discussed.

“Deduction chains for common knowledge”by Kretz and Studer. The Logic for
Common Knowledge includes the modal operatorC with the intended meaning
that Cα is true if all agents knowα, and all agents know that all agents knowα,
. . . A proof system capturing this intended meaning needs to cope with the infinite
nature of the common knowledge operator. Kretz and Studer show in this paper a
very simple and elegant Tait-style proof system which is sound and complete for
the Logic of Common Knowledge.

I close this short editorial with my thanks to the many referees which helped me
screen and select the papers for this special issue, and to the authors of the selected
papers for doing their best at incorporating the many detailed comments from the
referees in their final versions.
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A general method for proving decidability of
intuitionistic modal logics

Natasha Alechina

School of Computer Science and IT, University of Nottingham

Dmitry Shkatov

School of Computer Science and IT, University of Nottingham

Abstract

We generalise the result of Ganzinger, Meyer and Veanes [14] on decidability of the two
variable monadic guarded fragment of first order logic with constraints on the guard re-
lations expressible in monadic second order logic. In [14], such constraints apply to one
relation at a time. We modify their proof to obtain decidability for constraints involving
several relations. Now we can use this result to prove decidability of multi-modal modal
logics where conditions on accessibility relations involve more than one relation. Our main
application is intuitionistic modal logic, where the intuitionistic and modal accessibility
relations usually interact in a non-trivial way.

Key words: Intuitionistic Modal Logics, Decidibility

1 Introduction

In this paper, we present a new general way of proving decidability of multi-modal
modal logics. This method relies on the result of Ganzinger, Meyer and Veanes [14],
that a monadic two-variable guarded fragmentGF 2

mon of classical first-order logic,
where guard relations satisfy conditions that can be expressed as monadic second-
order definable closure constraints, is decidable. Our contribution is a slight gen-
eralisation of this result to account for conditions which involve more than one
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guard relation. We believe that this method is particularly promising for intuition-
istic modal logic, where there exists a variety of systems, most of them semanti-
cally defined, with various conditions connecting the intuitionistic and modal ac-
cessibility relations. General results on decidability and finite modal property of
intuitionistic modal logic have been proved in [34, 33, 35] using an embedding of
intuitionistic modal logics withn modalities in classical modal logics withn + 1
modalities. However, their results can only be used to prove decidability of those
intuitionistic modal logics, for which the corresponding classical logic is known to
be decidable.

The decidability proof presented in this paper does not give a good decision proce-
dure, since it proceeds by reduction to satisfiability of formulas ofSkS (monadic
second-order theory of trees with constant branching factork, [28]) which is non-
elementary2 . It does however provide a rather simple way to establish decidability,
before looking for a decision procedure tailored for a particular logic.

2 Two-variable monadic guarded fragment

We start by definingGF 2
mon as introduced in [14]. In the following definitions,

FV (ϕ) stands for the set of free variables ofϕ, andx stands for a sequence of vari-
ables. We assume a first order language which contains predicate letters of arbitrary
arity, including equality=, and no constants or functional symbols.

Definition 1 The guarded fragmentGF of first-order logic is the smallest set that
contains all first-order atoms and is closed under boolean connectives and the fol-
lowing rule: if ρ is an atom,ϕ ∈ GF, andx ⊆ FV (ϕ) ⊆ FV (ρ), then∃x(ρ ∧ ϕ)
and∀x(ρ→ ϕ) ∈ GF (in such a caseρ is called a guard).

The monadic two-variable guarded fragmentGF 2
mon is the subset ofGF containing

formulasϕ such that (i)ϕ has no more than two variables (free or bound), and (ii)
all non-unary predicate letters ofϕ occur in guards.

3 Closure conditions

In this section we define the form of conditions on guards inGF 2
mon which yield

decidable fragments. We generalise the notion of mso-definable (monadic second

2 Better complexity bounds for the guarded fragment with transitive guards were obtained
in [17] and [31], however their results apply only to transitivity, and it is not clear whether
they could be extended to arbitrary closure conditions, which we need for intuitionistic
modal logics.
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order definable) closure conditions from [14] so that they can apply to more than
one relation.

Definition 2 Let W be a non-empty set. A unary functionC on W is a simple
closure operatorif, for all P ,P ′ ⊆ W ,

(1) P ⊆ C(P) (C is increasing),
(2) P ⊆ P ′ impliesC(P) ⊆ C(P ′) (C is monotone)
(3) C(P) = C(C(P)) (C is idempotent).

Ann + 1-ary functionC on the powerset ofW is a parametrised closure operator
if C(P1, . . . ,Pn,−) for anyP1, . . . ,Pn ⊆ W is a simple closure operator. We use
thenotationCP1,...,Pn for a closure operator parametrised byP1, . . . ,Pn.

Example 3 A reflexive, transitive closure operator for binary relationsTC(P) is
a simple closure operator.

Example 4 A functionInclP
′
(P) = P ′ ∪P is a closure operator parametrised by

P ′.

Definition 5 A condition on relationP is a simple closure conditionif it can be
expressed in the formC(P) = P, whereC is a simple closure operator.

A condition on relationP is aparametrised closure conditionif it can be expressed
in the formCP1,...,Pn(P) = P, whereCP1,...,Pn is a parametrised closure operator.

Example 6 Reflexivity-and-transitivity is a simple closure condition, since it can
be expressed in the formTC(P) = P.

Example 7 ConditionP ′ ⊆ P is a closure condition onP parametrised byP ′,
since it can be stated asInclP

′
(P) = P.

Given a set of closure conditions on a set of relationsS, we want to preclude circu-
larity while closing off relations inS.

Definition 8 LetS be a finite set of relations,C a set of closure conditions on those
relations, andC(P) be all the closure conditions on the relationP from C. C is
acyclic if there is an orderingP1, . . . ,Pn of S such that all parameters inC(Pi+1)
come fromP1, . . . ,Pi.

Furthermore, we are not interested in arbitrary closure operators, but only in those
definable in monadic second-order logic. Let‖ϕ(x1, . . . , xn)‖M stand for the set
of n-tuples satisfyingϕ in modelM.

Definition 9 A closure operatorCP1,...,Pm onn-ary relations is mso (-definable), if

there exists a monadic second-order formulaCP1,...,Pm

P with predicate parameters
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P1, . . . , Pm andP , such that, for any modelM and anyn-ary formulaϕ,

CP1,...,Pm(‖ϕ‖M) = ‖CP1,...,Pm

P (ϕ/P ))‖M.

Example 10 The closure operatorTC is definable by the mso formula

TCP (z1, z2) = ∀X(X(z1) ∧ ∀x, y(X(x) ∧ P (x, y)→ X(y))→ X(z2))

To see thatTCP defines the reflexive, transitive closure ofP , assume that there is
a P -chaina1

P−→ a2 . . . an−1
P−→ an, connectinga1 andan, and thatX(a1) and

∀x, y(X(x) ∧ P (x, y) → X(y)) hold. ThenX(a1) impliesX(a2), X(a2) implies
X(a3), etc.,X(an) is true, soTCP (a1, an) is true. Conversely, suppose there is no
P -chain connectinga1 andan. We can assign toX the set containinga1 and all the
elementsP -reachable froma1, which makesX(an) andTCP (a1, an) false.

Example 11 The closure operatorInclP
′

is definable by the mso (in fact, first-
order) formula

InclP
′

P (z1, z2) = P ′(z1, z2) ∨ P (z1, z2)

Theorem 12 Letφ ∈ GF 2
mon andC be an acyclic set of mso closure conditions on

relations inφ so that at most one closure condition is associated with each relation.
It is decidable whetherφ is satisfiable in a model satisfyingC.

PROOF. The proof is very similar to the proof given in [14] for non-parametrised
closure conditions. In fact, it is slightly simpler, because in the original proof all
relations are assumed to be closed under equivalence (to show decidability of the
fragment with equality). However, closure under equivalence is a special case of a
parametrised closure condition, so we do not need to treat it separately.

Let φ ∈ GF 2
mon and letC be an acyclic set of mso closure conditions on relations

in φ. φ is satisfiable in a model satisfyingC iff N , the Skolemised form ofφ, is
satisfiable in a Herbrand model in which all conditions fromC hold. The idea of
the decidability proof is to reduce the latter problem to satisfiability of formulas
of SkS (the mso theory of trees with constant branching factork), wherek is the
number of Skolem function symbols inN . We construct an mso formulaMSON , in
the vocabulary ofSkS (an mso formula containing only unary relation variables,
unary functions and equality), such thatMSON is satisfiable in a tree model iff
N has a Herbrand model satisfying closure conditions fromC. The construction
proceeds in three stages: defining counterparts for predicate letters, for clauses in
N and finally forN itself.

Stage 1. For each predicateP in N , construct a formulaϕP in the vocabulary of
SkS.
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Let P (t1), . . . , P (tm) be all positive literals ofN containingP . Note that since
φ ∈ GF 2

mon, eachP is either a unary or a binary predicate; each positive literal will
contain at most one free variable. For eachP (ti) above, a new unary second-order
variableXP (ti)

is introduced. Lett[z] be the result of substituting a variablez for
the free variable oft. Then, ifP is a unary predicate,

ϕP (z1) =
m∨
i=1

∃z(XP (ti)(z) ∧ z1 = ti[z])

and ifP is a binary predicate,

ϕP (z1, z2) =
m∨
i=1

∃z(XP (ti1,ti2)(z) ∧ z1 = ti1[z] ∧ z2 = ti2[z])

Intuitively, the relation defined byϕP is the minimal extension ofP .

Next, for each predicate that has a closure condition imposed on it, we define the
closureψP of ϕP with respect to the closure condition onP . For each suchP we
have a single closure conditionCP , which may be parametrised by other predicates.
For simplicity, assume thatCP is parametrised by a single predicateP ′ that, in its
own turn, has a simple closure conditionCP ′. We know, then, thatCP ′ is definable
by anMSO formulaCP ′(z1, z2) containingP ′, andCP is definable by anMSO

formulaCP ′
P (z1, z2), containingP ′ andP . First, we define the closure ofP ′ with

respect to its simple closure condition:

ψP ′(z1, z2) = CP ′(z1, z2)[ϕP ′/P ′]

that is, we replace every occurrence ofP ′ in CP ′(z1, z2) with ϕP ′.

Next, we define the closure ofP with respect to its parametrised condition:

ψP (z1, z2) = CP ′
P (z1, z2)[ψP ′/P ′, ϕP/P ]

In general, for any acyclic setC of conditions on the collection of relationsS, we
first define the simple closures, then the closures parametrised by relations with
simple closure conditions, etc. The acyclicity ofC ensures that this procedure can
be carried out.

Stage 2. For each clauseχ = {ρ1, . . . , ρl} in N , construct a formulaMSOχ in the
vocabulary ofSkS.

For every literalρ in χ, a formulaMSOρ is defined according to the following rule:
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MSOρ =


Xρ(x), if ρ is a non-ground atom containingx

∃zXρ(z), if ρ is a ground atom

¬ψP (t), if ρ is¬P (t)

whereψP is the formula constructed at stage 1. NowMSOχ is defined asMSOχ =∨
ρ∈χMSOρ.

Stage 3. Finally,MSON = ∃X∀x∧
χ∈N MSOχ, whereX are all the free second

order variables andx are all the first order variables in
∧
χ∈N MSOχ.

It remains to show thatN has a Herbrand model satisfying the closure conditions
in C iff MSON is satisfiable in a tree. LetT be the tree corresponding to the term
algebra of the Herbrand universe ofN .

(⇐) Assume thatN has a Herbrand modelA satisfying the closure conditions inC.
We want to show thatT satisfiesMSON . Fix witnesses for second-order variables
Xρ of MSON as follows:

(i) If ti is non-ground, thenXP (ti)
= {a : A |= P (ti[a])}.

(ii) If ti is ground, thenXP (ti)
is a non-empty set.

We know that for each clauseχ of N , and each tuplea,A |= χ(a). This means that
for eacha, there is a literalρ in χ such thatA |= ρ(a). We show that for anya and
ρ, if A |= ρ(a), thenT |= MSOρ(a). HenceA |= χ(a) impliesT |= MSOχ(a).

There are three cases to consider, depending on the form ofρ. The first two (non-
ground atomP (ti) and ground atom) are exactly the same as in [14]. Ifρ is a
negative literal¬P (ti), we need to show thatT |= ¬ψP (t)(a). It suffices to show
that‖ψP‖A ⊆ PA. Indeed, this, together with our assumption thatA |= ¬P (t)[a],
implies T |= ¬ψP (a). First, the definition ofT guarantees that‖ϕP‖A ⊆ PA.

Hence, by monotonicity of closure operators,C
PA

1
P (‖ϕP‖A) ⊆ C

PA
1

P (PA). By defi-

nition of ψP , C
PA

1
P (‖ϕP‖A) = ‖ψP‖A; furthermore, sinceA satisfies conditions in

C, C
PA

1
P (PA) = PA; hence,‖ψP‖A ⊆ PA.

(⇒) Assume thatMSON is true inT . Define a Herbrand modelA as follows. The
universe ofA is the set of nodes ofT , andPA = ‖ψP‖. First, we prove thatA
satisfies closure conditionsC. To this end, we have to show thatCP1

P (PA) = PA.

Indeed,C
PA

1
P (PA) = C

PA
1

P (‖ψP‖) = C
‖ψP1

‖
P (C

‖ψP1
‖

P (‖ ϕP‖)) = C
‖ψP1

‖
P (‖ϕP‖) =

‖ψP‖ = PA.

Finally, we need to show thatA satisfies all clauses inN . This part of the proof is
exactly the same as in [14].
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4 Intuitionistic modal logics

One of the most promising applications of the result above is propositional intu-
itionistic modal logic. Intuitionistic modal logic is simply a modal logic with in-
tuitionistic, rather than classical, base. The work on intuitionistic modal logic has
several motivations: mathematical interest; preference for intuitionistic rather than
classical logic; desire to give intuitionistic account of the notions studied in modal
logic; and suitability of intuitionistic modal logic for modelling certain computa-
tional phenomena. There exists an extensive literature on intuitionistic modal log-
ics, for example [13, 5, 6, 7, 27, 20, 22, 23, 15, 12, 26, 10, 32, 34, 33, 35]. A
comprehensive survey can be found in [29]; for later references, see [36] and [24].

One of the motivations for intuitionistic modal logic is modelling computational
phenomena. A considerable strand of work in this area is based on the work by
Moggi [21] who extended a typedλ-calculus style semantics for functional pro-
gramming languages with an additional construct - a monad - to model effects in
functional programming languages (such as the raising of exceptions etc.). The cor-
respondence between simply-typedλ-calculus and intuitionistic propositional logic
is well known; it turns out that monads correspond to S4-type modalities. This cre-
ated a considerable interest in intuitionistic S4 modal logic, its proof theory and
categorical and Kripke semantics [4, 3, 16, 18, 25, 1, 8, 9, 24]. Other applications
of intuitionistic modal logic to modelling computational phenomena included mod-
elling incomplete information [32], communicating systems [30], hardware verifi-
cation [19, 11], etc.

Intuitionistic modal languages are obtained by adding either or both of the unary
connectives2 (necessity) and3 (possibility) to the language of propositional intu-
itionistic logic, which contains a set of propositional parametersPar = {p1, p2, . . .},
a unary connective∼, and binary connectives∧, ∨, and⇒. Analogously to∀ and
∃, in intuitionistic logic2 and3 are not required to be dual. It is also to be ex-
pected that for example2(ϕ∨∼ϕ) is not valid. In some intuitionistic modal logics,
3(ϕ ∨ ψ) ≡ (3ϕ ∨3ψ) is not valid either; see for example [32].

Kripke semantics of intuitionistic modal logics extends Kripke semantics for intu-
itionistic propositional logic. An intuitionistic Kripke model is a structureM =
(W,R, V ) such that (i)W 6= ∅, (ii) R is a reflexive and transitive binary relation
onW , and (iii) V is a function fromPar into the powerset ofW such that, for
all w ∈ W andp ∈ Par , if w ∈ V (p) andwRv, thenv ∈ V (p) (condition we
will refer to as upward persistence for propositional variables). Elements ofW are
called nodes. Truth at a node is defined as follows (→ and¬ stand for classical
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implication and negation, respectively):

M, w |= p iff w ∈ V (p);

M, w |= ∼ϕ iff ∀v(R(w, v)→ ¬(M, v |= ϕ));

M, w |= ϕ ∧ ψ iff M, w |= ϕ andM, w |= ψ;

M, w |= ϕ ∨ ψ iff M, w |= ϕ orM, w |= ψ;

M, w |= ϕ⇒ ψ iff ∀v(R(w, v)→ (¬(M, v |= ϕ) orM, v |= ψ);

To accommodate formulas of the form2ϕ and3ϕ, intuitionistic Kripke models
are augmented with binary relationsR2 andR3. There is no single accepted way
of defining the meaning of2 and3 in intuitionistic logic. The following clauses
are encountered in the literature (see chapter 3 of [29] for a comprehensive survey):

(21)M, w |= 2ϕ iff ∀v(wR2v →M, v |= ϕ)

(22)M, w |= 2ϕ iff ∀v(wRv → ∀u(vR2u→M, u |= ϕ))

(31)M, w |= 3ϕ iff ∃v(wR3v ∧M, v |= ϕ)

(32)M, w |= 3ϕ iff ∀v(wRv → ∃u(vR3u ∧M, u |= ϕ))

Observe that definition(32) gives rise to a modality which does not distribute over
disjunction (hence to a non-normal modal logic).

On top of the requirement thatR is reflexive and transitive, some additional con-
ditions are usually imposed onR,R2, andR3. As a rule, these conditions specify
the wayR, R2, andR3 interact. For example, the following conditions usually
accompany truth clauses(21) and(31) (see [34]):

R ◦R2 ◦ R = R2 (1)

R ◦R−1
3 ◦ R = R−1

3 (2)

In the conditions above,◦ stands for relational composition:

R ◦R′ = {〈a, b〉 : ∃c (〈a, c〉 ∈ R & 〈c, b〉 ∈ R′)}

Another condition occurring in the literature (see for example [11]) stipulates that

R3 ⊆ R (3)

It turns out that many of the conditions onR,R2 andR3, including conditions (1)
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- (3) above, are mso-definable closure conditions as introduced in Section 3. For
condition (3), see Examples 4 and 7. Below is a proof for (1) and (2).

Proposition 13 Condition of the formP = P ′ ◦P ◦P ′ is an mso-definable closure
condition, provided thatP ′ is reflexive and transitive.

PROOF. Consider a functionCompP
′
(P) = P ′ ◦ P ◦ P ′. If P ′ is reflexive and

transitive, thenP ⊆ P ′ ◦ P ◦ P ′ by the reflexivity ofP ′. P ′ ◦ P ◦ P ′ is obviously
monotone inP; andCompP

′
is idempotent because of the transitivity ofP ′. This

proves thatCompP
′
is a closure operator provided thatP ′ is reflexive and transitive.

Conditions of the formP ′ ◦ P ◦ P ′ = P can be expressed as closure conditions:
CompP

′
(P) = P. This condition is mso-definable; in fact, it is definable by a first

order formula:

CompP
′

P (z1, z2) = ∃x∃y(P ′(z1, x) ∧ P (x, y) ∧ P ′(y, z2))

5 Embedding into the two-variable monadic fragment

In this section, we show that every intuitionistic modal logicL defined semantically
with any of the truth clauses(21)− (32) can be translated intoGF 2

mon.

We define, by mutual recursion, two translations,τx and τy, so that a first-order
formulaτv(ϕ) (v ∈ {x, y}) contains a sole free variablev, which intuitively stands
for the world at whichϕ is being evaluated in the Kripke model.τx is defined by

τx(p) := P (x)

τx(∼ϕ) := ∀y(R(x, y)→ ¬τy(ϕ))

τx(ϕ ∧ ψ) := τx(ϕ) ∧ τx(ψ)

τx(ϕ ∨ ψ) := τx(ϕ) ∨ τx(ψ)

τx(ϕ⇒ ψ) := ∀y(R(x, y)→ (¬τy(ϕ) ∨ τy(ψ)))

τx(2ϕ) := ∀y(R(x, y)→ ∀x(R2(y, x)→ τx(ϕ)))

τx(3ϕ) := ∀y(R(x, y)→ ∃x(R3(y, x) ∧ τx(ϕ)))

τy is defined analogously, switching the roles ofx andy. This translation assumes
modal truth clauses(22) and (32). Clauses for(21) and (31) are even simpler
(and familiar from classical modal logic):

τ ′x(2ϕ) := ∀y(R2(x, y)→ τ ′y(ϕ))

τ ′x(3ϕ) := ∃y(R3(x, y) ∧ τ ′y(ϕ))

9
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Not surprisingly, sinceτx is a natural generalisation of the standard translation of
modal logic into classical predicate logic, the following theorem holds:

Theorem 14 Letφ be an intuitionistic modal formula andM be a class of models
of intuitionistic modal logic. LetM ∈ M. Then,M, w |= φ iff M |= τx(φ)[w]
(whereM is taken as a model of first order logic withR,R2,R3 interpreting
R,R2, R3).

From the theorem it follows that if the satisfiability problem ofGF 2
mon over M is

decidable, then the satisfiability problem of intuitionistic modal logic overM is
decidable.

It is well known that the guarded fragment is decidable over the class of all first or-
der models [2]. Decidability ofGF 2

mon over models with reflexive, transitive guards
is proved in [14]. From this and from the fact that upward persistence for proposi-
tional variables occurring inφ is expressible inGF 2

mon it follows immediately that
basic intuitionistic modal logic (with no conditions connectingR,R2, andR3) is
decidable. The purpose of this paper is to generalise the result of [14] to include
classes of models defined using conditions involving interaction betweenR, R2

andR3.

Theorems 14 and 12 give us our main theorem:

Theorem 15 LetM be a class of intuitionistic modal models defined by an acyclic
set of mso closure conditions onR,R2, andR3 so that at most one closure condi-
tion is associated with each relation, and letφ be an intuitionistic modal formula.
Then, it is decidable whetherφ is satisfiable inM.

6 Examples

In this section, we state several decidability results just to illustrate our approach.

The first example is by no means a surprise, although we doubt if anyone has proved
this for all possible combinations of truth definitions for modalities. Essentially this
is decidability of several flavours of basic intuitionistic modal logic (no conditions
on the modal accessibility relation).

Proposition 16 An intuitionistic modal logicL with two modalities2 and3, de-
fined by a class of models where

R ◦R−1
3 ◦ R = R−1

3

R ◦R2 ◦ R = R2

and employing any of the truth definitions for modalities(21), (22), (31), (32) (in
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any combination, e.g.(21) with (32); possibly with more modalities, provided that
all truth definitions can be translated inGF 2

mon), is decidable.

PROOF. The class of models ofL is defined by the following closure conditions
onR2,R3 andR:

(1) R is reflexive and transitive;
(2) R ◦R−1

3 ◦ R = R−1
3

(3) R ◦R2 ◦ R = R2

There is clearly at most one condition for each of the relationsR, R3 andR2,
and the set of conditions is acyclic. We have shown in Examples 3 and 6 that the
condition onR is a closure condition and in Example 10 that it is mso-definable.
By Proposition 13, conditions onR2 andR3 are also mso-definable closure con-
ditions.

We have shown that the class of models ofL conforms to the conditions of Theo-
rem 15 which proves thatL is decidable.

The next example is related to a known result (decidability ofPLL [11]), but for a
slightly different logic (without fallible worlds):

Proposition 17 An intuitionistic modal logicL with one modality3, defined by a
class of models where

R3 is reflexive and transitive;
R3 ⊆ R

and employing the truth definition(32) for the modality, is decidable.

PROOF. The class of models ofL is defined by the following closure conditions:

(1) TC(R3) = R3;
(2) TC(R) = R;
(3) InclR3(R) = R (see Examples 4 and 7).

This set of conditions is acyclic and each condition is mso definable. However
there are two constraints associated withR: it is required to be closed both with
respect toTC and toInclR3. To satisfy the conditions of Theorem 15 we need to
combine them into one mso definable closure condition. Observe thatTC ◦ InclP ′

is a closure operator with the property that for any relationP,

TC(InclP
′
(P)) = P ⇔ TC(P) = P and InclP

′
(P) = P .
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First of all,TC ◦InclP ′ is monotone and increasing, since bothTC andInclP
′
are.

It is also idempotent, because the result of applyingTC◦InclP ′ to any relationP is
a transitive relation containingP ′, and any subsequent applications ofTC ◦ InclP ′

are not going to change it. So,TC ◦ InclP ′ is a closure operator. To prove that
closure with respect to this operator is equivalent to closure with respect toTC
andInclP

′
separately, observe that one direction is immediate: ifP is closed with

respect toTC andInclP
′

, then it is closed with respect toTC ◦ InclP ′. For the
other direction, assume first that

TC(InclP
′
(P)) = P

butP is not closed with respect toInclP
′
, that is, it is a proper subset ofInclP

′
(P).

But sinceTC is increasing,P is then a proper subset ofTC(InclP
′
(P)), which

contradicts the assumption. Now assume thatP is not closed with respect toTC,
so that it is a proper subset ofTC(P). However, sinceP ⊆ InclP

′
(P ), we have

TC(P) ⊆ TC(InclP
′
(P ))

soP is a proper subset ofTC(InclP
′
(P )), which again contradicts the assumption.

This means that the conditions can be reformulated as

(1) TC(R3) = R3;
(2) TC(InclR3(R)) = R;

and it is straightforward to show that the second condition is mso definable.

Finally, two non-examples. We failed to reformulate the conditionR2◦R ⊆ R◦R2

defining an intuitionistic modal logic in [1] as a closure condition. We also could
not apply our method to the logic IS4 defined in [29], since the truth conditions
for IS4 formulas are defined on pairs(w, d) (wherew is a possible world andd an
element from its domain), so the image of IS4 under the standard translation is not
in GF 2

mon.

7 Conclusions

We have described a general method for proving decidability of an intuitionistic
modal logic by translating it into monadicGF 2 and showing that conditions on
the intuitionistic and modal accessibility relations can be expressed using mso de-
finable closure operators. We illustrate this method by showing that it works for
various truth definitions for modalities and various conditions on the intuitionistic
and modal accessibility occurring in the literature. Most of the decidability results
for particular logics obtained as illustrations of our proof are already known, but
we believe that our method can easily yield new results, especially for logics with
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non-normal modalities defined using the truth definition(32) which are less well
studied. Obviously, the same method works for intuitionistic logic with more than
two modalities, provided all truth definitions can be translated inGF 2

mon.
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fragments of predicate logic.Journal of Philosophical Logic, 27:217–274,
1998.

[3] N. Benton, G. Bierman, and V. de Paiva. Computational types from a logical
perspective.Journal of Functional Programming, 8(2):177–193, 1998.

[4] G. M. Bierman and V. de Paiva. On an intuitionistic modal logic.Studia
Logica, 65(3):383–416, 2000.

[5] R. A. Bull. A modal extension of intuitionistic modal logic.Notre Dame
Journal of Formal Logic, VI(2):142–146, 1965.

[6] R. A. Bull. Some modal calculi based on IC. InFormal Systems and Recursive
Functions, pages 3–7. North Holland, 1965.

[7] R. A. Bull. MIPC as the formalisation of an intuitionistic concept of modality.
Journal of Symbolic Logic, 31(4):609–616, 1966.

[8] R. Davies and F. Pfenning. A modal analysis of staged computation. In Guy
Steele, Jr., editor,Proc. of 23rd POPL, pages 258–270. ACM Press, 1996.

[9] R. Davies and F. Pfenning. A modal analysis of staged computation.Journal
of the ACM, 48(3):555–604, 2001.
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Abstract

Hybrid logics are a principled generalization of both modal logics and description logics,
a standard formalism for knowledge representation. In this paper we give the first con-
structive version of hybrid logic, thereby showing that it is possible to hybridize construc-
tive modal logics. Alternative systems are discussed, but we fix on a reasonable and well-
motivated version of intuitionistic hybrid logic and prove essential proof-theoretical results
for a natural deduction formulation of it. Our natural deduction system is also extended
with additional inference rules corresponding to conditions on the accessibility relations
expressed by so-called geometric theories. Thus, we give natural deduction systems in a
uniform way for a wide class of constructive hybrid logics. This shows that constructive
hybrid logics are a viable enterprise and opens up the way for future applications.

Key words: Hybrid logic, modal logic, intuitionistic logic, natural deduction

1 Introduction

Classical hybrid logic is obtained by adding to ordinary classical modal logic fur-
ther expressive power in the form of a second sort of propositional symbols called
nominals, and moreover, by adding so-called satisfaction operators. A nominal is
assumed to be true at exactly one world, so a nominal can be considered the name
of a world. Thus, in hybrid logic a name is a particular sort of propositional symbol
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whereas in first-order logic it is an argument to a predicate. Ifa is a nominal andA
is an arbitrary formula, then a new formulaa : A called a satisfaction statement can
be formed. The parta : of a : A is called a satisfaction operator. The satisfaction
statementa : A expresses that the formulaA is true at one particular world, namely
the world at which the nominala is true.

The present paper concernsconstructivehybrid logics, that is, hybrid logics where
the classical logic basis has been replaced by a constructive logic basis. A question
we can ask is of coursewhyshould one worry about constructive hybrid logics.

A first, philosophical answer might be that since we “believe” in constructive logics
as well as in hybrid logics, we would like to combine them in one logical system.

A second, more mathematical answer may be simply that we should be able to
define “constructive hybrid logics” since we presume that the main concerns of
hybrid logic are orthogonal to whether the underline logic is constructive or not. We
note that this supposition of orthogonality is justified by a distinction between the
way of reasoning and what the reasoning is about. If we do define basic constructive
hybrid logics and prove for them the kinds of results that we usually prove for
constructive logics (normalization, subformula property, cut-elimination), we learn
more about extant hybrid logics and we provide more evidence that hybrid logics
are important in their own right3 .

A third, pragmatic answer, or perhaps one geared to applications, is that if one needs
to construct a logic of contexts with certain characteristics, perhaps a constructive
basic hybrid logic might be the right foundation for this kind of application. The
basic intuition here is that the satisfaction operators of hybrid logic might be just
the syntactic tool required to construct logics that pay attention to contexts with
certain desirable features. This hypothesis can only be checked, once we have de-
fined and investigated one or more basic constructive hybrid logics, at least to some
extent. Moreover, we reckon that a modal type theory based on hybrid logic could
prove itself useful4 , as other constructive modal type theories and as other classical
hybrid logics have already proven themselves.

Of course, even if the supposition above, of orthogonality between hybridness and
constructivity is valid, we still do not know exactlyhow to define constructive hy-
brid logics. We do not have a recipe for defining constructive hybrid logics: Several
open possibilities are discussed, but we fix on a reasonable and well-motivated
natural deduction system and prove some essential proof-theoretical results for it.
Moreover, we show how to extend the system with additional inference rules corre-

3 This would also provide evidence that these proof-theoretical properties are worth inves-
tigating for any logical system. But justifying proof-theory is not the issue here.
4 Actually a constructive modal type theory, based on a constructive and hybrid logical
version ofS5, has independently of the present work been proposed by Jia and Walker [11]
in 2004.
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sponding to first-order conditions on the accessibility relations. The conditions we
consider are expressed by so-called geometric theories. Different geometric theo-
ries give rise to different constructive hybrid logics, so natural deduction systems
for new constructive hybrid logics can be obtained in a uniform way simply by
adding inference rules as appropriate.

One of the hallmarks of contemporary modal logic is the view that modal logics
are languages for talking about relational structures, that is, models in the sense of
model-theory. Thus, modal logics are alternatives to (classical) first-order logics.
This view is well justified, but we believe that proof-theory adds another important
perspective to modal logics, emphasizing the notion of proof and the fundamen-
tal differences between various formal systems for representing proofs, see [14].
The perspective of this paper is proof-theoretic, so we shall focus on formal proof
systems for constructive hybrid logic.

This paper is structured as follows. In the second section of the paper we make
some preliminary considerations, in the third section we give a Kripke semantics,
and in the fourth section we introduce a natural deduction system, and moreover,
we prove a normalization theorem. The natural deduction system is an intuitionistic
version of a natural deduction system for classical hybrid logic originally given in
the paper [5]. In the fifth section we prove soundness and completeness with respect
to Kripke semantics. In the final section we draw some conclusions and discuss
future work. This paper is an extended version of [7]. While the previous version
only discussed pure hybrid systems, the extended version here discusses additional
inference rules corresponding to first-order conditions on the accessibility relations.

2 Preliminaries

Having decided to investigateconstructivehybrid logics, we must describe, what
their main components are. We start with a short description of constructive modal
logic. This is followed by another short description of what constitutes classical
hybrid logic. Finally we describe ways of putting these components together.

2.1 Constructive modal logic

‘Constructive’ is an umbrella term for logics that worry about deciding which dis-
junct is true and/or about providing witnesses for existential statements. Here we
mean, much more restrictively, that we take our basis to be intuitionistic logic,
henceforthIL for the propositional fragment andIFOL for intuitionistic first-order
logic.
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While the syntax (in axiomatic form) and the semantics (in usual Kripke style) of
traditional, classical modal logics are relatively well-known, it is fair to say that
even axioms forconstructivemodal logics, but especially natural deduction for-
malizations for these are subject to much debate.

We start by describing which basic axioms we require for a minimalK constructive
modal logic. First we define our formulas. Given a basic set of propositional sym-
bols ranged over by the metavariablesp, q, r, . . . , the well-formed formulas of our
constructive modal logic are built by conjunction, disjunction, and implication, to-
gether with falsum and the necessity and possibility modalities. Thus, the formulas
are defined by the grammar

S ::= p | S ∧ S | S ∨ S | S → S | ⊥ | �S | ♦S

wherep is a propositional symbol. In what follows, the metavariablesA,B,C, . . .
range over formulas. Negation, as usual in constructive logic, is defined by the
convention that¬A is an abbreviation forA → ⊥. Also, the nullary conjunction
> is an abbreviation for¬⊥ and the bi-implicationA ↔ B is an abbreviation for
(A→ B) ∧ (B → A).

Axioms for this system consist of any basic axiomatization of intuitionistic propo-
sitional logic (IL) together with Simpson’s axioms for the modalitites. These are:

(taut) ` A for all intuitionistic tautologiesA

(K) ` �(A→ B)→ (�A→ �B)

(♦1) ` �(A→ B)→ (♦A→ ♦B)

(♦2) ` (♦A→ �B)→ �(A→ B)

(dist0) ` ¬♦⊥

(dist1) ` ♦(A ∨B)→ (♦A ∨ ♦B)

together with the proof rules of Necessitation(Nec) and Modus Ponens(MP)

(Nec)
` A

` �A
(MP)

` A→ B ` A

` B

We start by defining the possible-worlds semantics for the intuitionisticmodallogic
that we shall be using. We remark that this notion of a model for intuitionistic modal
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logic was originally introduced in a tense-logical version by Ewald in [8] and it has
also been used by Simpson in [17], p. 88.

Definition 1 A modelfor basic intuitionistic modal logic is a tuple

M = (W,≤, {Dw}w∈W , {Rw}w∈W , {Vw}w∈W )

where

(1) W is a non-empty set partially ordered by≤;
(2) for eachw,Dw is a non-empty set such thatw ≤ v impliesDw ⊆ Dv;
(3) for eachw,Rw is a binary relation onDw such thatw ≤ v impliesRw ⊆ Rv;

and
(4) for eachw, Vw is a function that to each propositional symbolp assigns a

subset ofDw such thatw ≤ v impliesVw(p) ⊆ Vv(p).

Given a modelM as defined above, the relationM, w, d |= A is defined by induc-
tion, wherew is an element ofW , d is an element ofDw, andA is a formula.

M, w, d |= p iff d ∈ Vw(p)

M, w, d |= A ∧B iff M, w, d |= A andM, w, d |= B

M, w, d |= A ∨B iff M, w, d |= A or M, w, d |= B

M, w, d |= A→ B iff for all v ≥ w, M, v, d |= A impliesM, v, d |= B

M, w, d |= ⊥ iff falsum

M, w, d |= �A iff for all v ≥ w, for all e ∈ Dv, dRve impliesM, v, e |= A

M, w, d |= ♦A iff for somee ∈ Dw, dRwe andM, w, e |= A

This notion of model is very much a notion of a model of intuitionisticquantifi-
cational logic used simply for propositional modal logic. The introduction ofD’s
might look an excessive complication.

Simpson’s natural deduction system consists of labelled versions of the usual rules
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for the propositional connectives plus the following rules for the modalities:

y : A xRy
(♦I)

x : ♦A x : ♦A

[y : A][xRy]
···

z : B
(♦E)

z : B

[xRy]
···

y : A
(�I)

x : �A

x : �A xRy
(�E)

y : A

The rules(♦E) and (�I) are equipped with appropriate side-conditions in con-
nection with the labely, that is,y does not occur inx : ♦A, in z : B, or in any
undischarged assumptions other than the specified occurrences ofy : A andxRy.
Moreover,y does not occur inx : �A or in any undischarged assumptions other
than the specified occurrences ofxRy. Simpson’s natural deduction system is dif-
ferent from, say natural deduction in Prawitz’s book, in two aspects: First it has
all of its formulas labelled; they have the formx : A wherex is a label, that is, a
variable, andA is a formula. Intuitively, the variablex denotes a world in a modal
model and the metalinguistic expressionx : A is to be read as ‘formulaA holds
at worldx.’ Secondly, Simpson’s system has relational premises on the formxRy,
and similarly, relational assumptions. The metalinguistic expressionxRy is to be
read as ‘worldx sees worldy.’

There are several versions of natural deduction systems for (mostly classical) modal
logics of this form in the literature [1,12,16,9]. Their basic idea is always to give
introduction and elimination rules for necessitiy (�) and possibility (♦) which cap-
ture their possible worlds interpretation5 . Recall that Simpson’s particular version
of natural deduction presentation satisfies normalization, as well as being “extend-
able” to a large collection of other logics given by so-called geometric theories.
Hence, this system is proof-theoretically well-behaved, at least as far as the criteria
of normalization and subformula property are concerned. A philosophical objec-
tion to this kind of system is that it builds-in the (desired) semantics into the given
syntax, but the trade-off is that this way one obtains a uniform framework for a
large class of modal logics.

5 But the systems themselves and their models vary widely.
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2.2 Hybrid logic

Hybrid logics are extensions of modal logics where to the usual stock of syntactic
and semantic structures, we add a new kind of propositional symbols, the so-called
nominals, which reference individual possible worlds, that is, a nominal is true at
exactly one world. It is assumed that a set of ordinary propositional symbols and
a countably infinite set of nominals are given. The sets are assumed to be disjoint.
The metavariablesp, q, r, . . . range over ordinary propositional symbols anda, b, c,
. . . range over nominals. We also add a new kind of operators called thesatisfaction
operators. The formulas of hybrid modal logic are defined by the grammar

S ::= p | a | S ∧ S | S ∨ S | S → S | ⊥ | �S | ♦S | a : S

wherep is an ordinary propositional symbol anda is a nominal. Formulas of the
forma : C are calledsatisfaction statements, cf. a similar notion in [3]. In this paper
we will define a system of intuitionistic hybrid logic, using the same formulas of
classical hybrid logic, which will be denoted byIHL.

There are many kinds of hybrid logics in the literature, one of the parameters being
which extra operators one considers. Here we restrict our attention to only satisfac-
tion operators, a system that in the classical case has been calledHL(@) where@
is one notation for satisfaction operators.

2.3 Which Constructive Hybrid Logic?

Now there are at least two different approaches that one can take when trying to put
together constructivity, modality and hybridness of logic systems.

First, one might think that since hybrid logic is obtained from classical modal logic
by adding nominals and satisfaction operators, one should obtain constructive hy-
brid logic by adding to constructive modal logic nominals and satisfaction opera-
tors. This is sensible, and will be our approach to definingIHL, but of course it de-
pends on the constructive modal logic chosen. Our goal is to reason constructively
within constructive modal logic and we want to be able to “jump” to other modal
worlds using some version of constructive satisfaction operators and modalities.

Second, one might think of “hybridizing” intuitionistic logic to enhance the ex-
pressive power of intuitionistic logic, considered as a language for talking about
intuitionistic Kripke structures. Choosing this option puts an excessive emphasis
on Kripke semantics as a guiding principle.

It is not clear whether these two lines of research will lead to different logical
systems or not. But one suspects that the results will be different. In particular, con-
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sidering only constructive modal logics, one of the reasons for the multiplicity of
systems is whether one believes that only the propositional basis of the logic should
be constructive or whether the modalities themselves should have a constructive
component of their own. This can be ascertained by asking whether adding, say
the excluded middle axiom, gives you back the classical modal system you first
thought of, or not. Choosing Simpson’s axiom system we’re choosing that the ad-
dition of the excluded middle gives you back the classical modal logic system you
started from, in our case modalK. Similarly, if the natural deduction systemNIHL

for intuitionistic hybrid logic given later in this paper is extended with the natural
deduction rule corresponding to the excluded middle (technically, we just modify
the rule for⊥ as appropriate), then we will get back the classical hybrid logic of [5],
that is, the modal operator♦ becomes definable in terms of� (♦ becomes equiva-
lent to¬�¬) and we also have that∧ and∨ become definable in terms of→ and
⊥.

3 Kripke Semantics

In this section we give the possible-worlds semantics for intuitionistic hybrid logic,
IHL. This semantics is an extension of a possible-worlds semantics for intuition-
istic modal logic which was originally introduced in a tense-logical version by
Ewald [8].

The main intuition is that since we want to consider a constructive reading of hy-
brid logic where a distinction is made between the way of reasoning and what the
reasoning is about, we need to separate the intuitionistic partial order from the in-
terpretation of the nominals as well as the binary relation corresponding to the two
modal operators.

Definition 2 A modelfor intuitionistic hybrid logic is a tuple

(W,≤, {Dw}w∈W , {∼w}w∈W , {Rw}w∈W , {Vw}w∈W )

where

(1) W is a non-empty set partially ordered by≤;
(2) for eachw,Dw is a non-empty set such thatw ≤ v impliesDw ⊆ Dv;
(3) for eachw, ∼w is an equivalence relation onDw such thatw ≤ v implies
∼w⊆∼v;

(4) for eachw,Rw is a binary relation onDw such thatw ≤ v impliesRw ⊆ Rv;
and

(5) for eachw, Vw is a function that to each ordinary propositional symbolp
assigns a subset ofDw such thatw ≤ v impliesVw(p) ⊆ Vv(p).

It is assumed that ifd ∼w d′, e ∼w e′, anddRwe, thend′Rwe
′, and similarly, if
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d ∼w d′ andd ∈ Vw(p), thend′ ∈ Vw(p).

Intuitively, the elements of the setW are “states of knowledge” and for any such
statew, the setDw is the set of possible worlds known in the state of knowledgew,
the relation∼w corresponds to the known identities between possible worlds, and
the relationRw is the known relationship between possible worlds. Note that the
definition requires that the partial order≤ on the states of knowledge, which we
call the “epistemic” partial order, preserves knowledge, that is, if an advance to a
greater state of knowledge is made, then what is known is preserved.

Given a modelM and an elementw of W , aw-assignmentis a function that to
each nominal assigns an element ofDw. The relationM, g, w, d |= A is defined by
induction, wherew is an element ofW , g is aw-assignment,d is an element ofDw,
andA is a formula.

