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On September 2003 LORIA, the “Laboratoire Lorrain de Recherche en Informa-
tique et ses Applications” organized the third instance of the Methods for Modal-
ities Workshop (M4M-3) in Nancy, France. As in the previous instances of the
workshop, the focus of the meeting was on reasoning methods, decision methods
and proof tools for modal and modal-like languages and, also as in previous in-
stances, the event was a great place to interchange ideas and obtain an up-to-date
picture of the field.

In addition to about 15 paper presentation, M4M-3 hosted 6 tutorials: Stephane
Demri on(Modal) Logics for Semistructured Data (biylaude Kirchner orAn
Introduction to Deduction ModuldCarsten Lutz orExpressivity and Complexity

of Description Logics with Concrete Domajnglaarten Marx onVariable Free
Reasoning on Finite TreeStephan Merz oifhe Automata-theoretic Framework

for Model Checking Revisite@nd Ralf Mbller on The Ins and Outs of RACER
And all that in only 2 days, which made for a very full, but also very interesting
agenda.

Given the quality of the submissions received, the M4M Program Committee de-
cided that a journal special issue was in order, and | took the editorial responsibil-
ities. | decided to have an open call for papers to which all M4M-3 submissions

were invited to contribute, but which also allowed the addition of new articles. The

call was extremely successful, with a total of over 25 papers submitted, and the
selection of the ones to be included in the present issue was not an easy matter.

All papers were carefully reviewed and refereed and the result of about one year of
work is the following selection:

“A general method for proving decidability of intuitionistic modal logidsy Ale-

china and Shkatov. Alechina and Shkatov generalize in this paper a result of Ganz-
inger, Meyer and Veanes on the decidability of the two variable monadic guarded
fragment of FOL with constraints on the guard relations expressible in monadic
SOL to also allow constraints involving several relations. In this way, the frame-
work fits the semantic definitions of many well known intuitionistic modal logics
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where the accessibility relations governing the modalities usually interacts with
the order relation used in the definition of the intuitionistic operators. The result:
straightforwards new proofs of decidability for many intuitionistic modal logics.

“Intuitionistic hybrid logic” by Braliner and de Paiva. Continuing with the topic of
intuitionistic modal logics, in this paper the authors investigate the effects of ex-
tending a number of such logics with hybrid operators (nominals and the ‘at’ oper-
ator). Sound and complete natural deduction calculi for a wide class of constructive
hybrid logics are provided, and a general normalization theorem and a version of
the subformula property are proved. In this way, the paper shows that constructive
hybrid logics are a viable enterprise opening the way for future applications, and
that the process of ‘hybridization’ does not require a classical basis.

“On modal p-calculus with explicit interpolantsby D’Agostino and Lenzi. In this
paper, D’Agostino and Lenzi discuss in detail the issue of how the existential bisim-
ulation quantifier can be used to construct uniform interpolants fontbalculus.

They provide an explicit form for the uniform interpolant of a given disjunctive
p-formula, and show that it belongs to the same level of the fix-point alternation hi-
erarchy. Moreover, the paper proves that the result cannot be extended to the whole
logic: while the first two levels of the hierarchy are closed under the existential
bisimulation quantifier, the closure of the third level has already the expressivity
of the wholeu-calculus. The paper finishes with a complete axiomatization of the
u-logic extended with the existential bisimulation quantifier.

“Model checking hybrid logics (with and application to semistructured datay”
Franceschet and de Rijke. Even though the satisfiability problem for many differ-
ent hybrid logics has been, by now, well investigated, the model checking problem
has received considerably less attention. The paper of Franceschet and de Rijke
closes this gap, providing a detailed complexity analysis of this reasoning prob-
lem together with model checking algorithms for a wide spectrum of hybrid lan-
guages. In addition, the paper shows how model checking for hybrid languages can
be used in two different applications (query and constraint evaluation) concerning
semistructured data.

“A general tableau method for propositional interval temporal logics: theory and
implementation”by Goranko, Montanari, Sala and Sciavicco. Temporal logics in-
terpreted over point-based structures (either linear or branching) are widely used
(e.g., in the field of verification) and their theoretical properties are well known. In
contrast,nterval based temporal logics, providing a natural framework for repre-
senting and reasoning in several areas of computer science, are much less under-
stood. Goranko, Montanari, Sala and Sciavicco start this paper with an overview
of the current state-of-the-art in the field of interval temporal logics. The main re-
sult of the paper is a general tableaux method for a very expressive interval based
temporal logic which can be easily tailored to most propositional interval temporal
logics proposed in the literature. A first implementation of the tableaux has been



developed and preliminary testing is discussed.

“Deduction chains for common knowledgéy Kretz and Studer. The Logic for
Common Knowledge includes the modal operafowith the intended meaning

that Ca is true if all agents knowy, and all agents know that all agents kneow

... A proof system capturing this intended meaning needs to cope with the infinite
nature of the common knowledge operator. Kretz and Studer show in this paper a
very simple and elegant Tait-style proof system which is sound and complete for
the Logic of Common Knowledge.

| close this short editorial with my thanks to the many referees which helped me
screen and select the papers for this special issue, and to the authors of the selected
papers for doing their best at incorporating the many detailed comments from the
referees in their final versions.
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Abstract

We generalise the result of Ganzinger, Meyer and Veanes [14] on decidability of the two
variable monadic guarded fragment of first order logic with constraints on the guard re-
lations expressible in monadic second order logic. In [14], such constraints apply to one
relation at a time. We modify their proof to obtain decidability for constraints involving
several relations. Now we can use this result to prove decidability of multi-modal modal
logics where conditions on accessibility relations involve more than one relation. Our main
application is intuitionistic modal logic, where the intuitionistic and modal accessibility
relations usually interact in a non-trivial way.

Key words: Intuitionistic Modal Logics, Decidibility

1 Introduction

In this paper, we present a new general way of proving decidability of multi-modal
modal logics. This method relies on the result of Ganzinger, Meyer and Veanes [14],
that a monadic two-variable guarded fragméit? , of classical first-order logic,
where guard relations satisfy conditions that can be expressed as monadic second-
order definable closure constraints, is decidable. Our contribution is a slight gen-
eralisation of this result to account for conditions which involve more than one

Email addressesnza@cs.nott.ac.uk (Natasha Alechina),
dxc@cs.nott.ac.uk (Dmitry Shkatov).
I This research was supported by the EPSRC grant GR/M98050/01

Preprint submitted to Elsevier Science 27 May 2005



guard relation. We believe that this method is particularly promising for intuition-
istic modal logic, where there exists a variety of systems, most of them semanti-
cally defined, with various conditions connecting the intuitionistic and modal ac-
cessibility relations. General results on decidability and finite modal property of
intuitionistic modal logic have been proved in [34, 33, 35] using an embedding of
intuitionistic modal logics withn modalities in classical modal logics with+ 1
modalities. However, their results can only be used to prove decidability of those
intuitionistic modal logics, for which the corresponding classical logic is known to
be decidable.

The decidability proof presented in this paper does not give a good decision proce-
dure, since it proceeds by reduction to satisfiability of formula§/$ (monadic
second-order theory of trees with constant branching factf#8]) which is non-
elementary . It does however provide a rather simple way to establish decidability,
before looking for a decision procedure tailored for a particular logic.

2 Two-variable monadic guarded fragment

We start by defining7F?2,, as introduced in [14]. In the following definitions,

FV () stands for the set of free variables@fandz stands for a sequence of vari-
ables. We assume a first order language which contains predicate letters of arbitrary
arity, including equality=, and no constants or functional symbols.

Definition 1 The guarded fragmertk F' of first-order logic is the smallest set that
contains all first-order atoms and is closed under boolean connectives and the fol-
lowing rule: if p is an atomy € GF, andz C FV(p) C FV(p), then3z(p A ¢)
andVz(p — ¢) € GF (in such a case is called a guard).

The monadic two-variable guarded fragméht?  is the subset off F containing
formulasy such that (i)p has no more than two variables (free or bound), and (i)
all non-unary predicate letters @f occur in guards.

3 Closure conditions

In this section we define the form of conditions on guard& i, which yield
decidable fragments. We generalise the notion of mso-definable (monadic second

2 Better complexity bounds for the guarded fragment with transitive guards were obtained
in [17] and [31], however their results apply only to transitivity, and it is not clear whether
they could be extended to arbitrary closure conditions, which we need for intuitionistic
modal logics.



order definable) closure conditions from [14] so that they can apply to more than
one relation.

Definition 2 Let W be a non-empty set. A unary functiGhon I is a simple
closure operataf, for all P, P’ C W,

(1) P C C(P) (Cisincreasing),
(2) P C P impliesC(P) C C(P’) (C is monotone)
(3) C(P) =C(C(P)) (C is idempotent).

Ann + 1-ary functionC' on the powerset ofi’ is a parametrised closure operator
if C(P1,...,P,,—)foranyPy,..., P, C W is asimple closure operator. We use
thenotationC”~ 7~ for a closure operator parametrised [, ..., P,,.

Example 3 A reflexive, transitive closure operator for binary relatioh§’(P) is
a simple closure operator.

Example 4 A functionIncl” (P) = P’ U P is a closure operator parametrised by
P

Definition 5 A condition on relatiorP is a simple closure conditiorf it can be
expressed in the fori(P) = P, whereC' is a simple closure operator.

A condition on relationP is aparametrised closure conditidnt can be expressed
in the formC?1-Pn(P) = P, whereC”17» is a parametrised closure operator.

Example 6 Reflexivity-and-transitivity is a simple closure condition, since it can
be expressed in the forifiC'(P) = P.

Example 7 Condition?’ C P is a closure condition orP parametrised by,
since it can be stated asicl” (P) = P.

Given a set of closure conditions on a set of relatiSnae want to preclude circu-
larity while closing off relations irt.

Definition 8 LetS be afinite set of relation€; a set of closure conditions on those
relations, andC(P) be all the closure conditions on the relatighfrom C. C is
acyclicif there is an orderingP;, . . ., P,, of S such that all parameters i€(P; ;)
come fromPy, ..., P;.

Furthermore, we are not interested in arbitrary closure operators, but only in those
definable in monadic second-order logic. let(x, ..., z,)|* stand for the set
of n-tuples satisfyingr in model M.

Definition 9 A closure operatot>™P= onn-ary relations is mso (-definable), if
there exists a monadic second-order formala" " with predicate parameters



Py, ..., P, andP, such that, for any mode\1 and anyn-ary formulay,

Example 10 The closure operatof’'C is definable by the mso formula

TCp(z1,22) = VX (X (21) AV, y(X(2) A P(z,y) = X(y)) — X(22))

To see thall'Cp defines the reflexive, transitive closure®f assume that there is
a P-chaina; £, g ...0p_1 £, a,, connectingy; anda,,, and thatX (a,) and
Va,y(X(z) A P(x,y) — X(y)) hold. ThenX (a,) implies X (as), X (az) implies
X(a3), etc.,X(a,) is true, sdl'Cp(ay, a,) is true. Conversely, suppose there is no
P-chain connecting; anda,,. We can assign t& the set containing; and all the
elementsP-reachable frona,, which makesX (a,,) andTCp (a4, a,) false.

Example 11 The closure operatoincl” is definable by the mso (in fact, first-
order) formula

Incl® (21, 20) = P'(21,20) V P(21, 22)

Theorem 12 Let¢ € GF?2,, andC be an acyclic set of mso closure conditions on
relations in¢ so that at most one closure condition is associated with each relation.
It is decidable whethep is satisfiable in a model satisfyir(@

PROOF. The proof is very similar to the proof given in [14] for non-parametrised
closure conditions. In fact, it is slightly simpler, because in the original proof all
relations are assumed to be closed under equivalence (to show decidability of the
fragment with equality). However, closure under equivalence is a special case of a
parametrised closure condition, so we do not need to treat it separately.

Let¢p € GF?,, and letC be an acyclic set of mso closure conditions on relations
in ¢. ¢ is satisfiable in a model satisfying iff vV, the Skolemised form o, is
satisfiable in a Herbrand model in which all conditions fr@hold. The idea of
the decidability proof is to reduce the latter problem to satisfiability of formulas
of SkS (the mso theory of trees with constant branching fagjomwherek is the
number of Skolem function symbols i¥. We construct an mso formuld SOy, in

the vocabulary ofSkS (an mso formula containing only unary relation variables,
unary functions and equality), such thatSO, is satisfiable in a tree model iff
N has a Herbrand model satisfying closure conditions f@@nThe construction
proceeds in three stages: defining counterparts for predicate letters, for clauses in
N and finally for N itself.

Stage 1 For each predicat® in N, construct a formulap in the vocabulary of
SkS.



Let P(ty),..., P(t,,) be all positive literals ofV containingP. Note that since

¢ € GF? . ,eachP is either a unary or a binary predicate; each positive literal will
contain at most one free variable. For edtft;) above, a new unary second-order
variable X ;) is introduced. Let[z] be the result of substituting a variabieor

the free variable of. Then, if P is a unary predicate,

m

pr(z1) = V 32(Xpa,)(2) A 21 = til2])

=1
and if P is a binary predicate,

m

op(21,22) = \V F2(X bt t)(2) A 21 = tir[2] A 22 = tin]2])

=1
Intuitively, the relation defined by is the minimal extension aP.

Next, for each predicate that has a closure condition imposed on it, we define the
closureyp of pp with respect to the closure condition éh For each suct® we

have a single closure conditidry, which may be parametrised by other predicates.
For simplicity, assume thatp is parametrised by a single predicdtéethat, in its

own turn, has a simple closure conditiéi.. We know, then, that’»: is definable

by an M SO formula Cp(z1, 25) containing?’, andCp is definable by an/S0O
formulaC¥%’ (21, 22), containingP’” and P. First, we define the closure @t with
respect to its simple closure condition:

Ypi(21,22) = Cpi(21, 22)[ppr | P']

that is, we replace every occurrencelSfin Cp/ (21, z5) With o pr.

Next, we define the closure &f with respect to its parametrised condition:

Vp(21,22) = OF (21, 22)[0p /P, op/ P]

In general, for any acyclic s&€t of conditions on the collection of relatiort§ we

first define the simple closures, then the closures parametrised by relations with
simple closure conditions, etc. The acyclicity@fensures that this procedure can

be carried out.

Stage 2 For each clausg = {p1,...,p} In N, construct a formuld/.SO, in the
vocabulary ofSkS.

For every literap in x, a formula) SO, is defined according to the following rule:



X,(z), if pis anon-ground atom containing
MSO, = { 32X,(z), if pis a ground atom
~p(F), if pis—~P(F)

whereyp is the formula constructed at stage 1. NoiS O, is defined as/ SO, =
Vpey MSO,.

Stage 3 Finally, M SOy = 3XVz A,y M SO,, whereX are all the free second
order variables and are all the first order variables jy, .y M SO,,.

It remains to show tha¥ has a Herbrand model satisfying the closure conditions
in Ciff M SOy is satisfiable in a tree. L&X be the tree corresponding to the term
algebra of the Herbrand universe 5t

(<) Assume thatV has a Herbrand model satisfying the closure conditions .
We want to show tha” satisfies\/ SOy . Fix witnesses for second-order variables
X, of M SOy as follows:

(i) If #; is non-ground, thei ;) = {a : A = P(ti[a])}.
(i) If ¢; is ground, thenY 7;) is @ non-empty set.

We know that for each clauseof N, and each tuple, A = x(a). This means that
for eacha, there is a literap in x such that4 = p(a). We show that for ang and
p, if A= p(a), thenT |= MSO,(a). HenceA |= x(a) impliesT = M SO, (a).

There are three cases to consider, depending on the fopmTdte first two (non-
ground atomP(¢;) and ground atom) are exactly the same as in [14p i§ a
negative literakP(%;), we need to show that = —p(7)(a). It suffices to show
that|[vp||* C PA. Indeed, this, together with our assumption tHa= —~P(%)[a),
implies 7 |= —p(a). First, the definition of7 guarantees thalyp||* < PA.
A A
Hence, by monotonicity of closure operat(ﬁsﬁ1 (llepll?) € C,fl (PA). By defi-
A
nition of ¢p, CHL (||lop||2) = |lvp||4; furthermore, sinced satisfies conditions in
A
C, Cj (PA) = PA; hence/|yp |4 C PA,

(=) Assume that\/ SOy is true in7 . Define a Herbrand model as follows. The
universe ofA is the set of nodes df, and P4 = ||¢p|. First, we prove thad
satisfies closure conditior@. To this end, we have to show thaf! (P4) = P4,

1A 1“4 PPy VP Ve
Iun de’CﬁA (P4 = CHE (lwell) = e ey () epl)) = Cp (lepl) =
Ypl|| = P2

Finally, we need to show that satisfies all clauses iN. This part of the proof is
exactly the same as in [14].



4 Intuitionistic modal logics

One of the most promising applications of the result above is propositional intu-
itionistic modal logic. Intuitionistic modal logic is simply a modal logic with in-

tuitionistic, rather than classical, base. The work on intuitionistic modal logic has
several motivations: mathematical interest; preference for intuitionistic rather than
classical logic; desire to give intuitionistic account of the notions studied in modal
logic; and suitability of intuitionistic modal logic for modelling certain computa-

tional phenomena. There exists an extensive literature on intuitionistic modal log-
ics, for example [13, 5, 6, 7, 27, 20, 22, 23, 15, 12, 26, 10, 32, 34, 33, 35]. A
comprehensive survey can be found in [29]; for later references, see [36] and [24].

One of the motivations for intuitionistic modal logic is modelling computational
phenomena. A considerable strand of work in this area is based on the work by
Moggi [21] who extended a typed-calculus style semantics for functional pro-
gramming languages with an additional construct - a monad - to model effects in
functional programming languages (such as the raising of exceptions etc.). The cor-
respondence between simply-typedalculus and intuitionistic propositional logic

is well known; it turns out that monads correspond to S4-type modalities. This cre-
ated a considerable interest in intuitionistic S4 modal logic, its proof theory and
categorical and Kripke semantics [4, 3, 16, 18, 25, 1, 8, 9, 24]. Other applications
of intuitionistic modal logic to modelling computational phenomena included mod-
elling incomplete information [32], communicating systems [30], hardware verifi-
cation [19, 11], etc.

Intuitionistic modal languages are obtained by adding either or both of the unary
connectives] (necessity) ane> (possibility) to the language of propositional intu-
itionistic logic, which contains a set of propositional parameans = {py, ps, .. .},

a unary connective-, and binary connectives, V, and=-. Analogously tov and

3, in intuitionistic logic O and < are not required to be dual. It is also to be ex-
pected that for examplg(p Vv ~y) is not valid. In some intuitionistic modal logics,
Oe V) = (O Vv O) is not valid either; see for example [32].

Kripke semantics of intuitionistic modal logics extends Kripke semantics for intu-
itionistic propositional logic. An intuitionistic Kripke model is a structukd =

(W, R, V) such that (i)W # (), (ii) R is a reflexive and transitive binary relation
on W, and (iii) V' is a function fromPar into the powerset of// such that, for
allw € Wandp € Par, if w € V(p) andwRv, thenv € V(p) (condition we

will refer to as upward persistence for propositional variables). Elemenis afe
called nodes. Truth at a node is defined as followsdnd — stand for classical
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implication and negation, respectively):

M, wl=p iff weV(p)

M,w | ~p iff Yo(R(w,v) — =(M,v = ¢));
MwEpAy iff MywkEpandM,w =

Mw eV iff Mowkpor M w =y

M,w = o =1 iff Vo(R(w,v) = (=(M,v = @) or M, v |= ¢);

To accommodate formulas of the formy and ¢, intuitionistic Kripke models
are augmented with binary relatiofi%; andR.,. There is no single accepted way
of defining the meaning dfl and < in intuitionistic logic. The following clauses
are encountered in the literature (see chapter 3 of [29] for a comprehensive survey):

0,) M,w = Op iff Yo(wRov — M,v =)
Oo) M,w = Op iff Yo(wRv — Yu(vRou — M, u = ¢))
&

(
(
M,w | Cp iff Fu(wRev A M,v = p)
Oog) Myw = Op iff Yo(wRv — Ju(vRou A M, u = ¢))

(O1)
(O2)
(©1)
(©2)

Observe that definitiof<>,) gives rise to a modality which does not distribute over
disjunction (hence to a non-normal modal logic).

On top of the requirement th& is reflexive and transitive, some additional con-
ditions are usually imposed dR, R, andR.. As a rule, these conditions specify
the wayR, Rg, andR. interact. For example, the following conditions usually
accompany truth claus¢sl; ) and(<;) (see [34]):

RoRooR =TRa (1)

RoRG oR =RS! 2)

In the conditions above, stands for relational composition:

RoR = {{a,b): Jc ({a,c) € R& (c,b) € R')}

Another condition occurring in the literature (see for example [11]) stipulates that

Ro CR (3

It turns out that many of the conditions & R andR., including conditions (1)

11



- (3) above, are mso-definable closure conditions as introduced in Section 3. For
condition (3), see Examples 4 and 7. Below is a proof for (1) and (2).

Proposition 13 Condition of the fornP = P’ o P o P’ is an mso-definable closure
condition, provided thaP’ is reflexive and transitive.

PROOF. Consider a functioComp” (P) = P’ o P o P'. If P’ is reflexive and
transitive, ther® C P’ o P o P’ by the reflexivity of P’. P’ o P o P’ is obviously
monotone inP; andComp”" is idempotent because of the transitivity®f. This
proves thatomp”’ is a closure operator provided thatis reflexive and transitive.
Conditions of the form’ o P o P’ = P can be expressed as closure conditions:
Comp®'(P) = P. This condition is mso-definable; in fact, it is definable by a first
order formula:

Compp' (21, 22) = 3Ty (P'(21,2) A Pla,y) A P'(y, 22))

5 Embedding into the two-variable monadic fragment

In this section, we show that every intuitionistic modal logidefined semantically
with any of the truth clause$3;) — (<) can be translated int6 F2

mon*

We define, by mutual recursion, two translations,and,, so that a first-order
formular,(¢) (v € {z,y}) contains a sole free variable which intuitively stands
for the world at whichy is being evaluated in the Kripke model. is defined by

72(p) == P(x)

To(~p) = Vy(R(z,y) — —7y(9))

To(p A) = () AT (1))

Te(p V) = 7o) V 7 (¢)

To(p = ) = Vy(R(z,y) — (=7y(p) V 7 (1))
7:(0¢) = Vy(R(z,y) — Vo (Raly,z) — 72(0)))
7(Op) = Vy(R(z,y) — Fx(Ro(y, ) A 7(p)))

7, is defined analogously, switching the roleszodindy. This translation assumes
modal truth clause$d;) and (<;). Clauses ford;) and (<4) are even simpler
(and familiar from classical modal logic):

12



Not surprisingly, since, is a natural generalisation of the standard translation of
modal logic into classical predicate logic, the following theorem holds:

Theorem 14 Let ¢ be an intuitionistic modal formula anill be a class of models
of intuitionistic modal logic. LetM € M. Then M, w = ¢ iff M = 7.(¢)[w]
(where M is taken as a model of first order logic witR, R, R interpreting
R, Ro, Ro).

From the theorem it follows that if the satisfiability problem@f’2 . overM is
decidable, then the satisfiability problem of intuitionistic modal logic dveers
decidable.

It is well known that the guarded fragment is decidable over the class of all first or-
der models [2]. Decidability of 72 = over models with reflexive, transitive guards

is proved in [14]. From this and from the fact that upward persistence for proposi-
tional variables occurring in is expressible i £, it follows immediately that
basic intuitionistic modal logic (with no conditions connectiRgR o, andR) is
decidable. The purpose of this paper is to generalise the result of [14] to include
classes of models defined using conditions involving interaction bet®eéR
andR.

Theorems 14 and 12 give us our main theorem:

Theorem 15 LetM be a class of intuitionistic modal models defined by an acyclic
set of mso closure conditions & Ro, andR so that at most one closure condi-
tion is associated with each relation, and lebe an intuitionistic modal formula.
Then, it is decidable whetheris satisfiable inM.

6 Examples

In this section, we state several decidability results just to illustrate our approach.

The first example is by no means a surprise, although we doubt if anyone has proved
this for all possible combinations of truth definitions for modalities. Essentially this

is decidability of several flavours of basic intuitionistic modal logic (no conditions
on the modal accessibility relation).

Proposition 16 An intuitionistic modal logicl. with two modalitiesd and <, de-
fined by a class of models where

RoRG'oR =RG!
R o RD oR = RD
and employing any of the truth definitions for modalities ), (Os), (<$4), (<2) (in

10
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any combination, e.d0;) with (<5); possibly with more modalities, provided that
all truth definitions can be translated i F? ), is decidable.

mon

PROOF. The class of models af is defined by the following closure conditions
ONRg, Re andR:

(1) R is reflexive and transitive;
(2) RoR' o R =R}
(3) RORDOR:RD

There is clearly at most one condition for each of the relatiBnsR. and Ry,

and the set of conditions is acyclic. We have shown in Examples 3 and 6 that the
condition onRR is a closure condition and in Example 10 that it is mso-definable.
By Proposition 13, conditions 0R5 andR., are also mso-definable closure con-
ditions.

We have shown that the class of modelg.ofonforms to the conditions of Theo-
rem 15 which proves thdt is decidable.

The next example is related to a known result (decidability? 6. [11]), but for a
slightly different logic (without fallible worlds):

Proposition 17 An intuitionistic modal logicl with one modality®, defined by a
class of models where

R Is reflexive and transitive;
Roe CR

and employing the truth definitiaf®,) for the modality, is decidable.

PROOF. The class of models df is defined by the following closure conditions:

(1) TC(Ro) = Ro;
(2) TC(R) = R;
(3) Incl®*(R) = R (see Examples 4 and 7).

This set of conditions is acyclic and each condition is mso definable. However
there are two constraints associated wihit is required to be closed both with
respect tal'C' and to/ncl®¢. To satisfy the conditions of Theorem 15 we need to
combine them into one mso definable closure condition. Observ&tatI ncl”

is a closure operator with the property that for any relafign

TC(Incl” (P)) =P < TC(P) =P and Incl” (P) = P.

11
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First of all, 7C o Incl*" is monotone and increasing, since b& andIncl* are.

It is also idempotent, because the result of appl¥ikitp Incl”’ to any relatiorP is

a transitive relation containing’, and any subsequent applicationgaf o Incl”
are not going to change it. SBC o Incl*’ is a closure operator. To prove that
closure with respect to this operator is equivalent to closure with respdot’to
andIncl” separately, observe that one direction is immediat®: i closed with
respect taI'C' and Incl” | then it is closed with respect tBC o Incl”’. For the
other direction, assume first that

TC(Inc” (P)) =P

but P is not closed with respect thhcl”', that is, it is a proper subset dficl” (P).
But sinceT'C is increasing;P is then a proper subset @C(Incl” (P)), which
contradicts the assumption. Now assume fRas not closed with respect t6C,
so that it is a proper subset 6 (P). However, since® C Incl” (P), we have

TC(P) C TC(Incl” (P))

SoP is a proper subset afC (Incl”' (P)), which again contradicts the assumption.
This means that the conditions can be reformulated as

(1) TC(R<>> = Ro;
(2) TC(Incl®*(R)) = R;

and it is straightforward to show that the second condition is mso definable.

Finally, two non-examples. We failed to reformulate the condifteroR C RoRg
defining an intuitionistic modal logic in [1] as a closure condition. We also could
not apply our method to the logic IS4 defined in [29], since the truth conditions
for 1S4 formulas are defined on pair®, d) (wherew is a possible world and an
element from its domain), so the image of 1S4 under the standard translation is not
in GF?

mon*

7 Conclusions

We have described a general method for proving decidability of an intuitionistic
modal logic by translating it into monadiG 72 and showing that conditions on

the intuitionistic and modal accessibility relations can be expressed using mso de-
finable closure operators. We illustrate this method by showing that it works for
various truth definitions for modalities and various conditions on the intuitionistic
and modal accessibility occurring in the literature. Most of the decidability results
for particular logics obtained as illustrations of our proof are already known, but
we believe that our method can easily yield new results, especially for logics with
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non-normal modalities defined using the truth definitigry) which are less well
studied. Obviously, the same method works for intuitionistic logic with more than
two modalities, provided all truth definitions can be translate@ i}, .
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Abstract

Hybrid logics are a principled generalization of both modal logics and description logics,

a standard formalism for knowledge representation. In this paper we give the first con-
structive version of hybrid logic, thereby showing that it is possible to hybridize construc-
tive modal logics. Alternative systems are discussed, but we fix on a reasonable and well-
motivated version of intuitionistic hybrid logic and prove essential proof-theoretical results
for a natural deduction formulation of it. Our natural deduction system is also extended
with additional inference rules corresponding to conditions on the accessibility relations
expressed by so-called geometric theories. Thus, we give natural deduction systems in a
uniform way for a wide class of constructive hybrid logics. This shows that constructive
hybrid logics are a viable enterprise and opens up the way for future applications.

Key words: Hybrid logic, modal logic, intuitionistic logic, natural deduction

1 Introduction

Classical hybrid logic is obtained by adding to ordinary classical modal logic fur-
ther expressive power in the form of a second sort of propositional symbols called
nominals, and moreover, by adding so-called satisfaction operators. A nominal is
assumed to be true at exactly one world, so a nominal can be considered the name
of aworld. Thus, in hybrid logic a name is a particular sort of propositional symbol
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whereas in first-order logic it is an argument to a predicateidfa nominal andd

is an arbitrary formula, then a new formula A called a satisfaction statement can
be formed. The pati : of a : A is called a satisfaction operator. The satisfaction
statement : A expresses that the formufhis true at one particular world, namely
the world at which the nominail is true.

The present paper concerranstructivenybrid logics, that is, hybrid logics where
the classical logic basis has been replaced by a constructive logic basis. A question
we can ask is of coursghyshould one worry about constructive hybrid logics.

A first, philosophical answer might be that since we “believe” in constructive logics
as well as in hybrid logics, we would like to combine them in one logical system.

A second, more mathematical answer may be simply that we should be able to
define “constructive hybrid logics” since we presume that the main concerns of
hybrid logic are orthogonal to whether the underline logic is constructive or not. We
note that this supposition of orthogonality is justified by a distinction between the
way of reasoning and what the reasoning is about. If we do define basic constructive
hybrid logics and prove for them the kinds of results that we usually prove for
constructive logics (normalization, subformula property, cut-elimination), we learn
more about extant hybrid logics and we provide more evidence that hybrid logics
are important in their own righi.

A third, pragmatic answer, or perhaps one geared to applications, is that if one needs
to construct a logic of contexts with certain characteristics, perhaps a constructive
basic hybrid logic might be the right foundation for this kind of application. The
basic intuition here is that the satisfaction operators of hybrid logic might be just
the syntactic tool required to construct logics that pay attention to contexts with
certain desirable features. This hypothesis can only be checked, once we have de-
fined and investigated one or more basic constructive hybrid logics, at least to some
extent. Moreover, we reckon that a modal type theory based on hybrid logic could
prove itself usefut , as other constructive modal type theories and as other classical
hybrid logics have already proven themselves.

Of course, even if the supposition above, of orthogonality between hybridness and
constructivity is valid, we still do not know exacthyowto define constructive hy-

brid logics. We do not have a recipe for defining constructive hybrid logics: Several
open possibilities are discussed, but we fix on a reasonable and well-motivated
natural deduction system and prove some essential proof-theoretical results for it.
Moreover, we show how to extend the system with additional inference rules corre-

3 This would also provide evidence that these proof-theoretical properties are worth inves-
tigating for any logical system. But justifying proof-theory is not the issue here.

4 Actually a constructive modal type theory, based on a constructive and hybrid logical
version ofSb, has independently of the present work been proposed by Jia and Walker [11]
in 2004.
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sponding to first-order conditions on the accessibility relations. The conditions we
consider are expressed by so-called geometric theories. Different geometric theo-
ries give rise to different constructive hybrid logics, so natural deduction systems
for new constructive hybrid logics can be obtained in a uniform way simply by
adding inference rules as appropriate.

One of the hallmarks of contemporary modal logic is the view that modal logics
are languages for talking about relational structures, that is, models in the sense of
model-theory. Thus, modal logics are alternatives to (classical) first-order logics.
This view is well justified, but we believe that proof-theory adds another important
perspective to modal logics, emphasizing the notion of proof and the fundamen-
tal differences between various formal systems for representing proofs, see [14].
The perspective of this paper is proof-theoretic, so we shall focus on formal proof
systems for constructive hybrid logic.

This paper is structured as follows. In the second section of the paper we make
some preliminary considerations, in the third section we give a Kripke semantics,
and in the fourth section we introduce a natural deduction system, and moreover,
we prove a normalization theorem. The natural deduction system is an intuitionistic
version of a natural deduction system for classical hybrid logic originally given in
the paper [5]. In the fifth section we prove soundness and completeness with respect
to Kripke semantics. In the final section we draw some conclusions and discuss
future work. This paper is an extended version of [7]. While the previous version
only discussed pure hybrid systems, the extended version here discusses additional
inference rules corresponding to first-order conditions on the accessibility relations.

2 Preliminaries

Having decided to investigamonstructivehybrid logics, we must describe, what
their main components are. We start with a short description of constructive modal
logic. This is followed by another short description of what constitutes classical
hybrid logic. Finally we describe ways of putting these components together.

2.1 Constructive modal logic

‘Constructive’ is an umbrella term for logics that worry about deciding which dis-
junct is true and/or about providing witnesses for existential statements. Here we
mean, much more restrictively, that we take our basis to be intuitionistic logic,
henceforthL for the propositional fragment anBOL for intuitionistic first-order
logic.
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While the syntax (in axiomatic form) and the semantics (in usual Kripke style) of
traditional, classical modal logics are relatively well-known, it is fair to say that
even axioms foiconstructivemodal logics, but especially natural deduction for-
malizations for these are subject to much debate.

We start by describing which basic axioms we require for a minknabnstructive
modal logic. First we define our formulas. Given a basic set of propositional sym-
bols ranged over by the metavariableg, r, ..., the well-formed formulas of our
constructive modal logic are built by conjunction, disjunction, and implication, to-
gether with falsum and the necessity and possibility modalities. Thus, the formulas
are defined by the grammar

S u=p|SAS|SVS|S—S|L|OS|0S

wherep is a propositional symbol. In what follows, the metavariable®3. C, . ..

range over formulas. Negation, as usual in constructive logic, is defined by the
convention that-A is an abbreviation fod — 1. Also, the nullary conjunction

T is an abbreviation for- | and the bi-implicationA < B is an abbreviation for
(A— B)AN (B — A).

Axioms for this system consist of any basic axiomatization of intuitionistic propo-
sitional logic (L) together with Simpson’s axioms for the modalitites. These are:

(taut) A for all intuitionistic tautologiesA
(K)  FOA— B)— (JA — OB)

(01)  FOA— B) — (0A — OB)

(O2) - (0A —0B) — 0O(A — B)
(diste) F 0L

(dist;) + O(AV B) — (OAV OB)

together with the proof rules of NecessitatiQ¥ec) and Modus Ponens\/P)

HA HA— B HA

(MP)
- 0A - B

We start by defining the possible-worlds semantics for the intuitiomstidallogic
that we shall be using. We remark that this notion of a model for intuitionistic modal
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logic was originally introduced in a tense-logical version by Ewald in [8] and it has
also been used by Simpson in [17], p. 88.

Definition 1 A modelfor basic intuitionistic modal logic is a tuple

M = (W, <, {Dw}w€W7 {Rw}w€W> {Vw}wEW)

where

(1) W is a non-empty set partially ordered ky;

(2) for eachw, D,, is a non-empty set such that< v impliesD,, C D,;

(3) for eachw, R, is a binary relation onD,, such thatv < v impliesR,, C R,;
and

(4) for eachw, V,, is a function that to each propositional symhohssigns a
subset oD, such thatw < vimpliesV,,(p) C V,(p).

Given a modeit as defined above, the relatihi, w, d = A is defined by induc-
tion, wherew is an element ofV/, d is an element oD,,, and A is a formula.

M, w,d = piff deV,(p)
M w,dE= AN B iff Muw,dE= AandM,w,d = B
M w,d=AV B Iiff Mw,d=AorM w,dE= B
M w,d=A— Biffforall v>w, M v, d = Aimpliesd, v,d = B
M, w,d = L iff falsum
M, w,d = OA iff forall v > w, foralle € D, dR,e impliesdt, v,e = A
M w,d = QA iff for somee € D, dR,e anddM, w,e = A

This notion of model is very much a notion of a model of intuitionigjicantifi-
cationallogic used simply for propositional modal logic. The introduction/8é
might look an excessive complication.

Simpson’s natural deduction system consists of labelled versions of the usual rules
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for the propositional connectives plus the following rules for the modalities:

[y : AllzRy]
y: A xRy :
— (01) - OA B
r: QA z:Q z: (OF)
z:
[z Ry]
: x:UOA xRy
yiA I (OF)
(01) v
z:0OA

The rules(OFE) and ([1/) are equipped with appropriate side-conditions in con-
nection with the label;, that is,y does not occur in: : O A, in z : B, or in any
undischarged assumptions other than the specified occurrenges/btndz Ry.
Moreover,y does not occur in: : [JA or in any undischarged assumptions other
than the specified occurrenceszafy. Simpson’s natural deduction system is dif-
ferent from, say natural deduction in Prawitz's book, in two aspects: First it has
all of its formulas labelled; they have the form: A wherez is a label, that is, a
variable, andA is a formula. Intuitively, the variable denotes a world in a modal
model and the metalinguistic expression A is to be read as ‘formula holds

at worldz.” Secondly, Simpson’s system has relational premises on the#détim
and similarly, relational assumptions. The metalinguistic expressitnis to be
read as ‘worldr sees world,.’

There are several versions of natural deduction systems for (mostly classical) modal
logics of this form in the literature [1,12,16,9]. Their basic idea is always to give
introduction and elimination rules for necessitiy)(and possibility ()) which cap-

ture their possible worlds interpretationRecall that Simpson’s particular version

of natural deduction presentation satisfies normalization, as well as being “extend-
able” to a large collection of other logics given by so-called geometric theories.
Hence, this system is proof-theoretically well-behaved, at least as far as the criteria
of normalization and subformula property are concerned. A philosophical objec-
tion to this kind of system is that it builds-in the (desired) semantics into the given
syntax, but the trade-off is that this way one obtains a uniform framework for a
large class of modal logics.

° But the systems themselves and their models vary widely.
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2.2 Hybrid logic

Hybrid logics are extensions of modal logics where to the usual stock of syntactic
and semantic structures, we add a new kind of propositional symbols, the so-called
nominals which reference individual possible worlds, that is, a nominal is true at
exactly one world. It is assumed that a set of ordinary propositional symbols and
a countably infinite set of nominals are given. The sets are assumed to be disjoint.
The metavariables, ¢, , ...range over ordinary propositional symbols and, c,
...range over nominals. We also add a new kind of operators callesatiséaction
operators The formulas of hybrid modal logic are defined by the grammar

S = pla|SAS|SVS|S—S|L|OS|0S]a:8

wherep is an ordinary propositional symbol amds a nominal. Formulas of the
forma : C are calledsatisfaction statementsf. a similar notion in [3]. In this paper
we will define a system of intuitionistic hybrid logic, using the same formulas of
classical hybrid logic, which will be denoted kL.

There are many kinds of hybrid logics in the literature, one of the parameters being
which extra operators one considers. Here we restrict our attention to only satisfac-
tion operators, a system that in the classical case has been ldalled where@

is one notation for satisfaction operators.

2.3 Which Constructive Hybrid Logic?

Now there are at least two different approaches that one can take when trying to put
together constructivity, modality and hybridness of logic systems.

First, one might think that since hybrid logic is obtained from classical modal logic
by adding nominals and satisfaction operators, one should obtain constructive hy-
brid logic by adding to constructive modal logic nominals and satisfaction opera-
tors. This is sensible, and will be our approach to defirklg but of course it de-
pends on the constructive modal logic chosen. Our goal is to reason constructively
within constructive modal logic and we want to be able to “jump” to other modal
worlds using some version of constructive satisfaction operators and modalities.

Second, one might think of “hybridizing” intuitionistic logic to enhance the ex-
pressive power of intuitionistic logic, considered as a language for talking about
intuitionistic Kripke structures. Choosing this option puts an excessive emphasis
on Kripke semantics as a guiding principle.

It is not clear whether these two lines of research will lead to different logical
systems or not. But one suspects that the results will be different. In particular, con-
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sidering only constructive modal logics, one of the reasons for the multiplicity of
systems is whether one believes that only the propositional basis of the logic should
be constructive or whether the modalities themselves should have a constructive
component of their own. This can be ascertained by asking whether adding, say
the excluded middle axiom, gives you back the classical modal system you first
thought of, or not. Choosing Simpson’s axiom system we're choosing that the ad-
dition of the excluded middle gives you back the classical modal logic system you
started from, in our case modadl Similarly, if the natural deduction systeM.

for intuitionistic hybrid logic given later in this paper is extended with the natural
deduction rule corresponding to the excluded middle (technically, we just modify
the rule for_L as appropriate), then we will get back the classical hybrid logic of [5],
that is, the modal operatdr becomes definable in terms(af($ becomes equiva-

lent to -[J—) and we also have that andVv become definable in terms e# and

1.

3 Kripke Semantics

In this section we give the possible-worlds semantics for intuitionistic hybrid logic,

IHL. This semantics is an extension of a possible-worlds semantics for intuition-
istic modal logic which was originally introduced in a tense-logical version by

Ewald [8].

The main intuition is that since we want to consider a constructive reading of hy-
brid logic where a distinction is made between the way of reasoning and what the
reasoning is about, we need to separate the intuitionistic partial order from the in-
terpretation of the nominals as well as the binary relation corresponding to the two
modal operators.

Definition 2 A modelfor intuitionistic hybrid logic is a tuple

(VI/) <, {Dw}wEWa {Nw}w€W7 {Rw}wEWa {Vw}wEW)

where

(1) W is a non-empty set partially ordered ky;

(2) for eachw, D, is a non-empty set such that< v impliesD,, C D,;

(3) for eachw, ~,, is an equivalence relation of,, such thatw < v implies
~w &y,

(4) for eachw, R, is a binary relation onD,, such thatw < v impliesRk, C R,;
and

(5) for eachw, V,, is a function that to each ordinary propositional symbol
assigns a subset @¥,, such thatw < v impliesV,,(p) C V,(p).