M, g, w, d |= p iff d ∈ Vw(p)

M, g, w, d |= a iff d ∼w g(a)

M, g, w, d |= A ∧B iff M, g, w, d |= A andM, g, w, d |= B

M, g, w, d |= A ∨B iff M, g, w, d |= A or M, g, w, d |= B

M, g, w, d |= A→ B iff for all v ≥ w, M, g, v, d |= A impliesM, g, v, d |= B

M, g, w, d |= ⊥ iff falsum

M, g, w, d |= �A iff for all v ≥ w, for all e ∈ Dv, dRve impliesM, g, v, e |= A

M, g, w, d |= ♦A iff for somee ∈ Dw, dRwe andM, g, w, e |= A

M, g, w, d |= a : A iff M, g, w, g(a) |= A

By conventionM, g, w |= A meansM, g, w, d |= A for every elementd of Dw and
M |= A meansM, g, w |= A for every elementw of W and everyw-assignmentg.
A formulaA is valid if and only if M |= A for every modelM. Note the difference
in the interpretations of the two modal operators: The interpretation of the� op-
erator involves quantification over states of knowledge whereas the interpretation
of ♦ does not. This is because the modal operators correspond to quantifiers in in-
tuitionistic first-order logic where the interpretation of the∀ uses the accessibility
relation whereas the interpretation of∃ does not.

An example of a formula valid in classical hybrid logic but not valid in the con-
structive semantics given here isa : b ∨ a : ¬b, wherea : b is interpreted as the
possible worldsg(a) andg(b) being related by∼w buta : ¬b is interpreted asg(a)
andg(b) not being related by∼v for anyv ≥ w. This formula corresponds to the
formulaa = b ∨ ¬a = b in the first-order correspondence language we introduce
below. Since in intuitionistic first-order logic we do not have a general excluded
middle, a constructivist thinks that this formula should only be valid, if the equality
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predicate for nominals is adecidablepredicate. (Incidentally, this formulawould
be valid if for anyw, the relation∼w is taken to be the identity on the setDw. Thus,
the relation∼w is needed.)

Another example is the formulaa : A ↔ ¬a : ¬A. This formula should not be
valid constructively, but it should be valid classically and it is actually taken as an
axiom for classical hybrid logic by some authors.

The semantics satisfies the following important proposition.

Proposition 3 (Monotonicity) IfM, g, w, d |= A andw ≤ v, thenM, g, v, d |= A.

PROOF. Induction in the structure ofA. 2

A model for intuitionistic hybrid logic can be considered a model for intuitionis-
tic first-order logic with equality and conversely, a model for intuitionistic first-
order logic with equality can be considered a model for intuitonistic hybrid logic
(see [17] for the simpler correspondence between modal-logical models and intu-
itionistic first-order models without equality and see also [18] which gives a def-
inition of intuitionistic first-order models with equality). The first-order language
under consideration here has a1-place predicate symbol corresponding to each
ordinary propositional symbol of modal logic, a2-place predicate symbol corre-
sponding to the modalities, and a2-place predicate symbol corresponding to equal-
ity. The language does not have constant or function symbols. It is assumed that
a countably infinite set of first-order variables is given. The metavariablesa, b, c,
. . . range over first-order variables. So the formulas of the first-order language we
consider are defined by the grammar

S ::= p(a) | R(a, b) | a = b | S ∧ S | S ∨ S | S → S | ⊥ | ∀aS | ∃aS

wherep is an ordinary propositional symbol of hybrid logic, anda andb are first-
order variables. The connectives¬,>, and↔ are defined as in intuitionistic hybrid
logic. Moreover, if nominals of hybrid logic are identified with first-order variables,
then aw-assignment in the sense of intuitionistic hybrid logic can be considered as
aw-assignment in the sense of intuitionistic first-order logic and vice versa.

Given a modelM = (W,≤, {Dw}w∈W , {∼w}w∈W , {Rw}w∈W , {Vw}w∈W ) for intu-
itionistic hybrid logic, considered as a model for intuitionistic first-order logic, the
relationM, w |= A[g] is defined by induction, wherew is an element ofW , g is a
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w-assignment, andA is a first-order formula.

M, w |= p(a)[g] iff g(a) ∈ Vw(p)

M, w |= a = b[g] iff g(a) ∼w g(b)

M, w |= R(a, b)[g] iff g(a)Rwg(b)

M, w |= A ∧B[g] iff M, w |= A[g] andM, w |= B[g]

M, w |= A ∨B[g] iff M, w |= A[g] or M, w |= B[g]

M, w |= A→ B[g] iff for all v ≥ w, M, v |= A[g] impliesM, v |= B[g]

M, w |= ⊥[g] iff falsum

M, w |= ∀aA[g] iff for all v ≥ w, for all g′ a∼ g, g′(a) ∈ Dv implies

M, v |= A[g′]

M, w |= ∃aA[g] iff for someg′ a∼ g, g′(a) ∈ Dw andM, w |= A[g′]

By conventionM |= A meansM, w |= A[g] for every elementw of W and every
w-assignmentg. In Section 5 we shall make use of the first-order semantics above
in connection with the interpretation of geometric theories.

4 The Natural Deduction System

In this section a natural deduction system for intuitionistic hybrid logic is given and
it is shown how to extend the system with additional rules corresponding to condi-
tions on the accessibility relations. Moreover, a normalization theorem is proved.
The natural deduction system is an intuitionistic version of a natural deduction sys-
tem for classical hybrid logic originally given in [5]. An axiomatic formulation for
intuitionistic hybrid logic can be found in the paper [4]. See the books [13] and [19]
for the basics of natural deduction. See also the book [10] for an introduction to nat-
ural deduction with a slant towards intuitionistic logic.

We make use of the following conventions. The metavariablesπ, τ , . . . range over
derivations. The metavariablesΓ, ∆, . . . range over sets of formulas. A derivation
π is a derivation of A if the end-formula ofπ is an occurrence ofA and π is
a derivation fromΓ if each undischarged assumption inπ is an occurrence of a
formula inΓ (note that numbers annotating undischarged assumptions are ignored).
If there exists a derivation ofA from ∅, then we simply say thatA is derivable.
Moreover,B[c/a] is the formulaB where the nominalc has been substituted for
all occurrences of the nominala andπ[c/a] is the derivationπ where each formula
occurrenceB has been replaced byB[c/a]. Thedegreeof a formula is the number
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a : A a : B
(∧I)

a : (A ∧B)

a : (A ∧B)
(∧E1)

a : A

a : (A ∧B)
(∧E2)

a : B

a : A
(∨I1)

a : (A ∨B)

a : B
(∨I2)

a : (A ∨B) a : (A ∨B)

[a : A]
···
C

[a : B]
···
C

(∨E)
C

[a : A]
···

a : B
(→ I)

a : (A→ B)

a : (A→ B) a : A
(→ E)

a : B

a : ⊥
(⊥E)

C

a : A
(: I)

c : a : A

c : a : A
(: E)

a : A

e : A a : ♦e
(♦I)

a : ♦A a : ♦A

[c : A] [a : ♦c]
···
C

(♦E)∗
C

[a : ♦c]
···

c : A
(�I)?

a : �A

a : �A a : ♦e
(�E)

e : A

∗ c does not occur ina : ♦A, in C, or in any undischarged assumptions other than
the specified occurrences ofc : A anda : ♦c.
? c does not occur ina : �A or in any undischarged assumptions other than the
specified occurrences ofa : ♦c.

Fig. 1. Natural deduction rules for connectives
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(Ref )
a : a

a : c a : A
(Nom1)∗

c : A

a : c a : ♦b
(Nom2)

c : ♦b
∗ A is a propositional symbol (ordinary or a nominal).

Fig. 2. Natural deduction rules for nominals

s1 . . . sn

[s11] . . . [s1n1 ]···
C . . .

[sm1] . . . [smnm ]
···
C

(RG)∗
C

∗ None of the nominals inc occur inC or in any of the undischarged assumptions
other than the specified occurrences ofsjk. (Recall that nominals are identified with
first-order variables and thatc are the first-order variables existentially quantified
over in the formulaG.)

Fig. 3. Natural deduction rules for geometric theories

of occurrences of non-nullary connectives in it.

Natural deduction inference rules for intuitionistic hybrid logic are given in Fig-
ure 1 and Figure 2. All formulas in the rules are satisfaction statements. Note that
the modal rules for our system are like Simpson’s modal rules, except that we re-
placed first-order relational formulas likeR(a, c) by the hybrid formulaa : 3c,
thereby internalizing the accessibility relation. Note that this internalization pro-
cess can be accomplished for hybrid logic, but for modal logic, these relational
formulas belong to the metalevel. The nominal natural deduction rules are similar
to the usual equality rules for first order logic. The system thus obtained will be
denotedNIHL.

4.1 Extensions to Geometric Theories

In what follows we shall consider natural deduction systems obtained by extend-
ing NIHL with additional inference rules corresponding to first-order conditions on
the accessibility relations. The conditions we consider are expressed by so-called
geometric theories. A first-order formula isgeometricif it is built out of atomic
formulas of the formR(a, c) anda = c using only the connectives⊥, ∧, ∨, and∃.
In what follows, the metavariablesSk andSjk range over atomic formulas of the
mentioned forms. Atomic formulas of the mentioned forms can be translated into
first-order hybrid logic in a truth preserving way as follows.

HT (R(a, c)) = a : ♦c

HT (a = c) = a : c
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See [20] for an introduction to geometric logic.

Now, ageometric theoryis a finite set of closed first-order formulas each having the
form ∀a(A → B) where the formulasA andB are geometric,a is a lista1, . . . , al
of first-order variables, and∀a is an abbreviation for∀a1 . . . ∀al. It can be proved,
cf. [17], that any geometric theory is intuitionistically equivalent to abasic geomet-
ric theorywhich is a geometric theory in which each formula has the form

(∗) ∀a((S1 ∧ . . . ∧ Sn)→ ∃c
m∨
j=1

(Sj1 ∧ . . . ∧ Sjnj
))

wheren,m ≥ 0 andn1, . . . , nm ≥ 1. For simplicity, we assume that the variables
in the lista are pairwise distinct, that the variables inc are pairwise distinct, and
that no variable occurs in botha andc. Note that a formula of the form displayed
above is a Horn clause ifc is empty,m = 1, andnm = 1.

We now give hybrid natural deduction rules corresponding to a basic geometric the-
ory. The metavariablessk andsjk range over hybrid-logical formulas of the forms
a : ♦c anda : c. With a first-order formulaG of the form(∗) displayed above, we
associate the natural deduction inference rule(RG) given in Figure 3 wheresk is of
the formHT (Sk) andsjk is of the formHT (Sjk). For example, ifG is the formula

∀a∀c((R(a, c) ∧R(c, a))→ a = c)

then(RG) is the natural deduction rule

a : ♦c c : ♦a

[a : c]
···
C

(RG)
C

The formula, and hence the inference rule, corresponds to the accessibility relation
R being antisymmetric. Now, letT be any basic geometric theory. The natural
deduction system obtained by extendingNIHL with the set of rules{(RG) | G ∈ T}
will be denotedNIHL + T. We shall assume that we are working with a fixed basic
geometric theoryT unless otherwise specified.

It is straightforward to check that if a formula in a basic geometric theory is a
Horn clause, then the rule(RG) given in Figure 3 can be replaced by the following
simpler rule (which we have also called(RG)).

s1 . . . sn
(RG)

s11
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For example, ifG is the formula corresponding to the accessibility relation being
antisymmetric, cf. above, then the following rule will do.

a : ♦c c : ♦a
(RG)

a : c

Natural deduction rules corresponding to Horn clauses were discussed already
in [14].

4.2 An eliminable rule

Below we state a small proposition regarding an eliminable rule.

Proposition 4 The rule
a : c a : A

(Nom)
c : A

is eliminable.

PROOF. A straightforward extension of a proof in [5].2

Note in the proposition above thatA can be any formula; not just a propositional
symbol. Thus, the rule(Nom) generalises(Nom1) (and the rule(Nom2) as well).
The side-condition on the rule(Nom1) enables us to prove a normalization theorem
such that normal derivations satisfy a version of the subformula property called the
quasi-subformula property. We shall return to this issue later.

4.3 Normalization

In what follows we give reduction rules for the natural deduction system and we
prove a normalization theorem. First some conventions. If a premise of a rule has
the forma : c or a : ♦c, then it is called arelational premise, and similarly, if
the conclusion of a rule has the forma : c or a : ♦c, then it is called arelational
conclusion. Moreover, if an assumption discharged by a rule has the forma : ♦c,
then it is called arelationally discharged assumption. The premise of the forma : A
in the rule(→ E) is calledminorand the premises of the formC in the rules(∨E),
(♦E), and(RG) are calledparametric premises. A premise of an elimination rule
that is neither minor, relational, or parametric is calledmajor.
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A maximum formulain a derivation is a formula occurrence that is both the con-
clusion of an introduction rule and the major premise of an elimination rule. Maxi-
mum formulas can be removed by applyingproper reductions. The rules for proper
reductions are as follows. We have omitted the reduction rules involving the con-
nectives∧,→, :, and� which can be found in [5].

(∨I1) followed by(∨E) (analogously in the case of(∨I2))

··· π1

a : A

a : (A ∨B)

[a : A]
··· π2

C

[a : B]
··· π3

C

C

 

··· π1

a : A··· π2

C

(♦I) followed by(♦E)

··· π1

e : A

··· π2

a : ♦e

a : ♦A

[c : A] [a : ♦c]
··· π3

C

C

 

··· π1

e : A

··· π2

a : ♦e
··· π3[e/c]

C

It turns out that we need further reduction rules in connection with the inference
rules(⊥E), (∨E), (♦E), and(RG). A permutable formulain a derivation is a for-
mula occurrence that is both the conclusion of(⊥E), (∨E), (♦E), or (RG) and the
major premise of an elimination rule. Permutable formulas in a derivation can be
removed by applyingpermutative reductions. The rules for permutative reductions
are as follows in the case where the elimination rule has two premises. We have
omitted the reduction rule where(RG) is followed by an elimination which can be
found in [5].

(⊥E) followed by a two-premise elimination

··· π1

a : ⊥

C

··· π
E

D

 

··· π1

a : ⊥

D
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(∨E) followed by a two-premise elimination

··· π1

a : (A ∨B)

[a : A]
··· π2

C

[a : B]
··· π3

C

C

··· π
E

D

 ··· π1

a : (A ∨B)

[a : A]
··· π2

C

··· π
E

D

[a : B]
··· π3

C

··· π
E

D

D

(♦E) followed by a two-premise elimination

··· π1

a : ♦A

[c : A] [a : ♦c]
··· π2

C

C

··· π
E

D

 ··· π1

a : ♦A

[b : A] [a : ♦b]
··· π2[b/c]

C

··· π
E

D

D

The cases where the elimination rule has one or three premises are obtained by
deleting or adding derivations as appropriate.

A derivation isnormal if it contains no maximum or permutable formula. In what
follows we shall prove a normalization theorem which says that any derivation can
be rewritten to a normal derivation by repeated applications of reductions. To this
end we need a number of definitions and lemmas.

Definition 5 The♦-graphof a derivationπ is the binary relation on the set of
formula occurrences inπ of the forma : ♦c which is defined as follows. A pair
of formula occurrences(A,B) is an element of the♦-graph ofπ if and only if it
satisfies one of the following conditions.

(1) A is the relational premise of an instance of(♦I) which hasB as the conclu-
sion.

(2) A is the major premise of an instance of(♦E) at whichB is relationally
discharged.

(3) A is a parametric premise of an instance of(∨E), (♦E), or (RG) which has
B as the conclusion.

Note that the♦-graph ofπ is a relation on the set of formula occurrences ofπ; not
the set of formulas occurring inπ. Also, note that every formula occurrence in a
♦-graph is of the forma : ♦c.

Lemma 6 The♦-graph of a derivationπ does not contain cycles.

PROOF. Induction on the structure ofπ. 2
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Definition 7 Thepotentialof a chain in the♦-graph ofπ is the number of formula
occurrences in the chain which are major premises of instances of(♦E). Astubborn
formula in a derivationπ is a maximum or permutable formula of the forma : ♦c
and thestubbornnessof a stubborn formula inπ is the maximal potential of a chain
in the♦-graph ofπ that contains the stubborn formula.

Note that the notion of potential of a chain in the definition above is well-defined
since Lemma 6 implies that the number of formula occurrences of a chain in a
♦-graph is bounded.

Lemma 8 Letπ be a derivation where all stubborn maximum formulas have stub-
bornness less than or equal tod and all stubborn permutable formulas have stub-
bornness less thand. Assume thatA is a stubborn maximum formula with stubborn-
nessd such that no formula occurrence aboveA is a stubborn maximum formula
with stubbornnessd. Let π′ be the derivation obtained by applying the reduction
such thatA is removed.

Then all stubborn maximum formulas inπ′ have stubbornness less than or equal to
d and all stubborn permutable formulas inπ′ have stubbornness less thand, and
moreover, the number of stubborn maximum formulas with stubbornnessd in π′ is
less than the number of stubborn maximum formulas with stubbornnessd in π.

PROOF. The derivationsπ andπ′ have the forms below.

··· π1

e : d

··· π2

a : ♦e

a : ♦d

[c : d] [a : ♦c]
··· π3

C

C··· τ
B

··· π1

e : d

··· π2

a : ♦e
··· π3[e/c]

C··· τ
B

Note that any formula occurrence inπ′ except the indicated occurrences ofe : d,
a : ♦e, andC in an obvious way can be mapped to a formula occurrence inπ.
Let f be the map thus defined (note thatf need not be injective as the instance of
(♦E) in π might discharge more than one occurrence ofa : ♦c). Using the map
f , a map from the♦-graph ofπ′ to the♦-graph ofπ is defined as follows. There
are a number of cases to consider. Case 1: An element(F,G) of the♦-graph of
π′ where the formula occurrencesF andG both are in the domain off is mapped
to (f(F ), f(G)) which straightforwardly can be shown to be an element of the♦-
graph ofπ (observe that no assumption inπ1 or π2 is discharged at a rule-instance
in π3[e/c]). Case 2: An element(F,G) whereG is one of the indicated occurrences
of a : ♦e (andF therefore is in the domain off ) is mapped to(f(F ), G′) where
G′ is the relational premise of the instance of(♦I). Case 3: An element(F,G)
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whereF is the indicated occurrence ofC (andG therefore is in the domain off )
is mapped to(F ′, f(G)) whereF ′ is the conclusion of the instance of(♦E). Case
4: An element(F,G) whereF is one of the indicated occurrences ofa : ♦e, F is
different from the indicated occurrence ofC, andG is in the domain off is mapped
to (F ′, f(G)) whereF ′ is the assumption inπ3 discharged by the instance of(♦E)
corresponding to the occurrence ofa : ♦e in question. Case 5: An element(F,G)
whereG is the indicated occurrence ofC,G is different from each of the indicated
occurrences ofa : ♦e, andF is in the domain off is mapped to(f(F ), G′) where
G′ is the parametric premise of the instance of(♦I). Case 6: An element(F,G)
whereF is one of the indicated occurrences ofa : ♦e andG is the indicated
occurrence ofC is mapped to(F ′, G′) whereF ′ is the assumption inπ3 discharged
by the instance of(♦E) corresponding to the occurrence ofa : ♦e in question and
G′ is the parametric premise of the instance of(♦E). By using the map from the♦-
graph ofπ′ to the♦-graph ofπ, any chain in the♦-graph ofπ′ that does not contain
any of the indicated occurrences ofa : ♦e can in an obvious way be mapped to
a chain in the♦-graph ofπ with the same potential which does not contain the
indicated occurrences ofa : ♦e, a : ♦d, anda : ♦c, and similarly, any chain in the
♦-graph ofπ′ that contains one of the indicated occurrences ofa : ♦e can in an
obvious way be mapped to a chain in the♦-graph ofπ with greater potential which
contain the mentioned formula occurrences. The conclusions of the lemma follow
straightforwardly. 2

Definition 9 A segmentin a derivationπ is a non-empty listA1, . . . , An of formula
occurrences inπ with the following properties.

(1) A1 is not the conclusion of an instance of(∨E), an instance of(♦E), or an
instance of(RG) with more than zero parametric premises.

(2) For eachi < n, Ai is a parametric premise of an instance of(∨E), (♦E), or
(RG) which hasAi+1 as the conclusion.

(3) An is not a parametric premise of an instance of(∨E), (♦E), or (RG).

The lengthof a segment is the number of formula occurrences in the segment. A
segmentσ1 stands abovea segmentσ2 if and only if the last formula occurrence
in σ1 stands above the first formula occurrence inσ2. A maximum segment(per-
mutable segment) is a segment in which the last formula occurrence is a maximum
formula (permutable formula). Astubborn segmentis a maximum or permutable
segment where the formula that occurs in the segment is of the forma : ♦c. The
degreeof a segment is the degree of the formula that occurs in the segment.

The following lemma is along the lines of a similar result for ordinary intuitionistic
first-order logic given in [13].

Lemma 10 Any derivationπ can be rewritten to a derivationπ′ that does not con-
tain permutable formulas or non-stubborn maximum formulas, by repeated appli-
cations of permutative reductions applied to permutable formulas and proper re-
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ductions applied to non-stubborn maximum formulas.

PROOF. To any derivationπ we assign the pair(d, k) of non-negative integers
whered is the maximal degree of a permutable or non-stubborn maximum segment
in π or 0 if there is no such segment andk is the sum of the lengths of permutable
and non-stubborn maximum segments inπ of degreed (note that a list of formula
occurrences with only one element is a segment if the one and only formula oc-
currence in the list is a maximum formula). The proof is by induction on such
pairs equipped with the lexicographic order. Letπ be a derivation to which a pair
(d, k) is assigned such thatd > 0. It is straightforward to check that there exists a
permutable or non-stubborn maximum segmentσ of degreed in π such that there
is i) no permutable or non-stubborn maximum segment with degreed that stands
aboveσ and ii) no permutable or non-stubborn maximum segment with degreed
that stands above or contains a minor, relational, or parametric premise of the rule
instance of which the last formula occurrence inσ is the major premise. Letπ′ be
the derivation obtained by applying the appropriate reduction rule such that the last
formula occurrence inσ is removed. Then it is straightforward to check that the
pair (d′, k′) assigned toπ′ is less than(d, k) in the lexicographic order 2

We are now ready to prove the normalization theorem.

Theorem 11 (Normalization) Any derivation can be rewritten to a normal deriva-
tion by repeated applications of proper and permutative reductions.

PROOF. By Lemma 10 we just need to consider derivations that do not contain
permutable formulas or non-stubborn maximum formulas. To any such derivation
π we assign the non-negative integerd whered is the maximal stubbornness of a
stubborn maximum formula inπ or 0 if there is no stubborn maximum formula. Let
π be a derivation to which an integerd is assigned such thatd > 0. It is straight-
forward that there exists a stubborn maximum formulaA with stubbornnessd such
that no formula occurrence aboveA is a stubborn maximum formula with stubborn-
nessd. Let π′ be the derivation obtained by applying the reduction such thatA is
removed. Then by inspecting the involved reduction rule it is trivial to check that all
maximum or permutable formulas inπ′ are stubborn, and moreover, by Lemma 8
all stubborn maximum formulas inπ′ have stubbornness less than or equal tod and
all stubborn permutable formulas inπ′ have stubbornness less thand, and further-
more, the number of stubborn maximum formulas with stubbornnessd in π′ is less
than the number of stubborn maximum formulas with stubbornnessd in π. By re-
peated applications of this procedure a derivation is obtained in which all maximum
or permutable formulas are stubborn with stubbornness less thand. By application
of Lemma 10 a derivationπ′′ is obtained that does not contain permutable formulas
or non-stubborn maximum formulas. If all maximum or permutable formulas in a
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derivationτ are stubborn with stubbornness less thand, then it is trivial to check by
inspecting the involved reduction rules that all maximum or permutable formulas
in the derivationτ ′ obtained by applying a permutative reduction are stubborn, and
moreover, it can be proved in a way similar to the way in which Lemma 8 is proved,
that all stubborn formulas inτ ′ have stubbornness less thand. Thus, all maximum
formulas inπ′′ are stubborn with stubbornness less thand. We are therefore done
by induction. 2

4.4 The form of normal derivations

Below we adapt an important definition from [13] to intuitionistic hybrid logic.

Definition 12 A path in a derivationπ is a non-empty listA1, . . . , An of formula
occurrences inπ with the following properties.

(1) A1 is a relational conclusion, or the conclusion of a(RG) rule with zero para-
metric premises, or an assumption that is not non-relationally discharged by
an instance of(∨E) or (♦E).

(2) For eachi < n, Ai is not a minor or relational premise and either
(a) Ai is not the major premise of an instance of(∨E) or (♦E) andAi stands

immediately aboveAi+1, or
(b) Ai is the major premise of an instancer of (∨E) or (♦E) andAi+1 is an

assumption non-relationally discharged byr.
(3) An is either the end-formula ofπ, or a minor or relational premise, or the

major premise of an instance of(∨E) or (♦E) that does not non-relationally
discharge any assumptions.

Note thatA1 in the definition above might be a discharged assumption.

Lemma 13 Any formula occurrence in a derivationπ belongs to some path inπ.

PROOF. Induction on the structure ofπ. 2

The definition of a path leads us to the lemma below. The lemma says that a path
in a normal derivation can be split up into three parts: An analytical part in which
formulas are broken down in their components by successive applications of the
elimination rules, a minimum part in which an instance of the rule(⊥E) may oc-
cur, and a synthetical part in which formulas are put together by by successive
applications of the introduction rules. See [14].

Lemma 14 Letβ = A1, . . . , An be a path in a normal derivation. Then there exists
a formula occurrenceAi in β, called theminimum formulain β, such that
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(1) for eachj < i, Aj is a major or parametric premise or the non-relational
premise of an instance of(Nom1);

(2) if i 6= n, thenAi is a non-relational premise of an introduction rule or the
premise of an instance of(⊥E); and

(3) for eachj, wherei < j < n,Aj is a non-relational premise of an introduction
rule, a parametric premise, or the non-relational premise of an instance of
(Nom1).

PROOF. LetAi be the first formula occurrence inβ which is not the non-relational
premise of an instance of(Nom1), and is not a parametric premise, and is not the
major premise of an elimination rule save possibly the major premise of an instance
of (∨E) or (♦E) that does not non-relationally discharge any assumptions (such a
formula occurrence exists inβ asAn satisfies the mentioned criteria). We are done
if i = n. OtherwiseAi is a non-relational premise of an introduction rule or the
premise of an instance of(⊥E) (by inspection of the rules and the definition of a
path). IfAi is the premise of an instance of(⊥E), then eachAj, wherei < j < n,
is a non-relational premise of an introduction rule, or the non-relational premise
of an instance of(Nom1), or a parametric premise (by inspection of the rules,
the definition of a branch, and normality ofπ). Similarly, if Ai is a non-relational
premise of an introduction rule, then eachAj, wherei < j < n, is a non-relational
premise of an introduction rule or a parametric premise.2

In what follows we shall consider the form of normal derivations. To this end we
give the following definition.

Definition 15 The notion of asubformulais defined by the conventions that

• A is a subformula ofA;
• if B ∧ C,B ∨ C, orB → C is a subformula ofA, then so areB andC; and
• if a : B, ♦B, or�B is a subformula ofA, then so isB.

A formulaa : A is a quasi-subformulaof a formulac : B if and only ifA is a
subformula ofB.

Now we state the theorem which says that normal derivations satisfy a version of
the subformula property.

Theorem 16 (Quasi-subformula property) Letπ be a normal derivation ofA from
a set of satisfaction statementsΓ. Any formula occurrenceC in π is a quasi-
subformula ofA, or of some satisfaction statement inΓ, or of some relational
premise, or of some relational conclusion, or of some relationally discharged as-
sumption.
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PROOF. First a convention: Theorder of a path inπ is the number of formula
occurrences inπ which stand below the last formula occurrence of the path. Now
consider a pathβ = A1, . . . , An in π of orderp. By induction we can assume that
the theorem holds for all formula occurrences in paths of order less thanp. Note
that it follows from Lemma 14 that any formula occurrenceAj such thatj ≤ i,
whereAi minimum formula inβ, is a quasi-subformula ofA1, and similarly, any
Aj such thatj > i is a quasi-subformula ofAn.

We first considerAn. We are done ifAn is the end-formulaA or a relational
premise. IfAn is the minor premise of an instance of(→ E), then we are done
by induction as the major premise belongs to a path of order less thanp. If An is
the major premise of an instance of(∨E) or (♦E) that does not non-relationally
discharge any assumptions, thenAn is the minimum formula and hence a quasi-
subformula ofA1. Now, we are done ifA1 is a relational conclusion, or an undis-
charged assumption, or a relationally discharged assumption. OtherwiseA1 is dis-
charged by an instance of(→ I) with a conclusion that belongs to some branch
of order less thanp (note that due to normality ofπ, A1 is not the conclusion of a
(RG) rule with zero parametric premises).

We now considerA1. We are done ifA1 is a relational conclusion, or an undis-
charged assumption, or a relationally discharged assumption. IfA1 is the conclu-
sion of a(RG) rule with zero parametric premises, thenA1 has the same form as the
minimum formula which is a quasi-subformula ofAn. OtherwiseA1 is discharged
by an instance of(→ I) with a conclusion that belongs toβ or to some path of
order less thanp. 2

Note that it is a consequence of the theorem thatC is a quasi-subformula ofA, or
of some formula inΓ, or of a formula of the forma : c or a : ♦c (since relational
premises, relational conclusions, and relationally discharged assumptions are of the
form a : c or a : ♦c).

5 Soundness and completeness

Having given the Kripke semantics and the natural deduction system, we are now
ready to prove soundness and completeness. Recall that we are working with a fixed
basic geometric theoryT. A modelM is called aT-modelif and only if M |= C
for every formulaC in T (note that the modelM in this definition is considered a
first-order model asC is a first-order formula).

Theorem 17 (Soundness) LetB be a satisfaction statement and letΓ be a set of
satisfaction statements. The first claim below implies the second claim.
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(1) B is derivable fromΓ in NIHL + T.
(2) For anyT-modelM, any elementw of W , and anyw-assignmentg, if, for

any formulaC ∈ Γ, M, g, w |= C, thenM, g, w |= B.

PROOF. Induction on the structure of the derivation ofB where we make use of
Proposition 3. 2

In what follows, we shall give a Henkin-type proof of completeness. In the interest
of simplicity, we shall often omit reference to the basic geometric theoryT and to
the natural deduction systemNIHL + T.

Definition 18 A set of satisfaction statementsΓ is inconsistentif and only ifa : ⊥
is derivable fromΓ for some nominala andΓ is consistentif and only ifΓ is not
inconsistent.

Let C be any countably infinite set of nominals and letL(C) denote the set of
hybrid-logical formulas built using the nominals inC. Moreover, letC0 denote the
set of nominals in the language defined earlier in this paper, thus,L(C0) denotes
the language we have considered hitherto.

Definition 19 LetC andE be disjoint countably infinite sets of nominals. A set of
satisfaction statementsΓ in the languageL(C ∪ E) is E-saturated if and only if

(1) Γ is consistent;
(2) if A is derivable fromΓ, thenA ∈ Γ;
(3) if a : (A ∨B) ∈ Γ, thena : A ∈ Γ or a : B ∈ Γ;
(4) if a : ♦A ∈ Γ, then for some nominale in E, e : A ∈ Γ anda : ♦e ∈ Γ; and
(5) if e : (s1 ∧ . . . ∧ sn)[d/a] ∈ Γ for some formula∀a((S1 ∧ . . . ∧ Sn) →
∃c∨mj=1 (Sj1∧ . . .∧Sjnj

)) in T wherem ≥ 1, then for some listb of nominals
in E, e : ∨mj=1(sj1 ∧ . . . ∧ sjnj

)[d, b/a, c] ∈ Γ.

We are now ready for a saturation lemma.

Lemma 20 (Saturation lemma) LetC andE be disjoint countably infinite sets of
nominals and letA1, A2, A3, . . . be an enumeration of all satisfaction statements
in L(C ∪ E). Let Γ be a set of satisfaction statements inL(C) and letB be a
satisfaction statement inL(C) such thatB is not derivable fromΓ. AnE-saturated
set of satisfaction statementsΓ∗ ⊇ Γ from whichB is not derivable is defined as
follows. Firstly,Γ0 is defined to beΓ. Secondly,Γn+1 is defined by induction. IfB
is derivable fromΓn ∪ {An+1}, thenΓn+1 is defined to beΓn. OtherwiseΓn+1 is
defined to be

(1) Γn ∪ {An+1, a : C} if An+1 is of the forma : (C ∨ E) andB is not derivable
fromΓn ∪ {An+1, a : C};
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(2) Γn∪{An+1, a : E} if An+1 is of the forma : (C ∨E) and the first clause does
not apply;

(3) Γn ∪ {An+1, e : C, a : ♦e} if An+1 is of the forma : ♦C;
(4) Γn ∪{An+1, e : ∨mj=1(sj1 ∧ . . .∧ sjnj

)[d, b/a, c]} if there exists a formula inT
of the form∀a((S1 ∧ . . .∧Sn)→ ∃c∨mj=1 (Sj1 ∧ . . .∧Sjnj

)) such thatm ≥ 1

andAn+1 = e : (s1 ∧ . . . ∧ sn)[d/a] for some nominale and some listd of
nominals; and

(5) Γn ∪ {An+1} if none of the first four clauses apply.

In clause 3,e is a nominal inE that does not occur inΓn or An+1, and similarly,
in clause 4,b is a list of nominals inE such that none of the nominals inb occur in
Γn or An+1. Finally, Γ∗ is defined to be∪n≥0Γ

n.

PROOF. Firstly,B is not derivable fromΓ0 by definition. Secondly, to check that
the non-derivability ofB from Γn implies the non-derivability ofB from Γn+1, we
need to check each of the clauses in the definition ofΓn+1. The first and fifth clauses
are trivial. For the second clause, the derivability ofB from Γn ∪ {An+1, a : E}
implies the derivability ofB from Γn∪{An+1, a : C} since the first clause does not
apply, thereforeB is derivable fromΓn ∪ {An+1} by the rule(∨E). For the third
clause, the derivability ofB fromΓn∪{An+1, e : C, a : ♦e} implies the derivability
ofB fromΓn∪{An+1} by the rule(♦E). The fourth clause is analogous to the third
clause. We conclude thatB is not derivable fromΓ∗. It is straightforward to check
thatΓ∗ is E-saturated. 2

The canonical model given below is similar to a canonical model for first-order
intuitionistic logic given in [18].

Definition 21 (Canonical model) LetC1, C2, C3, . . . be pairwise disjoint count-
ably infinite sets of nominals disjoint fromC0 and letC∗

n = ∪1≤i≤nCi wheren ≥ 1.
LetΓ be a consistent set of satisfaction statements in the languageL(C0). A model

MΓ = (W Γ,⊆, {DΓ
w}w∈WΓ , {∼Γ

w}w∈WΓ , {RΓ
w}w∈WΓ , {V Γ

w }w∈WΓ)

and for eachw ∈ W Γ, aw-assignmentgΓ
w, are defined as follows.

• W Γ = {∆ ⊇ Γ | for somen, ∆ ⊆ L(C0 ∪C∗
n) and∆ is C∗

n-saturated}.
• DΓ

∆ = C0 ∪C∗
n where∆ is C∗

n-saturated.
• a ∼Γ

∆ c if and only ifa : c ∈ ∆.
• aRΓ

∆c if and only ifa : ♦c ∈ ∆.
• V Γ

∆(p) = {a | a : p ∈ ∆}.
• gΓ

∆(a) = a wherea ∈ DΓ
∆.
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Note that it follows from Lemma 20 thatW Γ is non-empty. It is straightforward
to check the other requirementsMΓ has to satisfy to be a model for intuitionistic
hybrid logic. Given the saturation lemma and the definition of a canonical model,
we are ready to prove a truth lemma.

Lemma 22 (Truth lemma) For any∆ ∈ W Γ and any satisfaction statementa : A
in L(DΓ

∆), a : A ∈ ∆ if and only ifMΓ, gΓ
∆,∆, a |= A.

PROOF. Induction on the degree ofA. We only consider the case whereA is of
the form�C; the other cases are simpler.

Assume thata : �C ∈ ∆. Let Λ ⊇ ∆ andaRΓ
Λe, that is,a : ♦e ∈ Λ. Thene : C ∈

Λ by the rule(�E) which by the induction hypothesis implies thatMΓ, gΓ
Λ,Λ, e |=

C. It follows thatMΓ, gΓ
∆,∆, a |= �C.

Assume thata : �C /∈ ∆. Assume that∆ is C∗
n-saturated and lete ∈ C∗

n+1. Then
e : C is not derivable from∆ ∪ {a : ♦e} for otherwise we could derivea : �C
from ∆ by the rule(�I). According to Lemma 20, there exists aC∗

n+2-saturated
extensionΛ of ∆ ∪ {a : ♦e} such thate : C is not derivable fromΛ. It follows
by the induction hypothesis thatMΓ, gΓ

Λ,Λ, e |= C is not the case. This contradicts
MΓ, gΓ

∆,∆, a |= �C sincea : ♦e ∈ Λ implies thataRΓ
Λe. 2

We only need one more lemma before we can prove completeness.

Lemma 23 LetΓ be a consistent set of satisfaction statements. Then the canonical
modelMΓ is aT-model.

PROOF. LetG ∈ T. ThenG has the form∀a((S1 ∧ . . . ∧ Sn) → ∃c ∨mj=1 (Sj1 ∧
. . . ∧ Sjnj

)) wherea = a1, . . . , al. Assume that∆ is an element ofW Γ andg is a
∆-assignment forMΓ such thatMΓ,∆ |= S1[g], . . . , MΓ,∆ |= Sn[g]. (Note that
MΓ is considered a model for intuitionistic first-order logic.) Sog(a1) = d1, . . . ,
g(al) = dl for some nominalsd1, . . . , dl in DΓ

∆. Thens1[d/a], . . . , sn[d/a] ∈ ∆
by the definition of a canonical model. Ifm ≥ 1, then it follows from∆ be-
ing saturated that there exists a list of nominalsb such thate : ∨mj=1(sj1 ∧ . . . ∧
sjnj

)[d, b/a, c] ∈ ∆ wheree is an arbitrary nominal. Thereforee : (sj1 ∧ . . . ∧
sjnj

)[d, b/a, c] ∈ ∆ and hencesj1[d, b/a, c], . . . , sjnj
[d, b/a, c] ∈ ∆ for somej

where1 ≤ j ≤ m. But then it follows from the definition of a canonical model
that MΓ,∆ |= ∃c ∨mj=1 (Sj1 ∧ . . . ∧ Sjnj

)[g]. On the other hand, ifm = 0, then
e : ⊥ ∈ ∆ by the rule(RG) which contradicts the consistency of∆. 2

Now the completeness theorem.
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Theorem 24 (Completeness) LetB be a satisfaction statement and letΓ be a set
of satisfaction statements. The second claim below implies the first claim.

(1) B is derivable fromΓ in NIHL + T.
(2) For anyT-modelM, any elementw of W , and anyw-assignmentg, if, for

any formulaC ∈ Γ, M, g, w |= C, thenM, g, w |= B.

PROOF. Assume thatB is not derivable fromΓ. Consider the canonical model
MΓ and letΛ be aC∗

1 saturated extension ofΓ from whichB is not derivable,
cf. Lemma 20. It follows from Lemma 22 thatMΓ, gΓ

Λ,Λ |= B is not the case but
it also follows from Lemma 22 that for anyC ∈ Γ, MΓ, gΓ

Λ,Λ |= C is the case.
But this contradicts the second statement in the theorem sinceMΓ is aT-model by
Lemma 23 2

6 Conclusions and Further Work

We have shown that constructivity and hybridness of logics are orthogonal con-
cerns, at least to the extent that there is a logic, which we calledIHL that is both
hybrid and constructive. We also provided a natural deduction formulationNIHL for
this logic. The systemNIHL is based on Simpson’s natural deduction formulation
of constructive modal logic and we have shown that our hybrid version shares with
it several good properties: The system is normalizing and satisfies a version of the
subformula property. Hybridizing Simpson’s system is not trivial, see below. More-
over, our system can be extended with inference rules corresponding to geometric
first-order conditions on the accessibility relation, as can Simpson’s. The possible-
worlds semantics (based on Ewald’s work) is sound and complete forNIHL.

In the case of ordinary first-order logic, applying a reduction to a maximum formula
only generates new maximum formulas having a lower degree than the original one.
In fact, the technique used in the standard normalization proof for first-order logic
is based on this property. The natural deduction system given in the present paper
does not have this property since the reduction rules for� and♦ might generate
new maximum formulas of the forma : ♦e, that is, maximum formulas that do not
necessarily have a lower degree than the original one (here we ignore permutable
formulas). Thus, the standard technique used in the normalization proof does not
work directly for our case. In this paper the problem is solved by using the so-
called♦-graph of a derivation which keeps track of such maximum formulas. The
notion of a♦-graph is similar to a notion introduced in [5] to solve the same kind
of problem for classical hybrid logic. We have not seen such a notion elsewhere.

We reiterate that, although the proofs are reasonably straightforward, the results are
important as they confirm the presupposition in hybrid logic that it is the process of

27

45



hybridization that is central. Our work confirms that the process is at least to some
extent independent of the basic logic considered. Thus our system provides some
evidence of the naturalness of the hybridization process.

Concerning further work we would like to investigate whether we can adapt the
“non-situated” version of natural deduction for hybrid logics, based on Seligman’s
work [15,6], to a constructive formulation. We would also like to consider an alter-
native version of basic modal logic [2] as a basis for a constructive hybrid logic.
Finally we need to investigate the suitability of (all?) the logics just mentioned to
the problem of modelling contexts in knowledge representation formalisms devised
to deal with natural language semantics.
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[1] D. Basin, S. Matthews, and L. Viganò. Labelled propositional modal logics: Theory
and practice.Journal of Logic and Computation, 7:685–717, 1997.

[2] G. Bellin, V. de Paiva, and E. Ritter. Extended curry-howard correspondence for a
basic constructive modal logic. In C. Areces and M. de Rijke, editors,Workshop
Proceedings of Methods for Modalities 2. ILLC Amsterdam, 2001.

[3] P. Blackburn. Internalizing labelled deduction.Journal of Logic and Computation,
10:137–168, 2000.
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On Modal µ-Calculus with Explicit Interpolants
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Abstract

This paper deals with the extension of Kozen’sµ-calculus with the so-called “existential
bisimulation quantifier”. By using this quantifier one can express the uniform interpolant
of any formula of theµ-calculus. In this work we provide an explicit form for the uniform
interpolant of a disjunctive formula and see that it belongs to the same level of the fix-
point alternation hierarchy of theµ-calculus than the original formula. We show that this
result cannot be generalized to the whole logic, because the closure of the third level of the
hierarchy under the existential bisimulation quantifier is the wholeµ-calculus. However,
we prove that the first two levels of the hierarchy are closed. We also provide theµ-logic
extended with the bisimulation quantifier with a complete calculus.

Key words: µ-calculus, bisimulation quantifier, uniform interpolation.

1 Introduction

Bisimulation quantifiers were first considered in [4] and [12] as a tool for proving
uniform interpolation for modal logic, and in [2] to show uniform interpolation for
the modalµ-calculus. Given a formulaφ, the language ofφ is the set of all propo-
sitional constants appearing in the formula. The uniform interpolant of a formulaφ
with respect to a sublanguageL′ of the language ofφ is a formulaψ in the language
L′ which behaves like φ whenL′ is concerned, in the sense thatψ has the same
L′-logical consequences asφ. A logic that contains all uniform interpolants of its
formulas is said to enjoy uniform interpolation. Since uniform interpolation implies
Craig interpolation, which in turn implies properties as the Beth one, a logic hav-
ing uniform interpolation has a good interplay between syntactical and semantical
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behaviour. Moreover, uniform interpolation allowsmodularization: if we are inter-
ested only inL′-consequences ofφ then we may consider the (hopefully simpler)
uniform interpolantψ instead ofφ, andderiveall its L′-consequences (which are
the same as theL′-consequences ofφ) in an appropriate calculus: this would be like
a module for this subtask. Notice that modularization is not possible if only Craig
interpolation is present.