It is assumed that il ~,, d', e ~, €, anddR,e, thend R,¢e’, and similarly, if
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d ~,, d andd € V,(p), thend' € V,,(p).

Intuitively, the elements of the sé&t” are “states of knowledge” and for any such
statew, the setD,, is the set of possible worlds known in the state of knowledge

the relation~,, corresponds to the known identities between possible worlds, and
the relationR,, is the known relationship between possible worlds. Note that the
definition requires that the partial orderon the states of knowledge, which we
call the “epistemic” partial order, preserves knowledge, that is, if an advance to a
greater state of knowledge is made, then what is known is preserved.

Given a modeb)t and an elementy of W, a w-assignments a function that to
each nominal assigns an element®f. The relatior)t, g, w,d = A is defined by
induction, wherev is an element ofl/, g is aw-assignment/ is an element oD,
andA is a formula.

M, g,w,d = piff deV,(p)
M, g, w,d E aiff d~, g(a)
M, g,w,d=ANBiff M, g,w,dE=AandM, g, w,d = B
M, g,w,d = AV Biff M, g,w,dl=AorM,g,w,d = B
M, g,w,d = A— Biff forall v > w, M, g,v,d = Aimpliesdn, g,v,d = B
M, g,w,d = L iff falsum
M, g, w,d =LA iff forall v > w, foralle € D,, dR,e implies9, g,v,e = A
M, g,w,d = OA iff for somee € D, dR,e and9, g, w,e = A
M, g,w,dEa:Aiff M, g,w,g(a) EA

By conventiorlt, g, w = A mean9, g, w, d = A for every elemend of D,, and

M = AmeandN, g, w = A for every elementy of W and everyw-assignmeng.
Aformula A is valid if and only if 0t |= A for every modeb)t. Note the difference

in the interpretations of the two modal operators: The interpretation dfltbe-

erator involves quantification over states of knowledge whereas the interpretation
of ¢ does not. This is because the modal operators correspond to quantifiers in in-
tuitionistic first-order logic where the interpretation of theises the accessibility
relation whereas the interpretation-dtloes not.

An example of a formula valid in classical hybrid logic but not valid in the con-
structive semantics given hereds: b V a : —b, wherea : b is interpreted as the
possible worldg(a) andg(b) being related by-,, buta : —b is interpreted ag(a)
andg(b) not being related by, for anyv > w. This formula corresponds to the
formulaa = b vV —a = b in the first-order correspondence language we introduce
below. Since in intuitionistic first-order logic we do not have a general excluded
middle, a constructivist thinks that this formula should only be valid, if the equality
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predicate for nominals is decidablepredicate. (Incidentally, this formulaould
be valid if for anyw, the relation~,, is taken to be the identity on the s@f,. Thus,
the relation~,, is needed.)

Another example is the formula : A < —a : —A. This formula should not be
valid constructively, but it should be valid classically and it is actually taken as an
axiom for classical hybrid logic by some authors.

The semantics satisfies the following important proposition.

Proposition 3 (Monotonicity) If9t, g, w,d = A andw < v, thend, g, v,d = A.

PROOF. Induction in the structure ofi. O

A model for intuitionistic hybrid logic can be considered a model for intuitionis-
tic first-order logic with equality and conversely, a model for intuitionistic first-
order logic with equality can be considered a model for intuitonistic hybrid logic
(see [17] for the simpler correspondence between modal-logical models and intu-
itionistic first-order models without equality and see also [18] which gives a def-
inition of intuitionistic first-order models with equality). The first-order language
under consideration here hasl#lace predicate symbol corresponding to each
ordinary propositional symbol of modal logic,2aplace predicate symbol corre-
sponding to the modalities, an@®glace predicate symbol corresponding to equal-
ity. The language does not have constant or function symbols. It is assumed that
a countably infinite set of first-order variables is given. The metavariahlesc,
...range over first-order variables. So the formulas of the first-order language we
consider are defined by the grammar

S = pla) | R(a,b) |[a=b|SAS|SVS|S—S|L|VaS|3aS

wherep is an ordinary propositional symbol of hybrid logic, anéndb are first-
order variables. The connectives T, and« are defined as in intuitionistic hybrid
logic. Moreover, if nominals of hybrid logic are identified with first-order variables,
then aw-assignment in the sense of intuitionistic hybrid logic can be considered as
aw-assignment in the sense of intuitionistic first-order logic and vice versa.

Given a modedt = (VV’ Sa {Dw}wEW7 {Nw}wEW7 {Rw}wEWa {Vw}wGW) for intu-
itionistic hybrid logic, considered as a model for intuitionistic first-order logic, the
relationMt, w |= Alg| is defined by induction, where is an element ofV/, g is a
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w-assignment, and is a first-order formula.

M, w = pla)lg] iff g(a) € Vi(p)
M, w = a=blg] iff g(a) ~w g(b)
M, w = R(a,b)[g] iff g(a)R.g(b)
M, w = AN Blg] iff M, w = Alg] and9, w = Blg|
M, w = AV Blg| iff M, w = Alg] orIM, w = By
M, w = A— Blg| iff forall v >w, M, v = Alg] impliesd, v = Blg]
M, w = L[g] iff falsum
M, w = VaAlg] iff forall v > w, forall ¢ < g, ¢'(a) € D, implies
M, v |= Alg']
M, w = JaAlg] iff for someg’ ~ g, ¢'(a) € D, and9, w | Alg]

By conventiont = A meanst, w = Alg| for every elementv of W and every
w-assignmeny. In Section 5 we shall make use of the first-order semantics above
in connection with the interpretation of geometric theories.

4 The Natural Deduction System

In this section a natural deduction system for intuitionistic hybrid logic is given and
it is shown how to extend the system with additional rules corresponding to condi-
tions on the accessibility relations. Moreover, a normalization theorem is proved.
The natural deduction system is an intuitionistic version of a natural deduction sys-
tem for classical hybrid logic originally given in [5]. An axiomatic formulation for
intuitionistic hybrid logic can be found in the paper [4]. See the books [13] and [19]
for the basics of natural deduction. See also the book [10] for an introduction to nat-
ural deduction with a slant towards intuitionistic logic.

We make use of the following conventions. The metavariables . ..range over
derivations. The metavariablés A, ...range over sets of formulas. A derivation

m is aderivation of A if the end-formula ofr is an occurrence ofl andr is

a derivation fromI" if each undischarged assumptionzinis an occurrence of a
formulainI’ (note that numbers annotating undischarged assumptions are ignored).
If there exists a derivation afl from (), then we simply say that is derivable
Moreover, Blc/a] is the formulaB where the nominat has been substituted for

all occurrences of the nominalandr|c/a] is the derivationr where each formula
occurrenceB has been replaced by[c/a|. Thedegreeof a formula is the number
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a:A a:B a:(ANB a:(ANB
(AI) ( ) ( ) (ANE2)
a:(ANB) a: A a:B
a:A] a: B|
a:A ( a:B vI2)
V
a:(AV B) a:(AVB) a:(AvB) C C
(VE)
C
[a: A
a:(A— B) a:A
a:B (— E)
(— I) a:B
a:(A— B)
a: L
(LE)
a:A () c:a:A ¢ E)
ciai A a:A
[c:A] [a: 0]
e: A a: e o1 .
S OA a:QA C
[a : Oc]
: a:0OA a: Qe
; (OE)
c: A e: A
@n
a:OA
x ¢ does not occur i : O A, in C, or in any undischarged assumptions other than
the specified occurrences of A anda : c.
* ¢ does not occur i : [JA or in any undischarged assumptions other than|the
specified occurrences af: {c.

Fig. 1. Natural deduction rules for connectives
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a:c a:A a:c a:0b
— (Ref) ——  (Nom1)* —— (Nom2)
a-a c: A c:Ob
x A Is a propositional symbol (ordinary or a nominal).

Fig. 2. Natural deduction rules for nominals

[s11] - [S1n, ] [Sm1] - (S|

S1 ... Sp C C R

- (Re)
«x None of the nominals i@ occur inC' or in any of the undischarged assumptians
other than the specified occurrences gf (Recall that nominals are identified with
first-order variables and thatare the first-order variables existentially quantified
over in the formulas.)

Fig. 3. Natural deduction rules for geometric theories

of occurrences of non-nullary connectives in it.

Natural deduction inference rules for intuitionistic hybrid logic are given in Fig-
ure 1 and Figure 2. All formulas in the rules are satisfaction statements. Note that
the modal rules for our system are like Simpson’s modal rules, except that we re-
placed first-order relational formulas lik(a, ¢) by the hybrid formulaz : <e,
thereby internalizing the accessibility relation. Note that this internalization pro-
cess can be accomplished for hybrid logic, but for modal logic, these relational
formulas belong to the metalevel. The nominal natural deduction rules are similar
to the usual equality rules for first order logic. The system thus obtained will be
denotedN 4.

4.1 Extensions to Geometric Theories

In what follows we shall consider natural deduction systems obtained by extend-
ing Ny with additional inference rules corresponding to first-order conditions on
the accessibility relations. The conditions we consider are expressed by so-called
geometric theories. A first-order formula ggometricif it is built out of atomic
formulas of the formR(a, ¢) anda = c using only the connectives, A, Vv, and3.

In what follows, the metavariables; and.S;; range over atomic formulas of the
mentioned forms. Atomic formulas of the mentioned forms can be translated into
first-order hybrid logic in a truth preserving way as follows.

HT(R(a,c)) = a: Qc
HT(a=c¢)=a:c
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See [20] for an introduction to geometric logic.

Now, ageometric theorys a finite set of closed first-order formulas each having the
form Va(A — B) where the formulast and B are geometricg is a listay, ...,

of first-order variables, anda is an abbreviation fova, . .. Va,. It can be proved,

cf. [17], that any geometric theory is intuitionistically equivalent toesic geomet-

ric theorywhich is a geometric theory in which each formula has the form

<3

(%) Va((S1A...ASy) — 3e\/ (S A...ASj;))

Jj=1

wheren,m > 0 andnq,...,n,, > 1. For simplicity, we assume that the variables
in the lista are pairwise distinct, that the variablesdmre pairwise distinct, and
that no variable occurs in bothande. Note that a formula of the form displayed
above is a Horn clauseifis empty,m = 1, andn,,, = 1.

We now give hybrid natural deduction rules corresponding to a basic geometric the-
ory. The metavariables, ands;; range over hybrid-logical formulas of the forms

a : Oc anda : c¢. With a first-order formula of the form(x) displayed above, we
associate the natural deduction inference (lilg) given in Figure 3 whereg, is of

the formH7T'(S) ands;;, is of the formHT'(S;,). For example, it is the formula

VaVe((R(a,c) A R(e,a)) — a = c)

then(R) is the natural deduction rule

[a: ]

a:Oc c:Oa C’
C

(Ra)

The formula, and hence the inference rule, corresponds to the accessibility relation
R being antisymmetric. Now, |eT’ be any basic geometric theory. The natural
deduction system obtained by extendNg,_ with the setof ruleg(R¢) | G € T}

will be denotedN . + T. We shall assume that we are working with a fixed basic
geometric theoryT" unless otherwise specified.

It is straightforward to check that if a formula in a basic geometric theory is a
Horn clause, then the rulék) given in Figure 3 can be replaced by the following
simpler rule (which we have also calléf)).

S1 c. Sn
(Ra)

S11
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For example, ifG is the formula corresponding to the accessibility relation being
antisymmetric, cf. above, then the following rule will do.

a: Oc c:Oa

(Ra)

Natural deduction rules corresponding to Horn clauses were discussed already
in [14].

4.2 An eliminable rule

Below we state a small proposition regarding an eliminable rule.

Proposition 4 The rule
a:c a:A
—— (Nom)
C:

is eliminable.
PROOF. A straightforward extension of a proof in [5].0

Note in the proposition above thatcan be any formula; not just a propositional
symbol. Thus, the ruléNom) generalise$§ Nom1) (and the rulg Nom2) as well).

The side-condition on the ruleVom 1) enables us to prove a normalization theorem
such that normal derivations satisfy a version of the subformula property called the
guasi-subformula property. We shall return to this issue later.

4.3 Normalization

In what follows we give reduction rules for the natural deduction system and we
prove a normalization theorem. First some conventions. If a premise of a rule has
the forma : cora : Oc, then it is called aelational premiseand similarly, if

the conclusion of a rule has the fomn: c or a : {c, then it is called aelational
conclusion Moreover, if an assumption discharged by a rule has the torndc,

then itis called aelationally discharged assumptiofihe premise of the forma : A

in the rule(— FE) is calledminor and the premises of the for@in the rules(vVE),

(OF), and(R) are calledparametric premisesA premise of an elimination rule

that is neither minor, relational, or parametric is caltedjor.
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A maximum formulan a derivation is a formula occurrence that is both the con-
clusion of an introduction rule and the major premise of an elimination rule. Maxi-
mum formulas can be removed by applypoper reductionsThe rules for proper
reductions are as follows. We have omitted the reduction rules involving the con-
nectivesh, —, :, andJ which can be found in [5].

(vI1) followed by (V E) (analogously in the case 0¥12))

m la: Al [a: B] m
a:A © Ty T3 a:A
a:(AV B) C ¢ T2
o C
(O1) followed by (O E)
s T2 e A fa: O s T
e: A a: Qe E7T3 . €A a: Qe
a:QA ¢ : msle/c]
o C

It turns out that we need further reduction rules in connection with the inference
rules(LE), (VE), (OF), and(R¢). A permutable formulén a derivation is a for-

mula occurrence that is both the conclusionf.oF), (VE), (OF), or (R¢) and the
major premise of an elimination rule. Permutable formulas in a derivation can be
removed by applyingermutative reductiond he rules for permutative reductions

are as follows in the case where the elimination rule has two premises. We have
omitted the reduction rule whe(é;) is followed by an elimination which can be
found in [5].

(LE) followed by a two-premise elimination
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(VE) followed by a two-premise elimination

la: Al [a: B] [a: A la : B]
! L T - T3 My T LMy T
a:(AvB) ¢ ¢ . . ¢ E ¢ E
C E  a:(AVB) D D
D D

(OF) followed by a two-premise elimination

[c:A] [a: O] [b: A] [a: Ob]

L T - molb/c]
a:0A C RN - C E
C E a:0A D
D D

The cases where the elimination rule has one or three premises are obtained by
deleting or adding derivations as appropriate.

A derivation isnormalif it contains no maximum or permutable formula. In what
follows we shall prove a normalization theorem which says that any derivation can
be rewritten to a normal derivation by repeated applications of reductions. To this
end we need a number of definitions and lemmas.

Definition 5 The ¢-graphof a derivationr is the binary relation on the set of
formula occurrences imr of the forma : {c which is defined as follows. A pair
of formula occurrence$A, B) is an element of thé-graph ofr if and only if it
satisfies one of the following conditions.

(1) Ais the relational premise of an instance(df/) which hasB as the conclu-
sion.

(2) A is the major premise of an instance @ F£) at which B is relationally
discharged.

(3) A is a parametric premise of an instance(afE), (OF), or (R¢g) which has
B as the conclusion.

Note that the)-graph ofr is a relation on the set of formula occurrencesphot
the set of formulas occurring in. Also, note that every formula occurrence in a
{O-graph is of the fornu : {c.

Lemma 6 The{-graph of a derivationr does not contain cycles.

PROOF. Induction on the structure of. O
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Definition 7 Thepotentialof a chain in the)-graph ofx is the number of formula
occurrences in the chain which are major premises of instancgsiof. Astubborn
formulain a derivationr is a maximum or permutable formula of the foum (¢
and thestubbornnessf a stubborn formula i is the maximal potential of a chain
in the $-graph ofr that contains the stubborn formula.

Note that the notion of potential of a chain in the definition above is well-defined
since Lemma 6 implies that the number of formula occurrences of a chain in a
{¢-graph is bounded.

Lemma 8 Letw be a derivation where all stubborn maximum formulas have stub-
bornness less than or equal dcand all stubborn permutable formulas have stub-
bornness less thah Assume thatl is a stubborn maximum formula with stubborn-
nessd such that no formula occurrence aboMeis a stubborn maximum formula
with stubbornnesd. Let 7’ be the derivation obtained by applying the reduction
such thatA4 is removed.

Then all stubborn maximum formulasihhave stubbornness less than or equal to
d and all stubborn permutable formulas iri have stubbornness less thanand
moreover, the number of stubborn maximum formulas with stubbordriass is
less than the number of stubborn maximum formulas with stubbordness

PROOF. The derivationsr andz’ have the forms below.

© M P [c:d] [a: O] L - T
e:d a: Qe Ly e:d a: Qe
a:Od C - msle/d]
C ¢
LT T
B B

Note that any formula occurrence in except the indicated occurrenceseof d,

a : Qe, andC' in an obvious way can be mapped to a formula occurrence in
Let f be the map thus defined (note thyaheed not be injective as the instance of
(OF) in  might discharge more than one occurrence of {c). Using the map
f, a map from the)-graph ofr’ to the $-graph ofr is defined as follows. There
are a number of cases to consider. Case 1: An elefiferd) of the ¢-graph of
7' where the formula occurrencésandG both are in the domain of is mapped
to (f(F), f(G)) which straightforwardly can be shown to be an element ofthe
graph ofr (observe that no assumptionsn or 75 is discharged at a rule-instance
in m3[e/c]). Case 2: An elemeritF, G) whereG is one of the indicated occurrences
of a : Qe (and F therefore is in the domain of) is mapped tq f(F), G') where
G’ is the relational premise of the instance (df/). Case 3: An elementF, G)
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whereF' is the indicated occurrence 6f (andG therefore is in the domain of)

is mapped td F’, f(G)) whereF" is the conclusion of the instance @f £). Case
4: An elementF, G) whereF is one of the indicated occurrenceswf Qe, F' is
different from the indicated occurrence@f andG is in the domain off is mapped
to (F', f(G)) whereF” is the assumption in; discharged by the instance @ E)
corresponding to the occurrenceaf (e in question. Case 5: An elemeftt, )
whereG is the indicated occurrence 0f, GG is different from each of the indicated
occurrences of : e, andF' is in the domain off is mapped td f(F'), G’') where
G’ is the parametric premise of the instance¢f). Case 6: An elemen(F, G)
where F' is one of the indicated occurrences ©of: ¢e and G is the indicated
occurrence ot is mapped td F’, G') whereF" is the assumption in3 discharged
by the instance of( E') corresponding to the occurrenceaf Qe in question and
G’ is the parametric premise of the instanc¢®f). By using the map from thé-
graph ofr’ to the(-graph ofr, any chain in thé&)-graph ofz’ that does not contain
any of the indicated occurrences ©f: e can in an obvious way be mapped to
a chain in theQ-graph ofr with the same potential which does not contain the
indicated occurrences aof: (e, a : Od, anda : {c, and similarly, any chain in the
{¢-graph ofz’ that contains one of the indicated occurrences ofQe can in an
obvious way be mapped to a chain in tharaph ofr with greater potential which
contain the mentioned formula occurrences. The conclusions of the lemma follow
straightforwardly. O

Definition 9 A segmenin a derivationr is a non-empty listd,, . .., A,, of formula
occurrences inr with the following properties.

(1) A, is not the conclusion of an instance (®f£), an instance of O E), or an
instance of R) with more than zero parametric premises.

(2) For eachi < n, A; is a parametric premise of an instance(ofE), (OF), or
(R¢) which hasA;,; as the conclusion.

(3) A, is not a parametric premise of an instance(ofE), (OF), or (Rg).

Thelengthof a segment is the number of formula occurrences in the segment. A
segment; stands abova segment, if and only if the last formula occurrence

in o; stands above the first formula occurrencesin A maximum segmenfper-
mutable segmehts a segment in which the last formula occurrence is a maximum
formula (permutable formula). Atubborn segmeng a maximum or permutable
segment where the formula that occurs in the segment is of thedaric. The
degreeof a segment is the degree of the formula that occurs in the segment.

The following lemma is along the lines of a similar result for ordinary intuitionistic
first-order logic given in [13].

Lemma 10 Any derivationr can be rewritten to a derivation’ that does not con-
tain permutable formulas or non-stubborn maximum formulas, by repeated appli-
cations of permutative reductions applied to permutable formulas and proper re-
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ductions applied to non-stubborn maximum formulas.

PROOF. To any derivationr we assign the paifd, k) of non-negative integers
whered is the maximal degree of a permutable or non-stubborn maximum segment
in 7 or 0 if there is no such segment akds the sum of the lengths of permutable
and non-stubborn maximum segmentsriof degreed (note that a list of formula
occurrences with only one element is a segment if the one and only formula oc-
currence in the list is a maximum formula). The proof is by induction on such
pairs equipped with the lexicographic order. kzebe a derivation to which a pair

(d, k) is assigned such thdt> 0. It is straightforward to check that there exists a
permutable or non-stubborn maximum segmewnf degreed in 7 such that there

is i) no permutable or non-stubborn maximum segment with degitbat stands
abovecs and ii) no permutable or non-stubborn maximum segment with defjree
that stands above or contains a minor, relational, or parametric premise of the rule
instance of which the last formula occurrenceriis the major premise. Let’ be

the derivation obtained by applying the appropriate reduction rule such that the last
formula occurrence i is removed. Then it is straightforward to check that the
pair (d', k') assigned tar’ is less thari{d, k) in the lexicographic order O

We are now ready to prove the normalization theorem.