The relation between uniform interpolation and the existential bisimulation quanti-
fier (which we denote bỹ∃P ) works as follows. The semantics of∃̃P tells us that
∃̃Pφ(P ) is true in a model if we can find a subsetP satisfyingφ(P ) not only within
the model, but also in any other model which is bisimilar to the given one. One can
prove that any logic which is invariant under bisimulation and closed under the ex-
istential bisimulation quantifier (that is: givenφ in the logic, there exists a formula
ψ in the logic with the same semantics as∃̃Pφ) enjoys uniform interpolation: the
uniform interpolant of a formulaφ(P ) with respect to the languageL(φ) \ {P} is
simply ∃̃Pφ(P ). This is the way uniform interpolation is proved for theµ-calculus
in [2]. However, this result does not give an explicit form for uniform interpolants in
the original logic: given aµ-formulaφ and a sublanguageL′ of L(φ), we know that
a uniform interpolant ofφ with respect toL′ exists in theµ-calculus, but we don’t
know how to construct it fromφ. Hence, we cannotusethe uniform interpolant to
derive allL′-consequences ofφ.

In this paper we study the relations between bisimulation quantifiers and theµ-
calculus more closely. First of all we restrict our attention to disjunctiveµ-formulas.
The disjunctive formulas (see e.g. [7, 8]) form an important subset of theµ-calculus,
because anyµ-formula is equivalent to a disjunctive one, with the advantage that
disjunctive formulas behave more nicely than in the general case: e.g. the problem
of satisfiability for disjunctive formulas is linear. We shall see that this docility of
the disjunctive formulas is confirmed when the existential bisimulation quantifier
(or uniform interpolants) is concerned: ifφ is disjunctive theñ∃Pφ is equivalent to
the formula obtained fromφ by the simultaneous substitution ofP and¬P by>.
This result allows us to calculate the uniform interpolant of a disjunctive formula
explicitly, and to show that the uniform interpolant is not more complicate than the
original formula: a good measure of the complexity of aµ-calculus formula is given
by the fixpoint alternation hierarchy of theµ-calculus (proved to be strict in [1]) and
from the result above it is clear that the uniform interpolant of a disjunctive formula
φ belongs to the same level asφ.

We will then consider the general problem: is it true that all levels of theµ-calculus
are closed under the existential bisimulation quantifier, or, equivalently, is it true
that the uniform interpolant of a formula in a certain level of the hierarchy belongs
to the same level? This is not a mere curiosity, because the best model checking
algorithm known so far forµ-calculus formulas depends on the fixpoint alternation
level of the formula: the lower the level, the easier it is to check whether the formula
is true in a finite model (see e.g. [9]). For this reason it is sometime preferable to
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consider not the wholeµ-calculus but only formulas up to a certain level (in prac-
tice, all temporal logics used in applications can be embedded into the low levels of
the hierarchy). Then the question of whether the levels of the hierarchy are closed
or not under the existential bisimulation quantifier becomes relevant, because an
affirmative answer would give a certification of the possibility of modularizations
for the level under consideration. In particular, it would be good to know whether
the low levels are closed. This closure property is already known for the0-level of
the fixpoint hierarchy, that is, it is already known that modal logic is closed under
the existential bisimulation quantifier [4, 12]. In this paper we generalize this prop-
erty to the levels1 and2 of the hierarchy. On the other hand, we see that level3 is
not closed, and more than this, that anyµ-formula is obtained by considering the
uniform interpolant of a formula of the third level.

Since the third level is not closed under the existential bisimulation quantifier it
follows immediately that no simple rule such as∃̃Pφ↔ φ[P/>,¬P/>], which is
valid for disjunctive formulas, can possibly hold for the wholeµ-calculus. However,
although we are not able to simplify so easily the existential bisimulation quantifier
in the general case, we can still try to understand more precisely how this quantifier
behaves w.r.t. the connectives and the operators of theµ-calculus. One way to do
so is to enrich the originalµ-language with an existential bisimulation quantifier
∃̃P with the appropriate semantics and provide this extended logic with a complete
calculus. We shall see that to derive all validities in the extended logic we need
some standard principles allowing introduction and elimination of the bisimulation
quantifier, plus some natural principles of commutativity between the existential
bisimulation quantifier and the operators of theµ-calculus.

Notice that, at least in principle, modularization for theµ-calculus could be ob-
tained from modularization of the extended logic: to derive allL′-logical conse-
quences of aµ-sentenceφ we may go to the extended logic, write the uniform
interpolant using bisimulation quantifiers and use the extended calculus to derive
all consequences of it. The new logic, denoted byµ̃, is not more powerful then
the original one, but in the extended language we gain the possibility to express
uniform interpolants explicitly, and the complete calculus allows also toworkwith
them.

The paper is organized as follows. In Section 2 we introduce theµ-calculus, give
the definition of bisimulation quantifiers, and summarize the results already known
about these quantifiers in theµ-calculus context. In Section 3 we calculate the uni-
form interpolant for disjunctive formulas. In Section 4 we prove the results con-
cerning the fixpoint alternation hierarchy and the bisimulation quantifier. In the last
section we find a complete calculus for theµ-logic extended with the existential
bisimulation quantifier.
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2 Notation and Preliminaries

2.1.Theµ-calculus

First of all, we recall the definition of the extension of modal logic known as the
modalµ-calculus.

Definition 2.1 Theµ-calculusis defined as the least set which contains a set of
propositional constantsProp, a set of variablesV ar, and satisfies: ifφ, ψ ∈ µ
then¬φ, φ∨ψ,3φ belong toµ; if X ∈ V ar andX occurs just positively inφ (that
is: under an even number of negations) thenµXφ belongs toµ.

Remark 2.2 The µ-calculus is usually defined as the extension ofmulti-modal
logic, where a set of actionsA and a corresponding set of operators3a are con-
sidered. For semplicity we restrict ourselves to the case in which only one action is
present, although our results can easily be extended to the general case (by gener-
alizing the covers-syntax as it is done in [7]).

The derived operatorsφ ∧ ψ, φ → ψ, φ ↔ ψ,2φ, andνX.φ are defined as usual.
The variableX is said to be bound inµX.φ, νX.φ. Free variables in a formula
and sentences are defined as usual. Ifφ is a formula, thenL(φ) is defined as the
set of propositional constants and free variables occurring inφ. We callφ a modal
formula if it is constructed without using the fixpoint operators.

A µ-calculus formula is interpreted in structures for the language{r, R} ∪ Prop;
these are Kripke-structures, i.e. tuples of the form

M = (DM , rM , RM , PM
1 , . . .),

where the non-empty setDM is the domain ofM , rM is an element of this domain,
RM is a binary relation onDM , andPM is a subset ofDM , for anyP ∈ Prop.
Given a structureM and a valuationV : V ar → ℘(DM), aµ-formula is interpreted
in M as a subset||φ||V of DM , defined as follows:

||P ||V := PM

||X||V := V (X)

||¬φ||V := DM \ ||φ||V
||φ ∨ ψ||V := ||φ||V ∪ ||ψ||V
||3φ||V := {s ∈ DM | ||φ||V ∩ {t : sRM t} 6= ∅}

||µX.φ||V :=
⋂{S ⊆ DM | ||φ||V [X:=S] ⊆ S}
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whereV [X := S] is equal to the valuation functionV except thatS is assigned
to X. Note that||µX.φ||V is the least fixpoint of the monotone operatorS 7→
||φ||V [X:=S].

In the following, we denotes ∈ ||φ||V by (M, s, V ) |= φ and we may leave out the
valuation, ifφ is a sentence.(M,V ) |= φ is used to denote(M, rM , V ) |= φ.

Γ |= φ denotes logical consequence: if(M,V ) |= Γ then(M,V ) |= φ for every
modelM and for every valuationV .

An alternative syntax for theµ-calculus is obtained by substituting the3 operator
with a set ofcover operators, one for each naturaln. Forn ≥ 1 these operators are
defined as follows: ifφ1, . . . , φn are formulas, then

Cover(φ1, . . . , φn)

is a formula. We also allow the constant operatorCover(∅). The cover operators are
interpreted in a Kripke structureM as follows:Cover(∅) is true inM if and only if
the root ofM does not have any successor, whileCover(φ1, . . . , φn) is true inM
if and only if the successors of the root arecoveredby φ1, . . . , φn. More formally,
(M, s, V ) |= Cover(φ1, . . . , φn) if and only if:

(1) for everyi = 1, . . . , n there existst with (s, t) ∈ RM and(M, t, V ) |= φi;
(2) for everyt with (s, t) ∈ RM there existsi ∈ {1, .., n} with (M, t, V ) |= φi.

We call this syntax thecovers-syntaxto distinguish it form the original3-syntax.

SinceCover(φ1, . . . , φn) is equivalent to

3(φ1) ∧ . . . ∧3(φn) ∧2(φ1 ∨ . . . ∨ φn),

cover operators are definable in the3 syntax. Conversely,

3φ⇔ Cover(φ,>).

Hence, theµ-calculus obtained from the covers-syntax is equivalent to the familiar
µ-calculus constructed using the3-syntax. In this paper we use the covers-syntax
because, as we shall see, cover operators behave nicely with respect to the existen-
tial bisimulation quantifier.

We now introduce an important class ofµ-formulas.

Definition 2.3 The class ofdisjunctiveµ-formulas is the least class containing
>,⊥, and non-contradictory conjunction of literals which is closed under:

(1) disjunctions;
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(2) special conjunctions: ifφ1, . . . , φn are formulas in the class andσ is a non-
contradictory conjunction of literals, thenσ ∧ Cover(φ1, . . . , φn) is in the
class;

(3) fixpoint operators: ifφ is disjunctive,φ does not containX∧γ as a subformula
for any formulaγ, andX is positive inφ, thenµX.φ, νX.φ are in the class.

The disjunctive formulas are representative of the wholeµ-calculus:

Theorem 2.4 (In [7]) Anyµ-calculus formula is equivalent to a disjunctive one.

The same is true (but the proof is easier) for the class of modal formulas with
respect to disjunctive modal formulas (which are defined as in Definition 2.3 but
without closing for fixpoint operators).

2.2.Bisimulation Quantifiers and Uniform Interpolation

To introduce bisimulation quantifiers we first need the notion ofbisimulation.

Definition 2.5 LetM , N be structures withDM , DN as respective domains. Let
Prop′ ⊆ Prop. A relationZ ⊆ DM × DN is a Prop′-bisimulation betweenM
andN if:

(1) rMZrN ;
(2) if wZv thenw ∈ PM iff v ∈ PN , for everyP ∈ Prop′;
(3) if wZv andwRMw′, then there exists av′ such thatvRNv′ andw′Zv′;
(4) if wZv andvRNv′, then there exists aw′ such thatwRMw′ andw′Zv′.

Two structuresM,N areProp′-bisimilar (notation:M ∼Prop′ N ) if there exists a
Prop′-bisimulation between them (but we writeM ∼ N if Prop′ = Prop).

If V ar′ ⊆ V ar andV1, V2 are valuations of the variables inV ar′ in the structures
M,N , respectively, a bisimulationZ between(M,V1) and(N, V2) is a bisimulation
betweenM andN such that ifwZv thenw ∈ V1(X) iff v ∈ V2(X), for every
X ∈ V ar′. We use the notation(M,V1) ∼ (N, V2) accordingly.

An existential bisimulation quantifieris defined as a classical monadic second order
quantifier, except that we look for a subset satisfying a certain property not only
within the model, but also in any other model which is bisimilar to the given one:

Definition 2.6 (Existential Bisimulation Quantifier)
We enrich theµ-grammar with a propositional quantifier̃∃Pφ, for anyP ∈ Prop,
whose semantics is defined as follows. IfM is a structure andV is a valuation of
the free variables ofφ, then(M,V ) satisfies the formulã∃Pφ iff:

(1) there exists a structureN and a valuationV ′ of the setFree(φ) of the free
variables ofφ with (M,V ) ∼Prop\{P} (N, V ′);
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(2) there exists a subsetP ⊆ DN such that(N,P, V ′) |= φ, where(N,P, V ′)
stands for the structure which is like(N, V ′) except for the propositional con-
stantP that receives now a new interpretation (denoted again byP ).

The set of formulas obtained using the extended grammar is denoted byµ̃.

Example 1.The sentencẽ∃P (3P ∧ 3¬P ) is true inM iff the root has at least
one successor. In fact, in a model, there exists aP such that3P ∧ 3¬P holds if
and only if the root has at least two successors (just put one successor of the root
in P and one out ofP ); and a modelM is bisimilar to one where the root has two
successors if and only if, inM , the root has at least one successor.

Example 2. As we shall see (Theorem 2.9) the logicµ̃ has the same expressive
power as theµ-calculus. However, the bisimulation quantifier can help to express
a certain property in a way that is closer to natural language than the formulation
of the property in theµ-calculus. For example, suppose we are interested in the
existence of an infinite path starting from the root whereP holds infinitely often.
If we think of X as the path we are looking for, it is not difficult to see that this
property is expressed by the monadic second order formula∃XF (X,P ), where∃
is the standard monadic second order existential quantifier,

F (X,P ) = X ∧2∗(X → 3+(X ∧ P )),

the operator2∗φ is a shorthand for theµ-calculus formulaνX(φ∧2X) and means
thatφ is true in every descendant of the current point, and3+φ is a shorthand for
µX3(φ ∨ X) and means thatφ is true in some proper descendant of the current
point.

Since the existence of such a path is a property which is invariant under bisimula-
tion, one can easily see the same property can be expressed inµ̃ by ∃̃XF (X,P ).
Compare now this formula with theµ sentence expressing the same property:

νXµY ((P ∧3X) ∨3Y ).

Theµ formula is shorter, but it is not so easy for a non-specialist to find it or even
just to check that the formula works.

Next, we consider the notion of uniform interpolant.

Definition 2.7 Given aµ-sentenceφ and a languageL′ ⊆ L(φ), theuniform in-
terpolantof φ with respect toL′ is aµ-sentenceθ such that:

(1) φ |= θ;
(2) wheneverφ |= ψ andL(φ) ∩ L(ψ) ⊆ L′ thenθ |= ψ;
(3) L(θ) ⊆ L′.
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In [2] it is proved that theµ-calculus enjoys uniform interpolation, in the sense that
for anyµ-sentenceφ andL′ ⊆ L(φ) there exists aµ-sentenceθ satisfying the above
properties. Notice that uniform interpolation is stronger than Craig interpolation,
which states that for any two formulasφ, ψ with φ |= ψ there exists a formulaθ in
the common language (called the Craig interpolant ofφ, ψ) with φ |= θ andθ |= ψ:
if the logic enjoys uniform interpolation then the Craig interpolant ofφ, ψ does not
depend onψ but only on the common language: it is simply the uniform interpolant
of φ relative toL′ = L(φ)∩L(ψ). This explains why we call this formula auniform
interpolant: no information is needed about the formulaψ except which non-logical
symbols it has in common withφ.

The proof of uniform interpolation for theµ-calculus is obtained by considering
first the case ofL′ = L(φ) \ {P} and then iterating the construction. In the case of
L′ = L(φ) \ {P} it can be proved that anyµ-formula which is equivalent (in the
µ̃-semantics) tõ∃Pφ is a uniform interpolant ofφ with respect to the languageL′:

Theorem 2.8 (In [2]) If φ is aµ-formula andθ is such that

|= θ ↔ ∃̃Pφ,

thenθ is a uniform interpolant ofφ w.r.t.L(φ) \ {P}.

Then, uniform interpolation for theµ-calculus follows if one proves that theµ-
calculus is closed under the existential bisimulation quantifier:

Theorem 2.9 (In [2]) If φ is aµ-formula, there exists aµ-formulaθ with L(θ) ⊆
L(φ) \ {P} such that

|= θ ↔ ∃̃Pφ.

3 Explicit Uniform Interpolants for Disjunctive Formulas

In this section we prove our first result concerning the existential bisimulation quan-
tifier and theµ-calculus. We restrict our attention to the class of disjunctive formu-
las and prove that ifφ(P,¬P ) belongs to this class, then its uniform interpolant
∃̃Pφ is equivalent toφ[P/>,¬P/>]. This can be proved using the correspondence
between disjunctive formulas and nondeterministic automata as defined in [7]. We
first recall the definition of this kind of automata.

Definition 3.1 A nondeterministic parity modal automaton is a tuple

A = 〈QA,ΣA, q0,A, δA,ΩA〉,

such that:

• QA is a finite set of states;
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• ΣA is a finite alphabet (the powerset of a finite subsetProp′ of Prop);
• q0,A ∈ QA is the initial state;
• ΩA is a function fromQA to the natural numbers;
• δA is a function which associates to everyq ∈ QA andσ ∈ ΣA a set{D1, . . . , Dn}

of subsets ofQA.

We omit theA-subscript when possible.

The acceptance condition of nondeterministic modal automata is usually defined
by a game, but if we restrict toω-expanded trees we can also describe acceptance
in terms of labelings (a proof of this result can be found in [5], Lemma 3.4.3 and
Lemma 3.4.4). Here we adopt the labeling condition as a definition of acceptance
directly.

Recall thatan ω-expanded treeis a treeT in which for everys, s′ ∈ T if s′ ∈
Succ(s) then there are at leastω distinct successors ofs which are bisimilar tos′.
A Σ-valued tree is a tree in which nodes are labeled by elements inΣ (we denote
the label ofs by T (s)).

Definition 3.2 Let A = 〈Q,Σ, q0, δ,Ω〉 be a nondeterministic modal automaton
andT a Σ-valued tree. A total functionl : T → Q is anA-labeling(also called an
accepting runfor A overT ) if:

(1) l(rT ) = q0;
(2) If l(s) = q then{q′ ∈ Q : ∃t ∈ Succ(s), l(t) = q′} belongs toδ(q, T (s));
(3) For any infiniteT -paths0 = rM , s1, . . .:

min{Ω(q) | there are infinitely manysi in the path s.t.l(si) = q}

is even.

Definition 3.3 Given a nondeterministic modal automatonA, we say that anω-
expanded treeT is acceptedbyA iff it has anA-labeling.

Nondeterministic modal automata are automata-theoretic counterparts of disjunc-
tiveµ-formulas, in the sense that to any such formula it corresponds a nondetermin-
istic automaton accepting the sameω-expanded trees, and vice versa. To describe
the explicit form of the uniform interpolant of a disjunctive formula we shall need
a direct translation from automata to disjunctive formulas, as described in [6]. Let
us describe how this translation is achieved. Given an automaton, we first put it in
tree normal form:

Definition 3.4 The automatonA = 〈Q,Σ, q0, δ,Ω〉 is said to be in tree normal
form if there is an order relation≤A between the states ofA which satisfies the
following properties:

(1) q0 is the minimum state ofQ with respect to≤A;
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(2) if the statesq1, q2, q3 are such thatq2, q3 ≤A q1, thenq2, q3 are≤A-comparable;
(3) if q2 ∈ D ∈ δ(q1, σ), then eitherq2 is an immediate≤A successor ofq1 or

q2 ≤A q1 andΩ(q2) ≤ Ω(q) for all q such thatq2 ≤A q ≤A q1.

One can prove that for any automatonA there exists an equivalent automaton in
tree normal form (see [6]). IfA is in tree normal form andq is anA-state, we define
the disjunctive formulaφA,q by induction on the tree like form ofA, from the leaves
towards the root:

φA,q = (σqXq)
∨

σ∈ΣA

∨
D∈δ(q,σ)

σ̂ ∧ Cover({βq,q′ : q′ ∈ D}),

where:

(1) σ̂ =
∧
P∈σ P ∧

∧
P 6∈σ ¬P ;

(2) σq = ν if Ω(q) is even,σq = µ if Ω(q) is odd;
(3) βq,q′ = Xq′ if q′ ≤A q, βq,q′ = φA,q′, otherwise.

Let φA = φA,q0: then it is possible to prove (see [6]) thatφA is equivalent toA.

Regarding bisimulation quantifiers, in [2] it is proved that they correspond to pro-
jections in the automata settings. IfP is a proposition andA = 〈Q,Σ, q0, δ,Ω〉 is
an automaton, we define the automaton∃̃PA = 〈Q,Σ′, q0, δ

′,Ω〉 as follows:

(1) Σ′ = {σ′ : σ′ ∈ Σ, P 6∈ σ′};
(2) δ′(q, σ′) = δ(q, σ′) ∪ δ(q, σ′ ∪ {P}).

Then:

Theorem 3.5 (In [2]) An ω-expanded treeT is acceptedby ∃̃PA if and only if
there exists anω-expanded treeS which is accepted byA and is bisimilar toT with
respect toProp \ {P}.

We can now prove:

Theorem 3.6 The uniform interpolant̃∃Pφ of a disjunctiveµ-formulaφ is equiv-
alent to theµ-formulaφ[P/>,¬P/>], whereφ[P/>,¬P/>] is defined fromφ by
simultaneously substituting the literalsP and¬P with>.

PROOF. Let A be a nondeterministic automaton in tree normal form which is
equivalent toφ. From Theorem 3.5 it follows that the uniform interpolant ofφ is
equivalent to the automatoñ∃PA; hence, we are just left to verify thatφ∃̃PA is
equivalent toφ[P/>,¬P/>]. We prove by induction on the tree structure of the set
of states ofA that

φ(A′,q) is equivalent toφA,q[P/>,¬P/>], for all q ∈ Q
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and whenq = q0 we obtain the desired result. We have:

φA′,q = (σqXq)
∨

σ′∈Σ′

∨
D′∈δ(q,σ′)∪δ(q,σ′∪{P})

σ̂′ ∧ Cover({β′q,q′ : q′ ∈ D′},

where

β′q,q′ =

 Xq′ if q′ ≤A q;

φA′,q′ otherwise.

On the other hand, the formulaφA,q[P/>,¬P/>] is

(σqXq)
∨
σ∈Σ

∨
D∈δ(q,σ)

σ̂[P/>,¬P/>] ∧ Cover({βq,q′ [P/>,¬P/>] : q′ ∈ D},

where

βq,q′ =

 Xq′ if q′ ≤A q;

φA,q′ otherwise.

Using induction the equivalence betweenφ(A′,q) andφA,q[P/>,¬P/>] easily fol-
lows. 2

From Theorem 3.6 it is intuitively clear that the uniform interpolant of a disjunctive
formula is not morecomplexthan the original formula. Before stating the result,
however, we need a precise notion of complexity. One possibility is given by the
syntactical hierarchy, whose definition is recalled in the next section.

4 The Existential Bisimulation Quantifiers and the Fixed Point Hierarchy

We consider now the behaviour of the existential bisimulation quantifier with re-
spect to the fixpoint alternation levels of theµ-calculus. As an easy corollary of
Theorem 3.6 we have that the uniform interpolant of a disjunctive formulaφ be-
longs to the same level asφ. As we shall see, this is not true in general: in this
section we prove that levels0, 1 and2 are closed under the existential bisimula-
tion quantifier, while the third level is not: the closure of this level is the whole
µ-calculus.

In this section we consider theµ-formulas as constructed from a set of proposi-
tional constantsProp, their negations{¬P : P ∈ Prop}, a set of variablesV ar,
using the following operators: ifφ1, . . . , φn ∈ µ andX in V ar thenφ1 ∨ φ2, φ1 ∧
φ2, Cover(φ1, . . . , φn), µXφ1, andνXφ1 belong toµ.

Since2(φ) is semantically the same asCover(∅) ∨ Cover(φ), this definition is
equivalent to the one adopted in the previous sections, but it avoids the use of ex-
plicit negation.
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Definition 4.1 Thefixpoint alternation-depth hierarchyof theµ-calculus is the se-
quenceN0 = M0, N1,M1, . . . of sets ofµ-formulas defined inductively as follows.

(1) N0 = M0 is defined as the set of all modal fixpoint free formulas over the
covers-signature.

(2) Nk+1 is the closure ofNk ∪ Mk under the operations described in(a), (b)
below.
(a) (Positive Substitution) Ifφ(P1, . . . Pn), φ1, . . . , φn are inNk+1, thenφ(φ1

. . . φn) is inNk+1, providedP1, . . . , Pn are positive inφ and no occurrence
of a variable which was free in one of theφi becomes bound inφ(φ1 . . . φn).

(b) If φ is inNk+1, thenνX.φ ∈ Nk+1.
(3) Likewise,Mk+1 is the closure ofNk ∪Mk under positive substitution and the

µ-operator.

From this definition and Theorem 3.6 it follows easily:

Corollary 4.2 If φ is a disjunctive formula which belongs to the levelNk of the
fixpoint alternation-depth hierarchy andL′ ⊆ L(φ), then the uniform interpolant
of φ w.r.t.L′ belongs to the same levelNk.

To generalize this result from disjunctive formulas to arbitraryµ-formulas we need
to restrict ourselves to the levelsN0, N1, N2: we shall prove that fori = 0, 1, 2 any
φ ∈ Ni is equivalent to a disjunctive formula inNi, and then use Theorem 3.6. The
fact that anyµ-formula of these levels is equivalent to a disjunctive one of the same
level is well known but we found no reference in the literature except for the zero
level. For the sake of completeness we sketch here a proof which is an adaptation of
the proof in [7, 6] that anyµ-formula is equivalent to a disjunctive one. This result
is proved by using tableaux forµ-formulas. We first recall some definitions.

A µ-formula γ is guarded if every occurrence of the bound variableX in every
subformulaτX.α (for τ ∈ {µ, ν}) is under the scope of a cover, and it iswell-
named if, for every bound variableX, there exists only one subformula of type
τX.α in γ. It is possible to prove that anyµ-formula is equivalent to a positive, well-
named, and guarded formula [10, 8], and that this formula can be found in linear
time [11]. In this section we will only deal with this kind of formulas (henceforth
simply calledformulas). A bound variableX of such a formulaγ is aµ-variable
(ν-variable) ifµX.α is a subformula ofγ (νX.α, respectively). We define a partial
order�γ on the set of the bound variables of a formulaγ as the least partial order
such that ifτX.α is aγ-subformula,τ ′Y.β is anα-subformula, andX occurs inβ
thenX �γ Y . In other words, the bound variableY is an immediate successor of
the bound variableX if the scope ofX containsY andX occurs free in the scope
of Y .

Remark 4.3 It follows easily from Definition 4.1 that a formulaγ ∈ N1 only
containsν-variables, while if a formulaγ belongs toN2 then there is no pair of
variables(X, Y ) appearing inγ whereX is a µ-variable,Y is a ν-variable, and
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X �γ Y .

Definition 4.4 A tableauT = (T, L) for aµ-formulaγ is a treeT (which we think
as growing upwards) with a labeling functionL such that the root is labeled by the
set{γ} and the sons of every node are created and labeled with sets of formulas
according to the following rules:

{α} ∪ Γ {β} ∪ Γ

{α ∨ β} ∪ Γ
; ( or )

{α, β} ∪ Γ

{α ∧ β} ∪ Γ
; ( and )

{α} ∪ Γ

{τX.α} ∪ Γ
; ( fixed points)

{α} ∪ Γ

{X} ∪ Γ
whereτX.α is a subformula ofγ; ( reg )

if Γ = {Cover(F1), . . . , Cover(Fn)} ∪ ∆, where∆ contains only propositional
constants or negated propositional constants, then

. . . {α} ∪ {∨Fj : j 6= i} . . .
Γ

( mod )

where we have a successor labelled{α} ∪ {∨Fj : j 6= i} for eachi ∈ {1, . . . , n}
andα ∈ Fi.

For example, an instance of the last rule is:

{α1, α3} {α2, α3} {α1 ∨ α2, α3}
{Cover(α1, α2), Cover(α3), P,¬Q};

if a noden in the tableau is labelled by{Cover(α1, α2), Cover(α3), P,¬Q} it will
have3 sons labelled respectively by{α1, α3} {α2, α3}, {α1 ∨ α2, α3}.

We say that a variableX is regeneratedin a noden if the regeneration rule(reg) is
applied ton.

Definition 4.5 A traceon an infinite pathP of a tableauT = (T, L) is a function
F taking value on nodesn on an initial path ofP such thatF (n) ∈ L(n) and
wheneverF is defined onn andm is the son ofn in P then:

(1) if F (n) is not reduced fromn tom thenF (m) = F (n);
(2) if F (n) is reduced fromn tom thenF (n) is one of the result of this reduction

where e.g:
if the rule(or) is applied ton, L(n) = {α∨ β} ∪Γ, F (n) = α∨ β andL(m)
is {α} ∪ Γ, thenF (m) = α;
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if L(n) = {Cover(F1), . . . , Cover(Fn)}∪∆ where∆ contains only proposi-
tional constants or negated propositional constants,F (n) = Cover(Fi), and
L(m) is {α} ∪ {∨Fj : j 6= i} for α ∈ Fi, thenF (m) = α;
if L(n) = {Cover(F1), . . . , Cover(Fn)}∪∆, where∆ contains only proposi-
tional constants or negated propositional constants,F (n) = Cover(Fh) and
L(m) is {α} ∪ {∨Fj : j 6= i} for anα ∈ Fi andh 6= i, thenF (m) = ∨Fh.

A trace is called aµ-trace (ν-trace) if it is an infinite trace in which the least vari-
able (with respect to the order of dependence�γ) which is regenerated infinitely
often is aµ-variable (aν-variable, respectively).

It is then possible to prove that every infinite trace is either aµ- or aν-trace, because
along every trace there is always a least variable which is regenerated infinitely
often.

Tableaux can be used to show that two formulas are equivalent: one can define a
notion of tableau equivalence in such a way that if two tableaux are equivalent then
the corresponding formulas are equivalent (see [7] for the definition).

Let us now summarize the main steps of the proof which allows to transform aµ-
formulaγ into an equivalent disjunctive formulâγ. What we will do in addition to
the proof given in [7] is just to check that this transformation will not leaveN2 if
theµ-formula is inN2 (we leave the easier cases of levelsN0, N1 to the reader).
Let (T, L) be a tableau for the formulaγ. The first step is to build a finite tree with
“back edges”(T ′, L′) (that is, a graph obtained from a finite tree by adding edges
from some nodes to their ancestors), such that:

(1) (T ′, L′) unwinds to(T, L);
(2) every node of(T ′, L′) to which a back edge points (a “back node”) is colored

magenta or navy in such a way that for any infinite path from the unwinding
of (T ′, L′) we have: there exists aµ-trace on the path if and only if the highest
node of(T ′, L′) which appears infinitely often in the path is colored magenta;

(3) (only in theN2-case) for no pair(m,n) of nodes inT ′ it holds:m is a back
node colored magenta,n is a back node colored navy, andn lies on the path
fromm to a nodek from which the back edge leading tom starts.

(T ′, L′) can be constructed as follows: sinceγ is inN2, a trace inT is aν-trace if
and only if it contains an infinite number of regenerations ofν-variables. Then one
can build a deterministic Buchi automatonA on infinite words reading (the labels
of the) infinite paths inT , and accepting only those paths having onlyν-traces on
them. The main idea for the construction ofA is that the automaton must stay in a
state of priority1 until all traces have reached a new regeneration of aν-variable,
and when this happens, it will go to a state of0-priority. Then it will start again,
waiting until all traces have reached a new regeneration of aν-variable and so on. A
complete description of the automaton is given in the appendix. Suppose we have
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such an automatonA, and letΩ be its parity function. If we runA on the infinite
paths of the tableau, we may associate to each noden of the tableau a stateS(n) of
the automaton in such a way that:

• if n0 is the root ofT , thenS(n0) is the initial state ofA;
• If m is a son ofn then(S(n), L(m), S(m)) is a transition of the automata.

Then a path inT contains aµ-trace if and only if the least priority of the states
appearing infinitely often on the path is odd. The set of nodes of(T ′, L′) is then
defined as the least subset of the set{(n, S(n)) : n ∈ T} such that:

(1) (n0, S(n0)) belongs toT ′, wheren0 is the root ofT ;
(2) if (n, S(n)) ∈ T ′, m is a son ofn in T , and there exists a node(m′, S(m′))

such that:
–L(m′) = L(m), S(m′) = S(m);
–m′ is an ancestor ofm in T and for all nodesn′′ on the path betweenm′ and
m we haveΩ(m′) ≤ Ω(n′′);
then we forget the node(m,S(m)) and build a back edge from(n, S(n)) to
(m′, S(m′)). If the preceding conditions are not fulfilled, then we add(m,
S(m)) in T ′.

We letL′(m,S(m)) = L(m). We then color every back node(m,S(m)) magenta
if Ω(S(m)) = 1, or navy, ifΩ(S(m)) = 0, and doing so we see that the first two
properties we required on(T ′, L′) are fulfilled. As for the third property, suppose
there exist a back nodem colored magenta and a back noden colored navy which
lies on the path fromm to a nodek from which the back edge leading tom starts.
But this is impossible because, since there is a back edge fromk tom, we should
haveΩ(S(m)) ≤ Ω(S(n)), whileΩ(S(m)) = 1 andΩ(S(n)) = 0. The second step
in the proof is to construct the disjunctive formulaγ̂ from (T ′, L′): the construction
starts from the leaves of the tree to the root; to all leaves from which a back edge
starts leading to a noden we assign the variableXn; this variable is then closed
with a fixed point when we reachn, and the type of fixed point depends on the
color of n: it will be a least fixed point ifn is colored magenta, a greatest fixed
point if n is colored navy. At the end of the construction we reach the root and the
formula corresponding to the root will be the disjunctive formulaγ̂. Then one can
prove that̂γ has a tableau which is equivalent to the tableau ofγ, and henceγ is
equivalent tôγ.

We will not enter in the details of this construction here, but we check that levelN2

of the syntactical hierarchy is preserved fromγ to γ̂. This is a consequence of the
third property of(T ′, L′): γ̂ will be inN2 unless there exists a back nodem colored
magenta and a back noden colored navy which lies on the path fromm to a nodek
from which the back edge leading tom starts, and we know that there are no such
m,n. From the above discussion it follows:

Lemma 4.6 A formula inNk is equivalent to a disjunctive formula inNk, for k =
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0, 1, 2.

4.2.Closure under Bisimulation Quantifiers

In [2] it is proved that theµ-calculus is closed under existential bisimulation quanti-
fiers: ifφ is a sentence of theµ-calculus, there exists aµ-sentenceψ which behaves
like ∃̃Pφ, that is:

M |= ψ ⇔ ∃N, ∃P ⊆ DN with N ∼Prop\{P} M and (N,P ) |= φ.

The same result is known for modal logic, i.e. for levelN0 of theµ-calculus. Here
we prove that the same holds for levelsN1 andN2 of theµ-calculus hierarchy.

Theorem 4.7 N1 andN2 are closed under existential bisimulation quantifiers on
arbitrary models.

PROOF. Fix k ∈ {1, 2} andφ ∈ Nk. By Lemma 4.6 we know thatφ is equivalent
to a disjunctive formulaψ in Nk. By Theorem 3.6 we know that̃∃Pψ is equivalent
to ψ[P/>,¬P/>] which is still a formula inNk. 2

Corollary 4.8 The uniform interpolant of aµ-formulaφ in N1 or N2 belongs to
the same level asφ.

4.3.The Power of Two Alternations

In the previous section we proved thatN1 andN2 are closed under existential bisim-
ulation quantifiers. Our next task is to show that this is not true after levelN2, be-
cause the wholeµ-calculus is contained in the closure of levelM2. To prove this
we shall use again the correspondence between theµ-calculus and nondeterministic
automata introduced in Section 3. Since anyµ-formula is equivalent to a disjunc-
tive formula and disjunctive formulas correspond to nondeterministic automata we
have:

Theorem 4.9 (In [7]) For any µ-sentenceφ there exists a nondeterministic au-
tomatonA such that anω-expanded tree satisfiesφ if and only if it is accepted
byA. Conversely, any nondeterministic automaton is equivalent to aµ-sentence.

We now prove that anyµ-sentence can be obtained from a sentence inM2 by using a
certain number of existential bisimulation quantifiers. We shall do this in two steps:
in Lemma 4.10 we prove the analogous result over the class ofω-expanded trees
using monadic second order existential quantifiers instead of existential bisimula-
tion quantifiers. Then in Corollary 4.13 we go fromω-expanded trees to arbitrary
models by considering bisimulation quantifiers instead of monadic quantifiers.
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Lemma 4.10 For anyµ-sentenceφ(P1, . . . , Pm) there exists aµ-sentence
θ(P1, . . . , Pm, Q1, . . . , Qn) with θ ∈ M2 such that for anyω-expanded treeT it
holds

T |= φ↔ ∃Q1 . . . ∃Qnθ.

PROOF. By Theorem 4.9 for anyµ-calculus formulaφ there exists a nondetermin-
istic automatonA which is equivalent toφ overω-expanded trees. We now prove
that the existence of anA-labeling over anω-expanded tree can be expressed by us-
ing a finite number of monadic existential quantifiers∃Q1 . . . ∃Qn over a formula
θ in M2.

By definition 3.3 a nondeterministic automaton accepts anω-expanded treeT iff T
has anA-labeling. This labeling defines subsetsQ0, . . . , Qn of the treeT (where
Qi corresponds to the set of points labelled by the stateqi) having the following
properties:

(1) the setsQ0, . . . , Qn form a partition ofT and the root of the tree belongs to
Q0;

(2) If l(s) = q then{q′ ∈ Q : ∃t ∈ Succ(s), l(t) = q′} belongs toδ(Q, T (s));
(3) if s0, s1, . . . is an infinite path starting from the root and for everyj the index

ij is such thatsj ∈ Qij , then the least number appearing infinitely often in the
sequence

Ω(qi0),Ω(qi1), . . . ,

is even.

Conversely, the existence of subsetsQ0, . . . , Qn satisfying the above properties
clearly allows us to construct anA-labeling ofT .

It follows thatA acceptsT iff T |= ∃Q1 . . . ∃Qn(φ1∧φ2∧φ3), whereφ1, φ2, φ3 are
formulas expressing the above points. We now show thatφ1, φ2, φ3 can be chosen
to be inN1, N1,M2, respectively. This is obvious forφ1, which is equivalent to

Q0 ∧ νX(
∧
i6=j
¬(Qi ∧Qj) ∧2X)) ∧ νX(

∨
i

Qi) ∧2X)).

As for φ2, for anyqi, σ we consider the modal formula

fqi,σ =
∨

{Q1,...Qn}∈δ(qi,σ)

3(Q1) ∧ . . .3(Qn) ∧2(Q1 ∨ . . . ∨Qn).

We can then defineφ2 as theN1-formula

νX((
∧
i,σ

(Qi ∧ σ̂ → fqi,σ)) ∧2X),
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where
σ̂ =

∧
P∈σ

P ∧
∧
P 6∈σ
¬P.

To expressφ3 with a formula inM2 we proceed as follows. First of all, notice
that the existence of an infinite chain starting from a nodew in which P appears
infinitely often andQ appears in any point can be described by aµ-formulaψ(P,Q)
of the second levelN2:

ψ(P,Q) := νXµY (P ∧Q ∧3(X)) ∨ (Q ∧3(Y )).

Fix an indexk and substituteQk for P and the conjunction of

{¬Qi : Ω(qi) < Ω(qk)}

for Q in the formulaψ(P,Q); we obtain a formulaψk ∈ N2 which is true inw iff
from w starts a chain in which infinitely many points are inQk, and no point is in
any of theQi, for Ω(qi) < Ω(qk). Finally, notice that point(3) above is expressed
by theM2-formula

∧
Ω(qk)odd

νX(¬ψk ∧2X).

This proves that anyµ-formulaφ is equivalent overω-expanded trees to a formula
of type∃Q1, . . . ,∃Qnθ, with θ ∈M2. 2

To prove our next step, we show in Lemma 4.12 that bisimulation quantifiers ap-
plied to bisimulation invariant formulas behave likeMSO-quantifiers on the class
of ω-expanded trees. But first we remark:

Lemma 4.11 If the treesT, T ′ areω-expanded and bisimilar, then they satisfy the
sameMSO-sentences.

PROOF. This holds because onω-expanded trees anyMSO-sentence is equiv-
alent to aµ-calculus sentence [8], and bisimilar structures satisfy the sameµ-
sentences. 2

Lemma 4.12 If T is anω-expanded tree andφ is aµ-sentence, then

T |= ∃Pφ↔ ∃̃Pφ.

PROOF. The implication from left to right is trivial and does not require that
T is ω-expanded. Conversely, supposeT |= ∃̃Pφ, i.e. that there existsN with
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N ∼Prop\{P} T andP ⊆ N such that(N,P ) |= φ. If Nω is theω-expansion ofN
we still have: there exists aP ⊆ Nω with (Nω, P ) |= φ, that is:Nω |= ∃Pφ. But
∃Pφ can be expressed as a second order property (in the languageProp \ {P}) of
the structureNω, which is bisimilar toT w.r.t. this language. Hence, from Lemma
4.11 it holds:T |= ∃Pφ. 2

Corollary 4.13 For anyµ-sentenceφ(P1, . . . , Pm) there exists aµ-sentence
θ(P1, . . . , Pm, Q1, . . . , Qn) with θ ∈M2 such that

|= φ↔ ∃̃Q1, . . . , ∃̃Qnθ.

PROOF. Lemma 4.10 implies there existsθ ∈M2 such thatφ and∃Q1, . . . ,∃Qnθ
are equivalent overω-expanded models. Then Lemma 4.12 allows us to conclude
thatφ is equivalent tõ∃Q1, . . . , ∃̃Qnθ over arbitrary models. 2

5 A Complete System for theµ-Calculus with Explicit Uniform Interpolants

Although by Corollary 4.13 there cannot be a simple rule for uniform interpolation
of arbitrary formulas, we can still try to understand better how the existential bisim-
ulation quantifier behaves w.r.t. the connectives and the operators of theµ-calculus.

To do so, we extend the originalµ-language with the quantifier̃∃P with the ap-
propriate semantics (see Definition 2.6) and provide this extended logicµ̃ with
a complete calculus. We shall see that to derive all validities inµ̃ we only need
some standard principles allowing introduction and elimination of the bisimulation
quantifier, plus some natural principles of commutativity between the existential
bisimulation quantifier and the operators of theµ-calculus.

By inspecting the semantics of this quantifier we recognize easily that it enjoys at
least the standard properties regarding substitutions and free variables. As usual,
we say that the substitution ofψ for P in φ is admissibleif no free variable ofψ
becomes bound after the substitution for P inφ. If this is the case, we denote by
φ[P/ψ] the formula obtained after the substitution.

The axiom and the rule for the existential bisimulation quantifiers are:

Ax1: φ[P/ψ] → ∃̃Pφ is provable, provided the substitution ofψ for P in φ is
admissible;

R1: if φ→ ψ is provable, theñ∃Pφ→ ψ is provable, providedP is not free inψ.

The proof of the soundness of the above axiom and rule is left to the reader.
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One could think that addingAx1 andR1 to a Hilbert system which is complete for
theµ-calculus (such as the Kozen system, proved to be complete in [13]) would give
us the complete calculus for the extended logic, but this is not the case. Consider
for example a valid principle as

φ = 3> → ∃̃P (3(P ) ∧3(¬P )).

It is easy to see that the systemµ + Ax1 + R1 cannot proveφ: this is because all
axioms and rules ofµ+ Ax1 + R1 are valid when we interpret the bisimulation
quantifier∃̃ as a standard second order quantifier, whileφ is not valid under this
interpretation. Hence we need to add some more principles toµ+ Ax1 + R1 in
order to obtain a complete system. In this section we show that it is enough to
add some simplecommutativity axioms, relating the bisimulation quantifier̃∃ to
disjunction, cover operators, and fixpoint operators.

First of all we prove that the existential bisimulation quantifier∃̃P commutes with
disjunctions and special conjunctions. In the next lemma, we denoteσ[P/>,¬P/>]
the formula obtained from a conjunctionσ of literals by replacing every occurrence
of P or¬P (if any) with>.

Lemma 5.1 If σ is a conjunction of a set of literals not containing bothP and¬P ,
andφ1, . . . , φn areµ-formulas, then the following are valid formulas.

∃̃Pσ ↔ σ[P/>,¬P/>], ∃̃P (φ1 ∨ φ2)↔ ∃̃Pφ1 ∨ ∃̃Pφ2

∃̃P (σ ∧ Cover(φ1, . . . , φn))↔ ∃̃Pσ ∧ Cover(∃̃Pφ1, . . . , ∃̃Pφn),

PROOF. To prove the validity ofσ[P/>,¬P/>] → ∃̃Pσ, suppose a modelM
satisfiesσ[P/>,¬P/>]; then the modelM ′ which is likeM except thatP is inter-
preted as{rM}, if P belongs to the conjunctionσ, and as∅ otherwise, is bisimilar
toM if we do not considerP in the language, and satisfiesσ.

On the other hand, if a modelM satisfies̃∃Pσ, thenσ is true in a modelM ′ which
is bisimilar toM w.r.t. the language ofM minusP ; then any propositional constant
which is different fromP and is true inM ′ must be also true inM andM satisfies
σ[P/>,¬P/>].

The verification of commutativity of̃∃ with disjunction is left to the reader. To
prove that

∃̃Pσ ∧ Cover(∃̃Pφ1, . . . , ∃̃Pφn)→ ∃̃Pσ ∧ Cover(φ1, . . . , φn),

supposẽ∃Pσ ∧ Cover(∃̃Pφ1, . . . , ∃̃Pφn) holds in a model(M,V ), whereV is a
valuation of the free variables inσ, φ1, . . . , φn. Fix a successorv of the rootrM

of M and consider all formulas of typẽ∃Pφi it satisfies: for any such formula
there exists a modelNv,i and a valuationVv,i of the free variables ofφi such that

20

67



(Nv,i, Vv,i) is Prop \ {P}-bisimilar to (M,V ) and (Nv,i, Vv,i) |= φi. Consider a
new modelM ′ with a new root satisfying the same propositional constants asrM

and connected to all theseNv,i, whenv varies in the successors ofrM . Define a
valuationV ′ over a variableX as

V ′(X) =
⋃
v,i

Vv,i(X), if rM 6∈ V (X),

and
V ′(X) = {rM} ∪

⋃
v,i

Vv,i(X), otherwise.

Then (M ′, V ′) is Prop \ {P}-bisimilar to (M,V ) and verifies the formulaσ ∧
Cover(φ1, . . . , φn).

The verification of the validity of the reverse arrow is left to the reader. 2

As a first step towards a complete calculus forµ̃, let us prove that the principles
discovered so far are complete if we do not consider fixpoint operators, that is, if we
only consider modal logicK extended with the existential bisimulation quantifier.
Let us denote the extended logic bỹK.

Theorem 5.2 Consider the Hilbert calculus for̃K consisting of the following ax-
ioms and rules:

(1) a complete Hilbert systemK of axioms and rules for modal logic;
(2) the axiomAx1 and the ruleR1;
(3) if σ is a non contradictory conjunction of literals andφ1, . . . , φn are formulas,

the axiom

∃̃P (σ ∧ Cover(φ1, . . . , φn))↔ σ[P/>,¬P/>] ∧ Cover(∃̃Pφ1, . . . , ∃̃Pφn).

Then this calculus is sound and complete for modal logic extended with the exis-
tential bisimulation quantifier.

PROOF. To prove that̃K is complete it is enough to show that for any formulaψ
of the logic there exists a modal formulaψ− such thatψ ↔ ψ− is provable inK̃: if
this is true, to derive a valid formulaψ in K̃ we can derive the (provably equivalent
and) valid modal formulaψ− instead; but̃K provesψ− becauseK proves it (being
a complete calculus for modal formulas) and̃K is an extension ofK.

We find the formulaψ− by induction on the structural complexity ofψ, the only
interesting case beingψ = ∃̃Pφ. By induction, we suppose thatφ is provably
equivalent to a modal formulaφ−. Now, any modal formula is semantically equiva-
lent to a disjunctive formulaφ−d , andK̃ can prove this equivalence since our system
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contains the complete systemK. By the existential rule and axiom we have

∃̃Pφ↔ ∃̃Pφ−d ,

and we only have to prove that∃̃Pφ−d is provably equivalent to a modal formula.
By Theorem 3.6, we know that this formula is the modal formulaφ−d [P/>,¬P/>].
Moreover, if fixpoint operators are not present the (semantical) equivalence be-
tween∃̃Pφ−d andφ−d [P/>,¬P/>] can be easily proved insidẽK by using induc-
tion on the structural complexity of the disjunctive formulaφ−d , the cover axioms,
Ax1, andR1.

So we letψ− = φ−d [P/>,¬P/>]. 2

We now go back to theµ-calculus. The strategy to find a complete calculus for
this logic is the same as for̃K, that is: we use the explicit form (in the original
µ-language) of uniform interpolants of disjunctiveµ-formulas (see Theorem 3.6).
First we prove that the existential bisimulation quantifier∃̃P commutes with the
fixpoint operatorsµX, νX, provided thecontextsµX.φ, νX.φ are disjunctive.

Corollary 5.3 If µX.φ andνX.φ are disjunctive formulas then

|= ∃̃PµX.φ↔ µX.∃̃Pφ |= ∃̃PνX.φ↔ νX.∃̃Pφ.

PROOF. By Theorem 3.6, the formulã∃PµX.φ is equivalent to(µX.φ)[P/>,
¬P/>], which is the same asµX.(φ[P/>,¬P/>]), which is equivalent toµX.∃̃Pφ.
The proof for the operatorν is similar. 2

Notice that these equivalences are not true without the disjunctivity hypothesis.
Consider for example the formulaφ = P ∧3(¬P ) ∧2X. We havẽ∃Pφ = 3>∧
2X, henceνX.∃̃Pφ = νX.3> ∧ 2X, which is true in a modelM iff all nodes
accessible from the root satisfy3>. Thus, the formulaνX.∃̃Pφ is satisfiable. On
the other hand, the formulaνX.φ is equivalent to⊥, and so is̃∃PνX.φ.

In the next theorem we show that adding commutativity between∃̃ and fixpoint
operators in a disjunctive context to the principles presented in Theorem 5.2 is
enough to obtain a complete system forµ̃.

Theorem 5.4 Consider the Hilbert calculus̃µ consisting of the following axioms
and rules:

(1) axioms and rules of the system̃K (see Theorem 5.2);
(2) a complete system of Hilbert axioms and rules for theµ-calculus (e.g. the

Kozen system, proved to be a complete system in [13]);
(3) if µX.φ is disjunctive, the axiom̃∃Pµx.φ↔ µx.∃̃Pφ;
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(4) if νX.φ is disjunctive, the axiom̃∃Pνx.φ↔ νx.∃̃Pφ.

Thenµ̃ is sound and complete for theµ-calculus extended with the existential bisim-
ulation quantifier, that is: a formulaφ of this logic is valid if and only if it is deriv-
able within the system̃µ.

PROOF. To prove thatµ̃ is complete, it is enough to show that for any formula
ψ of the logic there exists aµ-formulaψ− such thatψ ↔ ψ− is provable inµ̃.
This can be achieved by induction on the structural complexity of the formula, the
only interesting case beingψ = ∃̃Pφ. By induction, we suppose thatφ is provably
equivalent to aµ-formulaφ−, which is in turn provably equivalent to a disjunctive
µ-formulaφ−d since our system contains the complete systemµ. By the existential
rule and axiom we have

∃̃Pφ↔ ∃̃Pφ−d .
By induction on the structure of the disjunctive formulaφ−d we prove using the
axioms and the rules above that∃̃Pφ−d ↔ φ−d [P/>,¬P/>]. Hencẽ∃Pφ is provably
equivalent to theµ-formulaφ−d [P/>,¬P/>].

So we letψ− = φ−d [P/>,¬P/>]. 2

6 Conclusions and Related Work

In this paper we gave a simple rule for the uniform interpolant of a disjunctive
formula, and studied the behaviour of the existential bisimulation quantifiers w.r.t.
the alternation-depth hierarchy of theµ-calculus. We also gave an axiomatixation of
theµ-calculus extended with the existential bisimulation quantifier, allowing in this
way the possibility of computing with a logic as powerful as theµ-calculus in which
we have a way to denote uniform interpolants explicitly. A related question is the
axiomatization ofBQL [5] which is defined as the bisimulation quantifier closure
of Propositional Dynamic LogicPDL. The logicBQL is semantically equivalent
to theµ-calculus, but has the advantage of replacing all fixpoint operators (which
are difficult to read, especially when nesting of two or more operators occur) by the
Kleene star and the existential bisimulation quantifier. The structure of formulas
expressing a certain property are closer to natural language inBQL than in the
µ-calculus (see Example 2 in Subsection 2.2). A complete system of axioms and
rules forBQL is presented in [3].
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du doctorat, Université Bordeaux I
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A APPENDIX

Given aµ-formulaγ with a tableauT , we construct a deterministic Buchi automa-
tonA on infinite words which recognises exactly the infinite paths in the tableau
having onlyν-traces on them. We suppose that the tableau’s nodes (except the
root) are labelled by a pair in which the first component gives the formula which
has been reduced in the father of the node, and the second component gives the
label of the node in the tableau. E.g. if we are in noden which was created be-
cause of the ruleand applied to the fatherm to the formulaα = β ∧ γ then the
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label ofn will be (α, {β, γ, ...}) The automatonA is defined as follows. The set
of states is given by all sets of the form{(α1, u1), ..., (αn, un)} whereui is either
s (for ”search” ) or f (for found) and{α1, ..., αn} is the second component of a
label of the tableau, where all propositional constants have been removed. This
implies in particular that allαj are different. When defining the transitions of the
automaton we identify pairs(α, s), (α, f) with the single element(α, s).The initial
position is{(γ, s)}. The states having all element with second component equal
to f are of priority0, while the other states have priority1.The automaton reads
paths inT (but it skips the label of the root). We will defineA in such a way
that whenA reads a path(L(root))L(n1).....L(ni)... of the tableau, it will be in a
state{(α1, u1), ..., (αn, un)} just after reading a label{α1, ..., αn}. If A is in state
{(α1, u1), ..., (αn, un)}, where not allui are equal tof , it reads a label(θ, L), and
there existsi such thatθ = αi, then:

(1) if αi = β ∧ δ andL = ({α1, ..., αn} \ {αi}) ∪ {β, δ} thenA goes to the state

{(α1, u1), ..., (αn, un)} \ {(αi, ui)}) ∪ {(β, ui), (δ, ui)};

(2) if αi = β ∨ δ andL = ({α1, ..., αn} \ {αi}) ∪ {ε},(whereε is eitherβ or δ),
thenA goes to the state

{(α1, u1), ..., (αn, un)} \ {(αi, ui)}) ∪ {(ε, ui};

(3) if αi = σXα whereσ is ν or µ andL = ({α1, ..., αn} \ {αi}) ∪ {α}, thenA
goes to the state

{(α1, u1), ..., (αn, un)} \ {(αi, ui)}) ∪ {(α, ui)}

(4) if αi = X, the binding ofX is α, andL = ({α1, ..., αn} \ {X}) ∪ {α}, then
A goes to the state

{(α1, u1), ..., (αn, un)} \ {(αi, ui)}) ∪ {(α, s)},

if X is aν-variable, and to the state

{(α1, u1), ..., (αn, un)} \ {(αi, ui)}) ∪ {(α, ui)},

if X is aµ-variable;
(5) if α1 = Cover(F1), ..., αn = Cover(Fn) and there exists a formulaα ∈ Fi

such thatL = {α} ∪ {∨Fi : j 6= i} thenA goes to the state

{(α, ui)} ∪ {(∨Fj, uj) : j 6= i}.

If A is in state{(α1, u1), ..., (αn, un)}, where allui are equal tof , we just consider
the previous transitions, but as if we where starting from the state{(α1, s), ..., (αn, s)}
instead of{(α1, u1), ..., (αn, un)}. If none of the above condition is fulfilled, the au-
tomaton stops.
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We investigate the complexity of the model checking problem for hybrid logics. We provide
model checker algorithms for various hybrid fragments and we prove PSPACE-completeness
for hybrid fragments including binders. We complement and motivate our complexity re-
sults with an application of model checking in hybrid logic to the problems of query and
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1 Introduction

In model checking[19] we are given a formal model and a property and we have
to check whether the model satisfies the property. The model is a labelled graph,
sometimes called Kripke structure, and the property is a formula in some logical
language. We search the graph in order tocheckwhether the formula is true in the
model. As a technique, model checking has very strong links to (at least) two areas
in computer science: verification and databases. In the first half of this paper, we
focus on model checking algorithms for so-called hybrid logics; in the second half,
we go on to show their relevance for reasoning about semistructured data.
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Modal and temporal logics have been successfully used as specification languages
in the model checking task [20]; they are algorithmically well-behaved and mathe-
matically natural fragments of classical logics. However, something crucial is miss-
ing in propositional modal and temporal logics: they lack mechanisms for naming
states, for accessing states by names, and for dynamically creating new names for
states. In particular, traditional modal and temporal logics are able to express prop-
erties that satisfy thetree model property, that is, properties that are satisfiable if,
and only if, they are satisfiable in a tree-like model. Are there extensions of modal
and temporal logics violating the tree model property that are still computationally
tractable? This is wherehybrid logicscome in. They allow us to refer to states in
a truly modal framework, mixing features from first-order logic and modal logic,
whence the namehybrid logic [15]. In addition to ordinary propositional variables,
hybrid languages provide a type of atomic formulas callednominals. Syntactically,
nominals behave like propositional variables, but they have an important semantic
property: nominals are true at exactly one state in any model.

Nominals are only the first ingredient that sets hybrid languages apart from tradi-
tional modal-like languages. Hybrid languages may also contain theat operator@i

which gives direct access to the unique state named byi: @ip holds if, and only if,
p holds at the state named byi. Moreover, hybrid languages may be extended with
the downarrow binder↓x that assigns the variable namex to the current state of
evaluation. The operator@ combines naturally with↓: ↓ stores the current state of
evaluation and@ enables us toretrievethe information stored by shifting the point
of evaluation in the model. While↓x stores the current state inx, the binder⇓x
stores the ‘label’ of the current state inx, that is, the set of propositions holding
at the current state. Finally, theexistential binder∃x binds the variable namex to
some state in the model.

Model checking for hybrid languages has hardly been explored so far. In this pa-
per we address this gap. Our approach is incremental: on top of well-known model
checking results for Propositional Temporal Logic and Converse Propositional Dy-
namic Logic, we investigate the model checking problem for these languages ex-
tended with the hybrid machinery as well as with the universal modalityA. It turns
out that the addition of nominals, the @ operator, and the universal modalityA
does not increase the complexity of the model checker. In contrast, an arbitrary
use of hybrid binders in formulas is computationally dangerous. The model check-
ing problem for any hybrid logic that freely mixes the hybrid binder↓ or ⇓ with
temporal operators is PSPACE-complete, while∃ is hard even without temporal
operators. However, the model checker runs in exponential time with respect to the
nesting degreeof the binders in the formula. This means that we can still check in
polynomial time long formulas, as long as the nesting degree of the hybrid binders
on the formula is bound. We summarize our complexity results in Table 1, where
k is the length of the formula,n andm are the number of nodes and the number
of edges of the graph structure, respectively, andr is the nesting degree of hybrid
binders. Moreover,F is the Future temporal operator,P is Past,U is Until andS
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Language Complexity Language Complexity

HL(@,F,P,A) O(k · (n + m)) HLr(↓,@,F,A) O(k · (n + m) · nr)

HL(@,U,S,A) O(k · n ·m) HDLr(↓,@,A) O(k · (n + m) · nr)

HDL(@,A) O(k · (n + m)) HL(∃) PSPACE-complete

HL(↓,@) O(k · n) HL(∃,@,F,A) PSPACE-complete

HL(↓,F) PSPACE-complete HLr(∃,@,F,A) O(k · (n + m) · nr+1)

HL(↓,A) PSPACE-complete HDLr(∃,@,A) O(k · (n + m) · nr+1)

HL(↓,@,F,A) PSPACE-complete

Table 1
Complexity of model checking for hybrid logics.

is Since. Finally, languages of the formHL(·) are hybrid extensions of Proposi-
tional Temporal Logic, while languages of the formHDL(·) are hybrid extensions
of Converse Propositional Dynamic Logic. Notice that PSPACE-complete prob-
lems are hard with respect to expression (or formula, or query) complexity, which
is the complexity of model checking if we only consider the length of the formula
as a parameter. If data complexity (the complexity of model checking if we only
consider the size of the model as a parameter) is taken into account, all the model
checking problems summarized in the table can be solved in polynomial time.

In the second part of the paper we illustrate a general methodological point: since
hybrid languages provide very natural modeling facilities, understanding the com-
putational and algorithmic properties of hybrid languages is of great potential value.
The complexity-theoretic results obtained in this paper are valuable results about
hybrid logic in their own right, but we believe they get additional value because
of the fact that hybrid languages provide such natural modeling facilities, which
makes the formal results of this paper applicable in a fairly direct way. To back up
these claims we apply model checking for hybrid logics to the problems of query
and constraint evaluation forsemistructured data: data with some structure but
without a regular schema. We discuss a hierarchy of query languages for semistruc-
tured data corresponding to fragments of the language Lorel [3], the query language
in the Lore system [32], which was designed for managing semistructured data. The
languages that we discuss offer regular expressions to navigate the query graph at
arbitrary depths, as well as the possibility of comparing object identities and object
values. We embed those query languages into fragments of hybrid logics with dif-
ferent expressivity and establish a close relationship between the query processing
problem for semistructured data and the global model checking problem for hybrid
logics. Moreover, we describe languages to specify path constraints for semistruc-
tured data, including inclusion, inverse and functional path constraints. Path con-
straints generalize relational integrity constraints for semistructured databases and
they are useful to provide a loose schema to the otherwise unstructured database.
Once again, we provide an embedding into hybrid logic, this time of the constraint
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language, and we underline the close connection between path constraint evaluation
for semistructured data and model checking for hybrid logics.

The paper is organized as follows. In Section 2 we discuss related work. Sec-
tion 3 introduces hybrid logic. In Section 4 we provide model checkers for differ-
ent hybrid languages, analyze their computational complexity, and prove PSPACE-
completeness of the model checking problem for hybrid fragments allowing binders.
Readers mostly interested in the relation between hybrid logic and semistructured
data, can skip Section 4 and return to it for details of the results used in Section 5,
where we describe the application of model checking hybrid logic to semistructured
data. We conclude the paper and outline future work in Section 6.

2 Related Work

Hybrid logic was invented by Arthur Prior, the inventor of tense logic. The germs
of the idea seem to have emerged in the 1950s, but the first detailed account is [36].
Prior called nominals world propositions and worked with rich hybrid languages
including quantifiers∀ and∃. The next big step was taken by Robert Bull, Prior’s
student, in [16]. Bull introduced a three-sorted hybrid language (propositional vari-
ables, state nominals andpath nominals) and proved a completeness result for this
logic. Path nominals name branches in tree-like models of time by being true at
all and only the points of the branch. There were no further papers on the subject
till the 1980s, when hybrid logic was reinvented by a group of Bulgarian logi-
cians (Passy, Tinchev, Gargov, and Goranko). The locus classicus of this work is
Passy and Tinchev’s [35]; they initiated the study of binder-free systems. During
the 1990s, the emphasis has been on understanding the hybrid hierarchy in more
detail. Goranko introduced the↓ binder [26], Blackburn and Seligman examined
the interrelationships between a number of binders [14]. Characterizations with
respect to first-order correspondence theory, interpolation properties, and computa-
tional complexity (of the satisfiability problem) for hybrid modal logics have been
studied in [11]; recent contributions completing the picture are in [38]. The com-
plexity of the satisfiability problem for hybrid temporal logics with respect to dif-
ferent classes of frames has been investigated in [9,10,25]. As for implementations,
a resolution-based theorem prover for hybrid logic with@ and↓ has been imple-
mented [12]. For a comprehensive entry point to the field see the hybrid logic home
page [30].

Since the mid-1990s there has been a lot of work on the interface of computa-
tional logic and semistructured data, making use of a wide variety of logical tools
and techniques. E.g., [17] use simulations and morphisms, [4] concentrate on reg-
ular expressions, and [18] make the connection with description logic. The relation
between model checking and query processing has been extensively explored for
structureddata; see, e.g., [28]. The relation between model checking and query
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processing forsemistructureddata goes back at least to [6], where it was formu-
lated in terms of suitable modal-like logics. Quintarelli [37] embeds a fragment
of the graphical query language G-Log into CTL, and she sketches a mapping for
subsets of other semistructured query languages, like Lorel, GraphLog and UnQL.
It is worth noticing that the fragments considered in [37] do not allow queries with
joins. De Alfaro [8] proposes the use of model checking for detecting errors in
the structure and connectivity of web pages. Miklau and Suciu [33] and Gottlob et
al. [27] sketch an embedding of the forward looking fragment of XPath into CTL.
Finally, Marx [31] used PDL-like logics in order to extend the XPath core language
to a language that is expressively complete with respect to first-order logic on finite
trees.

As for the relation between model checking and path constraints evaluation for
semistructured data, Alechina et al. [7] embed forward and backward path con-
straints into Converse Propositional Dynamic Logic. Calvanese et al. [18] use de-
scription logics, and Afanasiev et al. [5] turn to CTL and provide experimental
results of the “query evaluation as model checking” perspective.

3 Hybrid Logics

Temporal logics[23] (TL, for short) may be viewed as fragments of classical log-
ics [13]. They extend propositional logic by adding the well-known temporal op-
erators futureF, pastP, until U and sinceS. Let PROP = {p, q, . . .} be a set of
propositional variables. The syntax of temporal logic is as follows:

φ := > | p | ¬φ | φ ∧ φ | Fφ | Pφ | φUφ | φSφ.

We adopt the usual Boolean shorthands. The dual ofP is Hα = ¬P¬α, and the
dual ofF is Gα = ¬F¬α.

Temporal logic is interpreted overKripke structuresof the form〈M,R, V 〉, where
M is a set of states (or worlds, points, nodes),R is a binary relation onM called the
accessibility (or reachability) relation, andV is a valuation function fromPROP to
the powerset ofM . We assume no specific structure of time (linear, branching, . . . ).
LetM be a Kripke structure andm ∈M . The semantics of temporal logic is given
in Figure 1

Sometimes, TL also includes the transitive closure operatorsF+, P+, U+ andS+,
interpreted over the transitive closureR+ of the accessibility relation, as well as
the universal modalityA. The semantics of the universal modality is as follows:
M,m |= Aφ iff for all m it holds thatM,m |= φ. The dual of the universal
modality is the existential modalityEα = ¬A¬α.

Hybrid logic (HL, for short) extends temporal logic with devices for naming states
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M,m |= >

M,m |= p iff m ∈ V (p), p ∈ PROP

M,m |= ¬φ iff M,m 6|= φ

M,m |= φ ∧ ψ iff M,m |= φ andM,m |= ψ

M,m |= Fφ iff ∃m′ (Rmm′ ∧ M,m′ |= φ)

M,m |= Pφ iff ∃m′ (Rm′m ∧ M,m′ |= φ)

M,m |= ψUφ iff ∃m′ (Rmm′ ∧ M,m′ |= φ∧

∀m′′ (Rmm′′ ∧ Rm′′m′ → M,m′′ |= ψ))

M,m |= ψSφ iff ∃m′ (Rm′m ∧ M,m′ |= φ∧

∀m′′ (Rm′m′′ ∧ Rm′′m → M,m′′ |= ψ))

Fig. 1. Semantics for temporal logic.

and accessing states by names. LetNOM = {i, j, . . .} andWVAR = {x, y, . . .} be
sets of nominals and state variables, respectively. HL’s syntax is:

φ := TL | i | x | @tφ | ↓x.φ | ∃x.φ,

with i ∈ NOM, x ∈ WVAR, t ∈ NOM ∪WVAR. The operators in{@, ↓,∃} are
calledhybrid operators. We callWSYM = NOM∪WVAR the set ofstate symbols,
ALET = PROP ∪ NOM the set ofatomic letters, andATOM = PROP ∪ NOM ∪
WVAR the set ofatoms. We usex = y for @xy andx 6= y for @x¬y. For simplicity,
we omit parenthesis after the↓. For instance, in↓x.p ∧ @xq, the variablex used in
@xq is bound by↓x. Hence, it should be read as↓x.(p ∧ @xq).

Hybrid logic is interpreted overhybrid Kripke structures, i.e., Kripke structures
〈M,R, V 〉 where the valuation functionV assigns singleton subsets ofM to nom-
inals i ∈ NOM. To give meaning to the formulas, we also need the notion ofas-
signment. An assignmentg is a mappingg : WVAR → M . Given an assignment
g, we definegxm by gxm(x) = m andgxm(y) = g(y) for x 6= y. For any atoma, let
[V, g](a) = {g(a)} if a is a state variable, andV (a) otherwise.

The semantics of hybrid logic is given in Figure 2, whereM = 〈M,R, V 〉 is a hy-
brid Kripke structure,m ∈ M , andg is an assignment; the semantics for Boolean
and temporal operators is as for temporal logic. In words, the at operator@t shifts
evaluation to the state named byt, wheret is a nominal or a variable. The downar-
row binder↓x binds the state variablex to thecurrent state (where evaluation is
being performed), while the existential binder∃x binds the state variablex to some
state in the model;↓ and∃ do not shift evaluation away from the current state.
We useHL(O1, . . . , On) to denote the hybrid language with hybrid and temporal
operatorsO1, . . . , On.
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M, g,m |= a iff m ∈ [V, g](a), a ∈ ATOM

M, g,m |= @tφ iff M, g,m′ |= φ, where[V, g](t) = {m′}, t ∈ WSYM

M, g,m |= ↓x.φ iff M, gxm,m |= φ

M, g,m |= ∃x.φ iff there ism′ ∈M such thatM, gxm′ ,m |= φ

Fig. 2. Semantics for hybrid logic.

The until operatorU can be written in hybrid logic as follows:αUβ = ↓x.F(β ∧
H(Px → α)), and analoguously for the since operatorS. Moreover, the past op-
erator isPα = ↓x.∃y.@y(Fx ∧ α). Finally, the downarrow binder↓ is a particular
case of the existential binder:↓x.α = ∃x.(x ∧ α), while ∃ can be simulated by↓
andE as follows:∃x.α = ↓y.E↓x.E(y ∧ α).

In addition to the hybrid languages listed so far, we consider hybriddynamiclan-
guages; these will prove to be especially useful in Section 5. We consider a hy-
bridization of converse propositional dynamic logic (CPDL) [29]. CPDL adds two
operators to propositional logic, namely〈e〉α and〈e〉−1α, wheree is a regular ex-
pression on a set of labelsΣ andα is a CPDL formula. CPDL is interpreted over
Labelled Transitions Systems(LTSs), Kripke structures in which both the nodes
and the edges are labelled. The edges are labelled with symbols inΣ. Each reg-
ular expressione on the set of edge labelsΣ identifies a binary relationRe on
the set of states. The relationRe is recursively defined in terms of the structure of
e. More precisely,Rl contains all the edges labelled withl, Re1.e2 = Re1 ◦ Re2,
Re1+e2 = Re1 ∪Re2, andRe∗ = (Re)

∗. A states is reachablefrom a stater through
the regular expressione if (r, s) ∈ Re. Given an LTSM and a states inM, we
have that〈e〉α is true inM at s if there exists a states′ reachable froms troughe
such thatα is true inM at s′. Moreover,〈e〉−1α is true inM at s if there exists a
states′ such thats is reachable froms′ throughe andα is true inM ats′.

Hybrid dynamic logic is thehybridizationof CPDL. We writeHDL(O1, . . . , On)
to denote the extension of CPDL with nominals, hybrid operators and possibly
the universal modality inO1, . . . , On. For instance,HDL(@, ↓,A) is CPDL with
nominals, @,↓ andA operators.

We now introduce a new hybrid binder⇓. We have separated the introduction of this
binder because it is usually not included in hybrid languages. However,⇓will come
in handy in Section 5. Intuitively, while↓ stores the current state into a variable,⇓
stores thelabel (or value) of the current state, that is, the set of propositions that
hold at the current state. LetWVAR′ = {v, w, . . .} be a set of variables such that
WVAR andWVAR′ are disjoint sets. The new variables inWVAR′ serve as contain-
ers for sets of propositions. We add to the hybrid language the formulas⇓v.α, v, and
v = w, and the new abreviationv 6= w for ¬(v = w), wherev, w ∈ WVAR′, with
the following meaning. LetM = 〈M,R, V 〉 be a hybrid Kripke structure,m ∈M ,
andg an assignment extended toWVAR′; that is,g is a mapping that associates
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each variable inWVAR to a state inM and each variable inWVAR′ to a subset of
PROP. We denote byV −1 the function fromM to the powerset ofPROP such that
p ∈ V −1(m) iff m ∈ V (p). Then,M, g,m |= ⇓v.α iff M, gvV −1(m),m |= α. More-
over,M, g,m |= v iff g(v) = V −1(m) andM, g,m |= v = w iff g(v) = g(w).
In words, the binder⇓v binds the variablev to the label of the current state, while
v = w compares the labels stored inv andw.

To put our results on model checking in perspective we briefly recall the complex-
ity/decidability results for satisfiability for the logics we consider. The basic hybrid
logic with just nominals and the @ operator is PSPACE-complete, not harder than
modal logic. However, as soon as either the past operator, or the until operator,
or the universal modality is added, the satisfiability problem becomes EXPTIME-
complete. Finally, if the↓ binder is added, decidability of the satisfiability problem
is lost.

4 Model Checking for Hybrid Logics

We now investigate the complexity of the global model checking problem for var-
ious hybrid languages. A hybrid Kripke structureM = 〈M,R, V 〉 is finite if M
is finite. Theglobal model checking problemfor hybrid logic is: Given a finite hy-
brid Kripke structureM, an assignmentg, and a hybrid formulaφ, is there a state
m ∈ M such thatM, g,m |= φ? We distinguish betweenexpression complexity,
i.e., the complexity of the model checking problem when the complexity parameter
is the length of the formula only, anddata complexity, i.e., the complexity of the
model checking problem when the complexity parameter is the size of the model
only.

4.1 Model Checkers

We provide global model checkers for different hybrid logics and we analyze their
worst-case behavior. We start by describing a model checker calledMCLITE for
the languageHL(@,F,P,U,S,A). It receives a hybrid modelM = 〈M,R, V 〉,
an assignmentg, and a hybrid formulaφ in the considered language and, after
termination, every state in the model is labelled with the subformulas ofφ that hold
at that state. The algorithm uses abottom-up strategy: it examines the subformulas
of φ in increasing order of length, untilφ itself has been checked.

We need some auxiliary notation. LetR be an accessibility relation; thenR− is the
inverse ofR: R−vu if, and only if,Ruv. Forn ≥ 1, letRn(w) be the set of states
that are reachable fromw in n R-steps, andR−n(w) be the set of states that are
reachable fromw in n R−-steps. The states belonging toR1(w) aresuccessorsof
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ProcedureMCF(M, g, α)
for w ∈ L(α) do

for v ∈ R−1(w) do
L(Fα, w)← 1

end for
end for
ProcedureMCA(M, g, α)
if L(α) = M then

for v ∈M do
L(Aα, v)← 1

end for
end if
ProcedureMC@(M, g, t, α)
let {w} = [V, g](t)
if L(α, w) = 1 then

for v ∈M do
L(@tα, v)← 1

end for
end if

ProcedureMCU(M, g, α, β)
for w ∈M do

unmark (w)
end for
for w ∈ L(β) do

for v ∈ R−1(w) do
if L(α, w) = 0 then

for u ∈ R−1(v) do
mark (u)

end for
end if

end for
for v ∈ R−1(w) ∪R−2(w) do

if marked (v) then
unmark (v)

else
L(αUβ, v)← 1

end if
end for

end for

Fig. 3.MCLITE subprocedures.

w, while those belonging toR−1(w) arepredecessorsof w. Given a modelM =
〈M,R, V 〉, we denote byM− the model〈M,R−, V 〉. The lengthof a formulaφ,
denoted by|φ|, is the number of operators (Boolean, temporal and hybrid) ofφ plus
the number of atoms (propositions, nominals and variables) ofφ. Let sub(φ) be the
set of subformulas ofφ. Notice that|sub(φ)| = O(|φ|).

The model checkerMCLITE updates a tableL of size|φ|×|M |whose elements are
bits. Initially, L(α,w) = 1 if, and only if,α is an atomic letter insub(φ) such that
w ∈ V (α). WhenMCLITE terminates,L(α,w) = 1 if, and only if,M, g, w |= α
for everyα ∈ sub(φ). Givenα ∈ sub(φ) andw ∈ M , we denote byL(α) the set
of statesv ∈M such thatL(α, v) = 1 and byL(w) the set of formulasβ ∈ sub(φ)
such thatL(β, w) = 1. MCLITE uses subroutinesMCF, MCU, MCA, andMC@ in
order to check subformulas of the formFα, αUβ, Aα, and@tα, respectively. The
pseudocode for these procedures is in Figure 3.

Proposition 4.1 (Correctness of subroutines)LetM = 〈M,R, V 〉 be a hybrid
model,g an assignment,α andβ hybrid formulas, andt a state symbol. LetL be a
table such that, for everyw ∈ M , L(α,w) = 1 (respectively,L(β, w) = 1) if, and
only if,M, w |= α (respectively,M, w |= β). Then,

(1) after termination ofMCF(M, g, α), for every statew ∈ M , L(Fα, w) = 1 if,
and only if,M, g, w |= Fα;

(2) after termination ofMCA(M, g, α), for every statew ∈ M , L(Aα, w) = 1 if,
and only if,M, g, w |= Aα;
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(3) after termination ofMC@(M, g, t, α), for everyw ∈M ,L(@tα,w) = 1 if, and
only if,M, g, w |= @tα; and

(4) after termination ofMCU(M, g, α, β), for everyw ∈ M , L(αUβ, w) = 1 if,
and only if,M, g, w |= αUβ.

Proof. The proofs for cases 1, 2, and 3 are easy. We only show the more involved
case 4. The procedureMCU works as follows. First, all nodes are set to unmarked.
Then, for eachw that is labelled withβ, the first inner for loop marks all the nodesu
such that there exists a nodev which isnot labelled withα andRuv andRvw. The
second inner for loop labels withαUβ the remaining unmarked nodes. The set of
states labelled withαUβ grows monotonically as computation proceeds. Indeed, a
node that is not labelled withαUβ during the iteration for somew may be labelled
with αUβ during a later iteration for somew′. Letw ∈ L(β). We claim that:

Claim 1 After termination of the main for loop dedicated tow in the procedure
MCU, for everyv ∈ R−1(w) ∪R−2(w), we have thatv is labelled withαUβ if, and
only if, every successor ofv that is a predecessor ofw is labelled withα.

It follows that, after termination of the procedureMCU, for everyv ∈ M , v is
labelled withαUβ if, and only if, every successor ofv that is a predecessor of
somew ∈ L(β) is labelled withα, which means thatM, v |= αUβ. To prove the
left to right direction of the claim, suppose thatv is labelled withαUβ. Then,v is
unmarked before the second inner for loop. We infer that every successor ofv that is
a predecessor ofw is labelled withα. Indeed, suppose there exists a successorz of
v such thatz precedesw andz is not labelled withα. Because of the first inner for
loop, the predecessors ofz are marked. Sincev is a predecessor ofz, v is marked
as well, which contradicts the fact thatv is unmarked. For the right to left direction,
suppose every successor ofv that is a predecessor ofw is labelled withα. Then,
after the first inner for loop,v is unmarked. Indeed, supposev is marked. Then,
there exists some successorz of v that is a predecessor ofw and is not labelled
with α. This contradicts the fact that every successor ofv that is a predecessor ofw
is labelled withα. Hence,v is unmarked before entering the second inner for loop
and, hence,v is labelled withαUβ at the end of it. 2

What is the complexity of the subroutines? LetM = 〈M,R, V 〉 be a finite hybrid
model, withn = |M | andm = |R|. The procedureMCF runs inO(n+m), and both
MC@ andMCA run inO(n). As forMCU, for everyw ∈ L(β), the procedure pays two
backward visits to the states reachable in 2 steps. Each visit costsO(m). As there
areO(n) states inL(β), MCU runs inO(n ·m) time.

A model checkerMCLITE for HL(@,F,P,U,S,A) can easily be programmed by
taking advantage of subroutinesMCF, MCA, MC@, andMCU. MCLITE works bottom-
up checking all subformulas of the input formula in increasing length order. When
a formula starting with one of@, F, U, A needs to be checked, the correspond-
ing procedure is invoked. Past temporal operatorsP andS are handled by feeding
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the subroutinesMCF andMCU, respectively, with the reversed modelM−. Finally,
Boolean connectives are treated as usual. The correctness ofMCLITE follows from
the correctness of its subroutines (Proposition 4.1) and the semantics of the opera-
torsP andS.

Theorem 4.2 (Correctness ofMCLITE) LetM = 〈M,R, V 〉 be a hybrid model,
g an assignment, andφ a formula inHL(@,F,P,U,S,A). Then, after termination
of MCLITE(M, g, φ), we have that, for everyw ∈ M and for everyα ∈ sub(φ), it
holds thatL(α,w) = 1 if, and only if,M, g, w |= α.

Theorem 4.3 (Complexity ofMCLITE) LetM = 〈M,R, V 〉 be a hybrid model
such thatn = |M | andm = |R|. Letg be an assignment, andφ a hybrid formula
of lengthk. Then,

• if φ belongs toHL(@,F,P,U,S,A), then the model checkerMCLITE(M, g, φ)
terminates in timeO(k · n ·m);
• if φ belongs toHL(@,F,P,A), then the model checkerMCLITE(M, g, φ) termi-

nates in timeO(k · (n+m)); and
• if φ belongs toHL(@,A), then the model checkerMCLITE(M, g, φ) terminates

in timeO(k · n).

Proof. There are|sub(φ)| = |φ| = k subformulas to check. The complexity of
each check depends on the form of the subformulaψ. If ψ is atomic, it is checked
in constant time. If its main operator is Boolean,@, or A, then it is checked in
O(n). If ψ’s main operator isF or P, then it is checked inO(n+m). Finally, if its
main operator isU or S, thenψ is checked inO(n ·m). 2

We can extendMCLITE to cope with transitive closure operatorsF+ andU+, as
well as with their past counterparts, without increasing the asymptotic complexity.
The idea is to replace the visit to the predecessors ofw with a backward depth-
first visit of the nodes that can reachw. As an alternative, one may first compute
the transitive closure of the accessibility relation, and then use the model checker
MCLITE on the transitive model.

We now move to hybrid languages with binders. The efficient bottom-up strategy
used inMCLITE does not work for such languages. Why? Consider the formula
G↓x.Fx. It says that every successor of the current point is reflexive. If we try to
check this formula in a bottom-up fashion, we initially have to check the subfor-
mula x. However, at this stage, we do not have enough information to checkx,
and hence we cannot label the states of the model withx. Instead, we can proceed
as follows: we first check↓x.Fx with a procedure yet to be developed, then we
checkG↓x.Fx, that is¬F¬↓x.Fx, taking advantage of the subprocedureMCF of
MCLITE. In order to check↓x.Fx, for each statew, we first assignw tox, and then
checkFx atw under the new assignment forx. The latter can again be done using
MCF.
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ProcedureCheckF(M, g, α)
MCFULL(M, g, α)
MCF(M, g, α)

ProcedureCheck↓(M, g, x, α)
for w ∈M do

g(x)← w
MCFULL(M, g, α)
if w ∈ L(α) then

L(↓x.α,w)← 1
end if
Clear (L, x)

end for

ProcedureCheck∃(M, g, x, α)
for v ∈M do

g(x)← v
MCFULL(M, g, α)
for w ∈M do

if w ∈ L(α) then
L(∃x.α,w)← 1

end if
end for
Clear (L, x)

end for

Fig. 4.MCFULLsubprocedures.

The sketched strategy, which combines top-down and bottom-up reasoning, has
been implemented in a recursive model checkerMCFULLfor the full hybrid lan-
guageHL(HO ∪ TO), whereHO = {@, ↓,∃}, andTO = {F,P,U,S,A}. The
auxiliary proceduresCheck∗, with ∗ ∈ HO ∪ TO, handle the cases of subfor-
mulas with main operator∗. Whenever possible, these procedures re-use the sub-
proceduresMC∗, with ∗ ∈ {@} ∪ TO, of MCLITE. They use the new subroutine
Clear (L, x) to reset all the values ofL(α), for anyα containing the variablex
free (we assume that different binders use different variables). Boolean operators
are treated as usual. In Figure 4 we show the pseudocode forCheckF, Check↓, and
Check∃. The procedures for the other operators are similar toCheckF.

Theorem 4.4 (Correctness ofMCFULL) LetM = 〈M,R, V 〉 be a hybrid model,
g an assignment, andφ a hybrid formula. Then, after termination ofMCFULL(M,
g, φ), we have that:

• for everyw ∈M , L(φ,w) = 1 if, and only if,M, g, w |= φ; and
• for everyw ∈ M and every sentenceα ∈ sub(φ), L(α,w) = 1 if, and only if,
M, g, w |= α.

Theorem 4.5 (Complexity ofMCFULL) LetM = 〈M,R, V 〉 be a hybrid model
such thatn = |M | andm = |R|, andg an assignment. Letφ be a hybrid formula
in HL(∃, ↓, S), and letr↓ and r∃ be the nesting degree of↓ and ∃, respectively,
in φ. LetCS be the model checking complexity forHL(S). Then,MCFULL(M, g, φ)
terminates in timeO(CS · nr↓+r∃+1) if r∃ > 0, and in timeO(CS · nr↓) if r∃ = 0.
Moreover, the procedure uses polynomial space.

Proof. We have that (1) the procedureCheck∗ runs in timeCα + C∗, whereC∗ is the
cost ofMC∗ andCα is the cost to checkα; (2) the procedureCheck↓ runs in time
n · Cα; and (3) the procedureCheck∃ runs in timen · (Cα + n). Thus, the overall
worst-case time complexity isO(CS · nr↓+r∃+1) if r∃ > 0, and it isO(CS · nr↓) if
r∃ = 0. Since the height of the recursion stack forMCFULL is at most|φ|, we have
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thatMCFULL uses polynomial space.2

MCFULLcan easily be extended to cope with formulas involving⇓ and the compar-
ison of state labels. A procedure similar toCheck↓ can be used to check formulas
of the form⇓v.α. The only difference is that we have to bind the variablev to the
labelof the current state, and not to the current state itself. The complexity remains
the same. Moreover, the formulav, for v ∈ WVAR′, can be verified by comparing
the label of the current state and the label stored inv, while the formulav = w, for
v, w ∈ WVAR′, can be checked by comparing the labels stored inv andw.

Furthermore,MCFULLcan be viewed as a general model checker for the hybridiza-
tion of any temporal logic. Given a temporal logicT, the hybridization ofT is
the hybrid logic obtained from the language ofT by adding the hybrid machin-
ery. Suppose that, for each temporal operatorO of arity k in T, we can exploit
a procedureCheckO that, given a model andk formulasα1, . . . , αk, labels each
statem of the model with the formulaO(α1, . . . , αk) if, and only if, the formula
is true atm. A model checker for the hybridization ofT can be synthesized from
these model checking procedures following the example ofMCFULL. For instance,
a model checker forHDL(@, ↓,⇓,A) can be programmed by taking advantage of
a CPDL model checker. Model checking for CPDL can be done in linear time with
respect to the length of the formula and the size of the model [21]. Hence, we have:

Theorem 4.6 Model checking forHDL(@,A) has linear time data and expression
complexity, while model checking forHDL(@, ↓,⇓,A) has exponential time ex-
pression complexity and polynomial time data complexity. In any case, the problem
can be solved in polynomial space.