Theorem 11 (Normalization) Any derivation can be rewritten to a normal deriva-
tion by repeated applications of proper and permutative reductions.

PROOF. By Lemma 10 we just need to consider derivations that do not contain
permutable formulas or non-stubborn maximum formulas. To any such derivation
7 We assign the non-negative integewhered is the maximal stubbornness of a
stubborn maximum formula in or 0 if there is no stubborn maximum formula. Let

7 be a derivation to which an integéris assigned such thdt> 0. It is straight-
forward that there exists a stubborn maximum formdiaith stubbornnessg such

that no formula occurrence aboMas a stubborn maximum formula with stubborn-
nessd. Let 7’ be the derivation obtained by applying the reduction such Ahist
removed. Then by inspecting the involved reduction rule it is trivial to check that all
maximum or permutable formulas iti are stubborn, and moreover, by Lemma 8
all stubborn maximum formulas i have stubbornness less than or equal 4md

all stubborn permutable formulas iti have stubbornness less thrand further-
more, the number of stubborn maximum formulas with stubborniéss’ is less

than the number of stubborn maximum formulas with stubbornd@ssr. By re-
peated applications of this procedure a derivation is obtained in which all maximum
or permutable formulas are stubborn with stubbornness lessitli&napplication

of Lemma 10 a derivation” is obtained that does not contain permutable formulas
or non-stubborn maximum formulas. If all maximum or permutable formulas in a
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derivationr are stubborn with stubbornness less thathen it is trivial to check by
inspecting the involved reduction rules that all maximum or permutable formulas
in the derivationr’ obtained by applying a permutative reduction are stubborn, and
moreover, it can be proved in a way similar to the way in which Lemma 8 is proved,
that all stubborn formulas in’ have stubbornness less thanThus, all maximum
formulas in7” are stubborn with stubbornness less thakiVe are therefore done

by induction. O

4.4 The form of normal derivations

Below we adapt an important definition from [13] to intuitionistic hybrid logic.

Definition 12 A pathin a derivationr is a non-empty lisd,, ..., A, of formula
occurrences inr with the following properties.

(1) A, isarelational conclusion, or the conclusion of &) rule with zero para-
metric premises, or an assumption that is not non-relationally discharged by
an instance of VE) or (OF).

(2) Foreachi < n, A; is not a minor or relational premise and either
(@) A;isnotthe major premise of an instanceofE) or (O £) and A; stands

immediately abovél, 1, or
(b) A; is the major premise of an instaneef (VE) or (OF) and A;,; is an
assumption non-relationally discharged hy

(3) A, is either the end-formula af, or a minor or relational premise, or the
major premise of an instance 0¥ ) or (O E) that does not non-relationally
discharge any assumptions.

Note thatA; in the definition above might be a discharged assumption.

Lemma 13 Any formula occurrence in a derivatianbelongs to some path in

PROOF. Induction on the structure of. O

The definition of a path leads us to the lemma below. The lemma says that a path
in a normal derivation can be split up into three parts: An analytical part in which
formulas are broken down in their components by successive applications of the
elimination rules, a minimum part in which an instance of the fulé’) may oc-

cur, and a synthetical part in which formulas are put together by by successive
applications of the introduction rules. See [14].

Lemma 14 Let(s = A4, ..., A, be a path in a normal derivation. Then there exists
a formula occurrenced; in 3, called theminimum formulain 3, such that
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(1) for eachj < i, A; is a major or parametric premise or the non-relational
premise of an instance ¢Nom1);

(2) if i # n, thenA; is a non-relational premise of an introduction rule or the
premise of an instance ¢f_£); and

(3) foreachj, wherei < j < n, A, is a non-relational premise of an introduction
rule, a parametric premise, or the non-relational premise of an instance of
(Noml).

PROOF. Let A; be the first formula occurrence ihwhich is not the non-relational
premise of an instance §fVom1), and is not a parametric premise, and is not the
major premise of an elimination rule save possibly the major premise of an instance
of (VE) or (OF) that does not non-relationally discharge any assumptions (such a
formula occurrence exists i as A, satisfies the mentioned criteria). We are done

if ¢ = n. OtherwiseA; is a non-relational premise of an introduction rule or the
premise of an instance ¢f_E) (by inspection of the rules and the definition of a
path). If A; is the premise of an instance @f £), then eact¥;, wherei < j < n,

is a non-relational premise of an introduction rule, or the non-relational premise
of an instance of Nom1), or a parametric premise (by inspection of the rules,
the definition of a branch, and normality @j. Similarly, if A; is a non-relational
premise of an introduction rule, then ea¢h wherei < j < n, is a non-relational
premise of an introduction rule or a parametric premise.

In what follows we shall consider the form of normal derivations. To this end we
give the following definition.

Definition 15 The notion of asubformulas defined by the conventions that

e Ais a subformula of4;
e if BAC,BVC,orB— Cisasubformula of4, then so are3 andC'; and
o ifa: B, OB, ordB is asubformula ofd, then so isB.

A formulaa : A is a quasi-subformulaf a formulac : B if and only if A is a
subformula ofB.

Now we state the theorem which says that normal derivations satisfy a version of
the subformula property.

Theorem 16 (Quasi-subformula property) Letbe a normal derivation ofi from

a set of satisfaction statemenits Any formula occurrenc&’ in 7 is a quasi-
subformula ofA, or of some satisfaction statementlin or of some relational
premise, or of some relational conclusion, or of some relationally discharged as-
sumption.
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PROOF. First a convention: Therder of a path in7 is the number of formula
occurrences imr which stand below the last formula occurrence of the path. Now
consider a patly = A,,..., A, in 7 of orderp. By induction we can assume that
the theorem holds for all formula occurrences in paths of order lesspthidote
that it follows from Lemma 14 that any formula occurrendéesuch thatj < ¢,
where A; minimum formula ing, is a quasi-subformula od;, and similarly, any

A; such thay > i is a quasi-subformula of,,.

We first consider4,,. We are done if4,, is the end-formulad or a relational
premise. IfA,, is the minor premise of an instance @Gf F), then we are done
by induction as the major premise belongs to a path of order lesgptHam,, is
the major premise of an instance (fE) or (O £) that does not non-relationally
discharge any assumptions, thdp is the minimum formula and hence a quasi-
subformula of4;. Now, we are done if4; is a relational conclusion, or an undis-
charged assumption, or a relationally discharged assumption. Othetwisalis-
charged by an instance ¢f I) with a conclusion that belongs to some branch
of order less thap (note that due to normality of, A; is not the conclusion of a
(R¢) rule with zero parametric premises).

We now considerd,. We are done if4; is a relational conclusion, or an undis-
charged assumption, or a relationally discharged assumptioh. i the conclu-
sion of a( R¢;) rule with zero parametric premises, théphas the same form as the
minimum formula which is a quasi-subformula 4f,. OtherwiseA; is discharged
by an instance of— I) with a conclusion that belongs 1® or to some path of
order less thap. O

Note that it is a consequence of the theorem tha a quasi-subformula o, or

of some formula i, or of a formula of the formu : c or a : {c (since relational
premises, relational conclusions, and relationally discharged assumptions are of the
forma: cora: Qc).

5 Soundness and completeness

Having given the Kripke semantics and the natural deduction system, we are now
ready to prove soundness and completeness. Recall that we are working with a fixed
basic geometric theor¥. A model9 is called aT'-modelif and only if M = C

for every formulaC' in T (note that the modeDt in this definition is considered a
first-order model a¢’ is a first-order formula).

Theorem 17 (Soundness) LeB be a satisfaction statement and lébe a set of
satisfaction statements. The first claim below implies the second claim.

23

41



(1) B is derivable fronT in N}y + T.
(2) For anyT-model9t, any elementv of W, and anyw-assignmeny, if, for
any formulaC € I', M, g, w = C, thenM, g, w = B.

PROOF. Induction on the structure of the derivation Bfwhere we make use of
Proposition 3. O

In what follows, we shall give a Henkin-type proof of completeness. In the interest
of simplicity, we shall often omit reference to the basic geometric thdband to
the natural deduction systeMy, + T.

Definition 18 A set of satisfaction statemeritss inconsistentf and only ifa : L
is derivable froml" for some nominak and T is consistenif and only if " is not
inconsistent.

Let C be any countably infinite set of nominals and 1€C) denote the set of
hybrid-logical formulas built using the nominals@ Moreover, letC, denote the
set of nominals in the language defined earlier in this paper, tH{G%,) denotes
the language we have considered hitherto.

Definition 19 Let C andE be disjoint countably infinite sets of nominals. A set of
satisfaction statemenisin the language.(C U E) is E-saturated if and only if

(1) I' is consistent;

(2) if Ais derivable fronT’, thenA € T

() ifa: (AvB)eTl,thena: AcTora: BeT;

(4) ifa: QA €T, then for some nominalin E,e: A € I"anda : $e € I'; and

(B) ife : (s1 A... Asy)d/a] € T for some formulava((S; A ... A S,) —
eV, (SiA...AS;n,)) in T wherem > 1, then for some lisk of nominals

inE,e: \/;-n:l(Sjl VANPIRAN Sjnj)[a,g/a,é] el.
We are now ready for a saturation lemma.

Lemma 20 (Saturation lemma) Le and E be disjoint countably infinite sets of
nominals and letd,, A,, As, ...be an enumeration of all satisfaction statements
in L(C U E). LetI" be a set of satisfaction statementsLifC) and let B be a
satisfaction statement in(C) such thatB is not derivable froni'. An E-saturated
set of satisfaction statemerits O I" from which B is not derivable is defined as
follows. Firstly,I' is defined to bé&. Secondly]'"*! is defined by induction. 1B

is derivable froml'™ U { 4,41}, thenT"*! is defined to bé&™. Otherwisel" ! is
defined to be

(1) I'"U{A,41,a: C}if A,y is of the forma : (C'V E) and B is not derivable
fromI™ U {A,11,a: C};
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(2) I'"u{A,1,a: E}if A, isof the forma : (C'V E) and the first clause does
not apply;

) I'"uU{A,i1,e:Ca: e} if A,y is of the forma : OC;

(4) I"U{Anp1,e: VI (sj0 A ... Asjn,)[d, b/a,c]} if there exists a formula if*
of the formva((S; A... A S,) — 3FeViL, (Sji A... A Sjn;)) such thatn > 1
and A, =e: (s1 A...Asp)[d/a] for some nominat and some list/ of
nominals; and

(5) I'" U {A,.,} if none of the first four clauses apply.

In clause 3¢ is a nominal inE that does not occur ifi™ or A, and similarly,
in clause 4) is a list of nominals irEE such that none of the nominalsédroccur in
'™ or A,4:. Finally, I'* is defined to beJ,,>o[™.

PROOF. Firstly, B is not derivable fronl™ by definition. Secondly, to check that
the non-derivability ofB from I'" implies the non-derivability of3 from I'" !, we
need to check each of the clauses in the definitidri'of . The first and fifth clauses
are trivial. For the second clause, the derivability®ofrom I' U {A,,11,a : E}
implies the derivability ofB fromI'" U{ A, 1, a : C} since the first clause does not
apply, thereforeB is derivable fromlI™ U {A,,.;} by the rule(VE). For the third
clause, the derivability oB fromI'"U{ A, 1, ¢ : C,a : Oe} implies the derivability
of BfromI"™U{A,.} by the rule(Q E). The fourth clause is analogous to the third
clause. We conclude that is not derivable froni™. It is straightforward to check
thatI™ is E-saturated. O

The canonical model given below is similar to a canonical model for first-order
intuitionistic logic given in [18].

Definition 21 (Canonical model) LeC, C,, Cs, ...be pairwise disjoint count-
ably infinite sets of nominals disjoint fro@ and letC;, = U;<,<,,C; wheren > 1.
LetI" be a consistent set of satisfaction statements in the langL@gg. A model

m' = (WF’ c, {D{u}wewra {NE}wEWF7 {Rg}wGWF7 {Vul:}wGWF)

and for eachw € W', aw-assignmeny’,, are defined as follows.

WY ={A DT |for somen, A C L(CyU C?) andA is C?-saturated.
DY = Cy U C¥ whereA is C?-saturated.

a ~% cifand only ifa : ¢ € A.

aRLcifand only ifa : Oc € A.

Vilp)={ala:peA}.

gh(a) = a wherea € DY.
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Note that it follows from Lemma 20 that’" is non-empty. It is straightforward

to check the other requiremeri8! has to satisfy to be a model for intuitionistic
hybrid logic. Given the saturation lemma and the definition of a canonical model,
we are ready to prove a truth lemma.

Lemma 22 (Truth lemma) For anyA € W' and any satisfaction statement A
iNnL(DY),a: Ae Aifand only ifim" gk, A a E A.

PROOF. Induction on the degree of. We only consider the case whe#eis of
the formJC'; the other cases are simpler.

Assume that : (0C € A. LetA D A andaRle, thatis,a : 0e € A. Thene : C €
A by the rule(OFE) which by the induction hypothesis implies that', g%, A, e =
C. It follows thatdn', g, A, a = OC.

Assume that: : OC ¢ A. Assume thai\ is C}-saturated and letc C;_,. Then

e : C'is not derivable fromA U {a : (e} for otherwise we could derive : OC
from A by the rule(CJ7). According to Lemma 20, there exists(, , ,-saturated
extensionA of A U {a : {e} such thate : C is not derivable from\. It follows
by the induction hypothesis tha", ¢\, A, e = C is not the case. This contradicts
M gk, A a = OC sincea : Qe € A implies thataRie. O

We only need one more lemma before we can prove completeness.

Lemma 23 LetI" be a consistent set of satisfaction statements. Then the canonical
model9Nn! is a T-model.

PROOF. LetG € T. ThenG has the formva((S; A ... A S,) — 3eVIL, (Sj A
...\ Sjn;)) Wherea = ay, ..., a;. Assume that is an element of¥’T andg is a
A-assignment fot" such thatn™ A = Si[g], ..., 9", A = S,[g]. (Note that
o' is considered a model for intuitionistic first-order logic.) §a,) = di, ...,
g(a;) = d, for some nominalgl,, ..., d; in D\. Thens;[d/a),...,s,[d/a] € A
by the definition of a canonical model. #h > 1, then it follows fromA be-
ing saturated that there exists a list of nominakuch thate : V7 (s;; A ... A
sin;)[d,b/a,c] € A wheree is an arbitrary nominal. Therefore: (s;; A ... A
sjn;)[d,b/a,¢] € A and hences; [d,b/a,cl,...,s;,[d b/a,¢] € A for somej
wherel < j < m. But then it follows from the definition of a canonical model
that ", A |= 3e V7L, (Sj1 A ... A Sjn,)[g]. On the other hand, if» = 0, then
e: L € A by the rule(R¢) which contradicts the consistency &f O

Now the completeness theorem.
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Theorem 24 (Completeness) Ld® be a satisfaction statement and Iébe a set
of satisfaction statements. The second claim below implies the first claim.

(1) B is derivable fronT in N}y + T.
(2) For any T-modelt, any elementv of W, and anyw-assignmeny, if, for
any formulaC € I', M, g, w = C, thenM, g,w = B.

PROOF. Assume thatB is not derivable froml". Consider the canonical model
9" and letA be aC; saturated extension df from which B is not derivable,
cf. Lemma 20. It follows from Lemma 22 tha®", g}, A &= B is not the case but
it also follows from Lemma 22 that for any € T, M, g}, A | C is the case.
But this contradicts the second statement in the theorem Siticis aT-model by
Lemma 23 O

6 Conclusions and Further Work

We have shown that constructivity and hybridness of logics are orthogonal con-
cerns, at least to the extent that there is a logic, which we cifledhat is both
hybrid and constructive. We also provided a natural deduction formulBijgnfor

this logic. The systenN,y, is based on Simpson’s natural deduction formulation

of constructive modal logic and we have shown that our hybrid version shares with
it several good properties: The system is normalizing and satisfies a version of the
subformula property. Hybridizing Simpson’s system is not trivial, see below. More-
over, our system can be extended with inference rules corresponding to geometric
first-order conditions on the accessibility relation, as can Simpson’s. The possible-
worlds semantics (based on Ewald’s work) is sound and complels,fpt

In the case of ordinary first-order logic, applying a reduction to a maximum formula
only generates new maximum formulas having a lower degree than the original one.
In fact, the technique used in the standard normalization proof for first-order logic
is based on this property. The natural deduction system given in the present paper
does not have this property since the reduction rulesf@and{ might generate

new maximum formulas of the form: (e, that is, maximum formulas that do not
necessarily have a lower degree than the original one (here we ignore permutable
formulas). Thus, the standard technique used in the normalization proof does not
work directly for our case. In this paper the problem is solved by using the so-
called{®-graph of a derivation which keeps track of such maximum formulas. The
notion of a(-graph is similar to a notion introduced in [5] to solve the same kind

of problem for classical hybrid logic. We have not seen such a notion elsewhere.

We reiterate that, although the proofs are reasonably straightforward, the results are
important as they confirm the presupposition in hybrid logic that it is the process of
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hybridization that is central. Our work confirms that the process is at least to some
extent independent of the basic logic considered. Thus our system provides some
evidence of the naturalness of the hybridization process.

Concerning further work we would like to investigate whether we can adapt the
“non-situated” version of natural deduction for hybrid logics, based on Seligman’s
work [15,6], to a constructive formulation. We would also like to consider an alter-
native version of basic modal logic [2] as a basis for a constructive hybrid logic.
Finally we need to investigate the suitability of (all?) the logics just mentioned to
the problem of modelling contexts in knowledge representation formalisms devised
to deal with natural language semantics.
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Abstract

This paper deals with the extension of Kozep=alculus with the so-called “existential
bisimulation quantifier”. By using this quantifier one can express the uniform interpolant
of any formula of theu-calculus. In this work we provide an explicit form for the uniform
interpolant of a disjunctive formula and see that it belongs to the same level of the fix-
point alternation hierarchy of the-calculus than the original formula. We show that this
result cannot be generalized to the whole logic, because the closure of the third level of the
hierarchy under the existential bisimulation quantifier is the whetsalculus. However,

we prove that the first two levels of the hierarchy are closed. We also provideltgic
extended with the bisimulation quantifier with a complete calculus.

Key words: u-calculus, bisimulation quantifier, uniform interpolation.

1 Introduction

Bisimulation quantifiers were first considered in [4] and [12] as a tool for proving
uniform interpolation for modal logic, and in [2] to show uniform interpolation for
the modalu-calculus. Given a formula, the language of is the set of all propo-
sitional constants appearing in the formula. The uniform interpolant of a forgnula
with respect to a sublanguagéof the language aof is a formulay in the language

L' which behaveslike ¢ when L' is concerned, in the sense thahas the same
L'-logical consequences ds A logic that contains all uniform interpolants of its
formulas is said to enjoy uniform interpolation. Since uniform interpolation implies
Craig interpolation, which in turn implies properties as the Beth one, a logic hav-
ing uniform interpolation has a good interplay between syntactical and semantical
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behaviour. Moreover, uniform interpolation allowsdularization if we are inter-
ested only inL’-consequences af then we may consider the (hopefully simpler)
uniform interpolanty) instead of¢, andderiveall its L'-consequences (which are
the same as thE'-consequences g in an appropriate calculus: this would be like

a module for this subtask. Notice that modularization is not possible if only Craig
interpolation is present.

The relation between uniform interpolation and the existential bisimulation quanti-
fier (which we denote by¥P) works as follows. The semantics 8P tells us that
JP¢(P) is true in a model if we can find a subgesatisfyinge(P) not only within

the model, but also in any other model which is bisimilar to the given one. One can
prove that any logic which is invariant under bisimulation and closed under the ex-
istential bisimulation quantifier (that is: givehin the logic, there exists a formula

1 in the logic with the same semantics &B¢) enjoys uniform interpolation: the
uniform interpolant of a formula(P) with respect to the languadg¢) \ {P} is
simply §P¢(P). This is the way uniform interpolation is proved for thecalculus

in [2]. However, this result does not give an explicit form for uniform interpolants in
the original logic: given a-formula¢ and a sublanguagé of L(¢), we know that

a uniform interpolant of) with respect tal’ exists in theu-calculus, but we don’t
know how to construct it fron». Hence, we cannatsethe uniform interpolant to
derive allL’-consequences of.

In this paper we study the relations between bisimulation quantifiers and-the
calculus more closely. First of all we restrict our attention to disjungtiermulas.

The disjunctive formulas (see e.qg. [7, 8]) form an important subset gf-ttaculus,
because any-formula is equivalent to a disjunctive one, with the advantage that
disjunctive formulas behave more nicely than in the general case: e.g. the problem
of satisfiability for disjunctive formulas is linear. We shall see that this docility of
the disjunctive formulas is confirmed when the existential bisimulation quantifier
(or uniform interpolants) is concernedzifis disjunctive therdP¢ is equivalent to

the formula obtained from by the simultaneous substitution 6fand—P by T.