4.2 Lower Bounds

Can we do better than the upper bounds given in Section 4.1? Model checking for
first-order logic is PSPACE-complete. SinceHL(∃,@,F) is as expressive as first-
order logic [15], model checking forHL(∃,@,F) is PSPACE-complete as well.
What about fragments ofHL(∃,@,F)? The question is particulary interesting for
the fragmentHL(↓,@,F), since it corresponds to thebounded fragmentof the first-
order correspondence language [9]. Unfortunately, the model checking problem
for HL(↓,@,F), and hence for the bounded fragment, is still PSPACE-hard, even
without@, nominals and propositions. It is worth noticing that all the lower bounds
in this section refer toexpression complexity.

Theorem 4.7 Model checking for the pure nominal-free fragment ofHL(↓,F) is
PSPACE-complete.
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1
home

false 
3

true 
2

Fig. 5. Embedding QBF into model checking for hybrid logics.

τ(x) = F(x ∧ ↓y.Fy) τ(¬x) = F(x ∧ ↓y.G¬y)

τ(α1 ∧ α2) = τ(α1) ∧ τ(α2) τ(α1 ∨ α2) = τ(α1) ∨ τ(α2)

τ(∃x.α) = F↓x.F(↓y.G¬y ∧ τ(α)) τ(∀x.α) = G↓x.F(↓y.G¬y ∧ τ(α))

Fig. 6. From QBF to hybrid logic.

Proof. PSPACE-membership follows from Theorem 4.5. To prove PSPACE-hardness,
we embed Quantified Boolean Formulas (QBF) [34] into the model checking prob-
lem for the pure nominal-free fragment ofHL(↓,F). We proceed in two steps. We
first embed QBF into the model checking problem forHL(↓,@,F). Then, we re-
move the@ operator and atomic letters.

Recall that an instance of QBF has the formΨ = Q1x1. . . . Qnxn.α(x1, . . . , xn),
whereQi ∈ {∃,∀}, andα(x1, . . . , xn) is a Boolean formula using variablesx1, . . .,
xn. LetNOM = {true, false, home} and letM be the model depicted in Figure 5,
left-hand side. LetφΨ be theHL(↓,@,F)-formula obtained fromΨ by replacing
every occurrence of∃x by @homeF↓x, every occurrence of∀x by @homeG↓x, every
occurrence ofx by @xtrue, and every occurrence of¬x by @xfalse. We have
thatΨ is true if, and only if,M, 1 |= φΨ. We now remove@ and atomic letters.
To remove@, we have to find a way to “come back home” afterF↓x has fixed the
variablex. We can add to the previous model two more edges, one from2 to 1,
and the other from3 to 1, and use theF operator to come home. Since we don’t
have atomic letters, we have to distinguish in some structural way between state2
(denoting true) and state3 (denoting false). We can add, for instance, a reflexive
edge leaving2. The resulting frame is depicted in Figure 5 (right-hand side). With-
out loss of generality, we assume that negation inα(x1, . . . , xn) is applied only to
variables. Letτ be the translation given in Figure 6. We leave it to the reader to
check thatΨ is true if and only ifM, 1 |= τ(Ψ). 2

Theorem 4.8 Model checking for the pure nominal-free fragments ofHL(↓,F+) is
PSPACE-complete.

Proof. PSPACE-membership follows from Theorem 4.5. To prove hardness, we
embed QBF into the model checking problem for the pure nominal-free fragment of
HL(↓,F+). Let Ψ = Q1x1. . . . Qnxn.α(x1, . . . , xn), whereQi ∈ {∃,∀}, andα(x1,
. . . , xn) is a Boolean formula using variablesx1, . . . , xn. LetM be the unlabelled
model with frame〈{1, 2}, {(1, 2), (2, 1)}〉. LetφΨ be theHL(↓,@,F)-formula ob-
tained fromΨ by replacing every occurrence of∃x by F+↓x and every occurrence
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of ∀x by G+↓x. ThenΨ is true if, and only if,M, 1 |= φΨ. 2

Theorem 4.9 Model checking for the pure nominal-free fragment ofHL(∃) isPSPACE-
complete.

Proof. PSPACE-membership follows from Theorem 4.5. To prove hardness, we
embed QBF into the model checking problem for the pure nominal-free fragments
of HL(∃). Let Ψ = Q1x1. . . . Qnxn.α(x1, . . . , xn), whereQi ∈ {∃,∀}, andα(x1,
. . . , xn) is a Boolean formula using variablesx1, . . . , xn. Ψ is a pure nominal-free
formula inHL(∃). LetM be the unlabelled model based on the frame〈{1, 2}, ∅〉.
ThenΨ is true if, and only if,M, 1 |= Ψ. 2

Corollary 4.10 Model checking for the pure nominal-free fragment ofHL(↓,A) is
PSPACE-complete.

Theorem 4.11 Model checking forHL(⇓,F) is PSPACE-complete.

Proof. The PSPACE upper bound comes from Section 4.1. To prove hardness,
we embed the model checking problem forHL(↓,F) into the same problem for
HL(⇓,F). Consider a hybrid modelM = 〈M,R, V 〉 and a formulaα in HL(↓,F).
We construct a hybrid modelM′ = 〈M,R, V ′〉, where, for eachm ∈ M , there
exists a fresh nominalim with V ′(im) = {m}. Moreover, letα′ be the formula in
HL(⇓,F) that is obtained fromα by replacing each instance of↓ by ⇓ and each
instance ofx by vx, wherex ∈ WVAR and vx ∈ WVAR′. Then, we have that
M, g,m |= α if, and only if,M′, g,m |= α′. 2

Theorem 4.12 Model checking for the pure nominal-free fragment ofHDL(↓) is
PSPACE-complete.

5 Hybrid Logic in Action

On the previous pages we have discussed, and obtained, complexity results for
model checking a variety of hybrid logics. What’s the point? In this section we
describe an application of hybrid logic model checking to the task of evaluation
of queries and constraints on semistructured data. We will encounter a number of
query and constraint formats as well as reasoning tasks, all of which correspond to
model checking in some specific hybrid language.
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5.1 Semistructured data

The growth of the World Wide Web has given us a vast, largely accessible database.
The Extensible Markup Language (XML) [22] is a textual representation of infor-
mation that was designed to represent the hierarchical content of documents. It has
been proposed as a data model for semistructured databases since it is able to natu-
rally represent missing or duplicated data as well as deeply nested information [1].
As an example, Figure 7 contains the XML representation of a simple bibliography
file. A very natural representation for semistructured data is a labelled graph. In this
paper, we will represent semistructured data as a graph in which a node corresponds
to an object and an edge corresponds to an object attribute. Edges are labelled with
attribute names, while leaf nodes are labelled with object values (internal nodes are
not labelled). The data graph corresponding to the XML example on the left-hand
side of Figure 7 is depicted on the right-hand side of Figure 7.

5.2 Query Processing via Hybrid Logic Model Checking

It is possible to perform significant query processing on semistructured data via
model checking for hybrid languages. Quite a number of query languages for semi-
structured data have been proposed in the literature. However, many of them are
similar in spirit and sometimes even in syntax [1]. For this reason, we have chosen
one of them as a model: Lorel [3]. Lorel is the query language in the Lore sys-
tem [32], which was designed for managing semistructured data. We discuss three
fragments of Lorel, that differ in their expressive power; each will be embedded in
a suitable hybrid logic. As a consequence, we are able to process a query in Lorel
by taking advantage of a model checker for hybrid logics. Moreover, with the aid

<biblio>
<book id = "o1">

<author> Marx </author>
<author> de Rijke </author>
<title> Hybrid Logics </title>

</book>
<book id = "o2">

<author> Franceschet </author>
<title> Model Checking </title>
<date> 2000 </date>
<cite idref = "o1"/>
<cite idref = "o3"/>

</book>
<paper id = "o3">

<author> Afanasiev </author>
<title> Model Checking </title>
<cite idref = "o2"/>

</paper>
</biblio>

cite

Model Checking

Afanasiev

title

author

2000

Model Checking

Franceschet

title

author

Hybrid Logics
title

de Rijke

Marx

date

author

author

paper

book

book

biblio

cite

cite

Fig. 7. (Left) An XML representation of a bibliography file. (Right) A graphical represen-
tation of the same file.
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of the well-understood hybrid logic framework, it will be easy to investigate and
compare the expressive power of various fragments of the Lorel query language.

All fragments that we consider allow regular expressions for navigating the data
graph. Some offer the possibility of comparing object identities, which allows us
to implement queries with joins. We will focus onmonadic queriesonly: queries
that return a set of objects of the database, or, equivalently, a set of nodes of the
graph representation of the database. The reason for this restriction is that we want
to embed the query processing problem into the global model checking problem,
and the output of a global model checker is a set of nodes. We will consider 3
increasingly large fragments of Lorel:L1

qry ⊂ L2
qry ⊂ L3

qry. The most expressive
language,L3

qry, captures a large subfragment of Lorel. Additional features of Lorel
that are not expressible inL3

qry will be discussed towards the end of the section.

Fragment 1:L1
qry We start by defining the query languageL1

qry. A query inL1
qry

has the following schemaQ1:

(Q1) select X
from rexp X
where X.fexp ,

whererexp is a regular expression on edge labels (i.e., attribute names), andfexp
is a so-called filter expression. Intuitively,Q1 retrieves all nodes reachable from the
root throughrexp satisfying the filterfexp . The variableX is used as a container
for these nodes. We call the variableX in the ‘select’ clause of the query thefocus
of the query, the conditionrexp X in the ‘from’ clause of the query theselection
expression, and the conditionX.fexp in the ‘where’ clause of the query thefilter
expression. The syntax of filter expressions is:

fexp = true | rexp | rexp :: a | fexp and fexp | fexp or fexp | not fexp,

wherea is an object value. Given a set of nodesX, the filterX.rexp selects a node
v in X if there exists at least one reachable node fromv trough rexp . The filter
X.rexp::a adds an additional constraint: it filters a nodev in X if there exists
at least one reachable node fromv troughrexp that is labelled witha. E.g., with
reference the example in Figure 7, consider the following:

select X
from biblio.book X
where X.(author::Franceschet and date::2000)

This query selects all books written in 2000 such that Franceschet is one of the
authors. In our example, booko2 is retrieved. Moreover, the query

select X
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from biblio. X
where X.abstract

retrieves all entries for which an abstract has been provided: none.

The simple query languageL1
qry can be embedded into hybrid dynamic logic with

only one nominalroot for the data graph root and no hybrid operators. The em-
beddingτ1 is as follows. Letω be the obvious embedding from filter expressions
to hybrid formulas:ω(true) = >, ω(rexp) = 〈rexp〉>, ω(rexp :: a) = 〈rexp〉a,
ω(fexp1 and fexp2) = ω(fexp1) ∧ ω(fexp2), ω(fexp1 or fexp2) = ω(fexp1) ∨
ω(fexp2), andω(not fexp) = ¬ω(fexp). To the query schemaQ1 we associate
the hybrid formulaτ1(Q1) = 〈rexp〉−1root ∧ ω(fexp). Notice how the selection
expression is translated ‘backward,’ while the filter expression is translated ‘for-
ward.’

Next, we clarify the relation between query processing for semistructured data and
model checking for hybrid logic. Define theanswer setof a monadic queryq with
respect to a semistructured databaseD as the set of nodes retrieved byq belonging
to the data graphGD associated toD. Each node in the answer set corresponds to an
element in the corresponding XML representation ofD. Moreover, given a hybrid
formulaα and a hybrid modelM, let thetruth setof α with respect toM be the set
of nodes ofM at whichα is true. The following result relates the query processing
problem for semistructured data to the model checking problem for hybrid dynamic
logic.

Proposition 5.1 Let q be a query inL1
qry andD be a semistructured database.

Then, the answer set ofq with respect toD corresponds to the truth set ofτ1(q)
with respect toGD.

Moreover, since the translationτ1 goes inside a fragment ofHDL(@,A), by virtue
of Theorem 4.6, we have the following corollary.

Corollary 5.2 Query processing forL1
qry has linear time data and expression com-

plexity.

Fragment 2:L2
qry The expressive power ofL1

qry can be extended by splitting the
selection expression in more than one chunk. Consider the following query that
selects the authors of all entries with titleModel Checking:

select Y
from biblio. X, X.author Y
where X.title::Model Checking

This query is not definable inL1
qry but it can be embedded into the basic hybrid

dynamic logic as〈author〉−1(〈bibilo. 〉−1root∧ 〈title〉Model Checking). We
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define the query schemaQ2 as follows:

(Q2) select Xi
from rexp1 X1, X1.rexp2 X2, ..., Xn−1.rexpn Xn
where fexp1, ..., fexpm

Each filter expressionfexpj has the formX.fexp, whereX is a variable andfexp
in a filter expression as inQ1. Intuitively, the schemaQ2 binds the variableX1 to
the nodes reachable from the root through the regular expressionrexp1, it binds
the variableX2 to the nodes reachable from a node inX1 through the regular ex-
pressionrexp2, and so on. The filter expressionX.fexp filters the nodes placed in
the variableX according to the Boolean filterfexp. Finally, the nodes contained in
the focusXi are selected. A well-formed queryq is defined as follows. LetX be
the focus ofq, S the selection sequence ofq, F the filter sequence ofq, andV the
variables inS. The queryq is well-formedif (i) X ∈ V , and (ii) all variables used
in the filter sequenceF are inV . LetL2

qry be the query language containing all the
well-formed queries according to the schemaQ2. Notice thatL1

qry ⊂ L2
qry.

We now develop an embeddingτ2 of queries inL2
qry into the basic hybrid dynamic

logic with only one nominalroot for the root of the data graph. Consider the query
schemaQ2. For each variableXj inQ2, letfexpj be the filter expression associated
with the variableXj, or fexpj = true if no filter expression has been explicitly
associated withXj. We use the following two auxiliary functionsν andν−1 mapping
a variable inQ2 into a hybrid formula.

ν(Xj) =

ω(fexpj) ∧ 〈rexpj+1〉 ν(Xj+1) if j < n

ω(fexpj) if j = n

ν−1(Xj) =

ω(fexpj) ∧ 〈rexpj〉−1 ν−1(Xj−1) if j > 1

ω(fexpj) ∧ 〈rexpj〉−1root if j = 1

Let Xi be the focus ofQ2, that is,Xi is the variable in the select clause ofQ2. The
translationτ2 of Q2 into hybrid logic is as follows:

τ2(Q) =

 ν(Xi) ∧ 〈rexpi〉−1 ν−1(Xi−1) if i > 1

ν(Xi) ∧ 〈rexpi〉−1root if i = 1

Notice thatτ2(L1
qry) = τ1(L1

qry).

Proposition 5.3 Let q be a query inL2
qry andD be a semistructured database.

Then, the answer set ofq with respect toD corresponds to the truth set ofτ2(q)
with respect toGD.
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Since the codomain of the translationτ2 is a fragment ofHDL(@,A), by virtue of
Theorem 4.6, we have the following corollary:

Corollary 5.4 Query processing forL2
qry has linear time data and expression com-

plexity.

The results in Corollaries 5.2 and 5.4 do not really depend on previous results
for model checking hybrid logics, and in fact they can be obtained directly from
model checking converse PDL. Indeed, the root nominal can be simulated by a
propositions holding at exactly the root node. The material below does use the
expressive power of hybrid logic in an essential way.

Fragment 3:L3
qry So far, we have not used the full power of hybrid logic. In par-

ticular, the hybrid binder↓ has not been exploited in the query translation. Consider
the following query that selects papers with at least two authors:

select X
from biblio.paper X, X.author Y, X.author Z
where Y 6= Z

It can be embedded in hybrid logic, but we need the binder↓:

↓x.〈biblio.paper〉−1root ∧ 〈author〉↓y.@x〈author〉↓z. y 6= z.

Moreover, the following query selects all the self-reference papers, that is, all pa-
pers whose authors cite themselves:

select X
from biblio.paper X, X.cite Y
where X = Y

It corresponds to the hybrid formula↓x.〈biblio.paper〉−1root ∧ 〈cite〉↓y.x = y.
The following query retrieves all papersp such that there exists a paperq reachable
from p trough a path of cite edges that cites back top:

select X
from biblio.paper X, X.cite. cite∗ Y
where X = Y

This query maps to↓x.〈biblio.paper〉−1root ∧ 〈cite.cite∗〉↓y.x = y.

We define a query schemaQ3 that allows the above queries as follows:

(Q3) select Xi
from sexp1, sexp2, ..., sexpn
where fexp1, fexp2, ..., fexpm,
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where eachsexpj is a selection expression and eachfexpj is a filter expression.
A selection expression is eitherrexp X or X.rexp Y, whererexp is a regular ex-
pression andX andY are variables. A filter expression is eitherX.fexp, or X = Y,
or X 6= Y, whereX andY are variables andfexp is a filter expression as inQ1.
Not every selection sequence is legal. For instance,X.a Y, X.b Y is not legal for two
reasons. First, it does not specify the content ofX. Second, the content ofY is am-
biguous. A well-formed queryq is defined as follows. LetX be the focus ofq, S
the selection sequence ofq, F the filter sequence ofq, andV the variables inS. We
construct the edge-labelled directed graphTS with nodes inV ∪ {/}. There is an
edge(/, X) labelled withrexp if rexp X is inS, and there is an edge(X, Y) labelled
with rexp if X.rexp Y is in S. We say thatS is legal if TS is a tree rooted at/.
That is (i) each node inTS is reachable from/, (ii) the root/ of TS has no prede-
cessor and all the other nodes inTS have exactly one predecessor. The queryq is
well-formedif (i) X ∈ V , (ii) S is legal, and (iii) all the variables used in the filter
sequenceF are inV . LetL3

qry be the query language containing all the well-formed
queries according to the schemaQ3. Notice thatL2

qry ⊂ L3
qry.

We now develop an embeddingτ3 of queries inL3
qry into the hybrid dynamic logic

with nominals,@ and↓. For the sake of simplicity, we describe the embedding
with an example. It is not difficult from this example to reconstruct the full query
translation. Consider the following abstract queryq:

select Z
from a X, X.b Y, X.c Z, Z.d W
where X.e,Y.f,Z.g,W.h,Y = W

Notice thatq is well-formed. The corresponding hybrid formula is as follows:

↓z.〈g〉> ∧ 〈d〉↓w.〈h〉> ∧
@z〈c〉−1↓x.〈e〉> ∧ 〈b〉↓y.〈f〉> ∧ @x〈a〉−1root ∧
y = w

The formula has been deliberately divided into three lines. The first line constraints
the focus of the query (nodeZ) and its subtree (nodeW). The second line predicates
over the unique path from the parent of the focus to the root of the tree as well as
over all the subtrees rooted at children of nodes on this path not belonging to the
path (nodesX, Y, and/ ). The third line captures the identity checking constraints.
This technique can be generalized to arbitrary trees. Notice that the use of the binder
↓ is necessary to encode the constraint that compares object identities. Indeed, if we
remove the filterY = Wfrom the above query, the latter can be encoded without↓
as follows:

〈g〉> ∧ 〈d〉〈h〉> ∧
〈c〉−1(〈e〉> ∧ 〈b〉〈f〉> ∧ 〈a〉−1root)

Proposition 5.5 Let q be a query inL3
qry andD be a semistructured database.
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Then, the answer set ofq with respect toD corresponds to the truth set ofτ3(q)
with respect toGD.

Since the the translationτ3 embeds intoHDL(@, ↓,⇓,A), by virtue of Theorem 4.6,
we have the following corollary (we do not know whether it is optimal):

Corollary 5.6 Query processing forL3
qry has exponential time expression com-

plexity and polynomial time data complexity.

Additional Features of Lorel Lorel includes additional queries that are not im-
mediately expressible in our language. For instance, a query in Lorel may use reg-
ular expressions on object values, as in the following:

select X
from biblio.paper X, X.title Y
where matches(" * .(D|d)ata. * ",Y)

The query selects all papers with a title containing eitherData or data . Regular
expressions on object values can be incorporated into our model checking frame-
work as follows. Given a queryq featuring the regular expressionr and a database
D, the data graph representingD is preprocessed and all leaf nodes with a value
matchingr are labelled with a fresh symbolreg r . Moreover, each instance of
matches(" * .(D|d)ata. * ",Y) in q is replaced byY. ε::reg r . The query
is then translated into hybrid logic and model checking is applied.

Lorel queries may also allow variables containing object values, instead of object
identifiers. Consider the following query that retrieves all papers with two differ-
ent authors with the same first name (we assume that theauthor element has a
subelementname which in turn has an atomic subelementfirst ):

select X
from biblio.paper X, X.author Y, Y.name.first N,
X.author Z, Z.name.first M
where Y 6= Z, N = M

The constraintY 6= Z compares object identities, whileN = Mcompares object
values, sinceY andZ contain internal nodes, whileNandMcontain leaf nodes. This
query can be implemented in hybrid logic by using the hybrid binder⇓x that binds
the current node value to the variablex:

〈biblio.paper〉−1root ∧ ↓x.〈author〉↓y.〈name.first〉⇓n.
@x〈author〉↓z.〈name.first〉⇓m.y 6= z ∧ n = m

Finally, Lorel includes label and path variables as well. These variables can be used
to combine schema and data information. These features are beyond the expressive
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<author id = "a1">
<name> Marx </author>
<has written idref = "p1"/>
<has written idref = "p2"/>

</author>
<author id = "a2">

<name> de Rijke </author>
<has written idref = "p1"/>

</author>
<publication id = "p1">

<title> Hybrid Logics </title>
<code> MdeR03 </code>
<year> 2003 </year>
<written by idref = "a1"/>
<written by idref = "a2"/>

</publication>
<publication id = "p2">

<title> Computational Complexity </title>
<code> M00 </code>
<year> 2000 </year>
<written by idref = "a1"/>

</publication>
...

Fig. 8. Authors and publications in XML.

power of hybrid logic with nominals for states.Path nominals, i.e., nominals inter-
preted over paths, and corresponding path binders, have been introduced in hybrid
logics [16]. However, at present model checking results for hybrid logics with path
nominals and path binders are non-existent.

Constraint Evaluation via Hybrid Model Checking So far we have considered
hybrid logic model checking as a mechanism for evaluating queries in (fragments
of) Lorel. We now change tack and consider constraint evaluation for semistruc-
tured data. Recall that integrity constraints on structured data are conditions that
restrict the possible populations of the database. They are important to maintain the
integrity of data as well as for query optimization [2].Path constraintsare gener-
alizations of integrity constraints in the context of semistructured data [1,24]. They
are navigation conditions imposing conditions on nodes at arbitrary depths in the
data graph. They include functional, inclusion and inverse path constraints [24].

Consider a semistructured database containing information about authors and pub-
lications. Each author has a list of publications and each publication has a corre-
sponding list of authors. An example in XML is shown in Figure 8. Constraints
such as the following are reasonable for this type of data:
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(1) for each authora, all the publications ina’s publications list should be con-
tained in the database;

(2) for each publicationp, all the authors inp’s authors list should be contained
in the database;

(3) for each authora and for each publicationp in a’s publications list,a should
be contained inp’s authors list; and

(4) for each publicationp and for each authora in p’s authors list,p should be
contained ina’s publications list.

The data in Figure 8 satisfies the above constraints. We could require that the at-
tributecode is akeyfor the element publication: different publications should have
different code values. Less restrictively, we could ask that the attributecode func-
tionally determinesthe authors of a publication: any two different publications with
the same code values should have the same authors.

More generally, letr, p andq be regular expressions on attribute names. Letτ be an
attribute name andS a set of attribute names. Aτ node is a node reachable through
an edge labelled withτ . We consider the following constraints:

• key constraints, denotedτ [S] → τ , saying that, for allτ nodesx andy, if x and
y agree on the values of nodes reachable through attributes inS, thenx andy are
the same node;
• path functional constraints, denotedτ.p → τ.q, saying that, for allτ nodesx

andy, if x andy agree on the values of nodes reachable throughp, then they
should agree on the values of nodes reachable throughq as well;

• circular constraints:
· forward version, denotedp ⇒ q, saying that all nodes reachable from the root

throughp are also reachable from the root throughq;
· backwardversion, denotedp � q, saying that all nodes reachable from the

root throughp can reach back to the root throughq;
• lollipop constraints:
· forward version, denotedr → p ⇒ q, saying that, for each nodex reachable

from the root throughr it holds that all nodes that are reachable fromx through
p are also reachable fromx throughq;
· backwardversion, denotedr → p � q, saying that, for each nodex reachable

from the root throughr it holds that all nodes that are reachable fromx through
p can reach back tox throughq.

Forward circular constraints are special cases of forward lollipop constraints in
which r is empty; similarly for backward constraints. Forward circular constraints
are also calledinclusion path constraints, and backward lollipop constraints are
sometimes referred to asinverse path constraints[1,24]. WheneverS is a singleton
{a}, the key constraintτ [{a}] → τ corresponds to the functional constraintτ.a →
τ .
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Constraints (1) and (2) in our example above are forward circular constraints: (1) is
a forward circular constraint in whichp = * .publication.written by and
q = * .author , and (2) is a forward circular constraint withp = * .author.
has written and q = * .publication . Constraints (3) and (4) above are
backward lollipop constraints: (3) is a backward lollipop constraint withr = * .
publication , p = written by andq = has written , and (4) is a back-
ward lollipop constraint withr = * .author , p = has written and q =
written by . The key constraintpublication [code ] → publication
states that the attribute code of the element publication is a key for the element pub-
lication. Finally,publication .code → publication .written by .name
is an example of a functional path constraint asking that the code of the element
publication determines the set of authors of the publication.

To show how such constraints can be expressed in hybrid dynamic languages, we
define a constraint languageLcon containing any Boolean combination of con-
straints as introduced above. Formally, a constraintc in Lcon has the following
syntax:

• c = atom | c ∧ c | c ∨ c | ¬c
• atom = τ [S] → τ | τ.p → τ.q | p ⇒ q | p � q | r → p ⇒ q | r → p � q,

whereτ is an attribute name,S is a set of attribute names, andr, p, q are regular
expressions on attribute names.

Next we show how to express the constraints inLcon within hybrid dynamic logic.
We define a mappingσ from the constraint languageLcon to HDL(@, ↓,⇓). Let
root be a nominal for the root of the data graph. The easiest constraints to encode
are the circular ones. Their encodings do not require hybrid binders:

σ(p ⇒ q) = @root[p]〈q〉−1root
σ(p � q) = @root[p]〈q〉root

We encode lollipop constraints. Their encodings require only one nesting of the
hybrid binder↓:

σ(r → p ⇒ q) = @root[r]↓x.[p]〈q〉−1x
σ(r → p � q) = @root[r]↓x.[p]〈q〉x

Key and functional constraints are more involved, since they involve both the com-
parison of node identities and the comparison of node values. The translation of the
key constraintτ [S] → τ states that, for all differentτ nodesx andy, if x andy
agree on the values of nodes reachable through attributes inS, thenx andy are the
same node:

σ(τ [S] → τ) =A↓x.A↓y.(@x〈τ〉−1> ∧ @y〈τ〉−1 ∧ x 6= y) →
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(
∧
a∈S

@x[a]⇓v1.@y〈a〉⇓w1.v1 = w1 ∧

@y[a]⇓w2.@x〈a〉⇓v2.v2 = w2) → x = y

The translation of the path functional constraintsτ.p → τ.q states that, for all
differentτ nodesx andy, if x andy agree on the values of nodes reachable through
p, they should also agree on the values of nodes reachable throughq:

σ(τ.p → τ.q) =A↓x.A↓y.(@x〈τ〉−1> ∧ @y〈τ〉−1 ∧ x 6= y) →
(@x[p]⇓v1.@y〈p〉⇓w1.v1 = w1 ∧
@y[p]⇓w2.@x〈p〉⇓v2.v2 = w2) →
(@x[q]⇓v1.@y〈q〉⇓w1.v1 = w1 ∧
@y[q]⇓w2.@x〈q〉⇓v2.v2 = w2)

We conclude the description of our translation by stipulating thatσ distributes over
the Boolean operators. Inσ it is convenient to replace the universal modalityA with
@root[∗]. Notice that in this way each translated constraint is a formula starting with
@root. Given a semistructured databaseD and an integrity constraintc ∈ Lcon, it is
possible to check whetherD satisfiesc as follows. The databaseD is represented
as a rooted graphGD and the constraintc is translated into the hybrid formulaσ(c).
Then, the formulaσ(c) is checked onGD by using a hybrid model checker (in fact,
it is sufficient to check the formula at the root of the graph). If the outcome of the
model checker is the empty set of nodes, thenD does not satisfyc, otherwise it
does.

Proposition 5.7 Letc be an integrity constraint inLcon andD be a semistructured
database. Then,D satisfiesc if, and only if, the truth set ofσ(c) with respect toGD

is non-empty.

The translationσ embeds (any Boolean combination of) circular constraints into
HDL(@), lollipop constraints into the fragment ofHDL(@, ↓) in which↓ is nested
only once, and key and functional constraints into the fragment ofHDL(@, ↓,⇓,A)
in which the hybrid binders are nested a fixed number of times. As a consequence,
by virtue of Theorem 4.6, we have the following.

Corollary 5.8

• The constraint evaluation problem for circular constraints can be solved in lin-
ear time both in the length of the constraint (expression complexity) and in the
size of the database (data complexity);
• The constraint evaluation problem for lollipop constraints can be solved in linear

time in the length of the constraint (expression complexity) and in quadratic time
in the size of the database (data complexity);
• The constraint evaluation problem for key and functional constraints can be

solved in linear time in the length of the constraint (expression complexity) and
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in polynomial time in the size of the database (data complexity).

6 Conclusion and Work for the Future

We investigated the model checking problem for hybrid logics. We gave model
checkers for a large number of fragments of hybrid and hybrid dynamic logic. We
obtained lower bounds on the computational complexity of the model checking
problem for hybrid logics with binders. We found that the addition of nominals
and the @ operator does not increase the complexity of the model checking task.
In contrast, whenever hybrid binders are present in the language, the running time
of the resulting model checker is exponential in the nesting level of the binders.
We cannot do better, since we proved that the model checking problem for hybrid
logics with binders is PSPACE-complete.

We applied our findings to the problems of query and constraint evaluation for
semistructured data. We identified significant fragments of well-known query and
constraint languages for semistructured data that can be efficiently embedded into
hybrid languages. These embeddings allowed us to solve query and constraint eval-
uation problems via model checking for hybrid logics.

An implementation of the model checkersMCLITE andMCFULLproposed in this
paper is available athttp://www.luigidragone.com/hlmc . The code is
written in C available under the GNU General Public License. It can be freely used,
modified and distributed in conformity with this license.

Acknowledgements

We are very grateful to Carlos Areces, Daniel Gorı́n, Maarten Marx and the anony-
mous referees for helpful comments and suggestions.

References

[1] S. Abiteboul, P. Buneman, and D. Suciu.Data on the Web. Morgan Kaufmann
Publishers, Los Altos, CA 94022, USA, 2000.

[2] S. Abiteboul, R. Hull, and V. Vianu.Foundations of Databases. Addison-Wesley,
Reading, Mass., 1995.

[3] S. Abiteboul, D. Quass, J. McHugh, J. Widom, J. Wiener, and J. Widom. The Lorel
Query Language for Semistructured Data.International Journal on Digital Libraries,
1(1):68–88, 1997.

27

99



[4] S. Abiteboul and V. Vianu. Regular path queries with constraints.Journal of Computer
and System Sciences, 58(3):428–452, 1999.

[5] L. Afanasiev, M. Franceschet, M. Marx, and M. de Rijke. CTL Model Checking for
Processing Simple XPath Queries. InProceedings TIME 2004, pages 117–124, 2004.

[6] N. Alechina and M. de Rijke. Describing and querying semistructured data: Some
expressiveness results. In S.M. Embury, N.J. Fiddian, W.A. Gray, and A.C. Jones,
editors,Advances in Databases, LNCS. Springer, 1998.

[7] N. Alechina, S. Demri, and M. de Rijke. A modal perspective on path constraints.
Journal of Logic and Computation, 13(6):939–956, 2003.

[8] L. De Alfaro. Model checking the World Wide Web. InProceedings CAV 2001,
volume 2102 ofLNCS, pages 337–349, 2001.

[9] C. Areces, P. Blackburn, and M. Marx. A road-map on complexity for hybrid logics.
In J. Flum and M. Rodriguez-Artalejo, editors,Computer Science Logic, volume 1683
of LNCS, pages 307–321. Springer, 1999.

[10] C. Areces, P. Blackburn, and M. Marx. The computational complexity of hybrid
temporal logics.Logic Journal of the IGPL, 8(5):653–679, 2000.

[11] C. Areces, P. Blackburn, and M. Marx. Hybrid logics: Characterization, interpolation,
and complexity.Journal of Symbolic Logic, 66(3):977–1010, 2001.

[12] C. Areces and J. Heguiabehere. HyLoRes 1.0: Direct resolution for hybrid logics. In
A. Voronkov, editor,Automated Deduction – CADE-18, volume 2392 ofLNCS, pages
156–160. Springer-Verlag, July 27-30 2002.

[13] P. Blackburn, M. de Rijke, and Y. Venema.Modal Logic. Cambridge University Press,
2001.

[14] P. Blackburn and J. Seligman. Hybrid languages.Journal of Logic, Language and
Information, 4:251–272, 1995.

[15] P. Blackburn and J. Seligman. What are hybrid languages? In M. Kracht, M. de Rijke,
H. Wansing, and M. Zakharyaschev, editors,Advances in Modal Logic, Volume 1,
pages 41–62. CSLI Publications, 1998.

[16] R. Bull. An approach to tense logic.Theoria, 36:282–300, 1970.

[17] P. Buneman, W. Fan, and S. Weinstein. Path constraints on semistructured and
structured data. InProceedings PODS, pages 129–138, 1998.

[18] D. Calvanese, G. De Giacomo, and M. Lenzerini. Representing and reasoning on
XML documents: A description logic approach.Journal of Logic and Computation,
9(3):295–318, 1999.

[19] E. M. Clarke, O. Grumberg, and D. A. Peled.Model Checking. The MIT Press,
Cambridge, Massachusetts, 1999.

[20] E. M. Clarke and H. Schlingloff. Model checking. In A. Robinson and A. Voronkov,
editors,Handbook of Automated Reasoning, volume II, chapter 24, pages 1635–1790.
Elsevier Science, 2001.

28

100



[21] R. Cleaveland and B. U. Steffen. A linear-time model checking algorithm for the
alternation-free modal mu-calculus.Formal Methods in System Design, 2:121–147,
1993.

[22] World Wide Web Consortium. Extensible markup language (XML). Available at
http://www.w3.org/XML, 1998.

[23] E.A. Emerson. Temporal and modal logic. In J. Van Leeuwen, editor,Handbook of
Theoretical Computer Science, Vol. B, pages 995–1072. Elsevier Science Publishers
B.V., 1990.
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Abstract

In this paper, we focus our attention on tableau methods for propositional interval tempo-
ral logics. These logics provide a natural framework for representing and reasoning about
temporal properties in several areas of computer science. However, while various tableau
methods have been developed for linear and branching time point-based temporal logics,
not much work has been done on tableau methods for interval-based ones. We develop a
general tableau method for Venema’s CDT logic interpreted over partial orders (BCDT+ for
short). It combines features of the classical tableau method for first-order logic with those
of explicit tableau methods for modal logics with constraint label management, and it can
be easily tailored to most propositional interval temporal logics proposed in the literature.
We prove its soundness and completeness, and we show how it has been implemented.

Key words: Interval Temporal Logics, Proof Systems, Tableau Methods

1 Introduction

In this paper, we focus our attention on tableau methods for propositional interval
temporal logics. These logics provide a natural framework for representing and
reasoning about temporal properties in several areas of computer science. However,
while various tableau methods have been developed for linear and branching time
point-based temporal logics, e.g., [5,9,18,29,33], not much work has been done on
tableau methods for interval-based temporal logics. One reason for this disparity is

1 This paper is an extended and revised version of [12].
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that operators of interval temporal logics are in many respects more difficult to deal
with. As an example, there exist straightforward inductive definitions of the main
operators of point-based temporal logics, such as the future and the until operators,
while inductive definitions of basic interval modalities turn out to be much more
complex (consider, for instance, the one for the chop operator given in [4]).

Various propositional and first-order interval temporal logics have been proposed in
the literature (see [13] for an up-to-date survey that analyzes the main contributions
in the field). Propositional interval temporal logics include Halpern and Shoham’s
Modal Logic of Time Intervals (HS) [17], Venema’s CDT logic [32], Moszkowski’s
Propositional Interval Temporal Logic (PITL) [22], and Goranko, Montanari, and
Sciavicco’s family of Propositional Neighborhood Logics (PNL) [11], while the
most interesting first-order versions are Moszkowski’s Interval Temporal Logic
(ITL) [22] and Zhou and Hansen’s Neighborhood Logic (NL) [36]. Two different
semantics have been given to interval logics, namely, a non-strict one, which in-
cludes intervals with coincident endpoints (point-intervals), and a strict one, which
excludes them. We restrict our attention to the propositional setting, and we assume
the non-strict semantics as the default (it is the most common and general).

In this paper, we develop a sound and complete general tableau method for Ven-
ema’s CDT logic interpreted over partial orders, called (Non-Strict) Branching
CDT (BCDT+ for short). BCDT+ features the same operators as CDT; however,
since it is interpreted over partially ordered domains with linear intervals, it is ex-
pressive enough to include as subsystems or specializations all the above-mentioned
propositional interval logics. While most existing tableau methods for modal and
temporal logics are terminating methods for decidable logics, and thus they yield
decision procedures, the proposed tableau method for BCDT+ only provides a
semi-decision procedure for unsatisfiability. In this respect, even though it shares
some basic features with explicit tableaux for modal logics with constraint label
management, it comes closer to the classical, possibly non-terminating tableau
method for first-order logic [8]. Furthermore, it presents some similarities with the
explicit tableau method developed for the guarded fragment of first-order logic [14].
Finally, it can be easily adapted to variations and subsystems of BCDT+, thus pro-
viding a general tableau method for propositional interval logics.

The rest of the paper is organized as follows. In Section 2, we introduce the syn-
tax and semantics of BCDT+, and we compare its expressive power with that of
the main propositional interval logics. In Section 3, we provide a survey of ex-
isting tableau methods for propositional temporal logics. In Section 4, we present
our tableau method, and we prove its soundness and completeness. In Section 5,
we describe the basic features of an efficient implementation of the method in an
imperative language. Conclusions provide an assessment of the work and outline
future research directions.
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Fig. 1. A non-linear interval structure with/without the linear interval property.

2 CDT over partial orders (BCDT+)

In this section, we give syntax and semantics of BCDT+ and discuss its expressive
power. To this end, we introduce some preliminary notions. Let D = 〈D, <〉 be
a strict partial order. A (non-strict) interval on D is an ordered pair [d0, d1] such
that d0, d1 ∈ D, and d0 ≤ d1. When d0 < d1 we say that the interval is proper
or strict; when d0 = d1 it is a point-interval. The set of all non-strict intervals on
D will be denoted by I(D)+, while the set of all strict intervals will be denoted by
I(D)−; by I(D) we will denote either of these. As in [17], we assume intervals to
be linear, that is, for every interval [d0, d1] and every pair of points d, d′ belonging
to it, namely, d0 ≤ d ≤ d1 and d0 ≤ d′ ≤ d1, d < d′ or d′ < d or d = d′. Such an
assumption keeps the temporal setting still very general, while making it fitting our
intuition about the nature of time. In Figure 1 we give an example of a non-linear
interval structure with the linear interval property (left) and an example of a non-
linear interval structure that does not satisfy it (right). A pair 〈D, I(D)〉 is called an
interval structure. We can constrain an interval structure to be linear, branching,
discrete, dense, unbounded above and/or below, Dedekind complete, and so on,
by imposing suitable conditions on it. An element d ∈ D such that there are no
elements d′ ∈ D with d < d′ (resp., d′ < d) is called minimal (resp., maximal)
element.

BCDT+ features the same operators as CDT, but it is interpreted over partially
ordered domains with linear intervals. Its language consists of a set of propositional
variables AP , the logical connectives ¬ and ∧, the modalities C,D, and T , and the
modal constant π. The other logical connectives, as well as the logical constants >
and ⊥, can be defined in the usual way. BCDT+ well-formed formulas, denoted by
φ, ψ, . . ., are recursively defined as follows (where p ∈ AP):

φ = π | p | ¬φ | φ ∧ ψ | φCψ | φDψ | φTψ.

The semantics of BCDT+ is given in terms of non-strict models of the type M
+ =

〈D, I(D)+,V〉, based on non-strict interval structures, where V is a valuation func-
tion for propositional variables. The valuation function is a mapping V : I(D)+ 7→
2AP , where I(D)+ is the set of all intervals in D, such that, for any p ∈ AP , p holds
over [d0, d1] if and only if p ∈ V([d0, d1]). Truth over an interval [d0, d1] in a model
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M
+ is defined by induction on the structure of formulas:

• M
+, [d0, d1] 
 π iff d0 = d1;

• M
+, [d0, d1] 
 p iff p ∈ V([d0, d1]), for all p ∈ AP;

• M
+, [d0, d1] 
 ¬ψ iff it is not the case that M+, [d0, d1] 
 ψ;

• M
+, [d0, d1] 
 φ ∧ ψ iff M

+, [d0, d1] 
 φ and M
+, [d0, d1] 
 ψ;

• M
+, [d0, d1] 
 φCψ iff there exists d2 ∈ D such that (i) d0 ≤ d2 ≤ d1, and (ii)

M
+, [d0, d2] 
 φ and M

+, [d2, d1] 
 ψ;
• M

+, [d0, d1] 
 φDψ iff there exists d2 ∈ D such that (i) d2 ≤ d0, and (ii)
M

+, [d2, d0] 
 φ and M
+, [d2, d1] 
 ψ;

• M
+, [d0, d1] 
 φTψ iff there exists d2 ∈ D such that (i) d1 ≤ d2, and (ii)

M
+, [d1, d2] 
 φ and M

+, [d0, d2] 
 ψ.

Satisfiability and validity of BCDT+ formulas are defined in the usual way.

Let us compare the expressive power of BCDT+ with that of the main proposi-
tional interval logics proposed in the literature. We say that a logic L1 is at least
as expressive as a logic L2 if for every L2 formula there exists an equivalent L1

formula, and that L1 is (strictly) more expressive than L2 if and only if L1 is at
least as expressive as L2, but not vice versa.