This result allows us to calculate the uniform interpolant of a disjunctive formula
explicitly, and to show that the uniform interpolant is not more complicate than the
original formula: a good measure of the complexity @faalculus formula is given

by the fixpoint alternation hierarchy of thecalculus (proved to be strictin [1]) and
from the result above it is clear that the uniform interpolant of a disjunctive formula
¢ belongs to the same level as

We will then consider the general problem: is it true that all levels oftealculus

are closed under the existential bisimulation quantifier, or, equivalently, is it true
that the uniform interpolant of a formula in a certain level of the hierarchy belongs
to the same level? This is not a mere curiosity, because the best model checking
algorithm known so far fop-calculus formulas depends on the fixpoint alternation
level of the formula: the lower the level, the easier it is to check whether the formula
is true in a finite model (see e.qg. [9]). For this reason it is sometime preferable to
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consider not the wholg-calculus but only formulas up to a certain level (in prac-
tice, all temporal logics used in applications can be embedded into the low levels of
the hierarchy). Then the question of whether the levels of the hierarchy are closed
or not under the existential bisimulation quantifier becomes relevant, because an
affirmative answer would give a certification of the possibility of modularizations
for the level under consideration. In particular, it would be good to know whether
the low levels are closed. This closure property is already known far-teeel of

the fixpoint hierarchy, that is, it is already known that modal logic is closed under
the existential bisimulation quantifier [4, 12]. In this paper we generalize this prop-
erty to the leveld and2 of the hierarchy. On the other hand, we see that Iavsel

not closed, and more than this, that anyormula is obtained by considering the
uniform interpolant of a formula of the third level.

Since the third level is not closed under the existential bisimulation quantifier it
follows immediately that no simple rule such&B¢ — ¢[P/T,~P/T], which is

valid for disjunctive formulas, can possibly hold for the whptealculus. However,
although we are not able to simplify so easily the existential bisimulation quantifier
in the general case, we can still try to understand more precisely how this quantifier
behaves w.r.t. the connectives and the operators ofitt@culus. One way to do

so is to enrich the origingl-language with an existential bisimulation quantifier
3P with the appropriate semantics and provide this extended logic with a complete
calculus. We shall see that to derive all validities in the extended logic we need
some standard principles allowing introduction and elimination of the bisimulation
guantifier, plus some natural principles of commutativity between the existential
bisimulation quantifier and the operators of jrealculus.

Notice that, at least in principle, modularization for thecalculus could be ob-
tained from modularization of the extended logic: to derivelallogical conse-
guences of as-sentencep) we may go to the extended logic, write the uniform
interpolant using bisimulation quantifiers and use the extended calculus to derive
all consequences of it. The new logic, denotediihys not more powerful then

the original one, but in the extended language we gain the possibility to express
uniform interpolants explicitly, and the complete calculus allows alsedk with

them.

The paper is organized as follows. In Section 2 we introduce:tbalculus, give

the definition of bisimulation quantifiers, and summarize the results already known
about these quantifiers in thecalculus context. In Section 3 we calculate the uni-
form interpolant for disjunctive formulas. In Section 4 we prove the results con-
cerning the fixpoint alternation hierarchy and the bisimulation quantifier. In the last
section we find a complete calculus for thdogic extended with the existential
bisimulation quantifier.
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2 Notation and Preliminaries

2.1.Thep-calculus

First of all, we recall the definition of the extension of modal logic known as the
modalp-calculus.

Definition 2.1 The p-calculusis defined as the least set which contains a set of
propositional constant$rop, a set of variabled/ar, and satisfies: iy, € u
then—¢, ¢ V1, O¢ belong toy; if X € Var and X occurs just positively iw (that

is: under an even number of negations) theXi¢ belongs tq..

Remark 2.2 The p-calculus is usually defined as the extensionafiti-modal

logic, where a set of actiong and a corresponding set of operatofs, are con-
sidered. For semplicity we restrict ourselves to the case in which only one action is
present, although our results can easily be extended to the general case (by gener-
alizing the covers-syntax as it is done in [7]).

The derived operators A 1, ¢ — 1, ¢ < 1, O¢, andvX.¢ are defined as usual.
The variableX is said to be bound im.X.¢, v X.¢. Free variables in a formula
and sentences are defined as usuap. i a formula, then’.(¢) is defined as the
set of propositional constants and free variables occurring e call¢ amodal
formulaif it is constructed without using the fixpoint operators.

A p-calculus formula is interpreted in structures for the langugg&} U Prop;
these are Kripke-structures, i.e. tuples of the form

M = (DM »M RM pM ),

where the non-empty sé&" is the domain of\/, r is an element of this domain,
RM is a binary relation oD, and PM is a subset oD, for any P € Prop.
Given a structuré/ and a valuatioV : Var — o(DM), au-formulais interpreted
in M as a subséte|| of DY, defined as follows:

|IPlly = PY

X[l = VI(X)

I=¢lly = DY\ [l

oV el == llollv Ullllv

10]lv = {s € DY [|¢]ly N {t: sRYt} # 0}

16X ¢llv = N{S € DY | [|¢llvix=s) € S}
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whereV[X := S] is equal to the valuation functiovi except thatS is assigned
to X. Note that||uX.¢||y is the least fixpoint of the monotone operatori—

|élvix.=s)-

In the following, we denote € ||¢||y by (M, s, V) = ¢ and we may leave out the
valuation, if¢ is a sentencéd.M, V) |= ¢ is used to denoteM, r™ V) k= 6.

I' = ¢ denotes logical consequence(if/,V) = I' then(M,V) |= ¢ for every
model M and for every valuatiofy.

An alternative syntax for the-calculus is obtained by substituting tkeoperator
with a set ofcover operatorsone for each natural. Forn > 1 these operators are
defined as follows: iy, . . ., ¢,, are formulas, then

Cover (¢, ..., ¢n)

is a formula. We also allow the constant operatover (). The cover operators are
interpreted in a Kripke structu® as follows:Cover () is true inM if and only if
the root of M does not have any successor, whtilever(¢1, . . ., ¢,) is true in M

if and only if the successors of the root a@veredby ¢, . .., ¢,. More formally,
(M,s,V) = Cover(¢n, ..., ¢y,) if and only if:

(1) for everyi = 1,...,n there existg with (s,) € RM and(M,t,V) = ¢;
(2) for everyt with (s,t) € RM there exists € {1,..,n} with (M,t,V) = ¢;.

We call this syntax theovers-syntaxo distinguish it form the originad-syntax.
SinceCover (¢, ..., ¢,) is equivalent to
O(Pp) A AO(Pn) AD(G1 V...V ),
cover operators are definable in thesyntax. Conversely,
Op < Cover(¢, T).

Hence, theu-calculus obtained from the covers-syntax is equivalent to the familiar
p-calculus constructed using tkiesyntax. In this paper we use the covers-syntax
because, as we shall see, cover operators behave nicely with respect to the existen-
tial bisimulation quantifier.

We now introduce an important class;oformulas.

Definition 2.3 The class ofdisjunctive u-formulasis the least class containing
T, L, and non-contradictory conjunction of literals which is closed under:

(1) disjunctions;
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(2) special conjunctions: ifq, ..., ¢, are formulas in the class and is a non-
contradictory conjunction of literals, thea A Cover(¢y,...,¢,) is in the
class;

(3) fixpoint operators: it is disjunctive does not contaitX A~y as a subformula
for any formulay, and X is positive ing, thenuX.¢, v X .¢ are in the class.

The disjunctive formulas are representative of the whetalculus:
Theorem 2.4 (In [7]) Any u-calculus formula is equivalent to a disjunctive one.

The same is true (but the proof is easier) for the class of modal formulas with
respect to disjunctive modal formulas (which are defined as in Definition 2.3 but
without closing for fixpoint operators).

2.2.Bisimulation Quantifiers and Uniform Interpolation

To introduce bisimulation quantifiers we first need the notiohisimulation

Definition 2.5 Let M, N be structures withD* DV as respective domains. Let
Prop’ C Prop. A relationZ C DM x DV is a Prop/-bisimulation between)
and N if:

(1) PMZrN;

(2) if wZv thenw € PMiff v € PV, for everyP € Proyp/;

(3) if wZv andwRMw/’, then there exists & such thatv RVv" andw’ Zv';
(4) if wZv andvRNv', then there exists @’ such thatv RMw' andw’ Zv'.

Two structuresV/, N are Prop’-bisimilar (notation: M/ ~ p,,,y N) if there exists a
Prop’-bisimulation between them (but we writé ~ N if Prop’ = Prop).

If Var’ C Var andV;, V; are valuations of the variables Wiar’ in the structures
M, N, respectively, a bisimulatiod betweer{)M, V;) and(V, V3) is a bisimulation
between)/ and N such that ifwZv thenw € Vi(X) iff v € V,5(X), for every
X € Var'. We use the notationV/, V;) ~ (N, ;) accordingly.

An existential bisimulation quantifies defined as a classical monadic second order
guantifier, except that we look for a subset satisfying a certain property not only
within the model, but also in any other model which is bisimilar to the given one:

Definition 2.6 (Existential Bisimulation Quantifier)

We enrich the:-grammar with a propositional quantifietP¢, for any P € Prop,
whose semantics is defined as follows\fis a structure and/ is a valuation of
the free variables ap, then(M, V) satisfies the formula Py iff:

(1) there exists a structur& and a valuationV” of the setF'ree(¢) of the free
variables ofp with (M, V') ~p.gn(py (N, V');
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(2) there exists a subsét C D¥ such that(N, P,V') & ¢, where(N, P, V")
stands for the structure which is liKéV, V') except for the propositional con-
stant P that receives now a new interpretation (denoted agailpy

The set of formulas obtained using the extended grammar is denojed by

Example 1. The sentenc@P (<GP A O—P) is true in M iff the root has at least

one successor. In fact, in a model, there exists such thato P A =P holds if

and only if the root has at least two successors (just put one successor of the root
in P and one out of°); and a modelV/ is bisimilar to one where the root has two
successors if and only if, in/, the root has at least one successor.

Example 2. As we shall see (Theorem 2.9) the logichas the same expressive
power as the:-calculus. However, the bisimulation quantifier can help to express
a certain property in a way that is closer to natural language than the formulation
of the property in the:-calculus. For example, suppose we are interested in the
existence of an infinite path starting from the root wheréolds infinitely often.

If we think of X as the path we are looking for, it is not difficult to see that this
property is expressed by the monadic second order formlla (X, P), where3

is the standard monadic second order existential quantifier,

F(X,P)= X AD*(X — OF(X A P)),

the operatofd*¢ is a shorthand for thg-calculus formular X (¢ A0X) and means
that ¢ is true in every descendant of the current point, @nd is a shorthand for
uX< (¢ v X) and means thap is true in some proper descendant of the current
point.

Since the existence of such a path is a property which is invariant under bisimula-
tion, one can easily see the same property can be expresgdoyia X F'(X, P).
Compare now this formula with the sentence expressing the same property:

vXpY (P AOX)VOY).

The i formula is shorter, but it is not so easy for a non-specialist to find it or even
just to check that the formula works.

Next, we consider the notion of uniform interpolant.

Definition 2.7 Given au-sentences and a languagd.’ C L(¢), theuniform in-
terpolantof ¢ with respect tal’ is a u-sentencé such that:

(1) ¢ =0
(2) whenevep |~ v andL(¢) N L(y) C L' thend = 1;
(3) L(O) C L.
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In [2] it is proved that the:-calculus enjoys uniform interpolation, in the sense that
for anyu-sentence andL’ C L(¢) there exists a-sentencé satisfying the above
properties. Notice that uniform interpolation is stronger than Craig interpolation,
which states that for any two formulasy> with ¢ |= ¢ there exists a formul@in

the common language (called the Craig interpolant,af) with ¢ = 6 andf = :

if the logic enjoys uniform interpolation then the Craig interpolanp af does not
depend ony but only on the common language: it is simply the uniform interpolant
of ¢ relative tol’ = L(¢) N L(v). This explains why we call this formulaumiform
interpolant: no information is needed about the formukxcept which non-logical
symbols it has in common witt.

The proof of uniform interpolation for thg-calculus is obtained by considering
first the case of/ = L(¢) \ {P} and then iterating the construction. In the case of
L' = L(¢) \ {P} it can be proved that any-formula which is equivalent (in the
[i-semantics) tal P¢ is a uniform interpolant of with respect to the languadé:

Theorem 2.8 (In [2]) If ¢ is a u-formula andd is such that
=0 < 3Pg,
thend is a uniform interpolant of w.r.t. L(¢) \ {P}.

Then, uniform interpolation for the-calculus follows if one proves that the
calculus is closed under the existential bisimulation quantifier:

Theorem 2.9 (In [2]) If ¢ is a u-formula, there exists a-formulad with L(6) C
L(¢) \ {P} such that N
= 6 — 3P,

3 Explicit Uniform Interpolants for Disjunctive Formulas

In this section we prove our first result concerning the existential bisimulation quan-
tifier and theu-calculus. We restrict our attention to the class of disjunctive formu-
las and prove that i)(P, ~P) belongs to this class, then its uniform interpolant
dP¢ is equivalent tap| P/ T, —P/T]. This can be proved using the correspondence
between disjunctive formulas and nondeterministic automata as defined in [7]. We
first recall the definition of this kind of automata.

Definition 3.1 A nondeterministic parity modal automaton is a tuple

A=(Q4a,24,90.4,04,24),

such that:

e ()4 is afinite set of states;
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Y. 4 is a finite alphabet (the powerset of a finite subBetp’ of Prop);

go.a € Q4 is the initial state;

Q4 is a function fron1) 4 to the natural numbers;

d 4 is afunction which associates to every )4, ando € ¥ 4aset{D;,...,D,}
of subsets of) 4.

We omit theA-subscript when possible.

The acceptance condition of nondeterministic modal automata is usually defined
by a game, but if we restrict to-expanded trees we can also describe acceptance
in terms of labelings (a proof of this result can be found in [5], Lemma 3.4.3 and

Lemma 3.4.4). Here we adopt the labeling condition as a definition of acceptance
directly.

Recall thatan w-expanded treés a treeT in which for everys,s’ € T if §' €
Succ(s) then there are at leastdistinct successors agfwhich are bisimilar tos'.
A XY-valued tree is a tree in which nodes are labeled by elemenigwe denote
the label ofs by 7'(s)).

Definition 3.2 Let A = (Q, %, qo, 0, 2) be a nondeterministic modal automaton
andT a X-valued tree. A total functioh: 7" — @ is an A-labeling(also called an
accepting rurfor A overT) if:

D) 1(r") = qo;
(2) Ifi(s) =qthen{q € Q : 3t € Succ(s),l(t) = ¢'} belongs tdd(q, T'(s));
(3) For any infiniteT-pathsy = r™ s, .. .

min{Q(q) | there are infinitely many; in the path s.ti(s;) = ¢}
is even.

Definition 3.3 Given a nondeterministic modal automatdn we say that arno-
expanded tre& is acceptedy A iff it has an A-labeling.

Nondeterministic modal automata are automata-theoretic counterparts of disjunc-
tive p-formulas, in the sense that to any such formula it corresponds a nondetermin-
istic automaton accepting the samexpanded trees, and vice versa. To describe
the explicit form of the uniform interpolant of a disjunctive formula we shall need

a direct translation from automata to disjunctive formulas, as described in [6]. Let
us describe how this translation is achieved. Given an automaton, we first put it in
tree normal form

Definition 3.4 The automatord = (Q, X, qo, 6, €?) is said to be in tree normal
form if there is an order relatior< 4 between the states of which satisfies the
following properties:

(1) qo is the minimum state @ with respect to< 4;
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(2) ifthe stateg, ¢2, g3 are such thats, g5 <4 g1, thengs, ¢z are <,-comparable;
(3) if g € D € 6(q1,0), then eitherg, is an immediate<, successor of; or
g2 <a q1 and€(g2) < Q(g) for all g such thatz, <4 ¢ <4 ¢i.

One can prove that for any automatdnthere exists an equivalent automaton in
tree normal form (see [6]). I is in tree normal form angis an A-state, we define
the disjunctive formula 4 , by induction on the tree like form of, from the leaves
towards the root:

bag = (0,X,) \/ \/ o A Cover({B,y : ¢ € D}),

o€X s Ded(q,0)

where:

(1) é- = /\PEU P A /\PQJ _'P7
(2) 0, =vif Q(q) is eveng, = uif Q(q) is odd;
() Buy = Xy if ¢ <a q, Byy = day, Otherwise.

Letpa = 044 thenitis possible to prove (see [6]) that is equivalent toA.

Regarding bisimulation quantifiers, in [2] it is proved that they correspond to pro-
jections in the automata settings.Afis a proposition andl = (Q, ¥, qo, ,€2) is
an automaton, we define the automafidnd = (Q, Y, qo, 9, ) as follows:

1) ¥ ={c":0eX,Pgd'};
(2) §'(q,0") =d(q,0")Ud(q, 0" U{P}).

Then:

Theorem 3.5 (In [2]) An w-expanded tred” is acceptecby IPA if and only if
there exists aw-expanded tre& which is accepted byt and is bisimilar to7” with
respect toProp \ { P}.

We can now prove:

Theorem 3.6 The uniform interpolan8P¢ of a disjunctiveu-formula¢ is equiv-
alent to theu-formula¢[P/T,—P/T]|, wherep[P/T,—P/T] is defined fromp by
simultaneously substituting the literalsand — P with T.

PROOF. Let A be a nondeterministic automaton in tree normal form which is
equivalent top. From Theorem 3.5 it follows that the uniform interpolantgofs
equivalent to the automataof’A; hence, we are just left to verify thak;,, , is
equivalent tap[P/T,—~P/T]. We prove by induction on the tree structure of the set
of states ofA that

dar,q 1S €quivalent tog, ,[P/T,-P/T], forallg e @

10
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and wheny = ¢, we obtain the desired result. We have:

barg = (0,X,) \/ o’ A Cover({8,, : ¢ € D'},

o’'e¥! D'eé(q,0')Ud(q,0’'U{P})

where
, Xy it ¢ <aq
ﬁq,q’ =

a4 Otherwise.
On the other hand, the formufa, ,[P/T,—-P/T]is

(0,X4) \/ \/ G|P/T,=~P/T]) A Cover({B,4|P/T,-P/T]:q € D},

o€¥ Deb(q,0)

where
Xy B¢ <ag
Boq = .
¢, Otherwise.
Using induction the equivalence betwegn ;) andg4 [P/ T,—P/T] easily fol-
lows. O

From Theorem 3.6 it is intuitively clear that the uniform interpolant of a disjunctive
formula is not morecomplexthan the original formula. Before stating the result,
however, we need a precise notion of complexity. One possibility is given by the
syntactical hierarchy, whose definition is recalled in the next section.

4 The Existential Bisimulation Quantifiers and the Fixed Point Hierarchy

We consider now the behaviour of the existential bisimulation quantifier with re-
spect to the fixpoint alternation levels of thecalculus. As an easy corollary of
Theorem 3.6 we have that the uniform interpolant of a disjunctive formue-
longs to the same level as As we shall see, this is not true in general: in this
section we prove that levels 1 and2 are closed under the existential bisimula-
tion quantifier, while the third level is not: the closure of this level is the whole
u-calculus.

In this section we consider theformulas as constructed from a set of proposi-
tional constants’rop, their negationd—P : P € Prop}, a set of variable¥ ar,
using the following operators: iy, ..., ¢, € pandX in Var theng; V ¢q, o1 A

¢o, Cover(¢y, ..., on), pX @1, andv X ¢, belong top.

Sinced(¢) is semantically the same @%wver(0)) V Cover(¢), this definition is
equivalent to the one adopted in the previous sections, but it avoids the use of ex-
plicit negation.

11
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Definition 4.1 Thefixpoint alternation-depth hierarclof thep-calculus is the se-
quenceNy, = My, Ny, My, ... of sets ofu-formulas defined inductively as follows.

(1) Ny = M, is defined as the set of all modal fixpoint free formulas over the
covers-signature.
(2) Niy1 is the closure ofV, U M, under the operations described {n), (b)

below.
(a) (Positive Substitution) (P, ... P,), ¢1, ..., ¢, are in Ny, theng(¢,
... ¢n)isin Niyq, providedP,, . .., P, are positive inp and no occurrence

of a variable which was free in one of thebecomes bound it(¢; . . . ¢,,).
(b) If ¢pisin Niyq, thenvX.¢p € Niyq.
(3) Likewise M, is the closure ofV, U M, under positive substitution and the
p-operator.

From this definition and Theorem 3.6 it follows easily:

Corollary 4.2 If ¢ is a disjunctive formula which belongs to the levé| of the
fixpoint alternation-depth hierarchy antl C L(¢), then the uniform interpolant
of ¢ w.r.t. L’ belongs to the same levai,.

To generalize this result from disjunctive formulas to arbitrafprmulas we need

to restrict ourselves to the levelg,, N1, Ny: we shall prove that foi = 0, 1, 2 any

¢ € N, is equivalent to a disjunctive formula iN;, and then use Theorem 3.6. The
fact that anyu-formula of these levels is equivalent to a disjunctive one of the same
level is well known but we found no reference in the literature except for the zero
level. For the sake of completeness we sketch here a proof which is an adaptation of
the proof in [7, 6] that any:-formula is equivalent to a disjunctive one. This result

is proved by using tableaux farformulas. We first recall some definitions.