We preliminarily summarize the main characteristics of the considered interval
temporal logics. HS features four basic operators: 〈B〉 (begins) and 〈E〉 (ends), and
their transposes 〈B〉 (begun by) and 〈E〉 (ended by). Given a formula φ and an inter-
val [d0, d1], 〈B〉φ holds over [d0, d1] if φ holds over [d0, d2], for some d0 ≤ d2 < d1,
and 〈E〉φ holds over [d0, d1] if φ holds over [d2, d1], for some d0 < d2 ≤ d1. It is
possible to show that HS captures all Allen’s relations [2]. In particular, it allows
one to define the strict after operator 〈A〉 (and its transpose 〈A〉) such that 〈A〉φ
holds over [d0, d1] if φ holds over [d1, d2] for some d2 > d1, the non-strict after
operator ♦r (and its transpose ♦l) such that ♦rφ holds over [d0, d1] if φ holds over
[d1, d2] for some d2 ≥ d1, and the sub-interval operator 〈D〉 such that 〈D〉φ holds
over a given interval [d0, d1] if φ holds over a proper sub-interval of [d0, d1]. In [17],
Halpern and Shoham have shown the undecidability of HS over various classes of
linear orders by a suitable encoding of the halting problem.
CDT has three binary operators C (chop), D, and T , which correspond to the
ternary interval relations occurring when an extra point is added in one of the three
possible distinct positions with respect to the two endpoints of the current inter-
val (between, before, and after), plus a modal constant π which holds over a given
interval if and only if it is a point-interval. Since HS can be embedded into CDT,
undecidability results for the latter follow from those for the former.
PITL features the two modalities © (next) and C (the specialization of the chop
operator for discrete structures). Intervals are defined as finite or infinite sequences
of states. Given two formulas φ, ψ and a (finite) interval d0, . . . , dn, ©φ holds over
d0, . . . , dn if and only if φ holds over d1, . . . , dn, while φCψ holds over d0, . . . , dn

if and only if there exists i, with 0 ≤ i ≤ n, such that φ holds over d0, . . . , di and
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ψ holds over di, . . . , dn. PITL has been proved to be undecidable by a reduction
from the problem of testing the emptiness of the intersection of two grammars in
Greibach form [22]. A decidable fragment of PITL extended with quantification
over propositional variables (QPITL) has been obtained by imposing a suitable
locality constraint which states that each propositional variable is true over an in-
terval if and only if it is true at its first state [22]. By exploiting such a constraint,
decidability of Local QPITL can be easily proved by embedding it into quantified
propositional Linear Temporal Logic.
Finally, propositional neighborhood logics in PNL have two modalities for right
and left interval neighborhoods, namely, 〈A〉 and 〈A〉 in the strict semantics (PNL−

logics), and ♦r and ♦l in the non-strict semantics (PNL+ logics). While the un-
decidability of the first-order Neighborhood Logic NL can be easily proved by
embedding HS in it, the decidability problem for its propositional fragments is still
open.

We first note that both CDT and non-strict Propositional Neighborhood Logics
(PNL+) are interpreted over linear structures, and that the operators of PNL+

logics can be expressed in CDT by means of the formulas ♦rφ := φT> and
♦lφ := φD>. Moreover, it is well known that CDT does not semantically in-
clude HS in its full generality, since the latter allows the interval structure to be
branching, while the former does not. On the other hand, HS is not more expressive
than CDT, because it cannot express the chop operator [21].
BCDT+ generalizes Venema’s CDT (and thus all logics in PNL+) by allowing
the interval structure to be non-linear, for as long as all intervals in it are linear
(as in HS). Furthermore, it is strictly more expressive than HS and PITL. HS op-
erators can be defined in BCDT+ as follows: 〈B〉φ := φC¬π, 〈B〉φ := ¬πTφ,
〈E〉φ := ¬πCφ, and 〈E〉φ := ¬πDφ. Besides, the strict neighborhood operators
〈A〉 and 〈A〉 can be defined in BCDT+ by using π as follows: 〈A〉φ := (φ∧¬π)T>,
and 〈A〉φ := (φ ∧ ¬π)D>. By exploiting such derived operators, all conditions
on the interval structure mentioned in the preliminaries can be easily expressed
in BCDT+. In particular, linearity can be expressed in BCDT+ by means of the
following formula:

lin , (〈A〉p → [A](p ∨ 〈B〉p ∨ 〈B〉p)) ∧ (〈A〉p → [A](p ∨ 〈E〉p ∨ 〈E〉p)),

while discreteness of linear interval structures can be imposed by means of the
formula:

disc , π ∨ l1 ∨ (〈B〉l1 ∧ 〈E〉l1),

where l1 stands for 〈B〉> ∧ [B][B]⊥.
As for the PITL operators,C is an operator of BCDT+, while © can be defined over
(linear) discrete structures as follows: ©φ := l1Cφ. On the other hand, BCDT+ is
strictly more expressive than PITL, since the latter is not able to access any interval
which is not a sub-interval of the current interval.
The undecidability of BCDT+ with respect to a number of interval structures imme-
diately follows from results in [17], while finding meaningful decidable fragments
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of BCDT+ is an interesting open problem.

3 Tableau methods for temporal logics

In this section, we survey existing tableau methods for propositional point-based
and interval-based temporal logics over linear and branching time. According to [8],
tableau methods for (modal and) temporal logics can be classified as explicit or im-
plicit. Explicit methods keep track of the accessibility relation by means of some
sort of external device. One possibility is to maintain an auxiliary graph of named
nodes ni,nj, . . ., where each node contains a subformula, or a set of subformulas,
of the formula to be checked, and the existence of an edge from ni to nj means
that nj is accessible from ni. Another possibility is to include structured labels
into nodes to constrain the formula, or the set of formulas, associated with each
node to hold only at the domain element(s) identified by the label. The resulting
labeled tableau systems capture the accessibility relation by means of labeled for-
mulas, and they provide suitable notions of closed branches and tableaux. In im-
plicit methods [10,27], the accessibility relation is built-in into the structure of the
tableau. As an example, in the case of linear and branching time point-based tem-
poral logics the tableau represents a model of the satisfiable formulas (a timeline or
a tree, respectively). The non-standard finite model property can then be exploited
to show that the resulting tableau methods are actually decision procedures (they do
not lead to infinite computations). In [18], implicit methods are further partitioned
into declarative and incremental ones. Methods in the former class first generate
all possible sets of subformulas of a given formula, and then they eliminate some
(possibly all) of them, while those in the latter generate only ‘meaningful’ sets of
subformulas.

3.1 Point-based linear and branching temporal logics

The problem of devising tableau systems for propositional Linear Temporal Logic
(LTL), as well as for some extensions and fragments of it, has been extensively
investigated in the literature. An exponential time declarative method to check LTL
formulas has been developed by Wolper [33] and later extended by Lichtenstein and
Pnueli to Past LTL (PLTL) [26], while an incremental method for PLTL has been
proposed by Kesten et al. [18]. A labeled tableau system for the LTL-fragment
LTL[F] has been proposed by Schmitt and Goubault-Larrecq [29] (an attempt to
extend it to full LTL is reported in [30]). Finally, a tableau method for PLTL over
bounded models has been developed by Cerrito and Cialdea-Mayer [5] (in [6], Cer-
rito et al. generalize the method to first-order PLTL). The satisfiability problem
for LTL and PLTL is PSPACE-complete [31], while that for PLTL over bounded
models of polynomial length and LTL[F] is NP-complete [5,31].
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Wolper’s tableau method is a natural extension to the one for propositional logic.
The key idea is to take advantage of the so-called fix-point definition of temporal
operators that allows one to split every temporal formula into a (possibly empty)
part related to the current state and a part related to the next (resp. previous) state.
As an example, the formula φUψ is analyzed as follows: either ψ holds now, or
φ holds now and φUψ holds at the next state. Since only a finite set of distinct
scenarios can be generated in this way, it is possible to devise a mechanism to
control the repeated appearances of formulas, and to identify periodic situations in
a finite time. The algorithm for checking the (un)satisfiability of a PLTL-formula
φ behaves as follows: first (construction), it builds the tableau for φ; then (elimi-
nation), it removes unsuitable maximal strongly connected components (maximal
strongly connected components which are not reachable from an initial node in-
cluding φ or are not self fulfilling and have not outgoing edges [33]). It turns out
that the formula φ is satisfiable if and only if the elimination phase does not end
with an empty tableau. In [18] Kesten et al. provide an efficient incremental variant
of Wolper’s declarative procedure, which extends to PLTL the incremental method
for LTL originally developed by Pnueli and Sherman [25]. Its basic ingredients are
the same as Wolper’s. However, instead of preliminarily generating the set of all
nodes of the tableau and thus immediately paying the worst case exponential com-
plexity price, it builds the tableau incrementally by introducing only those nodes
which are reachable from an initial nodes including the formula to be checked. Even
though in the worst case this procedure takes exponential time, one can expect that
in many cases a much smaller number of nodes is explored.

Unlike the above-described implicit methods, the labeled tableau systems for LTL[F]
and for PLTL over bounded models, respectively developed by Schmitt and Goubault-
Larrecq [29] and by Cerrito and Cialdea-Mayer [5], employ a mechanism for la-
belling formulas with temporal constraints somewhat similar to ours.

The distinctive feature of Schmitt and Goubault-Larrecq’s tableau system is that
its termination can be established locally: it terminates when no further expansion
rule can be applied, which is guaranteed to happen. The basic notions are those
of signed clause, borrowed from [16], and temporal constraint. A signed clause
is either a pair [di, dj]Θ or a pair |∞|Θ, where Θ is a (multi)set of formulas (the
clause) and [di, dj] is a time interval, where dj can possibly be ∞. A signed clause
[di, dj]Θ evaluates to true in a given structure if for every d ∈ [di, dj], there exists
ψ ∈ Θ such that ψ holds at d (disjunctive interpretation), while |∞|Θ is true if for
infinitely many time points d, every ψ ∈ Θ holds at d (conjunctive interpretation).
A temporal constraint is an expression of the form di ≤ dj. A tableau T is a set
of branches, where a branch is a pair (B,K) consisting of a set of signed clauses
B and a set of temporal constraints K. The construction of the tableau is accom-
plished by applying two kinds of steps: expansion and closing steps. An expansion
step is performed by choosing a branch (B,K) and an unused signed clause Θ ∈ B,
and by applying a matching logical tableau rule. As a result of this application, the
premise clause is marked as used and the branch (B,K) is extended by adding
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the signed clauses and the constraints, possibly involving new states, in the con-
clusions of the rule to B and K, respectively. Whenever the conclusions include
various alternatives, the branch is split accordingly. A signed clause such that Θ
includes only literals is called atomic. A branch whose unused signed clauses are
all atomic is called atomic, and it cannot be further expanded. An atomic branch
(B,K) is satisfiable if there exists an interpretation that satisfies all signed clauses
in B and the set of constraints in K; otherwise, it is unsatisfiable. A closing step is
applied to an atomic branch, and it marks the branch as closed if it is unsatisfiable.
Termination is proved by introducing a suitable complexity measure and by show-
ing that, for every rule, every conclusion is smaller than the premise with respect to
such a measure. Critical formulas, such as GFφ, which potentially lead to infinite
computations, are dealt with by using the symbol ∞ in a suitable way.
PLTL interpreted over bounded models, that is, finite sequences d0, d1, . . . , dk of
states where k is known in advance, has been introduced to address planning prob-
lems in AI. A tableau method for it has been developed by Cerrito and Cialdea-
Mayer [5]. The boundaries of the model are encoded by means of the special con-
stant symbols start and finish. A state di is encoded by means of an expression
of the form c+n, where c is a constant and n is a natural number. A tableau is a set
of branches to which expansion and conflict resolution rules are applied. Tableau
nodes are either temporal constraints or labeled formulas. Temporal constraints
are expressions of the form di ≤ dj, where di, dj are states. An initial constraint
finish ≤ start + k, where k is the length of the model, is associated with every
tableau. A labeled formula is a pair ([di, dj], ψ), where [di, dj] is an interval and ψ
is a PLTL-formula, which states that ψ is true at every state between di and dj (con-
junctive interpretation). Expansion rules are applied to pairs of nodes of the forms
([di, dj], ψ) and di ≤ dj, and they cause the expansion, and possibly the splitting, of
the branch. Conflict resolution rules force the two intervals over which contradic-
tory literals hold (if any) to be disjoint. The closure of a branch B is established by
checking the set K of constraints associated with it (which includes the initial con-
straint): B is closed if and only if K is unsatisfiable. Termination, soundness, and
completeness of the method are proved by exploiting a suitable notion of canonical
tableau.
The main differences between these tableau methods and ours are: (i) they are
specifically designed to deal with natural/integer time structures (i.e., linear and
discrete), while ours makes no assumptions; (ii) intervals only play a secondary
role in them (e.g., in Cerrito and Cialdea-Mayer’s system a formula is true on an
interval if and only if it is true at every point in it), while in our system intervals are
primary semantic objects on which the truth definitions are entirely based; (iii) the
closedness of the tableau is defined in terms of unsatisfiability of the associated set
of temporal constraints, while in our system it is entirely syntactic.

We conclude this section by considering the satisfiability problem for CTL, which
is known to be EXPTIME-complete. An implicit tableau method to check the satis-
fiability of CTL formulas, that generalizes Wolper’s method for LTL, has been pro-
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posed by Emerson and Halpern in [9]. The algorithm for checking the (un)satisfiabil-
ity of a CTL-formula φ basically behaves as Wolper’s one: first, it builds the tableau
for φ; then, it removes unsuitable maximal strongly connected components. The
elimination phase encompasses both a local pruning process, that removes local in-
consistencies, and another pruning process, that removes nodes including requests
which are not fulfilled in the current tableau. As in the case of LTL, the formula φ is
satisfiable if and only if the elimination phase does not end with an empty tableau.

3.2 Interval-based linear temporal logics and duration calculi

To the best of our knowledge, there exist very few tableau methods for interval
temporal logics (and duration calculi) in the literature. A tableau-based decision
procedure for an extension of Local PITL interpreted over finite state sequences
(LPITLproj), which pairs the operators © and C with a projection operator proj,
has been proposed by Bowman and Thompson [4]. Such a procedure refines a pre-
vious tableau system for quantified LPITLproj developed by Kono [19]. It rests
on a normal form for LPITLproj formulas that allows one to exploit a classical
tableau method, devoid of any mechanism for constraint label management. In [7],
Chetcuti-Serandio and Fariñas del Cerro isolate a fragment of Propositional Du-
ration Calculus (PDCpos), which only includes PDC formulas that satisfy suitable
syntactic restrictions. PDCpos is expressive enough to capture Allen’s relations [2]
and decidable. The tableau construction for PDCpos combines the application of the
rules of classical tableaux with that of a suitable constraint resolution algorithm and
it essentially depends on the assumption of bounded variability of state expressions
(they may have only a finite number of discontinuities on a bounded interval, thus
being Riemann-integrable on all bounded intervals).
LPITLproj extends LPITL with the binary operator proj which yields general repet-
itive behavior. For any given pair of formulas φ and ψ, φ proj ψ holds over an
interval if such an interval can be partitioned into a series of sub-intervals each
of which satisfies φ, while ψ (called the projected formula) holds over the new
interval collecting the endpoints of these sub-intervals. LPITLproj formulas are in-
terpreted over finite state sequences d0, d1, . . . , dk. The valuation function V maps
each interval [di, dj] into the set of propositional variables that hold over it. The lo-
cality constraint imposes that, for any propositional variable p and interval [di, dj],
p ∈ V([di, dj]) if and only if p ∈ V([di, di]). The problem of satisfiability check-
ing for LPITLproj is non-elementary [13]. The core of Bowman and Thompson’s
tableau method is the definition of suitable normal forms for all operators of the
logic, which reflect the locality constraint and provide the operators with uniform
inductive definitions. Taking advantage of them, Bowman and Thompson develop
an implicit tableau-based decision procedure for satisfiability checking in the style
of Wolper’s one [33]. The normal form for LPITLproj formulas has the following
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general format:
(π ∧ φe) ∨

∨

i

(φi ∧©φ′i),

where π stands for the formula ©⊥ characterizing point-intervals, φe and φi are
point formulas, and φ′i is an arbitrary LPITLproj formula. The first disjunct states
when a formula is satisfied over a point interval, while the second one states the
possible ways in which a formula can be satisfied over a strict interval, namely,
a point formula must hold at the initial point and then an arbitrary formula must
hold over the remainder of the interval. This normal form embodies a recipe for
evaluating LPITLproj formulas: the first disjunct is the base case, while the second
disjunct is the inductive step. Bowman and Thompson show that any LPITLproj

formula can be equivalently transformed into this normal form. As in the case of
implicit methods for point-based temporal logics, the tableau construction splits the
requirements imposed by any temporal formula into requirements about the present
(the first state of an interval) and requirements about the remainder of the interval,
and it generates a directed graph G = (N,E), where each node corresponds to
a state of the sequence and is labeled by a set of formulas. The construction of
the graph G for a formula φ starts with the initial node n0 labeled with the set
{φ,>Cπ}. The expansion rules for the Boolean connectives are the standard ones;
formulas of the forms ψCθ and ψ proj θ, as well as ¬(ψCθ) and ¬(ψ proj θ),
are expanded by exploiting the normal forms of their subformulas; finally, as in
Wolper’s tableau method, formulas of the form ©ψ are expanded into a new node,
corresponding to a new state, labeled with ψ. Once the construction of the graph
G has been completed, the procedure looks for unsatisfiable nodes in G and marks
them. Unsatisfiable nodes are (i) nodes which contain a formula and its negation,
(ii) nodes which contain both a formula ©ψ and the formula π, and (iii) nodes
whose successors are unsatisfiable. The formula φ is satisfiable if and only if the
initial node is not marked. The proofs of termination, soundness, and completeness
are similar to those for PLTL in their structure, but they are much more involved.
Chetcuti-Serandio and Fariñas del Cerro’s tableau method operates on a decidable
fragment of (propositional) Duration Calculus (DC). DC is a first-order interval
temporal logic, interpreted over the set of reals, which is based on ITL [36,35].
The first-order language for DC extends the propositional one essentially the same
way as in classical logic, but accounting for the fact that the first-order domain may
change over time. Among the constants, there is a specific and important one, that
is, the constant l, whose interpretation can vary over time, denoting the length of
the current interval. It is combined with the structure of the additive group of reals
as part of the temporal domain, which allows, for instance, to compute the length of
concatenated intervals. A specific additional feature of the syntax of DC is the spe-
cial category of terms called state expressions which are used to represent the du-
ration for which a system stays in a particular state. Chetcuti-Serandio and Fariñas
del Cerro provide a tableau method for PDCpos that presents many similarities with
the one of Cerrito and Cialdea-Mayer. Tableau nodes are conjunctions of labeled
formulas, labeled state expressions, and constraints (not all these components are
necessarily included in any node). Labeled formulas (resp., state expressions) are
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pairs (φ, [di, dj]) (resp., (σ, [di, dj])), where φ (resp., σ) is a formula (resp., state
expression) and [di, dj] is an interval. Constraints can be either qualitative, e.g.,
di ≤ dj, and quantitative, e.g., dj − di = k or dj − di > k, where k is a constant.
The construction of the tableau is fairly standard. It starts with an initial node in-
cluding the pair (φ, [d0, d1]), where φ is the formula to be checked and [d0, d1] is
a generic interval, and it proceeds by applying suitable expansion rules to labeled
formulas or labeled state expressions in the leaf node of the considered branch.
Closing rules detect contradictory formulas associated with the same interval or
inconsistent sets of constraints in a leaf node. The proof of termination basically
exploits a lemma showing that each expansion rule can be applied finitely often
to any branch, while the soundness and completeness proof takes advantage of a
lemma showing that expansion rules preserve (a suitable notion of) satisfiability.
Complexity issues are not addressed.

3.3 Miscellany

We conclude the section by mentioning some additional tableau systems that present
interesting connections to ours, such as the tableau methods for temporal logics
of knowledge and belief, the free-variable tableau methods for modal logics, the
tableau methods for first-order temporal logics, and the generic tableau provers,
such as Paulson’s [24]. Tableau methods for the propositional temporal Logics of
knowledge and belief KLn and BLn are described in [23,34]. They are implicit
methods, like those for PLTL, that introduce a specialized accessibility relation and
specific rules for agent management. Free-variable semantic tableaux are a well-
established technique for first-order theorem proving. In [3], Beckert and Goré
show that they can be exploited to deal with propositional modal logics, provid-
ing a compact, efficient, and easily implementable technique. Tableau methods for
decidable (monodic) fragments of first-order temporal logic over the natural num-
bers have been developed by Kontchakov et al. [20]. The decision procedure is
obtained by separating the temporal and the first-order components of the formula
to be checked and by dealing with the former using tableau methods for LTL, and
with the latter using existing procedures for first-order decidable fragments. Finally,
Abate and Goré [1] propose a tableau workbench that allows one to easily derive
implicit tableau methods for various systems of modal logics by specifying the ap-
propriate expansion rules. Furthermore, it allows one to express side conditions for
rule firing and to maintain the history of the applied expansion steps.

4 A Tableau Method for BCDT+

In this section we devise a tableau method for BCDT+. The method can be adapted
to its strict version BCDT−, and can be accordingly restricted to CDT, HS, PITL,
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and some PNL logics. We first introduce some basic terminology. A finite tree is
a finite directed connected graph in which every node, apart from one (the root),
has exactly one incoming edge. A successor of a node n is a node n

′ such that there
is an edge from n to n

′. A leaf is a node with no successors; a path is a sequence
of nodes n0, . . . ,nk such that, for all i = 0, . . . , k − 1, ni+1 is a successor of ni;
a branch is a path from the root to a leaf. The height of a node n is the maximum
length (number of edges) of a path from n to a leaf. If n,n′ belong to the same
branch and the height of n is less than (resp. less than or equal to) the height of n

′,
we write n ≺ n

′ (resp. n � n
′).

Definition 1 If C = 〈C,<〉 is a finite partial order, a labeled formula, with label
in C, is a pair (φ, [ci, cj]), where φ ∈ BCDT+ and [ci, cj] ∈ I(C)+. For a node n in
a tree T , the decoration ν(n) is a triple ((φ, [ci, cj]),C, un), where (φ, [ci, cj]) is a
labeled formula, with label in C, and un is a local flag function which associates
the values 0 or 1 with every branch B in T containing n.

Intuitively, the value 0 for a node n with respect to a branch B means that n can be
expanded on B. For the sake of simplicity, we will often assume the interval [ci, cj]
to consist of the elements ci < ci+1 < · · · < cj−1 < cj , and sometimes, with a little
abuse of notation, we will write C = {ci < ck, cm < cj, . . .}.

Definition 2 A decorated tree is a tree in which every node has a decoration ν(n).

For every decorated tree, we also use a global flag function u acting on pairs
(node, branch through that node), and defined as u(n, B) , un(B). Sometimes,
for convenience, we will include in the decoration of the nodes the global flag
function instead of the local ones. For any branch B in a decorated tree, we denote
by CB the (partially) ordered set in the decoration of the leaf of B, and for any
node n in a decorated tree, we denote by Φ(n) the formula in its decoration. If
B is a branch, then B · n denotes the result of the expansion of B with the node
n (addition of an edge connecting the leaf of B to n). Similarly, B · n1 | . . . | nk

denotes the result of the expansion of B with k immediate successor nodes n1,
. . . ,nk (which produces k branches extending B). A tableau for BCDT+ will be
defined as a special decorated tree. We note again that C remains finite throughout
the construction of the tableau.

Definition 3 Given a decorated tree T , a branch B in T , and a node n ∈ B such
that ν(n) = ((φ, [ci, cj]),C, u), with u(n,B) = 0, the branch-expansion rule for
B and n is defined as follows (in all the considered cases, u(n′,B′) = 0 for all
new pairs (n′,B′) of nodes and branches):

• If φ = ¬¬ψ, then expand the branch to B · n0, with ν(n0) = ((ψ, [ci, cj]),
CB, u);

• If φ = ψ0∧ψ1, then expand the branch to B ·n0 ·n1, with ν(n0) = ((ψ0, [ci, cj]),
CB, u) and ν(n1) = ((ψ1, [ci, cj]),CB, u);
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• If φ = ¬(ψ0∧ψ1), then expand the branch to B ·n0|n1, with ν(n0) = ((¬ψ0, [ci,
cj]),CB, u) and ν(n1) = ((¬ψ1, [ci, cj]),CB, u);

• If φ = ¬(ψ0Cψ1) and there exists ck ∈ CB , with ck ∈ [ci, cj], which has not
been used yet to expand the node n on B, then take the least such ck and ex-
pand the branch to B · n0|n1, with ν(n0) = ((¬ψ0, [ci, ck]),CB, u) and ν(n1)
= ((¬ψ1, [ck, cj]),CB, u);

• If φ = ¬(ψ0Dψ1), c is a minimal element of CB such that c ≤ ci, and there
exists c′ ∈ [c, ci], which has not been used yet to expand the node n on B,
then take the least such c′ and expand the branch to B · n0|n1, with ν(n0) =
((¬ψ0, [c

′, ci]),CB, u) and ν(n1) = ((¬ψ1, [c
′, cj]),CB, u);

• If φ = ¬(ψ0Tψ1), c is a maximal element of CB such that cj ≤ c, and there
exists c′ ∈ [cj, c] which has not been used yet to expand the node n on B, then
take the greatest such c′ and expand the branch to B · n0|n1, with ν(n0) =
((¬ψ0, [cj, c

′]),CB, u) and ν(n1) = ((¬ψ1, [ci, c
′]),CB, u);

• If φ = (ψ0Cψ1), then expand the branch to B · (ni · mi)| . . . |(nj · mj)|(n′i ·
m
′
i)| . . . |(n

′
j−1 · m

′
j−1), where:

(1) for all ck ∈ [ci, cj], ν(nk) = ((ψ0, [ci, ck]),CB, u) and ν(mk) = ((ψ1, [ck, cj]),
CB, u);

(2) for all i ≤ k ≤ j − 1, let Ck be the partial ordering obtained by inserting a
new element c between ck and ck+1 in [ci, cj], ν(n′k) = ((ψ0, [ci, c]),Ck, u), and
ν(m′

k) = ((ψ1, [c, cj]),Ck, u);

• If φ = (ψ0Dψ1), then repeatedly expand the current branch, once for each min-
imal element c (where [c, ci] = {c = c0 < c1 < · · · ci}), by adding the decorated
subtree (n0 ·m0)| . . . |(ni ·mi)|(n′1 ·m

′
1)| . . . |(n

′
i ·m

′
i)|(n

′′
0 ·m

′′
0)| . . . |(n

′′
i ·m

′′
i )

to its leaf, where:

(1) for all ck ∈ [c0, ci], ν(nk) = ((ψ0, [ck, ci]),CB, u) and ν(mk) = ((ψ1, [ck, cj]),
CB, u);

(2) for all 1 ≤ k ≤ i, let Ck be the partial ordering obtained by inserting a new
element c′ between ck−1 and ck in [c0, ci], ν(n′k) = ((ψ0, [c

′, ci]), Ck, u), and
ν(m′

k) = ((ψ1, [c
′, cj]),Ck, u);

(3) for all 0 ≤ k ≤ i, let Ck be the partial ordering obtained by inserting a new
element c′ in CB, with c′ < ck, which is incomparable with all existing prede-
cessors of ck, ν(n′′k) = ((ψ0, [c

′, ci]),Ck, u), and ν(m′′
k) = ((ψ1, [c

′, cj]),Ck, u);

• If φ = (ψ0Tψ1), then repeatedly expand the current branch, once for each max-
imal element c (where [cj, c] = {cj < cj+1 < · · · cn = c}), by adding the
decorated subtree (nj · mj)| . . . |(nn · mn)|(n′j · m

′
j)| . . . |(n

′
n−1 · m′

n−1)|(n
′′
j ·

m
′′
j )| . . . |(n

′′
n · m′′

n) to its leaf, where:

(1) for all ck ∈ [cj, c], ν(nk) = ((ψ0, [cj, ck]),CB, u) and ν(mk) = ((ψ1, [ci, ck]),
CB, u);
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(2) for all j ≤ k ≤ n − 1, let Ck be the partial ordering obtained by inserting a
new element c′ between ck and ck+1 in [cj, cn], ν(n′k) = ((ψ0, [cj, c

′]),Ck, u),
and ν(m′

k) = ((ψ1, [ci, c
′]),Ck, u);

(3) for all j ≤ k ≤ n, let Ck be the partial ordering obtained by inserting a new
element c′ in CB , with ck < c′, which is incomparable with all existing succes-
sors of ck, ν(n′′k) = ((ψ0, [cj, c

′]),Ck, u), and ν(m′′
k) = ((ψ1, [ci, c

′]),Ck, u).

Finally, for any node m (6= n) inB and any branchB ′ extendingB, let u(m, B ′) =
u(m, B), and for any branchB ′ extendingB, u(n, B ′) = 1, unless φ = ¬(ψ0Cψ1),
φ = ¬(ψ0Dψ1), or φ = ¬(ψ0Tψ1) (in such cases u(n, B ′) = 0).

Let us briefly explain the expansion rules for ψ0Cψ1 and ¬(ψ0Cψ1) (similar con-
siderations hold for the other temporal operators). The rule for the existential for-
mula ψ0Cψ1 deals with the two possible cases: either there exists ck ∈ CB such
that ci ≤ ck ≤ cj , ψ0 holds over [ci, ck], and ψ1 holds over [ck, cj] (j − i + 1 cases)
or such an element ck must be added to CB (j − i cases). The universal formula
¬(ψ0Cψ1) states that, for all ci ≤ ck ≤ cj, ψ0 does not hold over [cj, ck] or ψ1

does not hold over [ck, cj] (j − i+ 1 cases). As a matter of fact, the expansion rule
imposes such a condition for a single element ck in CB (the least ci ≤ ck ≤ cj
which has not been used yet), and it does not change the flag (which remains equal
to 0). In this way, all elements will be eventually taken into consideration, including
those elements in between ci and cj that will be added to CB in some subsequent
steps of the tableau construction.

Let us define now the notions of open and closed branch. We say that a node n in a
decorated tree T is available on a branch B it belongs to if and only if u(n,B) =
0. The branch-expansion rule is applicable to a node n on a branch B if the node
is available on B and the application of the rule generates at least one successor
node with a new labeled formula. This second condition is needed to avoid looping
of the application of the rule on formulas ¬(ψ0Cψ1),¬(ψ0Dψ1), and ¬(ψ0Tψ1).

Definition 4 A branch B is closed if some of the following conditions holds:

(1) there are two nodes n,n′ ∈B such that ν(n) = ((ψ, [ci, cj]),C, u) and ν(n′)
= ((¬ψ, [ci, cj]), C′, u) for some formula ψ and ci, cj ∈ C ∩ C ′;

(2) there is a node n such that ν(n) = ((π, [ci, cj]),C, u) and ci 6= cj;

(3) there is a node n such that ν(n) = ((¬π, [ci, cj]),C, u) and ci = cj.

If none of the above conditions hold, the branch is open.

Definition 5 The branch-expansion strategy for a branchB in a decorated tree T
is defined as follows:

(1) apply the branch-expansion rule to a branch B only if it is open;
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(2) if B is open, apply the branch-expansion rule to the first available node one
encounters moving from the root to the leaf ofB to which the branch-expansion
rule is applicable (if any).

Definition 6 An initial tableau for a given formula φ ∈ BCDT+ is the following
finite decorated tree T :

root

((φ, [c0, c1]), {c0 < c1}, 0) ((φ, [c0, c0]), {c0}, 0)

where the value of u is 0. A tableau for a given formula φ ∈ BCDT+ is any fi-
nite decorated tree isomorphic to a finite decorated tree T obtained by expanding
the initial tableau for φ through successive applications of the branch-expansion
strategy to the existing branches.

It is easy to show that if φ ∈ BCDT+, T is a tableau for φ, n ∈ T , and C is the
ordered set in the decoration of n, then C has the linear interval property.

Definition 7 A tableau for BCDT+ is closed if and only if every branch in it is
closed, otherwise it is open.

We conclude the section by giving some examples of the application of the pro-
posed method (for the sake of readability, we omit some minor details in the fig-
ures). As a first example, let φ be the unsatisfiable formula pT¬(>Cp). A closed
tableau for φ is given in Figure 2. As a second example, let φ be the formula
¬π ∧ ¬(¬((p ∧ ¬π)T¬p)T¬((p ∧ ¬π)T¬p)), which is satisfiable, but it only ad-
mits infinite models. Hence, all its tableaux include at least one open branch. A
tableau (to be further expanded) for φ is given in Figure 3. Finally, let φ be the
formula p ↔ pTπ, which is one of the CDT axioms given in [32]. Such an ax-
iomatic system is (claimed to be) sound and complete for the class of all linear
(non-strict) interval structures. From this, it follows that the negation of the for-
mula (p → pTπ) ∧ lin (cf. Section 3) should be unsatisfiable in the class of all
(non-strict) interval structures. However, the open tableau for ¬(p → pTπ) shown
in Figure 4 proves that this is not the case (as matter of fact, to remedy this it suffices
to substitute pTπ → p for p↔ pTπ).

4.1 Soundness and Completeness

Definition 8 Given a set S of labeled formulas with labels in C, we say that S is
satisfiable over C if there exists a non-strict model M

+ = 〈D, I(D)+, V 〉 such that
D is an extension of C and M

+, [ci, cj] 
 ψ for all (ψ, [ci, cj]) ∈ S.
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root

((pT¬(>Cp), [c0, c0]), {c0}, 1) ((pT¬(>Cp), [c0, c1]), {c0 < c1}, 1)

((p, [c0, c0]), {c0}, 1)

((¬(>Cp), [c0, c0]), {c0}, 0)

((⊥, [c0, c0]), {c0}, 1) ((¬p, [c0, c0]), {c0}, 1)
× ×

((p, [c0, c1]), {c0 < c1}, 1)

((¬(>Cp), [c0, c1]), {c0 < c1}, 0)

((⊥, [c0, c0]), {c0 < c1}, 1) ((¬p, [c0, c1]), {c0 < c1}, 1)
××

((⊥, [c0, c1]), {c0 < c1}, 1)((¬p, [c1, c1]), {c0 < c1}, 1)

((¬(>Cp), [c0, c1]), {c0 < c1}, 0)

((p, [c1, c1]), {c0 < c1}, 1)

××

((p, [c1, c2]), {c0 < c1 < c2}, 1)

((¬(>Cp), [c0, c2]), {c0 < c1 < c2}, 0)

((¬p, [c1, c2]), {c0 < c1 < c2}, 1)

((⊥, [c0, c1]), {c0 < c1 < c2}, 1)

×

×

Fig. 2. A closed tableau for the formula pT¬(>Cp).

If S contains only one labeled formula, the notion of satisfiability of a (labeled)
formula over C is equivalent to the notion of satisfiability given in Section 2.

Theorem 1 (Soundness) If φ ∈ BCDT+ and a tableau T for φ is closed, then φ is
not satisfiable.

Proof. We will prove by induction on the height h of a node n in the tableau T
the following claim: if every branch including n is closed, then the set S(n) of
all labeled formulas in the decorations of the nodes between n and the root is not
satisfiable over C, where C is the interval structure in the decoration of n.

If h = 0, then n is a leaf and the unique branch B containing n is closed. Then,
either S(n) contains both the labeled formulas (ψ, [ck, cl]) and (¬ψ, [ck, cl]) for
some BCDT+-formula ψ and ck, cl ∈ C, or the labeled formula (π, [ck, cl]) and
ck 6= cl, or the labeled formula (¬π, [ck, cl]) and ck = cl. Take any model M

+ =
〈D, I(D)+, V 〉 where D is an extension of C. In the first case, clearly M

+, [ck, cl] 


ψ if and only if M+, [ck, cl] 6
 ¬ψ. In the second (resp., third) case, M+, [ck, cl] 
 π
(resp., ¬π) if and only if ck = cl (resp., ck 6= cl). Hence, S(n) is not satisfiable
over C. Otherwise, suppose h > 0. Then either n has been generated as one of
the successors, but not the last one, when applying the branch-expansion rule in
∧, C,D, T , ¬C,¬D, or ¬T cases, or the branch-expansion rule has been applied
to some labeled formula (ψ, [ci, cj]) ∈ S(n) −{Φ(n)} to extend the branch at n.
We deal with the latter case. The former can be dealt with in the same way. Let
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root

((φ, [c0, c0]), {c0}, 1)

((γ, [c0, c0]), 0)

((¬π, [c0, c0]), 1)
×

((φ, [c0, c1]), {c0 < c1}, 1)

((γ, [c0, c1]), 0)

((¬π, [c0, c1]), 1)

((β, [c1, c1]), 1) ((β, [c0, c1]), 1)

((α, [c1, c1]), 1)

((¬p, [c1, c1]), 1)
×

((α, [c1, c2]), {c1 < c2}, 1)

((¬p, [c1, c2]), 1)
×

((α, [c1, c1]), 1)

((¬p, [c0, c1]), 1)
×

((α, [c1, c2]), {c1 < c2}, 1)

((¬p, [c0, c2]), 1)

((β, [c1, c2]), 1)((β, [c0, c2]), 1)

((α, [c2, c2]), 1)

((α, [c2, c3]), {c2 < c3}, 1)

((α, [c2, c2]), 1)

((α, [c2, c3]), {c2 < c3}, 1)

((¬p, [c0, c2]), 1)

((¬p, [c0, c3]), 1)

((¬p, [c1, c2]), 1)

((¬p, [c1, c3]), 1)

× ×

Fig. 3. A tableau (to be further expanded) for the formula ¬π∧
¬(¬((p ∧ ¬π)T¬p)T¬((p ∧ ¬π)T¬p)), where α, β, and γ stand for p ∧ ¬π, αT¬p, and
¬(¬βT¬β), respectively.

C = {c1, . . . , cn}, be the interval structure from the decoration of n. Notice that
every branch passing through any successor of n must be closed, so the inductive
hypothesis applies to all successors of n. We consider the possible cases for the
branch-expansion rule applied at n:

• Let ψ = ¬¬ξ. Then there exists n0 such that ν(n0) = ((ξ, [ci, cj]),C, u) and n0

is a successor of n. Since every branch containing n is closed, then every branch
containing n0 is closed. By the inductive hypothesis, S(n0) is not satisfiable over
C (since n0 ≺ n). Since ξ0 and ¬¬ξ0 are equivalent, S(n) cannot be satisfiable
over C;

• Let ψ = ξ0 ∧ ξ1. Then there are two nodes n0 ∈ B and n1 ∈ B such that
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root

((¬(p→ pTπ), [c0, c0]), {c0}, 1)((¬(p→ pTπ), [c0, c1]), {c0 < c1}, 1)

((p, [c0, c1]), {c0 < c1}, 1)((p, [c0, c0]), {c0}, 1)

((¬(pTπ), [c0, c0]), {c0}, 0) ((¬(pTπ), [c0, c1]), {c0 < c1}, 0)

(¬p, [c0, c0]), {c0}, 1)

(¬π, [c0, c0]), {c0}, 1)

(¬p, [c1, c1]), {c0 < c1}, 1)

(¬π, [c0, c1]), {c0 < c1}, 1)
×

×

Fig. 4. An open tableau for the formula ¬(p → pTπ).

ν(n0) = ((ξ0, [ci, cj]),C, u), ν(n1) = ((ξ1, [ci, cj]),C, u), and, without loss of
generality, n0 is the successor of n and n1 is the successor of n0. Since every
branch containing n is closed, then every branch containing n1 is closed. By the
inductive hypothesis, S(n1) is not satisfiable over C since n1 ≺ n. Since every
model over C satisfying S(n) must, in particular, satisfy (ξ0 ∧ ξ1, [ci, cj]), and
hence (ξ0, [ci, cj]) and (ξ1, [ci, cj]), it follows that S(n), S(n0), and S(n1) are
equi-satisfiable over C. Therefore, S(n) is not satisfiable over C;

• Let ψ = ¬(ξ1 ∧ ξ2). Then there exist two successor nodes n0 and n1 of n such
that ν(n0) = ((ξ0, [ci, cj]),C, u0), ν(n1) = ((ξ1, [ci, cj]),C, u1), n0,n1 ≺ n.
Since every branch containing n is closed, then every branch containing n0 and
every branch containing n1 is closed. By the inductive hypothesis S(n0) and
S(n1) are not satisfiable over C. Since every model over C satisfying S(n) must
also satisfy (ξ0, [ci, cj]) or (ξ1, [ci, cj]), it follows that S(n) cannot be satisfiable
over C;

• Let ψ = ¬(ξ0Cξ0). Suppose that S(n) is satisfiable over C. Since (¬(ξ0Cξ1),
[ci, cj]) ∈ S(n), there is a model M

+ = 〈D, I(D)+, V 〉 such that D is an exten-
sion of C and M

+, [ci, cj] 
 ¬(ξ0Cξ1). So, for every ck such that ci ≤ ck ≤ cj ,
we have that M

+, [ci, ck] 
 ¬ξ0 or M
+, [ck, cj] 
 ¬ξ1. By construction, the

two immediate successors of n are n1 and n2 such that, for an element ck with
ci ≤ ck ≤ cj , (¬ξ0, [ci, ck]) is in the decoration of n0 and (¬ξ1, [ck, cj]) is in the
decoration of n1. By inductive hypothesis, since n1,n2 ≺ n, S(n1) and S(n2)
are not satisfiable over C. Thus, such a model M+ cannot exist, and S(n) is not
satisfiable over C;

• The cases ψ = ¬(ξ0Dξ1) and ψ = ¬(ξ0Tξ1) are analogous;
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• Let ψ = ξ0Cξ1. Assuming that S(n) is satisfiable over C, there is a model M+ =
〈D, I(D)+, V 〉, where D is an extension of C, such that M

+, [ci, cj] 
 θ for all
(θ, [ci, cj]) ∈ S(n). In particular, M+, [ci, d] 
 ξ0 and M

+, [d, cj] 
 ξ1 for some
ci ≤ d ≤ cj . Consider two cases:

(1) If d ∈ C, then d = cm for some ci ≤ cm ≤ cj. But among the successors
of n there are two nodes nm,mm where ν(nm) = ((ξ0, [ci, cm]),C, u) and
ν(mm) = ((ξ1, [cm, cj]),C, u), and since nm,mm ≺ n (without loss of gener-
ality, suppose nm ≺ mm), by the inductive hypothesis S(nm) = S(n) ∪{(ξ0,
[ci, cm]), (ξ1, [cm, cj])} is not satisfiable over C, which is a contradiction, and
S(n) is not satisfiable over C;

(2) If d /∈ C, then there is an m such that i ≤ m ≤ j − 1 and cm < d < cm+1.
Hence, there are two successors n

′
m,m

′
m of n such that ν(n′m) = ((ξ0, [ci, d]),

C∪{d}, u), ν(m′
m) = ((ξ1, [d, cj]),C∪{d}, u), and since n

′
m,m

′
m ≺ n (with-

out loss of generality, suppose n
′
m ≺ m

′
m), by the inductive hypothesis S(n′m)

= S(n) ∪{(ξ0, [ci, d]), (ξ1, [d, cj])} is not satisfiable over C∪{d} which, again,
is a contradiction, and S(n) is not satisfiable over C;

• Let ψ = ξ0Dξ1. Assuming that S(n) is satisfiable over C, there is a model
M

+ = 〈D, I(D)+, V 〉, where D is an extension of C, such that M
+, [ci, cj] 
 θ

for all (θ, [ci, cj]) ∈ S(n). In particular, M+, [d, ci] 
 ξ0 and M
+, [d, cj] 
 ξ1 for

some d ≤ ci. Consider 3 cases:

(1) If d ∈ C, then d = cm for some cm ≤ ci. But between the successors
of n there are two nodes nm,mm where ν(nm) = ((ξ0, [cm, ci]),C, u) and
ν(mm) = ((ξ1, [cm, cj]),C, u), and since nm,mm ≺ n (without loss of gen-
erality, suppose nm ≺ mm), by the inductive hypothesis S(nm) = S(n)
∪{(ξ0, [cm, ci]), (ξ1, [cm, cj])} is not satisfiable over C, which is a contradic-
tion, and S(n) is not satisfiable over C;

(2) If d /∈ C and there exist a minimal element c ∈ C and an index m such
that cm, cm+1 ∈ [c, ci] and cm < d < cm+1, then there are two succes-
sors n

′
m,m

′
m of n such that ν(n′m) = ((ξ0, [d, ci]),C ∪ {d}, u) and ν(m′

m)
= ((ξ1, [d, cj]),C ∪ {d}, u), and since n

′
m,m

′
m ≺ n (without loss of gen-

erality, suppose n
′
m ≺ m

′
m), by the inductive hypothesis S(n′m) = S(n)

∪{(ξ0, [d, ci]), (ξ1, [d, cj])} is not satisfiable over C ∪ {d} which, again, is a
contradiction, and S(n) is not satisfiable over C;

(3) If d /∈ C and there exist a minimal element c ∈ C and an index m such
that cm+1 ∈ [c, ci], d < cm+1, and d is not comparable with all predecessors of
cm+1, then, again, there are two successor nodes n

′′
m,m

′′
m of n such that ν(n′′m)

= ((ξ0, [d, ci]),C ∪ {d}, u) and ν(m′′
m) = ((ξ1, [d, cj]),C ∪ {d}, u), and since

n
′′
m,m

′′
m ≺ n (without loss of generality, suppose n

′′
m ≺ m

′′
m), by the inductive

hypothesis S(n′′m) = S(n) ∪{(ξ0, [d, ci]), (ξ1, [d, cj])} is not satisfiable over
C ∪ {d} which, again, is a contradiction, and S(n) is not satisfiable over C;

• The case of ψ = ξ0Tξ1 is similar. 2
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Definition 9 If T0 is the three-node tableau built up from a root with void dec-
oration and two leaves decorated respectively by ((φ, [cb, ce]), {cb < ce}, 0) and
((φ, [cb, cb]), {cb}, 0) for a given BCDT+-formula φ, the limit tableau T for φ is
the (possibly infinite) decorated tree obtained as follows. First, for all i, Ti+1 is the
tableau obtained by the simultaneous application of the branch-expansion strategy
to every branch in Ti. Then, we ignore all flags from the decorations of the nodes in
every Ti. Thus, we obtain a chain by inclusion of decorated trees: T1 ⊆ T2 ⊆ . . .,

and we define T =
∞⋃
i=0

Ti.