A p-formula~y is guarded if every occurrence of the bound variablein every
subformular X.« (for 7 € {u,r}) is under the scope of a cover, and itwell-
named if, for every bound variableX, there exists only one subformula of type
7X.ain~. Itis possible to prove that amyformula is equivalent to a positive, well-
named, and guarded formula [10, 8], and that this formula can be found in linear
time [11]. In this section we will only deal with this kind of formulas (henceforth
simply calledformulag. A bound variableX of such a formulay is a u-variable
(v-variable) if u.X .« is a subformula ofy (v X.«, respectively). We define a partial
order=, on the set of the bound variables of a formylas the least partial order
such that ifr X.« is a~-subformula;7’Y.3 is ana-subformula, andX occurs ing
thenX =, Y. In other words, the bound variabléis an immediate successor of
the bound variableX if the scope ofX containsY” and X occurs free in the scope
of Y.

Remark 4.3 It follows easily from Definition 4.1 that a formula € N; only
containsv-variables, while if a formulay belongs toN, then there is no pair of
variables(X,Y’) appearing iny where X is a u-variable,Y is a v-variable, and

12
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X =, Y.

Definition 4.4 AtableauT = (T, L) for a u-formula~ is a treeT" (which we think

as growing upwards) with a labeling functidnsuch that the root is labeled by the
set{v} and the sons of every node are created and labeled with sets of formulas
according to the following rules:

fajur {grur o

{a V ﬁ} ul
{a, Ul
TaAUT (and )
%; ( fixed points)
{{;;}} Ldll: wherer X.a is a subformula of;  (reg )

if I' = {Cover(Fy),...,Cover(F,)} UA, whereA contains only propositional
constants or negated propositional constants, then

A U{VF; A£G
r

(mod )

where we have a successor labelfed} U {VF; : j # i} for eachi € {1,...,n}
anda € F;.

For example, an instance of the last rule is:

{o, a3} {ag, a3} {a1 Vag as}
{Cover(ay, ay), Cover(as), P,~Q};

if a noden in the tableau is labelled byC'over (o, as), Cover(as), P, =Q} it will
have3 sons labelled respectively Qyv;, as} {aq, as}, {a1 V as, as}.

We say that a variabl is regeneratedin a noden if the regeneration rul@eg)is
applied ton.

Definition 4.5 A traceon an infinite pathP of a tableauT = (7, L) is a function
F taking value on nodes on an initial path of P such that/'(n) € L(n) and
wheneverF' is defined om andm is the son of: in P then:

(1) if F(n) is not reduced from to m thenF(m) = F(n);

(2) if F(n) is reduced frorm to m thenF'(n) is one of the result of this reduction
where e.g:
if the rule (or) is applied ton, L(n) = {a V G} UT, F(n) = aV fandL(m)
is{a}UT, thenF(m) = «;

13
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if L(n) = {Cover(Fy),...,Cover(F,)}UA whereA contains only proposi-
tional constants or negated propositional constaitgy) = Cover(F;), and
L(m)is{a} U{VF;:j#i}fora e F;, thenF(m) = q;

if L(n) = {Cover(F),...,Cover(F,) }UA, whereA contains only proposi-
tional constants or negated propositional constaiitsp) = Cover(F;,) and
L(m)is{a} U{VF;:j#i} forana € F;, andh # i, thenF(m) = V.Fy.

A trace is called au-trace (-trace) if it is an infinite trace in which the least vari-
able (with respect to the order of dependencg which is regenerated infinitely
often is au-variable (av-variable, respectively).

Itis then possible to prove that every infinite trace is eitherar av-trace, because
along every trace there is always a least variable which is regenerated infinitely
often.

Tableaux can be used to show that two formulas are equivalent: one can define a
notion of tableau equivalence in such a way that if two tableaux are equivalent then
the corresponding formulas are equivalent (see [7] for the definition).

Let us now summarize the main steps of the proof which allows to transferm a
formula~y into an equivalent disjunctive formuta What we will do in addition to

the proof given in [7] is just to check that this transformation will not leaieif

the u-formula is in N, (we leave the easier cases of levalg /V; to the reader).
Let (7, L) be a tableau for the formuka The first step is to build a finite tree with
“back edges’(T”, L) (that is, a graph obtained from a finite tree by adding edges
from some nodes to their ancestors), such that:

(1) (77, L) unwinds to(T', L);

(2) every node of7”, L") to which a back edge points (a “back node”) is colored
magenta or navy in such a way that for any infinite path from the unwinding
of (1", L") we have: there exists;atrace on the path if and only if the highest
node of(7”, L") which appears infinitely often in the path is colored magenta;

(3) (only in the N,-case) for no paifm, n) of nodes in7” it holds: m is a back
node colored magenta,is a back node colored navy, andies on the path
from m to a nodek from which the back edge leading to starts.

(T", L") can be constructed as follows: singés in N,, a trace inl" is av-trace if

and only if it contains an infinite number of regenerations-ofriables. Then one

can build a deterministic Buchi automatanon infinite words reading (the labels

of the) infinite paths iri”, and accepting only those paths having onlraces on
them. The main idea for the constructionAfs that the automaton must stay in a
state of priorityl until all traces have reached a new regeneration:oefariable,

and when this happens, it will go to a stateOgpriority. Then it will start again,
waiting until all traces have reached a new regenerationefariable and so on. A
complete description of the automaton is given in the appendix. Suppose we have
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such an automatod, and let() be its parity function. If we rum on the infinite
paths of the tableau, we may associate to each nal¢he tableau a stat&(n) of
the automaton in such a way that:

e if ng is the root ofT", thenS(ny) is the initial state of4;
e If mis ason ofn then(S(n), L(m), S(m)) is a transition of the automata.

Then a path ifil” contains gu-trace if and only if the least priority of the states
appearing infinitely often on the path is odd. The set of nodgg6fL’) is then
defined as the least subset of the{det S(n)) : n € T'} such that:

(1) (no, S(ng)) belongs tal”, wheren, is the root of7’;

(2) if (n,S(n)) € T', mis a son ofn in T, and there exists a nodex’, S(m'))
such that:
—L(m') = L(m), S(m') = S(m);
—m/ is an ancestor af: in 7" and for all nodes” on the path between’ and
m we haveQ)(m’) < Q(n”);
then we forget the noden, S(m)) and build a back edge froifm, S(n)) to
(m/, S(m')). If the preceding conditions are not fulfilled, then we gad,
S(m))inT".

We letL'(m, S(m)) = L(m). We then color every back node:, S(m)) magenta

if Q(S(m)) = 1, or navy, if2(S(m)) = 0, and doing so we see that the first two
properties we required ofY”, L') are fulfilled. As for the third property, suppose
there exist a back node colored magenta and a back nadeolored navy which

lies on the path fromn to a nodek from which the back edge leading to starts.

But this is impossible because, since there is a back edgeiframn, we should
haveQ(S(m)) < Q(S(n)), whileQ(S(m)) = 1 and2(S(n)) = 0. The second step

in the proof is to construct the disjunctive formdldrom (7", L'): the construction
starts from the leaves of the tree to the root; to all leaves from which a back edge
starts leading to a node we assign the variabl&’,,; this variable is then closed
with a fixed point when we reach, and the type of fixed point depends on the
color of n: it will be a least fixed point ifn is colored magenta, a greatest fixed
point if n is colored navy. At the end of the construction we reach the root and the
formula corresponding to the root will be the disjunctive formyal&hen one can
prove thaty has a tableau which is equivalent to the tableay,aind hencey is
equivalent toy.

We will not enter in the details of this construction here, but we check that Méyel
of the syntactical hierarchy is preserved frono 4. This is a consequence of the
third property of(7”, L'): 4 will be in N, unless there exists a back nadecolored
magenta and a back nodecolored navy which lies on the path fromto a node:
from which the back edge leading to starts, and we know that there are no such
m, n. From the above discussion it follows:

Lemma 4.6 A formula in N}, is equivalent to a disjunctive formula iNy, for k& =
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0,1,2.
4.2.Closure under Bisimulation Quantifiers

In [2] itis proved that the.-calculus is closed under existential bisimulation quanti-
fiers: if ¢ is a sentence of the-calculus, there exists;asentence) which behaves
like 3P¢, that is:

M =1 < 3IN,3P C DY with N ~p,(py M and (N, P) = ¢.

The same result is known for modal logic, i.e. for ley| of the p-calculus. Here
we prove that the same holds for levéls and NV, of the p-calculus hierarchy.

Theorem 4.7 N; and N, are closed under existential bisimulation quantifiers on
arbitrary models.

PROOF. Fix k € {1,2} and¢ € N;. By Lemma 4.6 we know that is equivalent
to a disjunctive formula) in N,. By Theorem 3.6 we know thatP+ is equivalent
toy[P/T,—-P/T] which is still a formula inVy. O

Corollary 4.8 The uniform interpolant of a-formula¢ in N; or N, belongs to
the same level as.

4.3.The Power of Two Alternations

In the previous section we proved thét and/V; are closed under existential bisim-
ulation quantifiers. Our next task is to show that this is not true after I¥yebe-
cause the wholg-calculus is contained in the closure of levdl. To prove this

we shall use again the correspondence between-ttaculus and nondeterministic
automata introduced in Section 3. Since anformula is equivalent to a disjunc-
tive formula and disjunctive formulas correspond to nondeterministic automata we
have:

Theorem 4.9 (In [7]) For any p-sentencep there exists a nondeterministic au-
tomaton A such that anv-expanded tree satisfiesif and only if it is accepted
by A. Conversely, any nondeterministic automaton is equivalengteantence.

We now prove that any-sentence can be obtained from a sentendé,iby using a
certain number of existential bisimulation quantifiers. We shall do this in two steps:
in Lemma 4.10 we prove the analogous result over the classexfpanded trees
using monadic second order existential quantifiers instead of existential bisimula-
tion quantifiers. Then in Corollary 4.13 we go frammexpanded trees to arbitrary
models by considering bisimulation quantifiers instead of monadic quantifiers.
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Lemma 4.10 For any u-sentences( Py, . . ., B,,) there exists a-sentence
O(Pr,...,Pn,Q1,...,Q,) with & € M, such that for anyv-expanded tred it
holds

T = ¢« 3Q;...3Qu0.

PROOF. By Theorem 4.9 for any-calculus formulap there exists a nondetermin-
istic automatonA which is equivalent t@ overw-expanded trees. We now prove
that the existence of af-labeling over am-expanded tree can be expressed by us-
ing a finite number of monadic existential quantifielg, . .. 3Q,, over a formula

0 in M,.

By definition 3.3 a nondeterministic automaton accepts-&xpanded tre@’ iff T’
has anA-labeling. This labeling defines subséls, . . ., @,, of the treeT" (where
Q; corresponds to the set of points labelled by the sigt@aving the following
properties:

(1) the sets),,...,Q, form a partition of7" and the root of the tree belongs to

Qo;

(2) Ifi(s) = qthen{q € Q : 3t € Succ(s),(t) = ¢'} belongs ta}(Q, T'(s));

(3) if sp, s1, ... Is an infinite path starting from the root and for evégrghe index
i; is such thak; € Q;,, then the least number appearing infinitely often in the
sequence

Q(Qio)7 Q<Q11)7 ceey
is even.

Conversely, the existence of subséls, ..., @, satisfying the above properties
clearly allows us to construct afrlabeling of7'.

It follows that A acceptdiff 7' = 3Q; ... 3Q,(P1 A da A @3), Wherep,, oo, ¢3 are
formulas expressing the above points. We now showdhat,, ¢; can be chosen
to be inN,, Ny, M, respectively. This is obvious faf;, which is equivalent to

Qo AvX (A ~(Qi AQ;) NBX)) AvX(\/ Q) ADX)).
i#j i

As for ¢4, for anyg;, o we consider the modal formula

faoo = V Q) A...oQ)AT(Q1V ...V Q).
{Q1,...Qn}€d(q:,0)

We can then defing, as theN;-formula

VX((/\(QZ NG — f4.0)) ANOX),

1,0
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where

Peo Pdo

To expressps with a formula in M; we proceed as follows. First of all, notice
that the existence of an infinite chain starting from a nod@& which P appears
infinitely often and appears in any point can be described yfarmula: (P, Q)

of the second leveN,:

B(P,Q) = XY (P AQ A O(X)) V (Q A O(Y)).

Fix an indexk and substituté),. for P and the conjunction of

{=Qi - Qq:) < Qaw)}

for @ in the formulay (P, @)); we obtain a formula), € N, which is true inw iff
from w starts a chain in which infinitely many points are(), and no point is in
any of the@);, for Q(¢;) < Q(qx). Finally, notice that point3) above is expressed
by the M,-formula

N vX (¢ AOX).
Q(g)odd

This proves that any-formula¢ is equivalent ovetw-expanded trees to a formula
of typedQq, ..., 3Q,0, with § € M. O

To prove our next step, we show in Lemma 4.12 that bisimulation quantifiers ap-
plied to bisimulation invariant formulas behave likéSO-quantifiers on the class
of w-expanded trees. But first we remark:

Lemma 4.11 If the treesT’, T" are w-expanded and bisimilar, then they satisfy the
samelM SO-sentences.

PROOF. This holds because an-expanded trees any/ SO-sentence is equiv-
alent to apu-calculus sentence [8], and bisimilar structures satisfy the same
sentences. O

Lemma 4.12 If T is anw-expanded tree and is a u-sentence, then

T = 3P¢ « IP¢.

PROOF. The implication from left to right is trivial and does not require that
T is w-expanded. Conversely, suppdel= JP¢, i.e. that there existsV with
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N ~prop\ipy T'andP C N such tha( N, P) |= ¢. If N is thew-expansion ofV
we still have: there exists B C N with (N“, P) = ¢, thatis:N“ |= 3P¢. But
JP¢ can be expressed as a second order property (in the languagé { P}) of
the structureV«, which is bisimilar to7" w.r.t. this language. Hence, from Lemma
4.11 it holdsT = 3P¢. O

Corollary 4.13 For anyp-sentence( P, . .., P,,) there exists a-sentence
O(Py,...,Pn,Q1,...,Q,) withe € M, such that

= ¢ 3Q1,...,30Q,0.

PROOF. Lemma 4.10 implies there exisis= M, such thaty and3Q), ..., 30Q,0
are equivalent ovev-expanded models. Then Lemma 4.12 allows us to conclude
that¢ is equivalent tadQ, . . . , 3Q,,0 over arbitrary models. O

5 A Complete System for theu-Calculus with Explicit Uniform Interpolants

Although by Corollary 4.13 there cannot be a simple rule for uniform interpolation
of arbitrary formulas, we can still try to understand better how the existential bisim-
ulation quantifier behaves w.r.t. the connectives and the operatorsofdhleulus.

To do so, we extend the origingHlanguage with the quantifietP with the ap-
propriate semantics (see Definition 2.6) and provide this extended jfogitth

a complete calculus. We shall see that to derive all validitieg ime only need
some standard principles allowing introduction and elimination of the bisimulation
guantifier, plus some natural principles of commutativity between the existential
bisimulation quantifier and the operators of fhealculus.

By inspecting the semantics of this quantifier we recognize easily that it enjoys at
least the standard properties regarding substitutions and free variables. As usual,
we say that the substitution @f for P in ¢ is admissibleif no free variable ofy
becomes bound after the substitution for Rpinf this is the case, we denote by
¢[P/v] the formula obtained after the substitution.

The axiom and the rule for the existential bisimulation quantifiers are:
AX1: ¢o[P/y] — JP¢ is provable, provided the substitution offor P in ¢ is
admissible;

R1:if ¢ — 1 is provable, the@P¢ — v is provable, provided is not free iniy.

The proof of the soundness of the above axiom and rule is left to the reader.

19

66



One could think that addingx1 andR1 to a Hilbert system which is complete for
theu-calculus (such as the Kozen system, proved to be complete in [13]) would give
us the complete calculus for the extended logic, but this is not the case. Consider
for example a valid principle as

¢ = OT — IP(O(P) A O(=P)).

It is easy to see that the system+ Ax1 + R1 cannot provep: this is because all
axioms and rules ofi+ Ax1 + R1 are valid when we interpret the bisimulation
guantifierd as a standard second order quantifier, whilis not valid under this
interpretation. Hence we need to add some more principlgs+téx1 + R1 in

order to obtain a complete system. In this section we show that it is enough to
add some simpleommutativity axiomsrelating the bisimulation quantifiet to
disjunction, cover operators, and fixpoint operators.

First of all we prove that the existential bisimulation quantifiét commutes with
disjunctions and special conjunctions. In the next lemma, we defster, - P/ T|
the formula obtained from a conjunctierof literals by replacing every occurrence
of P or —P (if any) with T.

Lemma 5.1 If o is a conjunction of a set of literals not containing batrand - P,
ando, ..., ¢, are u-formulas, then the following are valid formulas.

3Po — o[P/T,=P/T],  3P(¢1V ¢y) < TPy V TP,

3P(o A Cover(¢y, ..., dy)) < IPa A Cover(3Péy,...,3P¢,),

PROOF. To prove the validity ofs[P/T,-P/T] — 3Pc, suppose a model/
satisfiess[P/T,—P/T]; then the modelM’ which is like M except that” is inter-
preted agr™}, if P belongs to the conjunctiom, and as) otherwise, is bisimilar
to M if we do not considef in the language, and satisfies

On the other hand, if a modél satisfiesIPc, thens is true in a model’ which

is bisimilar toM w.r.t. the language a¥/ minus P; then any propositional constant
which is different fromP and is true in)/’ must be also true in/ and M satisfies
o[P/T,-P/T].

The verification of commutativity off with disjunction is left to the reader. To
prove that

JPo A Cover(ﬁpqﬁl, ce ﬁP(bn) — 3Pc A Cover(¢y, ..., 0n),

supposelPo A Cover(3P¢y, ..., 3P¢,) holds in a mode(M, V), whereV is a
valuation of the free variables i, ¢, ..., ¢,. Fix a successor of the rootr™
of M and consider all formulas of typgP¢; it satisfies: for any such formula
there exists a modéeV, ; and a valuatiorl/, ; of the free variables of; such that
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(Ny,i, Vii) is Prop \ {P}-bisimilar to (M, V) and(N,;, V,.:) = ¢;. Consider a
new model)M’ with a new root satisfying the same propositional constanig’as
and connected to all thesg,;, whenv varies in the successors of’. Define a

valuationV’ over a variableX as

V() = U Vaa (XD, TPV £ V(X),

and
V/(X) = {r"}u|JV,:(X), otherwise.

Then (M', V') is Prop \ {P}-bisimilar to (M,V) and verifies the formula A
Cover(¢1,...,¢n).

The verification of the validity of the reverse arrow is left to the reader. a

As a first step towards a complete calculus figiet us prove that the principles
discovered so far are complete if we do not consider fixpoint operators, that s, if we
only consider modal logié< extended with the existential bisimulation quantifier.
Let us denote the extended logic By

Theorem 5.2 Consider the Hilbert calculus fok™ consisting of the following ax-
ioms and rules:

(1) a complete Hilbert systeifd of axioms and rules for modal logic;

(2) the axiomAx1 and the ruleR1,

(3) if o is a non contradictory conjunction of literals arq, . . . , ¢,, are formulas,
the axiom

3P(o A Cover(¢r, ..., ¢n)) < o[P/T,=P/T]| A Cover(3Péy,...,3P,).

Then this calculus is sound and complete for modal logic extended with the exis-
tential bisimulation quantifier.

PROOF. To prove thatk is complete it is enough to show that for any formyla
of the logic there exists a modal formula such that) « ¢~ is provable ink: if
this is true, to derive a valid formulain K we can derive the (provably equivalent
and) valid modal formula~ instead; but< proves)~ becauses proves it (being
a complete calculus for modal formulas) alds an extension of.

We find the formula)~ by induction on the structural complexity ¢f, the only
interesting case being = JP¢. By induction, we suppose that is provably
equivalent to a modal formula. Now, any modal formula is semantically equiva-
lent to a disjunctive formula, , and K can prove this equivalence since our system
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contains the complete systelh By the existential rule and axiom we have
AP¢ < IAP¢;,

and we only have to prove théthﬁ; is provably equivalent to a modal formula.

By Theorem 3.6, we know that this formula is the modal formbjaP/T,-P/T].
Moreover, if fixpoint operators are not present the (semantical) equivalence be-
tweendP¢, and¢, [P/ T,—P/T]| can be easily proved insid€ by using induc-

tion on the structural complexity of the disjunctive formulg, the cover axioms,
Ax1, andR1.

Sowelety~ = ¢, [P/T,-P/T]. O

We now go back to the-calculus. The strategy to find a complete calculus for
this logic is the same as fdk, that is: we use the explicit form (in the original
u-language) of uniform interpolants of disjunctiueformulas (see Theorem 3.6).
First we prove that the existential bisimulation quantifié commutes with the
fixpoint operatorg.X, v X, provided thecontextsu X .¢, v X.¢ are disjunctive.

Corollary 5.3 If uX.¢ andvX.¢ are disjunctive formulas then

= 3PuX.¢ — puX.3P¢ = 3PvX.¢ — vX.3P¢.

PROOF. By Theorem 3.6, the formul@PuX.¢ is equivalent to(uX.¢)[P/T,
—P/T], which is the same gsX.(¢[P/T,—P/T]), which is equivalent ta X .3 P¢.
The proof for the operatar is similar. O

Notice that these equivalences are not true without the disjunctivity hypothesis.
Consider for example the formuta= P A O(=P) A OX. We havedPp = OT A

0X, hencevX.3P¢ = vX.OT A OX, which is true in a model/ iff all nodes
accessible from the root satisfyT. Thus, the formulavX.3P¢ is satisfiable. On

the other hand, the formulaX.¢ is equivalent tal, and so iISIPv X.¢.

In the next theorem we show that adding commutativity betw@emd fixpoint
operators in a disjunctive context to the principles presented in Theorem 5.2 is
enough to obtain a complete system fior

Theorem 5.4 Consider the Hilbert calculug consisting of the following axioms
and rules:

(1) axioms and rules of the systém(see Theorem 5.2);

(2) a complete system of Hilbert axioms and rules for ghealculus (e.g. the
Kozen system, proved to be a complete system in [13]);

(3) if uX.¢ is disjunctive, the axiomPuz.¢ — px.IPg;
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(4) if vX.¢ is disjunctive, the axiorPvz.¢ < vz.3Pg.

Then is sound and complete for thecalculus extended with the existential bisim-
ulation quantifier, that is: a formula of this logic is valid if and only if it is deriv-
able within the system.

PROOF. To prove thatu is complete, it is enough to show that for any formula
1 of the logic there exists a-formulay~ such that) < ¢~ is provable in.
This can be achieved by induction on the structural complexity of the formula, the
only interesting case being = 3P¢. By induction, we suppose thatis provably
equivalent to au-formula¢—, which is in turn provably equivalent to a disjunctive
p-formulag, since our system contains the complete systeiBy the existential
rule and axiom we have

3Py — IP¢;.
By induction on the structure of the disjunctive formulg we prove using the
axioms and the rules above th#t ¢, <« ¢, [P/T,—P/T]|. HencedP¢ is provably
equivalent to the.-formula¢, [P/T,—P/T].

Sowe lety~ = ¢, [P/T,—-P/T]. O

6 Conclusions and Related Work

In this paper we gave a simple rule for the uniform interpolant of a disjunctive
formula, and studied the behaviour of the existential bisimulation quantifiers w.r.t.
the alternation-depth hierarchy of thecalculus. We also gave an axiomatixation of
the u-calculus extended with the existential bisimulation quantifier, allowing in this
way the possibility of computing with a logic as powerful as ghealculus in which

we have a way to denote uniform interpolants explicitly. A related question is the
axiomatization ofBQ L [5] which is defined as the bisimulation quantifier closure
of Propositional Dynamic Logi@ D L. The logicBQ L is semantically equivalent

to the u-calculus, but has the advantage of replacing all fixpoint operators (which
are difficult to read, especially when nesting of two or more operators occur) by the
Kleene star and the existential bisimulation quantifier. The structure of formulas
expressing a certain property are closer to natural languag®lh than in the
u~calculus (see Example 2 in Subsection 2.2). A complete system of axioms and
rules forBQ L is presented in [3].
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A APPENDIX

Given au-formula~ with a tableaul’, we construct a deterministic Buchi automa-

ton A on infinite words which recognises exactly the infinite paths in the tableau
having onlyv-traces on them. We suppose that the tableau’s nodes (except the
root) are labelled by a pair in which the first component gives the formula which
has been reduced in the father of the node, and the second component gives the
label of the node in the tableau. E.g. if we are in nedehich was created be-
cause of the rulend applied to the fathem to the formulacc = 3 A ~ then the
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label of n will be («,{f3,7,...}) The automator! is defined as follows. The set

of states is given by all sets of the forffiy, u1), ..., (v, u, ) } Whereuw; is either

s (for "search” ) or f (for found) anda, ..., o, } is the second component of a
label of the tableau, where all propositional constants have been removed. This
implies in particular that ally; are different. When defining the transitions of the
automaton we identify pairgy, s), («, f) with the single elemen(, s).The initial
position is{(v, s)}. The states having all element with second component equal
to f are of priority0, while the other states have priorityThe automaton reads
paths inT" (but it skips the label of the root). We will defing in such a way
that whenA reads a patfiL(root))L(ny).....L(n;)... of the tableau, it will be in a
state{(aq,u1), ..., (an, u,) } just after reading a labdlo, ..., «, }. If A is in state
{(a1,u1), ..., (an, u,) }, where not alki; are equal tof, it reads a labe{d, L), and
there existg such that) = «;, then:

(1) ifa; =pAdandL = ({ay,...,a,} \ {a;}) U {3, d} thenA goes to the state

{(n, 1), s (o, un) }\ (e, wi) }) U5, wi), (6, ua) b5

(2) ifa; =pVvdandL = ({aq,...,an} \ {a;}) U {e},(wheree is eitherf or §),
then A goes to the state

{(n, 1), s (o, un) }\ {( v, ua) ) U {(€; wi;

(3) if a; = o Xawheresisvorpandl = ({aq,...,a,} \ {a;}) U{a}, thenA
goes to the state

{<a1’u1)7 3 (an7un)} \ {(&Z,UZ)}) U {(oz,ul)}

(4) if oy = X, the binding ofX is o, andL = ({a, ..., a,,} \ {X}) U {a}, then
A goes to the state

{(alv ul)? 3 (an’ un)} \ {(ai’ ul)}) U {(O./, S)}v

if X is ar-variable, and to the state

{(alaul)v 3 (amun)} \ {(al,uz)}) U {(avui)}7

if X is au-variable;
(5) if oy = Cover(Fy),...,a, = Cover(F,) and there exists a formuta € F;
such thatl = {a} U {VF; : j # i} then A goes to the state

{(e,w) } U{(VFjw5) - J # i}

If Aisin state{(aq,u),..., (an,u,)}, where allu; are equal tgf, we just consider
the previous transitions, but as if we where starting from the §tate s), ..., («,, $)}
instead of (a1, uy), ..., (ayn, uy,) }. If nONe of the above condition is fulfilled, the au-
tomaton stops.
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Abstract

We investigate the complexity of the model checking problem for hybrid logics. We provide
model checker algorithms for various hybrid fragments and we prove PSPACE-completeness
for hybrid fragments including binders. We complement and motivate our complexity re-
sults with an application of model checking in hybrid logic to the problems of query and
constraint evaluation for semistructured data.

Key words: Model Checking, Modal Logics, Hybrid Logics, Semistructured data

1 Introduction

In model checking19] we are given a formal model and a property and we have
to check whether the model satisfies the property. The model is a labelled graph,
sometimes called Kripke structure, and the property is a formula in some logical
language. We search the graph in ordechieckwhether the formula is true in the
model As a technique, model checking has very strong links to (at least) two areas
In computer science: verification and databases. In the first half of this paper, we
focus on model checking algorithms for so-called hybrid logics; in the second half,
we go on to show their relevance for reasoning about semistructured data.
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Modal and temporal logics have been successfully used as specification languages
in the model checking task [20]; they are algorithmically well-behaved and mathe-
matically natural fragments of classical logics. However, something crucial is miss-
ing in propositional modal and temporal logics: they lack mechanisms for naming
states, for accessing states by names, and for dynamically creating new names for
states. In particular, traditional modal and temporal logics are able to express prop-
erties that satisfy theee model propertythat is, properties that are satisfiable if,

and only if, they are satisfiable in a tree-like model. Are there extensions of modal
and temporal logics violating the tree model property that are still computationally
tractable? This is whereybrid logicscome in. They allow us to refer to states in

a truly modal framework, mixing features from first-order logic and modal logic,
whence the namleybrid logic [15]. In addition to ordinary propositional variables,
hybrid languages provide a type of atomic formulas cafledhinals Syntactically,
nominals behave like propositional variables, but they have an important semantic
property: nominals are true at exactly one state in any model.

Nominals are only the first ingredient that sets hybrid languages apart from tradi-
tional modal-like languages. Hybrid languages may also contaiattbperator@;
which gives direct access to the unique state nameid @yp holds if, and only if,

p holds at the state named hyMoreover, hybrid languages may be extended with
the downarrow binder| x that assigns the variable nameo the current state of
evaluation. The operat@® combines naturally with: | stores the current state of
evaluation and? enables us teetrievethe information stored by shifting the point
of evaluation in the model. Whil¢x stores the current state in the binder|x
stores the ‘label’ of the current state in that is, the set of propositions holding
at the current state. Finally, thexistential bindedx binds the variable nameto
some state in the model.

Model checking for hybrid languages has hardly been explored so far. In this pa-
per we address this gap. Our approach is incremental: on top of well-known model
checking results for Propositional Temporal Logic and Converse Propositional Dy-
namic Logic, we investigate the model checking problem for these languages ex-
tended with the hybrid machinery as well as with the universal modalitl turns

out that the addition of nominals, the @ operator, and the universal modality
does not increase the complexity of the model checker. In contrast, an arbitrary
use of hybrid binders in formulas is computationally dangerous. The model check-
ing problem for any hybrid logic that freely mixes the hybrid bindesr || with
temporal operators is PSPACE-complete, whiles hard even without temporal
operators. However, the model checker runs in exponential time with respect to the
nesting degreef the binders in the formula. This means that we can still check in
polynomial time long formulas, as long as the nesting degree of the hybrid binders
on the formula is bound. We summarize our complexity results in Table 1, where
k is the length of the formulay andm are the number of nodes and the number
of edges of the graph structure, respectively, aiglthe nesting degree of hybrid
binders. MoreoverF is the Future temporal operatd?,is Past,U is Until andS
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Language Complexity Language Complexity
HL(Q,F,P,A) O(k-(n+m)) HL,([,@,F,A) O(k-(n+m)-n")

HL(@,U,S,A) O(k-n-m) HDL,(|,@,A) O(k-(n+m)-n")
HDL(@, A) O(k-(n+m)) HL(3) PSPACE-complete
HL(|, @) O(k - n) HL(3,@,F,A) PSPACE-complete
HL(|,F) PSPACE-complete HL,.(3,@,F,A) O(k-(n+m)-n"t!)
HL(|,A) PSPACE-complete HDL,(3,@,A) O(k- (n+m)-n"t!)

HL(|,@,F,A) PSPACE-complete

Table 1
Complexity of model checking for hybrid logics.

is Since. Finally, languages of the forHL(-) are hybrid extensions of Proposi-
tional Temporal Logic, while languages of the foliDL(-) are hybrid extensions

of Converse Propositional Dynamic Logic. Notice that PSPACE-complete prob-
lems are hard with respect to expression (or formula, or query) complexity, which
Is the complexity of model checking if we only consider the length of the formula
as a parameter. If data complexity (the complexity of model checking if we only
consider the size of the model as a parameter) is taken into account, all the model
checking problems summarized in the table can be solved in polynomial time.

In the second part of the paper we illustrate a general methodological point: since
hybrid languages provide very natural modeling facilities, understanding the com-
putational and algorithmic properties of hybrid languages is of great potential value.
The complexity-theoretic results obtained in this paper are valuable results about
hybrid logic in their own right, but we believe they get additional value because
of the fact that hybrid languages provide such natural modeling facilities, which
makes the formal results of this paper applicable in a fairly direct way. To back up
these claims we apply model checking for hybrid logics to the problems of query
and constraint evaluation faemistructured datadata with some structure but
without a regular schema. We discuss a hierarchy of query languages for semistruc-
tured data corresponding to fragments of the language Lorel [3], the query language
in the Lore system [32], which was designed for managing semistructured data. The
languages that we discuss offer regular expressions to navigate the query graph at
arbitrary depths, as well as the possibility of comparing object identities and object
values. We embed those query languages into fragments of hybrid logics with dif-
ferent expressivity and establish a close relationship between the query processing
problem for semistructured data and the global model checking problem for hybrid
logics. Moreover, we describe languages to specify path constraints for semistruc-
tured data, including inclusion, inverse and functional path constraints. Path con-
straints generalize relational integrity constraints for semistructured databases and
they are useful to provide a loose schema to the otherwise unstructured database.
Once again, we provide an embedding into hybrid logic, this time of the constraint
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language, and we underline the close connection between path constraint evaluation
for semistructured data and model checking for hybrid logics.

The paper is organized as follows. In Section 2 we discuss related work. Sec-
tion 3 introduces hybrid logic. In Section 4 we provide model checkers for differ-
ent hybrid languages, analyze their computational complexity, and prove PSPACE-
completeness of the model checking problem for hybrid fragments allowing binders.
Readers mostly interested in the relation between hybrid logic and semistructured
data, can skip Section 4 and return to it for details of the results used in Section 5,
where we describe the application of model checking hybrid logic to semistructured
data. We conclude the paper and outline future work in Section 6.

2 Related Work

Hybrid logic was invented by Arthur Prior, the inventor of tense logic. The germs
of the idea seem to have emerged in the 1950s, but the first detailed account is [36].
Prior called nominals world propositions and worked with rich hybrid languages
including quantifiers/ andd. The next big step was taken by Robert Bull, Prior’'s
student, in [16]. Bull introduced a three-sorted hybrid language (propositional vari-
ables, state nominals apath nominalsand proved a completeness result for this
logic. Path nominals name branches in tree-like models of time by being true at
all and only the points of the branch. There were no further papers on the subject
till the 1980s, when hybrid logic was reinvented by a group of Bulgarian logi-
cians (Passy, Tinchev, Gargov, and Goranko). The locus classicus of this work is
Passy and Tinchev’s [35]; they initiated the study of binder-free systems. During
the 1990s, the emphasis has been on understanding the hybrid hierarchy in more
detail. Goranko introduced thebinder [26], Blackburn and Seligman examined
the interrelationships between a number of binders [14]. Characterizations with
respect to first-order correspondence theory, interpolation properties, and computa-
tional complexity (of the satisfiability problem) for hybrid modal logics have been
studied in [11]; recent contributions completing the picture are in [38]. The com-
plexity of the satisfiability problem for hybrid temporal logics with respect to dif-
ferent classes of frames has been investigated in [9,10,25]. As for implementations,
a resolution-based theorem prover for hybrid logic wittand | has been imple-
mented [12]. For a comprehensive entry point to the field see the hybrid logic home
page [30].

Since the mid-1990s there has been a lot of work on the interface of computa-
tional logic and semistructured data, making use of a wide variety of logical tools
and techniques. E.g., [17] use simulations and morphisms, [4] concentrate on reg-
ular expressions, and [18] make the connection with description logic. The relation
between model checking and query processing has been extensively explored for
structureddata; see, e.g., [28]. The relation between model checking and query
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processing fosemistructuredlata goes back at least to [6], where it was formu-
lated in terms of suitable modal-like logics. Quintarelli [37] embeds a fragment
of the graphical query language G-Log into CTL, and she sketches a mapping for
subsets of other semistructured query languages, like Lorel, GraphLog and UnQL.
It is worth noticing that the fragments considered in [37] do not allow queries with
joins. De Alfaro [8] proposes the use of model checking for detecting errors in
the structure and connectivity of web pages. Miklau and Suciu [33] and Gottlob et
al. [27] sketch an embedding of the forward looking fragment of XPath into CTL.
Finally, Marx [31] used PDL-like logics in order to extend the XPath core language
to a language that is expressively complete with respect to first-order logic on finite
trees.

As for the relation between model checking and path constraints evaluation for
semistructured data, Alechina et al. [7] embed forward and backward path con-
straints into Converse Propositional Dynamic Logic. Calvanese et al. [18] use de-
scription logics, and Afanasiev et al. [5] turn to CTL and provide experimental
results of the “query evaluation as model checking” perspective.

3 Hybrid Logics

Temporal logic423] (TL, for short) may be viewed as fragments of classical log-
ics [13]. They extend propositional logic by adding the well-known temporal op-
erators futurdr, pastP, until U and sinceS. Let PROP = {p, ¢, ...} be a set of
propositional variables. The syntax of temporal logic is as follows:

¢:=Tlpl-¢oNd|Fo|[Po|oUg|dSo.

We adopt the usual Boolean shorthands. The du& of Ho = —P—a, and the
dual of F is Ga = -F—a..

Temporal logic is interpreted ovéripke structureof the form(M, R, V'), where

M is a set of states (or worlds, points, nodés)s a binary relation o/ called the
accessibility (or reachability) relation, andis a valuation function fron?ROP to

the powerset ofl/. We assume no specific structure of time (linear, branching, .. .).
Let M be a Kripke structure angk € M. The semantics of temporal logic is given
in Figure 1

Sometimes, TL also includes the transitive closure oper&orP+, Ut andS™,
interpreted over the transitive closufe™ of the accessibility relation, as well as
the universal modalityA. The semantics of the universal modality is as follows:
M,m = Ag iff for all m it holds thatM,m = ¢. The dual of the universal
modality is the existential modalitia = - A—«.

Hybrid logic (HL, for short) extends temporal logic with devices for naming states
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MmET
M mpEp iff meV(p),pePROP
MmE-¢p iff Mmoo
MmpEo ANy iff MympEgdandM,m =
M,m=F¢ iff Im' (Rmm’ A M,m |= ¢)
M, mEPe iff Im' (Rm'm A M,m' = ¢)
M,m E=yvUgp iff  Im' (Rmm' A M,m' = ¢ A
Vm"” (Rmm” N Rm"m' — M,m" = 1))
M,m =S¢ iff Im' (Rm'm N M,m' E oA
vVm” (Rm'm” N Rm"m — M,m" = 1))

Fig. 1. Semantics for temporal logic.

and accessing states by names.NéM = {i, j, ...} andWVAR = {z,y,...} be
sets of nominals and state variables, respectively. HL's syntax is:

¢:=TL|i|z| Q0| 2.0 | 3.0,

with i € NOM, =z € WVAR, t € NOM U WVAR. The operators ifQ, |, 3} are
calledhybrid operatorsWe callWSYM = NOM U WVAR the set ofstate symbols
ALET = PROP U NOM the set ofatomic lettersandATOM = PROP U NOM U

WVAR the set olatoms We user = y for @,y andz # y for @, —y. For simplicity,
we omit parenthesis after the For instance, ifz.p A @Q,q, the variabler used in
@,q is bound by|z. Hence, it should be read &s.(p A @,q).

Hybrid logic is interpreted ovehybrid Kripke structuresi.e., Kripke structures
(M, R, V') where the valuation functiol assigns singleton subsets/dfto nom-
inalsi: € NOM. To give meaning to the formulas, we also need the notioasef
signment An assignmeny is a mapping; : WVAR — M. Given an assignment
g, we defineg® by ¢g¥ () = m andg? (y) = g(y) for x # y. For any atonu, let
[V, g](a) = {g(a)} if a is a state variable, arid(a) otherwise.

The semantics of hybrid logic is given in Figure 2, whdre= (M, R, V') is a hy-
brid Kripke structurem € M, andg is an assignment; the semantics for Boolean
and temporal operators is as for temporal logic. In words, the at operasirifts
evaluation to the state named hyheret is a nominal or a variable. The downar-
row binder |z binds the state variable to the current state (where evaluation is
being performed), while the existential binder binds the state variableto some
state in the model{ and 3 do not shift evaluation away from the current state.
We useHL(Oq, ..., 0,) to denote the hybrid language with hybrid and temporal
operatorg)y, ..., 0,,.
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M,g,mEa iff melV,gl(a), a € ATOM
M,g,mE Qe iff M, g,m' = ¢, where[V,g|(t) = {m'}, t € WSYM

M,g,m = lz.g iff M gp.mi¢
M, g,m = Jz.¢ iff thereism’ € M suchthatM, g%, m |= ¢

Fig. 2. Semantics for hybrid logic.

The until operatolU can be written in hybrid logic as followstUg = |x.F(8 A
H(Px — «)), and analoguously for the since opera$omMoreover, the past op-
erator isPa = |x.3y.Q,(Fx A «). Finally, the downarrow bindejr is a particular
case of the existential bindefr.a = 3z.(z A «), while 3 can be simulated by
andE as follows:3z.a = |y.E|z.E(y A «).

In addition to the hybrid languages listed so far, we consider hybdhmiclan-
guages; these will prove to be especially useful in Section 5. We consider a hy-
bridization of converse propositional dynamic logic (CPDL) [29]. CPDL adds two
operators to propositional logic, namek)a and{e) ~*a, wheree is a regular ex-
pression on a set of labelsand« is a CPDL formula. CPDL is interpreted over
Labelled Transitions Systen(sTSs), Kripke structures in which both the nodes
and the edges are labelled. The edges are labelled with symbhlsgach reg-
ular expressiore on the set of edge labels identifies a binary relatior?. on

the set of states. The relatidt). is recursively defined in terms of the structure of
e. More precisely,R; contains all the edges labelled withR,, ., = R., o R.,,
Re,ve, = Re, UR.,,andR.- = (R.)*. A states is reachablefrom a state- through

the regular expressionif (r,s) € R.. Given an LTSM and a state in M, we
have that(e)« is true in M at s if there exists a state reachable frony troughe
such thatx is true in M at s’. Moreover,(e) '« is true in M at s if there exists a
states’ such thats is reachable from’ throughe anda is true inM ats'.

Hybrid dynamic logic is thénybridizationof CPDL. We writeHDL(Oy, ..., 0,)

to denote the extension of CPDL with nominals, hybrid operators and possibly
the universal modality irDy, ..., O,. For instanceHDL(@, |, A) is CPDL with
nominals, @, andA operators.