Notice that the chain above may stabilize at some Ti if it closes, or if the branch-
expansion rule is not applicable to any of its branches. If T is a limit tableau, we

associate with each branch B in T the interval structure CB =
∞⋃
i=0

CBi
, where, for

all i, CBi
is the interval structure from the decoration of the leaf of the (sub-)branch

Bi of B in Ti. The definitions of closed and open branches readily apply to T .

Definition 10 A branch in a (limit) tableau is saturated if there are no nodes on
that branch to which the branch-expansion rule is applicable on the branch. A
(limit) tableau is saturated if every open branch in it is saturated.

Now we will show that the set of all labeled formulas on an open branch in a limit
tableau has the saturation properties of a Hintikka set in first-order logic.

Lemma 2 Every limit tableau is saturated.

Proof. Given a node n in a limit tableau T ,we denote by d(n) the distance (number
of edges) between n and the root of T . Now, given a branch B in T , we will
prove by induction on d(n) that after every step of the expansion of that branch at
which the branch-expansion rule becomes applicable to n (because n has just been
introduced, or because a new point has been introduced in the interval structure on
B) that rule is subsequently applied on B to that node.

Suppose the inductive hypothesis holds for all nodes with distance to the root less
than l. Let d(n) = l and the branch-expansion rule has become applicable to n.
If there are no nodes between the root (incl. the root) and n (excl. n) to which
the branch-expansion rule is applicable at that moment, the next application of the
branch-expansion rule on B is to n. Otherwise, consider the closest-to-n node n

∗

between the root and n to which the branch-expansion rule is applicable or will
become applicable on B at least once thereafter. (Such a node exists because there
are only finitely many nodes between n and the root.) Since d(n∗) < d(n), by the
inductive hypothesis the branch-expansion rule has been subsequently applied to
n
∗. Then the next application of the branch-expansion rule on B must have been to

n and that completes the induction. Now, assuming that a branch in a limit tableau
is not saturated, consider the closest-to-the-root node n on that branch B to which
the branch-expansion rule is applicable on that branch. If Φ(n) is none of the cases
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¬C,¬D, and ¬T , then the branch-expansion rule has become applicable to n at the
step when n is introduced, and by the claim above, it has been subsequently applied,
at which moment the node has become unavailable thereafter, which contradicts the
assumption. Suppose that Φ(n) =¬(ψ0Cψ1). Then an application of the rule on B
would create two successors with labels (¬ψ0, [ci, c]) and (¬ψ1, [c, cj]), at least one
of them new on B. But ci, cj, c have already been introduced at some (finite) step
of the construction of B and at the first step when the three of them, as well as
n, have appeared on the branch, the branch-expansion rule has become applicable
to n, hence is has been subsequently applied on B and that application must have
introduced the labels (ψ0, [ci, c]) and (ψ1, [c, cj]) on B, which again contradicts the
assumption. The same holds if Φ(n) = ¬(ψ0Dψ1) or Φ(n) = ¬(ψ0Dψ1). 2

Corollary 3 Let φ be a BCDT+-formula and T be the limit tableau for φ. For
every open branch B in T , the following closure properties hold:

• If there is a node n ∈ B such that ν(n) = ((¬¬ψ, [ci, cj]),C, u), then there is a
node n0 ∈ B such that ν(n0) = ((ψ, [ci, cj]),C, u0);

• If there is a node n ∈ B such that ν(n) = ((ψ0 ∧ ψ1, [ci, cj]),C, u), then there is
a node n0 ∈ B such that ν(n0) = ((ψ0, [ci, cj]),C, u0) and a node n1 ∈ B such
that ν(n1) = ((ψ1, [ci, cj]),C, u1);

• If there is a node n ∈ B such that ν(n) = ((¬(ψ0∧ψ1), [ci, cj]),C, u), then there
is a node n0 ∈ B such that ν(n0) = ((¬ψ0, [ci, cj]),C, u0) or a node n1 ∈ B
such that ν(n1) = ((¬ψ1, [ci, cj]),C, u1);

• If there is a node n ∈ B such that ν(n) = ((ψ0Cψ1, [ci, cj]),C, u), then, for some
c ∈ CB such that ci ≤ c ≤ cj there are two nodes n

′,m′ ∈ B such that ν(n′)
= ((ψ0, [ci, c]),C

′, u′) and ν(m′) = ((ψ1, [c, cj]),C
′, u′);

• Similarly for every node n with Φ(n) = ψ0Dψ1 or Φ(n) = ψ0Tψ1;

• If there is a node n ∈ B such that ν(n) = ((¬(ψ0Cψ1), [ci, cj]),C, u), then
for all c ∈ CB such that ci ≤ c ≤ cj , there is a node n

′ ∈ B such that ν(n′) =
((¬ψ0, [ci, c]),C

′, u′) or a node m
′ ∈ B such that ν(m′) = ((¬ψ1, [c, cj]),C

′, u′);

• Similarly for every node n with Φ(n) = ¬(ψ0Dψ1) or Φ(m) = ¬(ψ0Tψ1).

Lemma 4 If the limit tableau for some formula φ ∈BCDT+ is closed, then some
finite tableau for φ is closed.

Proof. Suppose the limit tableau for φ is closed. Then every branch closes at
some finite step of the construction and then remains finite. Since the branch-
expansion rule always produces finitely many successors, every finite tableau is
finitely branching, and hence so is the limit tableau. Then, by König’s lemma, the
limit tableau, being a finitely branching tree with no infinite branches, must be fi-
nite, hence its construction stabilizes at some finite stage. At that stage a closed
tableau for φ is constructed. 2
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Theorem 5 (Completeness) Let φ ∈BCDT+ be a valid formula. Then there is a
closed tableau for ¬φ.

Proof. We will show that the limit tableau T for ¬φ is closed, whence the claim
follows by the previous lemma.

By contraposition, suppose that T has an open branch B. Let CB be the interval
structure associated with B and S(B) be the set of all labeled formulas on B.
Consider the model M

+ = 〈CB, V 〉 where, for every [ci, cj] ∈ I(CB)+ and p ∈
AP , p ∈ V ([ci, cj]) iff (p, [ci, cj]) ∈ Φ(B). We show by induction on ψ that, for
every (ψ, [ci, cj]) ∈ S(B), M+, [ci, cj] 
 ψ.

We reason by induction on the complexity of ψ:

• Let ψ = π (resp., ψ = ¬π). Since (π, [ci, cj]) ∈ S(B) (resp., (¬π, [ci, cj]) ∈
S(B)) and B is open, then ci 6= cj (resp., ci = cj). Hence M

+, [ci, cj] 
 π (resp.,
M

+, [ci, cj] 
 ¬π);

• Let ψ = p or ψ = ¬p where p ∈ AP . Then the claim follows by definition,
because if (¬p, [ci, cj]) ∈ S(B) then (p, [ci, cj]) /∈ S(B) since B is open;

• Let ψ = ¬¬ξ. Then by Corollary 3, (ξ, [ci, cj]) ∈ S(B), and by inductive hy-
pothesis M

+, [ci, cj] 
 ξ. So M
+, [ci, cj] 
 ψ;

• Let ψ = ξ0 ∧ ξ1. Then by Corollary 3, (ξ0, [ci, cj]) ∈ S(B) and (ξ1, [ci, cj]) ∈
S(B). By inductive hypothesis, M

+, [ci, cj] 
 ξ0 and M
+, [ci, cj] 
 ξ1, so

M
+, [ci, cj] 
 ψ;

• Let ψ = ¬(ξ0 ∧ ξ1). Then by Corollary 3, (¬ξ0, [ci, cj]) ∈ S(B) or (¬ξ1, [ci, cj])
∈ S(B). By inductive hypothesis M

+, [ci, cj] 
 ¬ξ0 or M
+, [ci, cj] 
 ¬ξ1, so

M
+, [ci, cj] 
 ψ;

• Let ψ = ξ0Cξ1. Then by Corollary 3, (ξ0, [ci, c]) ∈ S(B) and (ξ1, [c, ci]) ∈
S(B) for some c ∈ CB such that ci ≤ c ≤ cj. Thus, by inductive hypothesis,
M

+, [ci, c] 
 ξ0 and M
+, [c, cj] 
 ξ1, and thus M

+, [ci, cj] 
 ψ;
• Similarly for ψ = ξ0Dξ1 and ψ = ξ0Tξ1;
• Let ψ = ¬(ξ0Cξ1). Then by Corollary 3, for all c ∈ CB such that ci ≤ c ≤ cj ,

(¬ξ0, [ci, c]) ∈ S(B) and (¬ξ1, [c, cj]) ∈ S(B). Hence, by the inductive hy-
pothesis, M

+, [ci, c] 
 ¬ξ0 and M
+, [c, cj] 
 ¬ξ1, for all ci ≤ c ≤ cj . Thus,

M
+, [ci, cj] 
 ψ;

• Similarly for ψ = ¬(ξ0Dξ1) and ψ = ¬(ξ0Tξ1).

This completes the induction. In particular, we obtain that ¬φ is satisfied in M
+,

which is in contradiction with the assumption that φ is valid. 2
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Fig. 5. The tree for the formula φ = (pT (¬pCq)) ∧ ¬(pT (¬pCq)).

5 An implementation of the tableau method

In this section, we describe the main features of our implementation of the proposed
tableau method, which has been successfully used for testing a number of BCDT+-
formulas [28].

Input formula. The input BCDT+-formula is arranged in a tree structure whose in-
ternal nodes contain a Boolean connective or a temporal operator and whose leaves
contain a literal. As an example, the formula φ = (pT (¬pCq)) ∧ ¬(pT (¬pCq))
generates the tree depicted in Figure 5, left. The subtrees of the tree for a for-
mula φ identify the subformulas of φ. Obviously, identical subformulas give raise
to identical subtrees. To obtain a more compact representation, we collapse iden-
tical subtrees, thus turning the tree into a direct acyclic graph (DAG). To this end,
we define a recursive procedure that enumerates the distinct subformulas and gen-
erates a DAG whose nodes contain a subformula labeled by a natural number. We
constrain such a labeling procedure to associate even (resp. odd) numbers with pos-
itive (resp. negative) subformulas; moreover, if the positive formula ψ is labeled by
n− 1, the corresponding negative subformula ¬ψ (if present) is labeled by n. This
allows us to check whether two subformulas are identical, or whether one of them
is the negation of the other, by comparing two natural numbers. The application of
this enumeration procedure to the above formula φ produces the DAG of Figure 5,
right. Furthermore, if a formula φ has h distinct subformulas, we can use an array
of at most 2 ·h bits to compactly represent any subset of its subformulas: we set the
n-th bit of the array to 1 if and only if the subformula labeled by n− 1 belongs to
the subset.

Branch management. Any single branch of the tableau for an input formula φ
is managed according to a depth-first strategy. A branch is (recursively) expanded
until it is closed (in such a case, the procedure backtracks and it starts again with the
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next branch, if any) or it is open, but saturated (in such a case, the method returns
a model for the input formula). Obviously it may happen that the expansion goes
forever with the branch neither closed nor (open and) saturated. A single branch
contains: (i) a list L of pairs (ψ, [ci, cj]), where ψ is a subformula of φ and [ci, cj]
is an interval; (ii) a (possibly empty) sublist L′ of L that contains only those pairs
(ψ, [ci, cj]), where ψ is a formula of the form ¬C, ¬D, or ¬T (universal formula);
(iii) a graph G that represents the current interval structure associated with (the
leaf of) the branch. Furthermore, a current position is defined for the list L. All
elements of L to the left of the current position identify the expansion steps applied
to the branch so far, while those to the right (including that in the current position)
correspond to expansion steps that have never been executed yet. L′ includes the
universal subformulas of φ that can possibly be reused during some subsequent
expansion step that extends the interval structure. The nodes of G correspond to
the endpoints of the intervals belonging to the current interval structure (such a
structure must be updated whenever an expansion step introduces a new endpoint).
Every node of G is labeled by a unique identifier ci and provided with two lists of
pointers to its immediate successors and predecessors (cf. Figure 6).
The problem of keeping track of the subformulas of φ associated with (true over)
the various intervals of the current interval structure is dealt with as follows. For
every node (labeled by) ci, let cj , with i ≤ j, be the label with maximum index for
which there exists a subformula which is true over [ci, cj], or over [cj, ci] (if any).
We associate an array [ci, ci+1, . . . , cj−1, cj] with the node ci. Moreover, for every
ck belonging to this array, if there exists a subformula which is true over [ci, ck]
(or [ck, ci]), we provide ck with an array of 2 · h bits, where h is the number of
distinct subformulas of φ. For every 1 ≤ n ≤ 2 · h, the array has value value 1
in the n-th position if (and only if) the subformula of φ labeled by n − 1 is true
over [ci, ck] (or [ck, ci]). Such an encoding allows one to keep track of the truth of
a subformula over a given interval and to possibly detect a contradiction, as well
as to withdraw the truth of a subformula over an interval during backtracking, in
constant time. Finally, to efficiently deal with the labeled universal subformulas
(ψ, [ci, cj]) in L′, we maintain an array of successors of cj (resp. predecessors of ci,
elements between ci and cj), that can be easily updated whenever a new endpoint
is added to the interval structure. Taking advantage of these arrays, one can easily
determine the universal subformulas associated with the branch which are activated
by the addition of the endpoint.

To illustrate the management of the interval structure, in Figure 6 we describe the
effects of the application of some expansion steps to a branch of a tableau for the
formula φ = ((pTq)Tp)C¬(pTq). We assume the subformulas of φ to be labeled as
follows: label(p) = 0, label(¬p) = 1, label(q) = 2, label(¬q) = 3, label(pTq) =
4, label(¬(pT q)) = 5, label((pT q)Tp) = 6, label(¬((pT q)Tp)) = 7, label(φ) =
8, and label(¬φ) = 9. At the first step, the interval structure consists of two nodes
(labeled by) c0 and c1, with c0 < c1. The arrays [c0, c1] and [c1] are associated with
c0 and c1, respectively. Since 0 < 1, to constrain the formula φ, with label(φ) = 8,
to hold over [c0, c1], we provide the entry c1 of the c0-labeled node with a 10-bits

24

125



(((pTq)Tp)C¬(pTq), [c0, c1])

((pTq)Tp, [c0, c2])

(¬(pTq), [c2, c1])

(pTq, [c2, c1])
×

(pTq, [c2, c3])

(p, [c0, c3])

c0 c1

c0 n.a.
c1 0000000010

c1 n.a.

c0 c2 c1

c1 n.a.c0 n.a.
c1 0000000010
c2 0000001000

c2 n.a.

c0 c2 c1

c1 n.a.
c2 0000010000

c0 n.a.
c1 0000000010
c2 0000001000

c2 n.a.

c0 c2

c3

c3 n.a.

c1
c1 n.a.
c2 0000010000

c0 n.a.
c1 0000000010
c2 0000001000

c2 n.a.
c3 0000100000

c0 c2

c3

c3 n.a.

c1
c1 n.a.
c2 0000010000

c0 n.a.
c1 0000000010
c2 0000001000
c3 1000000000

c2 n.a.
c3 0000100000

Fig. 6. An example of interval structure.

array whose 9-th bit is set to 1. Since there are not formulas associated with the
intervals [c0, c0] and [c1, c1], there are not 10-bits arrays corresponding to the entry
c0 for the c0-labeled node and to the entry c1 for the c1-labeled node. In Figure 6,
we denote this situation by the expression n.a., which stands for not allocated. At
the second step, we extend the branch by applying the expansion rule for C to
the formula φ. Accordingly, we add a node c2, with c0 < c2 < c1, to the current
interval structure. Since (pTq)Tp (resp. ¬(pTq)) holds over [c0, c2] (resp. [c2, c1]),
and 0 < 2 (resp., 1 < 2), we provide the entry c2 of the c0-labeled (resp. c1-
labeled) node with a 10-bits array whose 7-th (resp. 6-th) bit is set to 1. The next
step shows how a branch can be closed. Since c1 is a successor of c2, the application
of the expansion rule for T to the formula (pTq)Tp may result in the request for
pTq (resp. p) to hold over [c2, c1] (resp. [c0, c1]). Since 1 < 2, the 10-bits array
associated with the entry c2 of the c1-labeled node must be updated by setting its
5-th bit to 1. This means that we require both pTq and its negation to hold over
[c2, c1] (contradiction). Such a contradiction can be immediately detected: in the

25

126



10-bits array associated with the entry c2 of the c1-labeled node there exist two
consecutive bits, the first one being in an odd position (in the example, the 5-th and
the 6-th one), both set to 1. Once the contradiction has been detected, the procedure
backtracks, and it explores alternative expansions of the branch (if any). In the
example, it chooses to add a new node c3, with c2 < c3, incomparable with c1.

Experimental results. We developed a C-implementation of the proposed tableau
method for BCDT+ and we carried out some tests on an Intel x86 machine, with
a 2GHz Pentium 4 CPU, 40 Gb Hard Drive serial-ATA 150, and 1Gb of DDR
SDRAM. We also compared its performances with those of the well-known first-
order theorem prover Spass [15] (installed on the same machine), which takes ad-
vantage of a special form of syntactic unification. To make the comparison pos-
sible, BCDT+ formulas have been mapped into their first-order counterparts (in
a language with a binary relation symbol < which has been constrained to be a
partial ordering). A comparison of the performances of the two systems on some
meaningful unsatisfiable/satisfiable BCDT+ formulas (execution time is measured
in msec) is given in the following table.

BCDT+-formula our implementation Spass

¬(¬(φTψ)Cφ → ¬ψ) < 1 30

¬(¬(φTψ)Dψ → ¬φ) 10 41

¬(πCφ↔ φ) 9 29

¬(πTφ↔ φ) 11 32

((pTq)Tp)C¬(pTq) 10 26

(p→ (pTπ)) 10 23

6 Conclusions

In this paper, we described a general tableau method for CDT logic, interpreted
over partial orders, which combines features of the classical tableau method for
first-order logic with those of explicit tableau methods for modal logics with con-
straint label management. The method can be easily tailored to most existing propo-
sitional interval temporal logics. We proved its soundness and completeness, and
we provided it with an efficient implementation in C. We are currently looking
for meaningful syntactic (fragments of the logic) and/or semantic (classes of inter-
val structures) fragments where the tableau terminates, thus providing a decision
procedure.
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[1] P. Abate, R. Gor é, System description: The tableaux workbench, in: Proc. of the
International Conference TABLEAUX 2003, Vol. 2796 of LNAI, Springer, 2003, pp.
230–236.

[2] J. Allen, Maintaining knowledge about temporal intervals, Communications of the
ACM 26 (11) (1983) 832–843.
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[8] M. D’Agostino, D. Gabbay, R. Hähnle, J. Posegga (Eds.), Handbook of Tableau
Methods, Kluwer Academic Press, 1999.

[9] E. Emerson, J. Halpern, Decision procedures and expressiveness in the temporal logic
of branching time, Journal of Computer and System Sciences 30 (1) (1985) 1–24.

[10] M. Fitting, Proof Methods for Modal and Intuitionistic Logics, Vol. 169, D. Reidel,
Dordrecht, Holland, 1983.

[11] V. Goranko, A. Montanari, G. Sciavicco, Propositional interval neighborhood
temporal logics, Journal of Universal Computer Science 9 (9) (2003) 1137–1167.

[12] V. Goranko, A. Montanari, G. Sciavicco, A general tableau method for propositional
interval temporal logics, in: Proc. of the International Conference TABLEAUX 2003,
Vol. 2796 of LNAI, Springer, 2003, pp. 102–116.

27

128



[13] V. Goranko, A. Montanari, G. Sciavicco, A road map of interval temporal logics and
duration calculi, Journal of Applied Non-Classical Logics 14 (1-2) (2004) 9–54.
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[16] R. Hähnle, O. Ibens, Improving temporal logic tableaux using integer constraints,
in: Proc. of the 1st International Conference on Temporal Logic, Vol. 827 of LNCS,
Springer, 1994, pp. 535–539.

[17] J. Halpern, Y. Shoham, A propositional modal logic of time intervals, Journal of the
ACM 38 (4) (1991) 935–962.

[18] Y. Kesten, Z. Manna, H. McGuire, A. Pnueli, A decision algorithm for full
propositional temporal logic, in: Proc. of the 5th International Conference on
Computer Aided Verification, 1993, pp. 97–109.

[19] S. Kono, A combination of clausal and non-clausal temporal logic programs, in:
M. Fisher, R. Owens (Eds.), Executable Modal and Temporal Logics, Vol. 897 of
LNCS, Springer, 1995, pp. 40–57.

[20] R. Kontchakov, C. Lutz, F. Wolter, M. Zakharyaschev, Temporalizing tableaux, Studia
Logica 76 (1) (2004) 91–134.

[21] M. Marx, Y. Venema, Multi-Dimensional Modal Logics, Kluwer Academic Press,
1997.

[22] B. Moszkowski, Reasoning about digital circuits, Ph.D. thesis, Department
of Computer Science, Stanford University, Technical Report STAN-CS-83-970,
Stanford, CA, 1983.

[23] L. Nguyen, Analytic tableau systems for propositional bimodal logics of knowledge
and belief, in: Proc. of the International Conference TABLEAUX 2002, Vol. 2381 of
LNAI, Springer, 2002, pp. 206–220.

[24] L. Paulson, A generic tableau prover and its integration with Isabelle, Journal of
Universal Computer Science 5 (3) (1999) 73–87.

[25] A. Pnueli, R. Sherman, Semantic tableau for temporal logic, Technical Report CS81–
82, The Weizmann Institute, 1981.

[26] O. Lichtenstein, A. Pnueli, Propositional temporal logic: Decidability and
completeness, Logic Journal of the IGPL 8 (1) (2000) 55–85.

[27] W. Rautenberg, Modal tableau calculi and interpolation, Journal of Philosophical
Logics 12 (1983) 403–423.

[28] P. Sala, Tableau Systems for Interval Temporal Logics (in Italian), Tesi di Laurea in
Informatica, Università di Udine, 2003.
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Deduction Chains for Common Knowledge
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Abstract

Deduction chains represent a syntactic and in a certain sense constructive method for prov-
ing completeness of a formal system. Given a formulaφ, the deduction chains ofφ are built
up by systematically decomposingφ into its subformulae. In the case whereφ is a valid
formula, the decomposition yields a (usually cut-free) proof ofφ. If φ is not valid, the de-
composition produces a countermodel forφ. In the current paper, we extend this technique
to a semiformal system for the Logic of Common Knowledge. The presence of fixed point
constructs in this logic leads to potentially infinite-length deduction chains of a non-valid
formula, in which case fairness of decomposition requires special attention. An adequate
order of decomposition also plays an important role in the reconstruction of the proof of a
valid formula from the set of its deduction chains.

Key words: Deduction Chains, Logics of Common Knowledge, Tait-style Calculi

1 Introduction

Modal logic may be employed to reason about knowledge. A necessity for this
arises for example when modeling systems of distributed agents, say computers
connected over a network. In this setting, an agent knowing some propositionφ in
states is usually understood asφ holding in all states reachable froms in one step
and thus each agent’s knowledge may be modeled using a respective box operator.
Furthermore, through arbitrary nesting of boxes epistemic situations of consider-
able complexity become expressible. However, it is well known that any formula
of modal logic can only talk about a finite portion of a model and that this is not
sufficient to express certain epistemic situations of particular interest. One such ex-
ample often encountered in problems of coordination and agreement is common

Email addresses:kretz@iam.unibe.ch (Mathis Kretz),
tstuder@iam.unibe.ch (Thomas Studer).
1 Research supported by the Swiss National Science Foundation

Preprint submitted to Elsevier Science 27 May 2005

131



knowledge of a propositionφ, which can roughly be viewed as the infinitary con-
junction “all agents knowφ and all agents know that all agents knowφ and . . .”.
In order to express common knowledge in the setting of modal logic, a fixed point
extension is required, yielding the so called Logic of Common Knowledge which
was introduced in [5] and studied extensively from a model-theoretic point of view
in [3]. A more proof-theoretic study of this logic is given in [1] and [2].

In the current study we aim to deepen the proof-theoretic understanding of Logic
of Common Knowledge by giving an alternative completeness proof for an infini-
tary proof system for this logic using the method of deduction chains. Deduction
chains represent a syntactic and in a certain sense constructive method for proving
completeness of a formal system. Given a formulaφ, the deduction chains ofφ are
built up by systematically decomposingφ into its subformulae. In the case where
φ is a valid formula, the decomposition yields a (usually cut-free) proof ofφ. If φ
is not valid, the decomposition produces a countermodel forφ. The method of de-
duction chains was first introduced by Schütte in [9,11] and has been used mainly
in the proof-theory of systems of first and second order arithmetic. See [6,8] for
applications of the method in this field. In [10] Schütte extends deduction chains to
modal logic and we extend this approach again to accommodate fixed-point con-
structs. The main additional difficulty is that the presence of fixed-points requires a
fully deterministic procedure for the decomposition of a given formula in order to
guarantee fairness in the case of an infinite deduction chain.

We begin our account by giving an introduction to the syntax and semantics of
Logic of Common Knowledge. In particular we will state the infinitary proof sys-
temTω

KC
n
, the completeness of which will be the main goal. In Section 3 we intro-

duce the concept of deduction chains for formulae of Logic of Common Knowledge
and prove some crucial properties required for the subsequent argument, chiefly
fairness and saturation. We then proceed to prove the so calledprincipal semantic
lemma, which represents one half of the deduction chain argument. The principal
semantic lemma secures the construction of a countermodel in case of an infinite
deduction chain. Section 5 takes care of the other half of the argument, the so called
principal syntactic lemmawhich yields the construction of a proof from the set of
all deduction chains of a formula, if all of these chains are finite. Completeness is
then obtained as a corollary to the two principal lemmata. In the concluding section
we give a short overview of the main completeness argument.

2 Syntax and semantics

The languageLnC for Logic of Common Knowledge comprises a set ofatomic
propositionsp, q, . . ., the propositional connectives∧ and∨, the epistemic oper-
atorsK1,K2, . . . ,Kn and thecommon knowledge operatorC. Additionally, we as-
sume there is an auxiliary symbol∼ to form complements of atomic propositions
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and dual epistemic operators. The formulaeα, β, γ, . . . (possibly with subscripts)
of LnC are defined inductively as follows.

(1) All atomic propositionsp and their complements∼p areLnC formulae.
(2) If α andβ areLnC formulae, so are(α ∨ β) and(α ∧ β).
(3) If α is anLnC formula, so areKiα and∼Kiα.
(4) If α is anLnC formula, so areCα and∼Cα.

Often we omit parentheses if there is no possible confusion. We can define the
negation¬α of generalLnC formulaeα by making use of de Morgan’s laws and the
law of double negation.

(1) If α is the atomic propositionp, then¬α is∼α; if α is the formula∼p, then
¬α is p.

(2) If α is the formula(β ∨ γ), then¬α is (¬β ∧¬γ); if α is the formula(β ∧ γ),
then¬α is (¬β ∨ ¬γ).

(3) If α is the formulaKiβ, then¬α is∼Ki(¬α); if α is the formula∼Kiβ, then
¬α is Ki(¬α);

(4) If α is the formulaCβ, then¬α is∼C(¬α); if α is the formula∼Cβ, then¬α
is C(¬α);

We set

Eα := K1α ∧ · · · ∧ Knα.

The formulaKiα can be interpreted as “agenti knows thatα”. Thus Eα means
“everybody knows thatα”. We will also need iterationsEmα for all natural numbers
m, formally defined by

E0α := >, E1α := Eα andEm+1α := EEmα,

where> is taken to refer to some trivially valid formula as for examplep∨ ∼ p
wherep is an atomic proposition.

The semantics for logics of common knowledge is given byKripke structures

M = (S,K1, . . . ,Kn, π)

whereS is a non-empty set ofworlds, K1, . . . ,Kn are binary relations onS andπ
is avaluation functionassigning to each atomic proposition a subset ofS. We say
w is a world ofM = (S,K1, . . . ,Kn, π), expressed byw ∈ M, if w is an element
of S. The truth set‖α‖M of anLnC formulaα with respect to the Kripke structure
M = (S,K1, . . . ,Kn, π) is defined by induction on the complexity ofα:
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‖p‖M :=π(p)

‖ ∼p‖M :=S \ ‖p‖M,
‖α ∨ β‖M := ‖α‖M ∪ ‖β‖M,
‖α ∧ β‖M := ‖α‖M ∩ ‖β‖M,
‖Kiα‖M := {v ∈ S : w ∈ ‖α‖M for all w with (v, w) ∈ Ki},

‖ ∼Kiα‖M :=S \ ‖Ki¬α‖M,
‖Cα‖M :=

⋂
{‖Emα‖M : m ≥ 1},

‖ ∼Cα‖M :=S \ ‖C¬α‖M.

Using these truth sets, we can express that a formulaα is valid in a worldw of a
Kripke structureM. This is the case ifw ∈ ‖α‖M. We will employ the following
notation:

M, w |= α :⇐⇒ w ∈ ‖α‖M.
Next, we are going to present the semiformal Tait-style calculusTω

KC
n

for common
knowledge. Tait-style calculi [12,14] are one-sided Gentzen calculi which derive fi-
nite sets of formulae. This kind of calculi is particularly well-suited for the study of
cut-elimination and meta-mathematical investigations.Tω

KC
n

has been introduced by
Alberucci and J̈ager [1,2]. It incorporates an analogue of theω rule which permits
the derivation of the formulaCα from the infinitely many premises

E1α,E2α, . . . ,Emα, . . .

for all natural numbersm ≥ 1. The systemTω
KC

n
is calledsemiformalsince, as

opposed to formal systems, it has basic inferences with infinitely many premises
[11].

The systemTω
KC

n
derives finite sets ofLnC formulae which are denoted byΓ,∆,Σ,Π, . . .

(possibly with subscripts). Usually we will write for exampleα, β,∆,Γ for the
union {α, β} ∪ ∆ ∪ Γ. Moreover, ifΓ is the set{α1, . . . , αm}, then we use the
following abbreviations:

∨
Γ :=α1 ∨ · · · ∨ αm,
¬Γ := {¬α1, . . . ,¬αm},
¬KiΓ := {¬Kiα1, . . . ,¬Kiαm},
¬CΓ := {¬Cα1, . . . ,¬Cαm}.

The axioms and rules ofTω
KC

n
consist of the usual propositional axioms and rules

of Tait calculi, rules for the epistemic operatorsKi with additional side formulae
¬C∆ plus rules dealing with common knowledge. Note thatTω

KC
n

includes neither
an induction rule nor a cut rule.

Definition 2.1 The infinitary Tait-style calculusTω
KC

n
over the languageLnC is de-

fined by the following axioms and inference rules:
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Γ, p,¬p (ID)

Γ, α, β

Γ, α ∨ β
(∨)

Γ, α Γ, β

Γ, α ∧ β
(∧)

¬C∆,¬Γ, α

¬C∆,¬KiΓ,Kiα,Σ
(Ki)

Γ,¬Eα

Γ,¬Cα
(¬C)

Γ,Ekα for all k ∈ ω
Γ,Cα

(Cω)

The infinitary systemTω
KC

n
is formulated over the finitary languageLnC and derives

finite sets of formulae. It is infinitary only because of the rule(Cω) for introducing
common knowledge. This rule has infinitely many premises and thus may give rise
to infinite proof trees. For arbitrary ordinalsα and finite setsΓ of LnC formulae we
define the derivability relationTω

KC
n α

Γ as usual by induction onα.

(1) If Γ is an axiom ofTω
KC

n
, then we haveTω

KC
n α

Γ for all ordinalsα.
(2) If Tω

KC
n α′

i
Γi andα′i < α for all premises of a rule ofTω

KC
n
, then we have

Tω
KC

n α
Γ for the conclusionΓ of this rule.

We will write Tω
KC

n
` Γ if Tω

KC
n α

Γ for some ordinalα.

Now we have to mention some structural properties ofTω
KC

n
which will be important

in the sequel. The first two, weakening and inversion, are easily shown by induction
on the length of the involved derivations.

Lemma 2.2 (Weakening) If Tω
KC

n α
Γ andΓ ⊂ Γ′, then alsoTω

KC
n α

Γ′.

Lemma 2.3 (Inversion)

(1) If Tω
KC

n α
Γ, φ1 ∧ φ2, thenTω

KC
n α

Γ, φ1 andTω
KC

n α
Γ, φ2.

(2) If Tω
KC

n α
Γ, φ1 ∨ φ2, thenTω

KC
n α

Γ, φ1, φ2.

(3) If Tω
KC

n α
Γ,Cφ, thenTω

KC
n α

Γ,Ekφ for everyk ∈ ω.

Lemma 2.4 If Tω
KC

n α
Γ,¬Ekφ for somek ∈ ω, thenTω

KC
n α+1

Γ,¬Cφ.

PROOF. We proceed by induction onk. The base case ofk = 1 holds directly by
the rule(¬C). We thus assumeTω

KC
n α

Γ,¬Ek+1φ, which by iteration of Lemma
2.3 means

Tω
KC

n α
Γ,¬K1E

kφ, . . . ,¬KnE
kφ (1)
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and showTω
KC

n α+1
Γ,¬Cφ by induction on lengthα of the proof. The case of

α = 0 is trivial, thus assume that the claim holds for allα′ < α. We make a case
distinction as to the last rule applied to derive (1).

Case 1) The last rule was(Ki) for some1 ≤ i ≤ n: Then there is a formulaKiξ ∈
Γ such thatTω

KC
n α

¬C∆1,¬Ki∆2,Kiξ,Σ and¬KjE
kφ ∈ Σ for all j 6= i. If

we also have¬KiE
kφ ∈ Σ, then the claim is trivial. Otherwise we must have

¬KiE
kφ ∈ ¬Ki∆2 and by the premise of(Ki)

Tω
KC

n α′ ¬C∆1,¬∆2, ξ,

whereα′ < α and¬Ekφ ∈ ¬∆2. By the hypothesis of the outer induc-
tion Tω

KC
n α

¬C∆1,¬Cφ,¬∆′
2, ξ, where¬∆′

2 = ¬∆2 \ {¬Ekφ}. There-
fore, applying(Ki) yields Tω

KC
n α+1

¬C∆1,¬Cφ,¬Ki∆
′
2,Kiξ,Σ, meaning

Tω
KC

n α+1
Γ,¬Cφ.

Case 2) The last rule was not(Ki) for any1 ≤ i ≤ n: In this case the claim fol-
lows directly by applying the hypothesis of the inner induction to the premise
of the respective rule. 2

Transfinite induction on the length of derivations yields the correctness ofTω
KC

n
with

respect to the semantics for logics of common knowledge. That is we have the
following theorem.

Theorem 2.5 For all finite setsΓ of LnC formulae, all Kripke structuresM and all
worldsw ∈M we have that

Tω
KC

n
` Γ =⇒ M, w |=

∨
Γ.

3 Deduction chains

In this section we are going to define the notion of deduction chain in the context of
Tω

KC
n
. Scḧutte [9] originally introduced deduction chains for classical logic. Later, he

showed in [10] how to extend this technique to the case of intuitionistic and modal
logics. We adapt his method and apply it to show completeness of our infinitary
fixed point logic.

In the sequel we will make use of the following notation for projections. Ifa is a
tuple(x, y), thena1 := x anda2 := y.

We start by defining labeled index trees. Such trees will provide the frame on which
the countermodel of a non-valid formulaψ is based. The set of worlds will consist
of all nodes of the labeled index trees of a deduction chain forψ. The accessibility
relation for agenti will be given the successor relationσi.
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Definition 3.1 A labeled index tree is a setI of pairs(k, α), wherek is in{0, . . . , n}
andα is a sequence of natural numbers such thatI has the following properties

(1) (0, (0)) ∈ I
(2) For everym ∈ ω we have that

(k, (α,m+ 1)) ∈ I for somek ∈ {1, . . . , n}

implies
(l, (α,m)) ∈ I for somel ∈ {1, . . . , n}.

(3) If there exists ak ∈ {1, . . . , n} with (k, (α, 0)) ∈ I, then there exists anl ∈
{1, . . . , n} such that(l, α) ∈ I

(4) If (k, α) ∈ I and(l, α) ∈ I, thenk = l.

Definition 3.2 Let I be a labeled index tree anda, b ∈ I. We define the following
binary relations onI:

a = b :⇔ a2 = b2
aσib :⇔ a = (j, α) andb = (i, (α, l))

for some sequenceα, j ∈ {1, . . . , n} andl ∈ ω
a ≺ b :⇔ a2 is a prefix ofb2
a 4 b :⇔ a = b or a ≺ b

a @ b :⇔ (a ≺ b) or
(a2 = (α, l) andb2 = (α, k) andl < k)

Definition 3.3 A literal is a formula of the formp or ∼ p wherep is an atomic
formula. A formulaφ is reducible if it is not a literal.

A deduction chain for a formulaφ is built by decomposingφ. It is crucial for our
argument that this decomposition satisfies certain fairness conditions. In particular,
formulae of the form∼ Cα need special care. When we treat such a formula for
the first time, we create a new formula¬E1α. When we deal with it for the second
time, then we create¬E2α and so on. Moreover, if there is another formula∼Cβ,
we have to pay attention that we consider∼ Cα and∼ Cβ in alternation. In order
to guarantee this, we need some bookkeeping which is achieved using so-called
iteration histories.

Definition 3.4 LetLnC|¬C denote the set of all formulae of the languageLnC which
have the form∼ Cβ for someβ ∈ LnC. An iteration history is a finite setE ⊂
LnC|¬C × ω × ω such that for anye, f ∈ E, we havee = f if e1 = f1.

Definition 3.5 Given an iteration historyE, we define

domE := {α ∈ LnC|¬C;∃e ∈ E such thate1 = α}
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Furthermore, for allα ∈ domE andk ∈ ω we define the following functions:

addE(∼Cβ, k) =

E ∪ {(∼Cβ, k, 0)} if ∼Cβ /∈ domE

E otherwise

lookupE(α) = (k, l) where(α, k, l) ∈ E
ordE(α) = (lookupE(α))1

degE(α) = (lookupE(α))2

maxE =

max{ordE(β); β ∈ domE} if domE 6= ∅
0 otherwise

minE =

min{ordE(β); β ∈ domE} if domE 6= ∅
0 otherwise

Definition 3.6 A formula sequenceS is ann+ 2-tuple(Γ,∆1, . . . ,∆n, E), where
Γ is a finite sequence of formulae ofLnC, ∆i are finite sequences of formulae of the
form¬α, whereα ∈ LnC andE is an iteration history. We will useε to denote the
empty sequence. The distinguished formula ofS is the rightmost reducible formula
appearing inΓ, if such a formula exists. For any finite sequence of formulaeΛ,
we denote by set(Λ) the set of all formulae appearing inΛ. We define set(S) :=
set(Γ) ∪ domE,

set+(S) := set(S) ∪ {∼Kiβ;¬β ∈ set(∆1)} ∪ . . . ∪ {∼Knβ;¬β ∈ set(∆n)},

maxS := maxE, minS := minE anddomS := domE. Further, for all formulae
β ∈ domS we setordS(β) := ordE(β). Let FS be the set of all formula sequences.

A sequence tree is a labeled index tree of formula sequences. That is we anno-
tate each node of the index tree with a formula sequence. In the construction of a
countermodel for a non-valid formula, the sequence at a node will be the basis for
defining the valuation functionπ at that node. In particular,π will be defined such
that if a formulaψ belongs to the annotation of a node, thenψ will not hold at that
node.

Definition 3.7 Let I be a labeled index tree. A sequence tree overI is a function

R : I −→ FS

We use the notationRa for R(a), wherea ∈ I and definemax(R) asmax{maxRa ;
a ∈ I}. Furthermore, given a formulaα and an iteration historyE we define the
operation

it(R, α, E) =

(E \ {(α, k, l)}) ∪ {(α,max(R) + 1, l + 1)} if α ∈ domE

E otherwise

Definition 3.8 Let R be a sequence tree overI. Further, letJ be the set{a ∈ I;
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(Γ,∆1, . . . ,∆n, E)

(Γ′,∆′
1, . . . ,∆
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′) (Γ′′,∆′′
1, . . . ,∆

′′
n, E

′′)

1 3

Fig. 1. A sequence tree

domRa 6= ∅}. We define the relation@∗ for all a, b ∈ J as follows:

a @∗ b :⇔ minRa < minRb
or [minRa = minRb

anda @ b]

The redex of a sequence tree is the formula that will be decomposed next. It is
basically found as follows. The rightmost reducible formula of the main sequence
of a nodea of R is called distinguished formula ofR ata (see Definition 3.6). The
redex ofR is defined as the topmost distinguished formula if such a formula exists;
otherwise as the formula of the form∼Cα (if such a formula exists) which has to
be treated next according to information given by the iteration histories. If neither
of these two conditions apply, thenR has no redex.

Definition 3.9 Let R be a sequence tree overI anda ∈ I. A formulaφ is called
redex ofR at a if one of the following two conditions holds:

(1) φ is the distinguished formula ofRa anda is @-minimal among allb ∈ I.
(2) there are no distinguished formulae inR, φ ∈ domRa, ordRa(φ) = minRa

anda is @∗-minimal inR.

Note that for a sequence treeR overI there is at most onea ∈ I and one formula
φ such thatφ is the redex ofR ata.

Definition 3.10 Letα be a formula,S = (Γ,∆1, . . . ,∆n, E) a formula sequence
in a sequence treeR andΓ′ the sequenceα,Γ. Define the operation

α ◦ S =


S if α is already inΓ,

(Γ′,∆1, . . . ,∆n, E) if α not inΓ and not of the form∼Cβ,

(Γ,∆1, . . . ,∆n, addE(α,max(R) + 1)) if α not inΓ and

of the form∼Cβ

Given a finite sequenceΛ = (α1, α2, . . . , αn) of formulae and a formula sequence
S, we writeΛ ◦ S for α1 ◦ (α2 ◦ (. . . ◦ (αn ◦ S)))

Definition 3.11 A sequence treeR overI is called reducible, ifR has a redex.R
is called axiomatic if there exists ana ∈ I and an atomic propositionp, such that
Ra = (Γ,∆1, . . . ,∆n, E) and bothp and∼p appear inΓ. Generally, we say that
a formulaα appears inR at somea ∈ I if α ∈ set(Ra).

A deduction chain is a sequenceΘ0,Θ1,Θ2, . . . of sequence trees. IfΘi is ax-
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iomatic, thenΘi is the last element of the deduction chain.Θi is also the last ele-
ment of the deduction chain if it does not contain a redex. IfΘi is not axiomatic
and has a redexψ ata, thenψ will be decomposed and a new sequence treeΘi+1 is
added to the deduction chain.Θi+1 is obtained fromΘi by removingψ and adding

(1) ψ1, ψ2 ata if ψ = ψ1 ∨ ψ2,

((Γ, ψ1 ∨ ψ2,Σ),∆1, . . . ,∆n, E)

. . .

HH
HHHj





�

��
����

?

��SS

(ψ1, ψ1) ◦ ((Γ,Σ),∆1, . . . ,∆n, E)

. . .

HH
HHHj





�

��
����

?

Fig. 2. Type 1 reduction

(2) ψ1 or ψ2 ata if ψ = ψ1 ∧ ψ2,

��SS��SS

ψ1 ◦ ((Γ,Σ),∆1, . . . ,∆n, E)

. . .

H
HHHHj





�

�
�����

?

ψ2 ◦ ((Γ,Σ),∆1, . . . ,∆n, E)

. . .

H
HHHHj





�

�
�����

?

((Γ, ψ1 ∧ ψ2,Σ),∆1, . . . ,∆n, E)

. . .

HH
HHHj





�

��
����

?

Fig. 3. Type 2 reduction
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(3) ¬ψ1 at every successor ofa (and remembering¬ψ1 ata) if ψ =∼Kiψ1,

(Γ′,∆′
1, . . . ,∆

′
n, E

′)

��SS

¬ψ1 ◦ (Γ′,∆′
1, . . . ,∆

′
n, E

′)

((Γ,Σ),∆1, . . . , (¬ψ1,∆i), . . . ,∆n, E)
i

. . .

HHH
HHj





�

���
���

?

((Γ,∼Kiψ1,Σ),∆1, . . . ,∆n, E)

. . .
iHHH
HHj





�

���
���

?

Fig. 4. Type 3 reduction

(4) a new successor ofa initialized with ψ1 (plus anything remembered ata) if
ψ = Kiψ1,

��SS

(ψ1,∆i) ◦ (ε, ε, . . . , ε, ∅)

((Γ,Σ),∆1, . . . ,∆n, E)
i

. . .

XXXXXXXXz
@

@@R





�

��
����

?

((Γ,Kiψ1,Σ),∆1, . . . ,∆n, E)

. . .
@

@@R





�

�
�����

?

Fig. 5. Type 4 reduction
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(5) Ekψ1 ata for somek if ψ = Cψ1,

. . .

��SS��SS

Ekψ1 ◦ ((Γ,Σ),∆1, . . . ,∆n, E)

. . .

H
HHHHj





�

�
�����

?

��
����





�

HH
HHHj. . .

((Γ,Cψ1,Σ),∆1, . . . ,∆n, E)

?

������





�

HHH
HHj. . .. . .

E1ψ1 ◦ ((Γ,Σ),∆1, . . . ,∆n, E)
?

Fig. 6. Type 5 reduction

(6) ¬Ek+1ψ1 ata wherek is the maximum number of iterations tried ata if ψ =∼
Cψ1.

��SS

?

¬Ek+1ψ1 ◦ (Γ,∆1, . . . ,∆n, {. . . , (∼Cψ1, p, k + 1), . . .})

. . .

HHH
HHj





�

���
���

(Γ,∆1, . . . ,∆n, {. . . , (∼Cψ1, l, k), . . .})

. . .

HHH
HHj





�

���
���

?

wherep is maximal for the whole sequence tree.

Fig. 7. Type 6 reduction

These six cases will be made precise in the next definition.

Definition 3.12 Let R be a sequence tree. A deduction chain ofR is a finite or
infinite sequence

Θ0,Θ1,Θ2, . . .

of sequence trees with the following properties:

(1) Θ0 = R
(2) If Θm is axiomatic or not reducible, thenΘm is the last element of the sequence.
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(3) If Θm is not axiomatic and reducible, thenΘm+1 is derived fromΘm in the
following manner:
Let Θm be the sequence treeS over index treeI and letφ be the redex ofS at
a ∈ I. If φ /∈ LnC|¬C, thenSa = (Γ,∆1, . . . ,∆n, E) andΓ = Ω, φ,Ω′, where
Ω′ is a sequence of non-reducible formulae.
Case 1:φ = ψ1 ∨ ψ2

ThenΘm+1 is the sequence treeT overI, where

Γ′ = Ω,Ω′

Ta = (ψ1, ψ2) ◦ (Γ′,∆1, . . . ,∆n, E)

Tb =Sb for all other b ∈ I

In this case we say thatΘm has type 1 successorΘm+1.
Case 2:φ = ψ1 ∧ ψ2

ThenΘm+1 is the sequence treeT overI, where

Γ′ = Ω,Ω′

Ta =ψ1 ◦ (Γ′,∆1, . . . ,∆n, E) or
Ta =ψ2 ◦ (Γ′,∆1, . . . ,∆n, E)

Tb =Sb for all other b ∈ I

In this case we say thatΘm has type 2 successorΘm+1.
Case 3:φ =∼Kiψ

ThenΘm+1 is the sequence treeT overI, where

Γ′ = Ω,Ω′

∆′
i =¬ψ,∆i

Ta = (Γ′,∆1, . . . ,∆
′
i, . . . ,∆n, E)

and for all b ∈ I such thataσib

Tb =¬ψ ◦ Sb

andTc := Sc for all other c ∈ I.
In this case we say thatΘm has type 3 successorΘm+1.

Case 4:φ = Kiψ
Let a = (l, α) and k be the smallest number such that(j, (α, k)) /∈ I for
any numberj. ThenΘm+1 is the sequence treeT overI ∪ {b}, whereb =
(i, (α, k)) and

Γ′ = Ω,Ω′

Ta = (Γ′,∆1, . . . ,∆n, E)

Tb = (ψ,∆i) ◦ (ε, ε, . . . , ε, ∅)
Tc =Sc for all other c ∈ I

In this case we say thatΘm has type 4 successorΘm+1.
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Case 5:φ = Cψ
ThenΘm+1 is the sequence treeT overI, where

Γ′ = Ω,Ω′

Ta = Eiψ ◦ (Γ′,∆1, . . . ,∆n, E) for somei ∈ ω
Tb =Sb for all other b ∈ I

In this case we say thatΘm has type 5 successorΘm+1.
If φ ∈ LnC|¬C, then we proceed as follows:
Case 6:φ =∼Cψ ThenΘm+1 is the sequence treeT overI, where

Ta =¬Ekψ ◦ (Γ,∆1, . . . ,∆n, it(Θm,∼Cψ,E))

wherek = degE(∼Cψ) + 1

Tb =Sb for all other b ∈ I

In this case we say thatΘm has type 6 successorΘm+1.

Definition 3.13 Let φ be anLnC formula. A deduction chain ofφ is a deduction
chain of the sequence treeR which is given by the function mapping the index tree
{(0, (0)} to the formula sequenceφ ◦ (ε, ε, . . . , ε, ∅).

4 Principal semantic lemma

The principal semantic lemma states that if there exists a deduction chain of a
formulaψ which is infinite or ends in a non-axiomatic sequence tree, then there
exists a countermodel forψ. For this section we assumeΘ0,Θ1,Θ2, . . . is such a
deduction chain and we letI0, I1, I2, . . . be the respective labeled index trees.

The Kripke structureKΘ that will serve as countermodel is (roughly) constructed
asΘ0 ∪ Θ1 ∪ Θ2 ∪ . . . whereπ(p) = {a;¬p appers at nodea}. Fairness in the
construction of the deduction chain ensures that ifφ ∈ a, thenKΘ, a 6|= φ. Finally
we observe thatψ is an element of the root ofKΘ.

The following three lemmata follow directly from the definition of deduction chain.

Lemma 4.1 If a literal α appears inΘi at a ∈ Ii, thenα also appears in everyΘj

at a ∈ Ij for j ≥ i.

Lemma 4.2 For everyΘi we have: There does not exist ana ∈ Ii such that for
some atomic formulap bothp and∼p appear inΘi at a.

Lemma 4.3 For eachΘk there exists anl ≥ k, such thatΘl has no distinguished
formulae.
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Lemma 4.4 If R = Θk, ∼Cβ appears inR at a andordRa(∼Cβ) is minimal in
R, then there exists anl ≥ k, such that∼Cβ is the redex ofΘl at a.

PROOF. By definition of deduction chains and the operationsit and◦ there can
only be one formula and onea ∈ Ik, such thatordRa(∼Cβ) is minimal inΘk. By
Lemma 4.3 there exists anl ≥ k, such thatΘl has no distinguished formulae. Then
a is @∗-minimal inΘl and so∼Cβ is the redex ofΘl ata. 2

Lemma 4.5 For everyΘk andm ≥ 0 there exists anl ≥ k, such that the (finite)
set

dΘl
(m) := {(∼Cβ, a);∼Cβ appears inΘl at a andord(Θl)a(∼Cβ) ≤ m}

is empty.

PROOF. The claim is trivial ifΘk does not contain any formulae of the form∼Cα.
We thus assume otherwise and prove the claim by induction onm.

m = 0: The setdΘk
(0) can only contain a pair(∼Cβ, a), where we haveord(Θk)a(∼

Cβ) = 0. Sinceord(Θk)a(∼Cβ) must be minimal inΘk by Lemma 4.4 there
exists anl ≥ k, such that∼Cβ at a is redex ofΘl. Then by the definition of
deduction chainsdΘl+

(0) = ∅.
m→ m+ 1: By the induction hypothesis there exists anl′ ≥ k, such that the set

dΘl′
(m) := {(∼Cβ, a); Θl′ contains∼Cβ ata andord(Θl′ )a(∼Cβ) ≤ m}

is empty. Thus the setdΘl′
(m + 1) contains only the pair(∼Cγ, a) such that

ord(Θl′ )a(∼Cγ) = m+ 1. Sinceord(Θl′ )a(∼Cγ) is minimal inΘl′ by Lemma
4.4 there exists anl′′ ≥ l′ such that∼Cγ at a is the redex ofΘl′′. Therefore,
again by the definition of deduction chainsdΘl′′+

(m+ 1) must be empty.

Thus we have shown the claim for allm ≥ 0. 2

Lemma 4.6 (Fairness)If a reducible formulaφ appears inΘk at b ∈ Ik, then there
exists anl ≥ k, such thatφ is the redex ofΘl at b ∈ Il.

PROOF. Due to the definition of redex, we must distinguish the following two
cases:

Case 1)φ is not of the form∼Cψ: Then the claim follows by Lemma 4.3.
Case 2)φ is of the form∼Cψ: Then the claim follows by Lemma 4.5. 2

Definition 4.7 Define the Kripke structureKΘ = (SΘ,K1, . . . ,Kn, π) as follows:
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(i) SΘ :=
⋃
Ii

(ii) for eacha ∈ SΘ defineBa :=
⋃

set(Ri
a), whereRi := Θi

(iii) π(p) := {a ∈ SΘ;¬p ∈ Ba}, for each atomic formulap
(iv) Ki := σi, for eachi ∈ {1, . . . , n}

We writea ∈ KΘ for a ∈ SΘ.

Lemma 4.8 (Saturation) Leta ∈ KΘ.

(1) If φ ∨ ψ ∈ Ba, thenφ ∈ Ba andψ ∈ Ba

(2) If φ ∧ ψ ∈ Ba, thenφ ∈ Ba or ψ ∈ Ba

(3) If Kiφ ∈ Ba, then there exists a nodec ∈ KΘ, such thataKic andφ ∈ Bc

(4) If ∼Kiφ ∈ Ba, then¬φ ∈ Bc for all c ∈ SΘ such thataKic.
(5) If Ekφ ∈ Ba for somek ∈ ω, then there exists ac ∈ SΘ, reachable ink steps

froma such thatφ ∈ Bc

(6) If ¬Ekφ ∈ Ba for somek ∈ ω, then¬φ ∈ Bc for all c ∈ SΘ reachable ink
steps froma.

(7) If Cφ ∈ Ba, thenEkφ ∈ Ba for somek ∈ ω
(8) If ∼Cφ ∈ Ba, then¬Ekφ ∈ Ba for all k ∈ ω

PROOF. All claims are consequences of Definition 3.12, Definition 4.7 and Lemma
4.6. 2

Lemma 4.9 For every formulaφ ∈ LnC and everya ∈ SΘ

(1) If φ ∈ Ba, thenKΘ, a 2 φ
(2) If ¬φ ∈ Ba, thenKΘ, a � φ

PROOF. We prove the claims by induction on the structure ofφ.

φ = p:

(1): p ∈ Ba
Lemma 4.2
=⇒ ∼p /∈ Ba =⇒ a /∈ π(p) =⇒ KΘ, a 2 p

(2): ¬p ∈ Ba =⇒ a ∈ π(p) =⇒ KΘ, a � p
φ = ∼p: Dually to the previous case.
φ = ψ1 ∧ ψ2:

(1): ψ1 ∧ ψ2 ∈ Ba
Lemma 4.8
=⇒ ψ1 ∈ Ba or ψ2 ∈ Ba

ind. hyp.
=⇒ KΘ, a 2 ψ1 or KΘ, a 2 ψ2 =⇒ KΘ, a 2 ψ1 ∧ ψ2

(2): ¬(ψ1 ∧ ψ2) ∈ Ba
Lemma 4.8
=⇒ ¬ψ1 ∈ Ba and¬ψ2 ∈ Ba

ind. hyp.
=⇒ KΘ, a � ψ1 andKΘ, a � ψ2 =⇒ KΘ, a � ψ1 ∧ ψ2

φ = ψ1 ∨ ψ2: Dually to the previous case.
φ = Kiψ:

(1): If Kiψ ∈ Ba, then by Lemma 4.8 there exists ac ∈ SΘ such thataKic
andψ ∈ Bc. Thus by induction hypothesis there exists ac ∈ SΘ such that
aKic andKΘ, c 2 ψ. ThereforeKΘ, a 2 Kiψ
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(2): If ¬Kiψ ∈ Ba, then by Lemma 4.8∼ ψ ∈ Bc for all c ∈ SΘ such that
aKic. Thus by induction hypothesisKΘ, c � ψ for all c ∈ SΘ such that
aKic and thereforeKΘ, a � Kiψ.

φ =∼Kiψ:
(1): If ∼ Kiψ ∈ Ba, then by the previous caseKΘ, a � Kiψ. Thus also

KΘ, a 2 ¬Kiψ.
(2): ¬ ∼Kiψ is the formulaKiψ. Thus if¬ ∼Kiψ ∈ Ba, then by the previous

caseKΘ, a 2 ψ. ThereforeKΘ, a �∼Kiψ.
φ = Cψ:

(1): If Cψ ∈ Ba, then by Lemma 4.8Ekψ ∈ Ba for somek ∈ ω. Then, again
by Lemma 4.8 there exists ac ∈ SΘ which is reachable froma in k steps
andψ ∈ Ba. Thus by induction hypothesis there exists ac ∈ SΘ which is
reachable froma in k steps andKΘ, c 2 ψ. ThereforeKΘ, a 2 Ekψ and
thus alsoKΘ, a 2 Cψ.

(2): If ∼ Cψ ∈ Ba, then by Lemma 4.8¬Ekψ ∈ Ba for all k ∈ ω. Thus by
induction hypothesisKΘ, a � Ekψ for all k ∈ ω and thereforeKΘ, a �
Cψ.

φ =∼Cψ:
(1): If ∼ Cψ ∈ Ba, then by the previous caseKΘ, a � Cψ, thus trivially

KΘ, a 2 ¬Cψ.
(2): ¬ ∼Cψ is the formulaCψ. Thus by the previous case, if¬ ∼Cψ ∈ Ba,

thenKΘ, a 2 Cψ. Therefore, triviallyKΘ, a �∼Cψ

This concludes the proof of (1) and (2) for all cases and thus the claim is shown.
2

An immediate consequence of the previous lemma is the principle semantic lemma
stated as follows.

Lemma 4.10 (Principle semantic lemma)Letφ be a formula ofLnC. If there exists
a deduction chain ofφwhich does not end with an axiomatic sequence, then we can
find a Kripke structureM and a worldw such thatM, w 6|= φ.

5 Principal syntactic lemma

The principle syntactic lemma says that if all deduction chains for a formulaψ end
in axiomatic sequence trees, then there exists a proof ofψ in Tω

KC
n
. Hence, together

with the principal semantic lemma we obtain either a proof or a countermodel for
each formulaψ of LnC. This amounts to a (constructive) completeness result for
Tω

KC
n
.

The principle syntactic lemma is proven along the following lines.
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(1) Code each sequence treeR in the deduction tree (consisting of all deduction
chains) ofψ as a set of formulaeCR.

(2) Show thatTω
KC

n
` CL for each leafL of the deduction tree.

(3) Show by induction along the Kleene-Brouwer ordering of the deduction tree
thatTω

KC
n
` CR if Tω

KC
n
` CSi for all successorsSi of R.

(4) Finally, observeCR = ψ for the rootR of the deduction tree.

However, in order to prove step (3) of the above procedure, we need a series of
lemmata. They state that (in certain cases) the rules ofTω

KC
n

may also be applied
deep insideLnC formulae. These lemmata are shown first.

Definition 5.1 We extend the alphabet of the languageLnC by a propositional vari-
ablex. LetLnC,x be the set of all formulae over this new alphabet. Letφ andψ be
formulae inLnC,x. φ[ψ] shall denote the formula which results from substituting all

occurrences ofx in φ with ψ. Furthermore, we definêLnC to be the set of all formu-
lae ofLnC which are of the formp, ∼p, Kiβ, ∼Kiβ or ∼Cβ for someβ in LnC. Let
disL̂nC denote the set of disjunctions over elements ofL̂nC.

Definition 5.2 Let# denote the natural sum operation on ordinals. For all formu-
laeα ∈ LnC, we inductively define a complexity measure comp(α) as follows:

1. comp(α) = 1 for all α ∈ L̂nC
2. comp(α ∧ β) = 1 # comp(α) # comp(β)
3. comp(α ∨ β) = 1 # comp(α) # comp(β)
4. comp(Cα) = ωcomp(α)

Furthermore, given a finite setΓ = {γ1, . . . , γl} ⊂ LnC, we define

comp(Γ) = comp(γ1) # . . . # comp(γl).

Remark 5.3 By Definition 5.2 we have comp(Ekξ) < comp(Cξ) for any formulaξ
ofLnC and anyk ∈ ω. Furthermore, for any finiteΓ ⊂ LnC we have comp(Γ) ≥ |Γ|.
In particular, we have comp(Γ) = |Γ| if Γ ⊂ L̂nC.

Definition 5.4 We inductively define the subsetsAkx ofLnC,x as follows:

A0
x := {φ ∈ LnC,x;φ = ψ ∨ x andψ ∈ LnC}

Ak+1
x := {φ ∈ LnC,x;φ = ψ ∨ Kiδ[x] whereψ ∈ disL̂nC andδ[x] is inAkx}

Furthermore we defineAx as
⋃Akx and forφ ∈ Ax depth(φ) as the leastk, such

thatφ ∈ Akx .

Lemma 5.5 LetA be a formula inAx andΓ be a finite subset of̂LnC. The following
implications hold:
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1. If Tω
KC

n
Γ, A[Ekφ] for everyk ∈ ω, thenTω

KC
n

Γ, A[Cφ]

2. If Tω
KC

n
Γ, A[φ] andTω

KC
n

Γ, A[ψ], thenTω
KC

n
Γ, A[φ ∧ ψ]

3. If Tω
KC

n
Γ, A[∼Cφ ∨ ¬Ekφ] for somek ∈ ω, thenTω

KC
n

Γ, A[∼Cφ]

PROOF. All three clauses are shown by induction ond := depth(A).
Clause 1:The base case ofd = 0 follows directly by Lemma 2.3 and the rule(Cω).
We thus consider the induction step and assume that

Tω
KC

n αk
Γ, ψ ∨ Kiδ[E

kφ]

for all k ∈ ω where depth(δ) = d. Therefore, by iterated applications of Lemma
2.3 and the fact thatψ ∈ disL̂nC we have

Tω
KC

n αk
Γ, ψ1, . . . , ψl,Kiδ[E

kφ] (2)

for all k ∈ ω and suitableψ1, . . . , ψl. We claim that

Tω
KC

n
Γ, ψ1, . . . , ψl,Kiδ[Cφ] (3)

and distinguish two cases:

(i) For somem ∈ ω Kiδ[E
mφ] was obtained by weakening in the derivation of

(2), say after someβm ≤ αm.
(ii) For all k ∈ ω Kiδ[E

kφ] was obtained by an application of the rule(Ki) in the
derivation of (2), each one say afterβk ≤ αk respectively.

In case (i) we may instead concludeKiδ[Cφ] after βm and due to the fact that
Γ, ψ1, . . . , ψl ⊂ L̂nC we may use the same inferences henceforth to concludeTω

KC
n

Γ, ψ1, . . . , ψl,Kiδ[Cφ].
In case (ii) by the premise of the rule(Ki) we have for eachk ∈ ω

Tω
KC

n
¬C∆k

1,¬∆k
2, δ[E

kφ] (4)

where¬C∆k
1 ⊂ L̂nC and¬∆k

2 ⊂ LnC are suitable finite sets of formulae. Now define
Γ′ := Γ, ψ1, . . . , ψl, Γ′|¬C := {∼Cξ ∈ Γ′} andΓ′|¬Ki

:= {ξ;∼Kiξ ∈ Γ′}. By the
fact thatΓ′ ⊂ L̂nC the following two statements hold for everyk ∈ ω:

¬C∆k
1 ⊂ Γ′|¬C (5)

¬∆k
2 ⊂ ¬Γ′|¬Ki

(6)

Clearly, we also have

Γ′|¬C ⊂ Γ′ (7)
¬KiΓ

′|¬Ki
⊂ Γ′ (8)
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By Lemma 2.2, (4), (5) and (6) we get

Tω
KC

n
Γ′|¬C,¬Γ′|¬Ki

, δ[Ekφ] (9)

for everyk ∈ ω. We show that

Tω
KC

n
Γ′|¬C,¬Γ′|¬Ki

, δ[Cφ] (10)

by induction onγ := comp(¬Γ′|¬Ki
). As the base case we haveγ = |¬Γ′|¬Ki

| by
Remark 5.3. But in this case¬Γ′|¬Ki

is either empty or a subset of̂LnC. Therefore,
the claim follows by induction hypothesis of the outer induction. Now assume that
the claim holds for allγ′ < γ. Then there exists a setΣ ⊂ LnC and formulaeξ1, ξ2, ξ
such that one of the following three cases holds

(a) Σ, ξ1 ∧ ξ2 = ¬Γ′|¬Ki
and comp(ξ1), comp(ξ2) < comp(ξ1 ∧ ξ2)

(b) Σ, ξ1 ∨ ξ2 = ¬Γ′|¬Ki
and comp(ξ1), comp(ξ2) < comp(ξ1 ∨ ξ2)

(c) Σ,Cξ = ¬Γ′|¬Ki
and by Remark 5.3 comp(Ekξ) < comp(Cξ) for all k ∈ ω.

Case (a): By (9) and Lemma 2.3 we have

Tω
KC

n
Γ′|¬C,Σ, ξ1, δ[E

kφ] and

Tω
KC

n
Γ′|¬C,Σ, ξ2, δ[E

kφ]

for all k ∈ ω. Thus by the induction hypothesis of the inner induction

Tω
KC

n
Γ′|¬C,Σ, ξ1, δ[Cφ] and

Tω
KC

n
Γ′|¬C,Σ, ξ2, δ[Cφ]

and again by the rule(∧) we obtain the claim.
Case (b) and case (c) are treated in analogous ways, using Lemma 2.3. From (10)
using(Ki), we obtainTω

KC
n

Γ′|¬C,¬KiΓ
′|¬Ki

,Kiδ[Cφ]. With (7), (8) and Lemma
2.2 we concludeTω

KC
n

Γ′,Kiδ[Cφ]. Thus (3) holds in both cases (i) and (ii). Then,
by an iterated application of(∨) Tω

KC
n

Γ, A[Cφ] follows and this clause is shown.

Clause 2:The base case ofd = 0 follows by Lemma 2.3, the rule(∧) and finally
an application of the rule(∨). The induction step is analogous to clause 1 only that
in this case we are dealing with just two premises instead of infinitely many.

Clause 3:The base case ofd = 0 follows by Lemmata 2.3 and 2.4. We therefore
consider the induction step and assume thatTω

KC
n α

Γ, ψ ∨ Kiδ[∼ Cφ ∨ ¬Ekφ],
where depth(δ) = d. Therefore, by iterated applications of Lemma 2.3 and the fact
thatψ ∈ disL̂nC we have

Tω
KC

n α
Γ, ψ1, . . . , ψl,Kiδ[∼Cφ ∨ ¬Ekφ] (11)
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For suitableψ1, . . . , ψl. We claim that

Tω
KC

n
Γ, ψ1, . . . , ψl,Kiδ[∼Cφ] (12)

and distinguish two cases:

(i) Kiδ[∼Cφ∨¬Ekφ] was introduced by weakening in the derivation of (11), say
after someβ < α.

(ii) Kiδ[∼Cφ ∨ ¬Ekφ] was obtained by the rule(Ki) in the derivation of (11).

In case (i) we may instead introduceKiδ[∼ Cφ] with weakening afterβ and due
to the fact thatΓ, ψ1, . . . , ψl ⊂ L̂nC we may use the same inferences henceforth to
conclude the claim. In case (ii) we haveTω

KC
n
¬C∆1,¬∆2, δ[∼ Cφ ∨ ¬Ekφ] for

suitable sets∆1 and∆2. Then by induction hypothesis and an identical argument
to the corresponding case in clause 1 we obtain

Tω
KC

n
¬C∆1,¬∆2, δ[∼Cφ].

The rule(Ki) yieldsTω
KC

n
¬C∆1,¬Ki∆2,Kiδ[∼Cφ]. Then by the fact thatΓ, ψ1,

. . . , ψl ⊂ L̂nC, we may use the same inferences again to arrive at the claim. Thus
(12) holds in both cases (i) and (ii). Therefore, by an iteration of the rule(∨) we
arrive atTω

KC
n

Γ, A[∼Cφ] and the clause is shown. 2

Definition 5.6 Letψ1, . . . , ψl be formulae ofLnC. We inductively define the subsets
Bkx,ψ1,...,ψl

ofLnC,x as follows:

B1
x,ψ1,...,ψl

:= {φ ∈ LnC,x;φ = ψ ∨ ¬Kiψ1 ∨ . . . ∨ ¬Kiψl ∨ Kix andψ ∈ LnC}
Bk+1

x,ψ1,...,ψl
:= {φ ∈ LnC,x;φ = ψ ∨ Kiδ[x] whereψ ∈ disL̂nC and

δ[x] is inBkx,ψ1,...,ψl
}

Furthermore we defineBx,ψ1,...,ψl
as

⋃Bkx,ψ1,...,ψl
and forφ ∈ Bx,ψ1,...,ψl

depth(φ) as
the leastk, such thatφ ∈ Bkx,ψ1,...,ψl

.

Lemma 5.7 Let B be a formula inBx,ψ1,...,ψl
and Γ be a finite subset of̂LnC. If

Tω
KC

n
Γ, B[φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl], thenTω

KC
n

Γ, B[φ].

PROOF. We prove this claim by induction ond := depth(B).

d = 1: We thus haveTω
KC

n α
Γ, ψ∨¬Kiψ1∨ . . .∨¬Kiψl∨Ki(φ∨¬ψ1∨ . . .∨¬ψl)

and with iterated applications of Lemma 2.3

Tω
KC

n α
Γ, ψ,¬Kiψ1, . . . ,¬Kiψl,Ki(φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl). (13)

We show thatTω
KC

n
Γ, ψ,¬Kiψ1, . . . ,¬Kiψl,Kiφ by induction onα. The

base case ofα = 0 is trivial. Therefore, we assume that the claim holds for all
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α′ < α and distinguish cases, as to whether or notKi(φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl)
was the distinguished formula of the last inference used to derive (13). If it
was the distinguished formula, then we have

Tω
KC

n
∆,¬ψ1, . . . ,¬ψl, φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl

for some suitable set∆. Hence, with an iteration of Lemma 2.3 we obtain
Tω

KC
n

∆,¬ψ1, . . . ,¬ψl, φ and thus applying(Ki) we arrive at the claim. If
Ki(φ∨¬ψ1∨. . .∨¬ψl) was not the distinguished formula, then we distinguish
further cases for the last rule applied to obtain (13). In the cases of the rules
(∧), (∨), (Cω) and(¬C) we simply use the induction hypothesis of the inner
induction on the premise and apply the same rule again. In the case of rule
(Kj) (for any1 ≤ j ≤ n) we see thatKi(φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl) can only have
been obtained with weakening. Thus we may obtainKiφ instead in the same
manner.

d→ d+ 1: ThusTω
KC

n α
Γ, ψ∨Kiδ[φ∨¬ψ1∨. . .∨¬ψl] and by iteration of Lemma

2.3
Tω

KC
n α

Γ, ψ1, . . . , ψl,Kiδ[φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl] (14)

for suitableψ1, . . . , ψl. We claim thatTω
KC

n
Γ, ψ1, . . . , ψl,Kiδ[φ] and again

distinguish two cases:
(i) Kiδ[φ∨¬ψ1 ∨ . . .∨¬ψl] was obtained by weakening in the derivation of

(14)
(ii) Kiδ[φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl] was obtained by the rule(Ki) in the derivation

of (14).
In both cases we may show the claim as before using the fact thatΓ, ψ1, . . .,
ψl ⊂ L̂nC. Then by an iteration of the rule(∨), we arrive atTω

KC
n

Γ, A[φ] and
the Lemma is shown.

2

Definition 5.8 Let ψ1 be a formula ofLnC. We inductively define the subsetsCkx,ψ1

ofLnC,x as follows:

C1
x,ψ1

:= {φ ∈ LnC,x;φ = ψ ∨ ¬Kiψ1 ∨ Ki(x ∨ α1) ∨ . . . ∨ Ki(x ∨ αp)
andψ, α1, . . . , αp ∈ LnC}

Ck+1
x,ψ1

:= {φ ∈ LnC,x;φ = ψ ∨ Kiδ[x] whereψ ∈ disL̂nC andδ[x] is in Ckx,ψ1
}

Furthermore we defineCx,ψ1
as

⋃ Ckx,ψ1
and forφ ∈ Cx,ψ1

depth(φ) as the leastk,
such thatφ ∈ Ckx,ψ1

.

Lemma 5.9 LetC be a formula inCx,φ andΓ be a finite subset of̂LnC. C denotes
the formula ofLnC which results from erasing every disjunct of the formx in C. If
Tω

KC
n

Γ, C[¬φ], thenTω
KC

n
Γ, C
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PROOF. We prove this claim by induction ond := depth(C).

d = 1: ThusTω
KC

n α
Γ, ψ∨¬Kiφ∨Ki(¬φ∨α1)∨ . . .∨Ki(¬φ∨αp) and by repeated

applications of Lemma 2.3

Tω
KC

n α
Γ, ψ,¬Kiφ,Ki(¬φ ∨ α1), . . . ,Ki(¬φ ∨ αp) (15)

We claim thatTω
KC

n
Γ, ψ,¬Kiφ,Kiα1, . . . ,Kiαp by induction onα. The base

case ofα = 0 is trivial. Thus we assume that the claim holds for allα′ < α and
make a case distinction as to whether or notKi(¬φ∨αj) was the distinguished
formula of the last inference used to derive (15) for any1 ≤ j ≤ l. In the
first case we then haveTω

KC
n

∆,¬φ,¬φ ∨ αj and thus with Lemma 2.3
Tω

KC
n

∆,¬φ, αj. Therefore, using(Ki) we obtain the claim. IfKi(¬φ ∨ αj)
was not the distinguished formula for any1 ≤ j ≤ l, then we distinguish
further cases for the last rule applied to obtain (15). In the cases of the rules
(∧), (∨), (Cω) and(¬C) we simply use the induction hypothesis of the inner
induction on the premise and apply the same rule again. In the case of rule
(Kh) (for any1 ≤ h ≤ n) we see that for every1 ≤ j ≤ l Ki(¬φ ∨ αj) can
only have been obtained with weakening. Thus we may obtainKiαj for every
1 ≤ j ≤ l in the same manner.

d→ d+ 1: This part of the induction is analogous to the corresponding part in the
proof of Lemma 5.7.

2

Definition 5.10 LetR be a sequence tree overI anda = (l, α) ∈ I. We define the
characteristic setCR

a of R at a inductively as follows:

(1) If a is a leaf ofI, thenCR
a := set+(Ra)

(2) If a has successorsb1, . . . , bm ∈ I and

b1 = (p1, (α, q1))
...

...
bm = (pm, (α, qm)),

thenCR
a := set+(Ra) ∪ {Kp1

∨
CR
b1
} ∪ . . . ∪ {Kpm

∨
CR
bm}.

Lemma 5.11 If R is an axiomatic sequence tree overI, thenTω
KC

n
CR

(0,(0)).

PROOF. SinceR is axiomatic, there exists ac ∈ I and some atomic formulap,
such thatp and∼p are both inCR

c . Thus using (ID) we obtainTω
KC

n
CR
c . We show

thatTω
KC

n
CR
b for all b 4 c by induction inverse to the length ofc.

b = c: This case is already shown above.
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b ≺ c: Let b = (k, β). Then there exists ad 4 c such thatd = (i, (β, l)) for some
natural numbersi andl. By induction hypothesisTω

KC
n

CR
d , thus an iteration

of applications of (∨) yields Tω
KC

n

∨
CR
d . Then, applying (Ki), we obtain

Tω
KC

n
CR
b .

Thus the claim holds and since(0, (0)) 4 c the Lemma is shown. 2

Lemma 5.12 Let R be a sequence tree with redexφ ∨ ψ and S be the type 1
successor ofR. If Tω

KC
n

CS
(0,(0)), thenTω

KC
n

CR
(0,(0)).

PROOF. This claim trivially holds sinceTω
KC

n
CS

(0,(0)) andTω
KC

n
CR

(0,(0)) are the
same set of formulae. 2

Lemma 5.13 Let R be a sequence tree with redexφ ∧ ψ and S,T be the type 2
successors ofR. If Tω

KC
n

CS
(0,(0)) andTω

KC
n

CT
(0,(0)), thenTω

KC
n

CR
(0,(0)).

PROOF. There exists a formulaA ∈ Ax, such thatA[φ] =
∨
CS

(0,(0)) andA[ψ] =∨
CT

(0,(0)) as well asA[φ ∧ ψ] =
∨
CR

(0,(0)). Therefore, the claim holds by clause 2
of Lemma 5.5 and iterations of Lemma 2.3. 2

Lemma 5.14 Let R be a sequence tree with redex∼ Kiφ and S be the type 3
successor ofR. If Tω

KC
n

CS
(0,(0)), thenTω

KC
n

CR
(0,(0)).

PROOF. SinceS is the type 3 successor of a sequence tree with redex∼ Kiφ,
there exists a formulaC ∈ Cx,φ such thatC[¬φ] =

∨
CS

(0,(0)) andC =
∨
CR

(0,(0)).
Therefore, the claim holds by Lemma 5.9 and iterations of Lemma 2.3. 2

Lemma 5.15 LetR be a sequence tree with redexKiφ andS be the type 4 succes-
sor of R. If Tω

KC
n

CS
(0,(0)), thenTω

KC
n

CR
(0,(0)).

PROOF. SinceS is the type 4 successor of a sequence tree with redexKiφ, there
exist formulaeψ1, . . . , ψl and a formulaB ∈ Bx,ψ1,...,ψl

such that

B[φ ∨ ¬ψ1 ∨ . . . ∨ ¬ψl] =
∨
CS

(0,(0))

andB[φ] =
∨
CR

(0,(0)). Therefore, the claim holds by Lemma 5.7 and iterations of
Lemma 2.3. 2

Lemma 5.16 Let R be a sequence tree with redexCφ andSi wherei ∈ ω be the
type 5 successors ofR. If Tω

KC
n

CSi

(0,(0)) for all i ∈ ω, thenTω
KC

n
CR

(0,(0)).
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PROOF. There exists a formulaA ∈ Ax, such thatA[Ekφ] =
∨
CSk

(0,(0)) and
A[Cφ] =

∨
CR

(0,(0)). Therefore, the claim holds by clause 1 of Lemma 5.5 and iter-
ations of Lemma 2.3. 2

Lemma 5.17 Let R be a sequence tree with redex∼Cφ andS be the type 6 suc-
cessor ofR. If Tω

KC
n

CS
(0,(0)), thenTω

KC
n

CR
(0,(0)).

PROOF. There exists a formulaA ∈ Ax, such that

A[∼Cφ ∨ ¬Ekφ] =
∨
CS

(0,(0))

for somek ∈ ω andA[∼Cφ] =
∨
CR

(0,(0)). Therefore, the claim holds by clause 3
of Lemma 5.5 and iterations of Lemma 2.3. 2

Definition 5.18 Let R be a sequence tree. The deduction tree ofR denoted by
DT(R) is the set of all deduction chains ofR, closed under initial segments. For
Θ,Θ′ ∈ DT(R) we sayΘ C Θ′ if and only ifΘ is a proper initial segment ofΘ′.
For all finite Θ ∈ DT(R) we define last(Θ) to be the last sequence tree inΘ.

In order to establish the principal syntactic lemma we require the following conse-
quence of a standard result about the Kleene-Brouwer ordering on a wellfounded
tree. Proofs of this result may be found in [4] (Corollary 5.4.18) and [13] (Lemma
V.1.3).

Lemma 5.19 LetR be a sequence tree. If the deduction treeDT(R) contains only
finite deduction chains, then there exists an ordinalα and a bijective functionf :
α+ 1→ DT(R), such that for all ordinalsβ, γ ≤ α

f(β) C f(γ) =⇒ γ < β.

Lemma 5.20 (Principle syntactic lemma)If every deduction chain ofR ends with
an axiomatic sequence tree, thenTω

KC
n

CR
(0,(0)).

PROOF. By assumption the deduction treeDT(R) contains only finite deduction
chains. Thus we may apply Lemma 5.19 to obtain a functionf and an ordinalα
with the described properties. It suffices to show

Tω
KC

n
C

last(f(β))
(0,(0)) (16)

for all β ≤ α, since last(f(α)) = R. We prove (16) by transfinite induction onβ.

β = 0: By Lemma 5.19 we find thatf(β) must be@-maximal. Thus by assumption
last(f(β)) is axiomatic and the claim follows by Lemma 5.11.
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q,C(p ∨ ¬p)

q ∨ C(p ∨ ¬p)

Type 5 reduction

Type 1 reduction

? ?

? ?

Type 4 reduction

. . .

1 2

p,¬pp,¬p

qq

p ∨ ¬p

1

p ∨ ¬p

2

qq

Type 2 reduction

K2(p ∨ ¬p), qK1(p ∨ ¬p), q

Type 1 reduction

@@�� @@��

E1(p ∨ ¬p), q

@@��

@@��

@@��

Ek(p ∨ ¬p), q

@@��

@@��@@��

@@��

Fig. 8. Example deduction tree

(16) holds for allβ̂ < β: If last(f(β)) is axiomatic, then the claim holds again by
Lemma 5.11. Otherwise last(f(β)) has a redexφ. We distinguish between the
different possibilities forφ and use Lemmata 5.12 – 5.17. The case ofφ =
ψ1 ∨ ψ2 is given as an example. In this case there exists anf(γ), such that
last(f(γ)) is the type 1 successor of last(f(β)), thusf(β) C f(γ). By Lemma
5.19 we haveγ < β and by induction hypothesisTω

KC
n

C
last(f(γ))
(0,(0)) . Therefore

applying Lemma 5.12 yieldsTω
KC

n
C

last(f(β))
(0,(0)) . The other cases are treated

analogously using the induction hypothesis and applications of Lemmata 5.13
– 5.17.

Thus (16) holds for allβ ≤ α and the claim is shown. 2

Combining the principle semantic lemma and the principle syntactic lemma yields
completeness forTω

KC
n
.

Corollary 5.21 (Completeness)Letφ be a formula ofLnC. If for all Kripke struc-
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turesM and all worldsw ∈M we have thatM, w |= φ, thenTω
KC

n
` φ.

PROOF. Assume we hadM, w |= φ for all Kripke structuresM and all worlds
w ∈M andφ were not provable inTω

KC
n
. By contraposition of the principal syntac-

tic lemma there would need to exist a deduction chain ofφ which is infinite or ends
non-axiomatically. But in this case the principal semantic lemma would supply us
with a countermodel forφ, contradicting our assumption. Thusφ must be provable
in Tω

KC
n

and indeed the principal syntactic lemma constructs such a proof. 2

6 Conclusion

In the current study we have given a syntactic method for proving completeness of
the infinitary systemTω

KC
n

as is stated more precisely in Corollary 5.21. In the case of
a valid formulaφ, a proof ofφ in Tω

KC
n

may be reconstructed from the principal syn-
tactic lemma along with Lemmata 5.11 to 5.17 and thus, in this sense, our method
is constructive. However, our analysis does not yet provide us with any statements
about the length of canonical proofs for valid formulae let alone about whether such
proofs are optimal in length. On the semantic side our method also behaves con-
structively to the extent of providing canonical countermodels for non-valid formu-
lae. This is guaranteed by the principal semantic lemma. It is known from [3] that
Logic of Common Knowledge possesses a strong form of the finite model property
where the size of a countermodel for a non-valid formulaφ may be bounded ex-
ponentially in the length ofφ. Currently this result is not reflected in the canonical
countermodels constructed by our method, but further refinements should ultima-
tively lead to the construction of size-optimal countermodels. As mentioned before,
the main contribution of this study is the extension of the deduction chain method to
Logic of Common Knowledge. In a next step the method could be adapted to other
more expressive modal logics with fixed points as well as the modalµ-calculus in
its general form [7] and thus contribute to a better proof-theoretical understand-
ing of the area in particular with respect to systematic proof-search and syntactic
decision procedures.

An approach similar to the one presented here has recently been undertaken by
Tanaka [15] in the framework of predicate common knowledge logic. Let us briefly
compare the two studies. Tanaka investigates proof systems forCKL, the predicate
common knowledge logic for Kripke frames with constant domain. He introduces
an infinitary cut-free deductive system forCKL and proves a completeness theo-
rem about it. Like in our systemTω

KC
n
, Tanaka’s rule for introducing the common

knowledge operator has infinitely many premises. His deductive system is a kind
of tree sequent calculus. That means his system does not derive (sets of) formulae
but so-called tree sequents which are finite trees where each node is a sequent and
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the edges are labeled by symbols for the agents. A formulaφ is called derivable if
the tree sequent which consists only of the root node` φ is derivable.

There is a relation between Tanaka’s approach and the method of deduction chains:
the rules of his calculus correspond to the conditions we impose on deduction
chains. Hence, a branch of a derivation in Tanaka’s system corresponds to a de-
duction chain in our approach. In order to prove completeness, he only needs to
show the analogue of our principal semantic lemma: given a non-derivable tree se-
quent, it is possible to construct a countermodel. Since we work in the Tait-style
systemTω

KC
n

which derives sets of formulae and not tree sequents, we also need the
principal syntactic lemma. This lemma states that if every deduction chain of a for-
mulaφ ends axiomatically, then it is provable inTω

KC
n
. That could be translated into

something like ifφ is derivable in Tanaka’s system, then it is provable inTω
KC

n
.
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