We now introduce a new hybrid bindér We have separated the introduction of this
binder because it is usually not included in hybrid languages. Howgvah come

in handy in Section 5. Intuitively, whil¢ stores the current state into a variake,
stores thdabel (or value) of the current state, that is, the set of propositions that
hold at the current state. L&¢VAR' = {v,w, ...} be a set of variables such that
WVAR andWVAR' are disjoint sets. The new variableSAMVAR' serve as contain-
ers for sets of propositions. We add to the hybrid language the forpulasv, and

v = w, and the new abreviation # w for —(v = w), wherev, w € WVAR', with

the following meaning. LeM = (M, R, V') be a hybrid Kripke structurep € M,
and g an assignment extended Y8VAR'; that is, g is a mapping that associates
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each variable iWVAR to a state in\/ and each variable ilVVAR' to a subset of
PROP. We denote by ~! the function from)/ to the powerset dPROP such that
p € V-1(m)iff m e V(p). Then M, g, m = Jv.a iff M, §i-1(,y: M = . More-
over, M, g,m [ v iff g(v) = V-1(m)and M, g,m E v = w iff g(v) = g(w).

In words, the bindetlv binds the variable to the label of the current state, while
v = w compares the labels storechirandw.

To put our results on model checking in perspective we briefly recall the complex-
ity/decidability results for satisfiability for the logics we consider. The basic hybrid
logic with just nominals and the @ operator is PSPACE-complete, not harder than
modal logic. However, as soon as either the past operator, or the until operator,
or the universal modality is added, the satisfiability problem becomes EXPTIME-
complete. Finally, if the binder is added, decidability of the satisfiability problem

IS lost.

4 Model Checking for Hybrid Logics

We now investigate the complexity of the global model checking problem for var-
ious hybrid languages. A hybrid Kripke structutd = (M, R, V') is finite if M

Is finite. Theglobal model checking problefor hybrid logic is: Given a finite hy-

brid Kripke structureM, an assignmeny, and a hybrid formula, is there a state

m € M such thatM, g, m = ¢? We distinguish betweeexpression complexity

I.e., the complexity of the model checking problem when the complexity parameter
Is the length of the formula only, ardhta complexityi.e., the complexity of the
model checking problem when the complexity parameter is the size of the model
only.

4.1 Model Checkers

We provide global model checkers for different hybrid logics and we analyze their
worst-case behavior. We start by describing a model checker dd&ATE for

the languagdiL(Q, F,P, U, S, A). It receives a hybrid modeM = (M, R, V),

an assignmeng, and a hybrid formulay in the considered language and, after
termination, every state in the model is labelled with the subformulastwdt hold

at that state. The algorithm useb@itom-up strategyit examines the subformulas

of ¢ in increasing order of length, until itself has been checked.

We need some auxiliary notation. LBtbe an accessibility relation; the®r is the
inverse of R: R~ vu if, and only if, Ruv. Forn > 1, let R"(w) be the set of states
that are reachable from in n R-steps, and? " (w) be the set of states that are
reachable fromw in n R~-steps. The states belonging®(w) aresuccessorsf
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ProcedureMCg(M, g, «) ProcedureMCy (M, g, «, 3)

for w € L(«) do for w € M do
for v € R7!(w) do unmark (w)
L(Fa,w) 1 end for
end for for w € L(53) do
end for for v € R71(w) do
ProcedureMCa (M, g, «) if L(c,w) = 0then
if L(a) = M then for u € R~!(v) do
for v € M do mark (u)
L(Aa,v) «1 end for
end for end if
end if end for
ProcedureMCq (M, g,t, @) for v e R~ (w)U R~2(w) do
let {w} = [V, ¢](t) if marked (v) then
if L(a,w) = 1then unmark (v)
for v € M do else
L(Qa,v) < 1 L(aUpB,v) «— 1
end for end if
end if end for
end for

Fig. 3.MCLITE subprocedures.

w, while those belonging té&~!(w) arepredecessorsf w. Given a modelM =
(M, R, V), we denote byM~ the model(M/, R~, V). Thelengthof a formulag,
denoted by¢|, is the number of operators (Boolean, temporal and hybrid)miis
the number of atoms (propositions, nominals and variables) bét sub(¢) be the
set of subformulas ob. Notice that/sub(¢)| = O(|¢]).

The model checkelCLITE updates a tablé of size|¢| x | M | whose elements are
bits. Initially, L(«, w) = 1 if, and only if, « is an atomic letter inub(¢) such that
w € V(a). WhenMCLITE terminates/(«, w) = 1 if, and only if, M, g, w E «
for everya € sub(¢). Givena € sub(¢) andw € M, we denote by («) the set
of statesy € M such thatl.(«, v) = 1 and byL(w) the set of formulag € sub(¢)
such thatZ(3,w) = 1. MCLITE uses subroutine®Cg, MCy, MCa, andMCq in
order to check subformulas of the fodfw, U3, Aa, andQ,«, respectively. The
pseudocode for these procedures is in Figure 3.

Proposition 4.1 (Correctness of subroutines)et M = (M, R, V') be a hybrid
model,g an assignmenty and 3 hybrid formulas, and a state symbol. Let be a
table such that, for every € M, L(a,w) = 1 (respectivelyL (3, w) = 1) if, and
only if, M, w = « (respectivelyM, w = 3). Then,

(1) after termination oMCg (M, ¢, ), for every statev € M, L(Fo, w) = 1 if,
and only if M, g, w = Fo;

(2) after termination oMCa (M, g, «), for every statev € M, L(Aa, w) = 1 if,
and only if M, g, w E Aaq;
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(3) after termination ofiCa (M, g, t, o), for everyw € M, L(Q,a, w) = 1if, and
only if, M, g, w = @Q,«; and

(4) after termination oMCy (M, g, o, 3), for everyw € M, L(aUS,w) = 1 if,
and only if M, g, w = aUp.

Proof. The proofs for cases 1, 2, and 3 are easy. We only show the more involved
case 4. The proceduMEy works as follows. First, all nodes are set to unmarked.
Then, for eachw that is labelled with3, the first inner for loop marks all the nodes
such that there exists a nodsvhich isnotlabelled witha and Ruv and Rvw. The
second inner for loop labels withU S the remaining unmarked nodes. The set of
states labelled with U 5 grows monotonically as computation proceeds. Indeed, a
node that is not labelled withU 3 during the iteration for some may be labelled

with o U5 during a later iteration for some’. Letw € L(3). We claim that:

Claim 1 After termination of the main for loop dedicated doin the procedure
MCy, for everyv € R~ (w) U R%(w), we have that is labelled witha U3 if, and
only if, every successor ofthat is a predecessor af is labelled witha.

It follows that, after termination of the procedur€y, for everyv € M, v is
labelled withaU if, and only if, every successor of that is a predecessor of
somew € L(/3) is labelled witha, which means thaM, v = «Uj. To prove the
left to right direction of the claim, suppose thais labelled withaUj3. Then,v is
unmarked before the second inner for loop. We infer that every successtivatfis

a predecessor af is labelled witha. Indeed, suppose there exists a successdr
v such that: precedesv andz is not labelled withv. Because of the first inner for
loop, the predecessors ofare marked. Since is a predecessor af v is marked
as well, which contradicts the fact thais unmarked. For the right to left direction,
suppose every successorwofhat is a predecessor af is labelled witha. Then,
after the first inner for loopy is unmarked. Indeed, supposas marked. Then,
there exists some successoof v that is a predecessor aof and is not labelled
with «. This contradicts the fact that every successar ifat is a predecessor of

is labelled witha.. Hencep is unmarked before entering the second inner for loop
and, hencey is labelled witha U at the end of it. O

What is the complexity of the subroutines? llet = (M, R, V') be a finite hybrid
model, withn = |M| andm = |R|. The procedur#Cg runs inO(n +m), and both
MCq andMCa runinO(n). As forMCy, for everyw € L((3), the procedure pays two
backward visits to the states reachable in 2 steps. Each visit@gsts. As there
areO(n) states inL(3), MCy runs inO(n - m) time.

A model checkeMCLITE for HL(@Q, F, P, U, S, A) can easily be programmed by
taking advantage of subroutin®8g, MC4 , MCq, andMCy. MCLITE works bottom-

up checking all subformulas of the input formula in increasing length order. When
a formula starting with one oft, F, U, A needs to be checked, the correspond-
ing procedure is invoked. Past temporal operaidandS are handled by feeding
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the subroutinel8Cr andMCy, respectively, with the reversed model . Finally,
Boolean connectives are treated as usual. The correctn®B3Ldil E follows from

the correctness of its subroutines (Proposition 4.1) and the semantics of the opera-
torsP andS.

Theorem 4.2 (Correctness oMCLITE) Let M = (M, R, V') be a hybrid model,
g an assignment, angda formula inHL(@, F, P, U, S, A). Then, after termination
of MCLITE(M, g, ¢), we have that, for every € M and for everyn € sub(¢), it
holds thatZ(«, w) = 1if, and only if, M, g, w = a.

Theorem 4.3 (Complexity ofMCLITE) Let M = (M, R, V') be a hybrid model
such thatn = |M| andm = |R|. Letg be an assignment, angla hybrid formula
of lengthk. Then,

e if ¢ belongs taHL(@, F, P, U, S, A), then the model check®CLITE(M, g, ¢)
terminates in timé&(k - n - m);

e if ¢ belongs tdHL(@, F, P, A), then the model check®CLITE(M, g, ¢) termi-
nates in timed)(k - (n +m)); and

e if ¢ belongs toHL(@, A), then the model check®CLITE(M, g, ¢) terminates
intimeO(k - n).

Proof. There are/sub(¢)| = |¢| = k subformulas to check. The complexity of
each check depends on the form of the subformgulH ) is atomic, it is checked
in constant time. If its main operator is Boolean, or A, then it is checked in
O(n). If v's main operator i& or P, then it is checked i (n + m). Finally, if its
main operator idJ or S, theny is checked irO(n - m). O

We can extendMCLITE to cope with transitive closure operatdfs andU™, as

well as with their past counterparts, without increasing the asymptotic complexity.
The idea is to replace the visit to the predecessors @fith a backward depth-

first visit of the nodes that can reaeh As an alternative, one may first compute
the transitive closure of the accessibility relation, and then use the model checker
MCLITE on the transitive model.

We now move to hybrid languages with binders. The efficient bottom-up strategy
used inMCLITE does not work for such languages. Why? Consider the formula
Glz.Fz. It says that every successor of the current point is reflexive. If we try to
check this formula in a bottom-up fashion, we initially have to check the subfor-
mula x. However, at this stage, we do not have enough information to check
and hence we cannot label the states of the model.withstead, we can proceed
as follows: we first checkx.Fx with a procedure yet to be developed, then we
checkG|z.Fz, that is—F—|z.Fz, taking advantage of the subproceduag: of
MCLITE. In order to checK z.Fz, for each state, we first assignw to =, and then
checkFz atw under the new assignment for The latter can again be done using
MCp.
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ProcedureCheckg(M, g, ) ProcedureChecks(M, g, =, a)

MCFULIM, g, ) for v € M do
MCr(M, g, @) g(x) — v
MCFULIM, g, o)
ProcedureCheck| (M, g, z, «) for w € M do
for w € M do if w € L(«) then
g(z) — w L(Fz.c,w) «— 1
MCFULIM, g, ) end if
if w e L(a) then end for
L(lz.c,w) « 1 Clear (L,x)
end if end for
Clear (L,x)
end for

Fig. 4. MCFULLsubprocedures.

The sketched strategy, which combines top-down and bottom-up reasoning, has
been implemented in a recursive model chedd@FULLfor the full hybrid lan-
guageHL(HO U TO), whereHO = {@, |, 3}, andTO = {F,P,U,S,A}. The
auxiliary procedure€heck,, with *+ € HO U TO, handle the cases of subfor-
mulas with main operatot. Whenever possible, these procedures re-use the sub-
procedured(C,, with x € {@} U TO, of MCLITE. They use the new subroutine
Clear (L,z) to reset all the values df(«), for any o containing the variable

free (we assume that different binders use different variables). Boolean operators
are treated as usual. In Figure 4 we show the pseudocod&doky, Check,, and
Checks. The procedures for the other operators are simil@htaky.

Theorem 4.4 (Correctness oMCFULL Let M = (M, R, V') be a hybrid model,
g an assignment, and a hybrid formula. Then, after termination BEFULL (M,
g, ), we have that:

e foreveryw € M, L(¢,w) = 1if, and only if, M, g, w = ¢; and
e for everyw € M and every sentence € sub(¢), L(a,w) = 1if, and only if,
M, g,w = a.

Theorem 4.5 (Complexity of MCFULD Let M = (M, R, V') be a hybrid model
such thatn = |M| andm = |R|, andg an assignment. Let be a hybrid formula
in HL(3, [, S), and letr; andr5 be the nesting degree ¢fand 3, respectively,
in ¢. LetCg be the model checking complexity éF.(S). ThenMCFULL(M, g, ¢)
terminates in time)(Cs - n" ™2t if r3 > 0, and in timeO(Cs - n") if r3 = 0.
Moreover, the procedure uses polynomial space.

Proof. We have that (1) the proceduteeck, runs in timeC, + C,, whereC, is the
cost ofMC,. and(,, is the cost to check; (2) the procedur€heck; runs in time
n - Cy; and (3) the proceduréhecks runs in timen - (C, + n). Thus, the overall
worst-case time complexity i9(Cs - n"t31) if r3 > 0, and it isO(Cs - n™) if

r3 = 0. Since the height of the recursion stack fiOFULL is at mostj¢|, we have
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thatMCFULL uses polynomial space.C

MCFULLcan easily be extended to cope with formulas involvijrand the compar-

ison of state labels. A procedure similar@eck; can be used to check formulas

of the form|}v.a.. The only difference is that we have to bind the variabte the

label of the current state, and not to the current state itself. The complexity remains
the same. Moreover, the formulafor v € WVAR’, can be verified by comparing

the label of the current state and the label stored imhile the formulav = w, for

v, w € WVAR’, can be checked by comparing the labels storedandw.

FurthermoreMCFULLcan be viewed as a general model checker for the hybridiza-
tion of any temporal logic. Given a temporal logit, the hybridization ofT is

the hybrid logic obtained from the language ©fby adding the hybrid machin-
ery. Suppose that, for each temporal oper&oof arity £ in T, we can exploit

a procedure&hecko that, given a model andl formulasaq, . .., ax, labels each
statem of the model with the formul® (a4, ..., ax) if, and only if, the formula

Is true atm. A model checker for the hybridization df can be synthesized from
these model checking procedures following the exampM@FULL For instance,

a model checker foHDL(@Q, |, |}, A) can be programmed by taking advantage of
a CPDL model checker. Model checking for CPDL can be done in linear time with
respect to the length of the formula and the size of the model [21]. Hence, we have:

Theorem 4.6 Model checking foHDL(@, A) has linear time data and expression
complexity, while model checking foIDL(@, |, |}, A) has exponential time ex-
pression complexity and polynomial time data complexity. In any case, the problem
can be solved in polynomial space.

4.2 Lower Bounds

Can we do better than the upper bounds given in Section 4.1? Model checking for
first-order logic is PSPACE-complete. Sindé.(3, @, F') is as expressive as first-
order logic [15], model checking fadL (3, @, F) is PSPACE-complete as well.
What about fragments diL.(3, @, F)? The question is particulary interesting for
the fragmenHL(|, @, F'), since it corresponds to timunded fragmerdf the first-

order correspondence language [9]. Unfortunately, the model checking problem
for HL(], @, F'), and hence for the bounded fragment, is still PSPACE-hard, even
without@, nominals and propositions. It is worth noticing that all the lower bounds
in this section refer texpression complexity

Theorem 4.7 Model checking for the pure nominal-free fragmentiof(|, F) is
PSPACEcomplete.
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true false

FO—0——0" (PO =00

home

Fig. 5. Embedding QBF into model checking for hybrid logics.

7(x) = F(z A ly.Fy) 7(—x) = F(z A ly.G—y)
T(ar A o) = 7(a1) A T(g) T(ap V ag) = 7(a1) V T(a2)
7(3zr.a) = Fle.F(ly.G-y A 7(a)) 7(Vr.a) = Glz.F(ly.G—y A 7(a))
Fig. 6. From QBF to hybrid logic.

Proof. PSPACE-membership follows from Theorem 4.5. To prove PSPACE-hardness,
we embed Quantified Boolean Formulas (QBF) [34] into the model checking prob-
lem for the pure nominal-free fragmentB1.(|, F). We proceed in two steps. We

first embed QBF into the model checking problem Fit(|, @, F'). Then, we re-

move the@ operator and atomic letters.

Recall that an instance of QBF has the foim= Qz;....Q,z,.a(z,. .., z,),
whereQ); € {3,V}, anda(zy, ..., x,) is a Boolean formula using variables, . . .,

z,. LetNOM = {true, false, home} and letM be the model depicted in Figure 5,
left-hand side. Letyy be theHL(], @, F)-formula obtained froml by replacing
every occurrence afx by @,...F |z, every occurrence ofx by Q... G |z, every
occurrence ofr by @,true, and every occurrence ofr by @,false. We have
that ¥ is true if, and only if, M, 1 = ¢y. We now removed and atomic letters.

To removeQ@, we have to find a way to “come back home” affejz has fixed the
variablez. We can add to the previous model two more edges, one #romi,

and the other fron3 to 1, and use thd" operator to come home. Since we don’t
have atomic letters, we have to distinguish in some structural way between state
(denoting true) and state (denoting false). We can add, for instance, a reflexive
edge leavin@. The resulting frame is depicted in Figure 5 (right-hand side). With-
out loss of generality, we assume that negatioa(in, . . ., z,,) is applied only to
variables. Letr be the translation given in Figure 6. We leave it to the reader to
check that¥ is true if and only ifM, 1 = 7(W¥). O

Theorem 4.8 Model checking for the pure nominal-free fragmentslaf |, F) is
PSPACEcomplete.

Proof. PSPACE-membership follows from Theorem 4.5. To prove hardness, we
embed QBF into the model checking problem for the pure nominal-free fragment of
HL(],F"). Let¥ = Qqz1. ... Quay.a(zy, ..., x,), WhereQ; € {3,V}, anda(xy,

..., x,) is a Boolean formula using variables, . . ., z,,. Let M be the unlabelled
model with frame({1, 2},{(1,2),(2,1)}). Let ¢y be theHL(|, @, F)-formula ob-
tained from¥ by replacing every occurrence 8f by F* |z and every occurrence
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of Vo by G*|z. ThenV is true if, and only if M, 1 = ¢y. O

Theorem 4.9 Model checking for the pure nominal-free fragmenitidf 3) is PSPACE
complete.

Proof. PSPACE-membership follows from Theorem 4.5. To prove hardness, we
embed QBF into the model checking problem for the pure nominal-free fragments
of HL(3). Let ¥ = Q1. ... Quzp.a(zy,...,x,), WhereQ; € {3,V}, anda(x;,
...,T,) IS a Boolean formula using variables, . . ., z,,. ¥ is a pure nominal-free
formula inHL(3). Let M be the unlabelled model based on the fraffik 2}, 0).
ThenU is true if, and only if M, 1 = ¥. O

Corollary 4.10 Model checking for the pure nominal-free fragmenHaf( |, A) is
PSPACEcomplete.

Theorem 4.11 Model checking foHL({}, F') is PSPACEcomplete.

Proof. The PSPACE upper bound comes from Section 4.1. To prove hardness,
we embed the model checking problem 1oL (], F) into the same problem for
HL({}, F). Consider a hybrid mode\1 = (M, R, V') and a formulax in HL(|, F).

We construct a hybrid modeW’ = (M, R, V'), where, for eachn € M, there
exists a fresh nominal,, with V'(i,,) = {m}. Moreover, leta/ be the formula in
HL({}, F) that is obtained fronax by replacing each instance ¢fby |} and each
instance ofr by v,, wherex € WVAR andv, € WVAR'. Then, we have that

M, g,m = «aif,andonly if, M’ gy m =o'. O

Theorem 4.12 Model checking for the pure nominal-free fragmentiadL(|) is
PSPACEcomplete.

5 Hybrid Logic in Action

On the previous pages we have discussed, and obtained, complexity results for
model checking a variety of hybrid logics. What's the point? In this section we
describe an application of hybrid logic model checking to the task of evaluation
of queries and constraints on semistructured data. We will encounter a number of
guery and constraint formats as well as reasoning tasks, all of which correspond to
model checking in some specific hybrid language.
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5.1 Semistructured data

The growth of the World Wide Web has given us a vast, largely accessible database.
The Extensible Markup Language (XML) [22] is a textual representation of infor-
mation that was designed to represent the hierarchical content of documents. It has
been proposed as a data model for semistructured databases since it is able to natu-
rally represent missing or duplicated data as well as deeply nested information [1].
As an example, Figure 7 contains the XML representation of a simple bibliography
file. A very natural representation for semistructured data is a labelled graph. In this
paper, we will represent semistructured data as a graph in which a node corresponds
to an object and an edge corresponds to an object attribute. Edges are labelled with
attribute names, while leaf nodes are labelled with object values (internal nodes are
not labelled). The data graph corresponding to the XML example on the left-hand
side of Figure 7 is depicted on the right-hand side of Figure 7.

5.2 Query Processing via Hybrid Logic Model Checking

It is possible to perform significant query processing on semistructured data via
model checking for hybrid languages. Quite a number of query languages for semi-
structured data have been proposed in the literature. However, many of them are
similar in spirit and sometimes even in syntax [1]. For this reason, we have chosen
one of them as a model: Lorel [3]. Lorel is the query language in the Lore sys-
tem [32], which was designed for managing semistructured data. We discuss three
fragments of Lorel, that differ in their expressive power; each will be embedded in
a suitable hybrid logic. As a consequence, we are able to process a query in Lorel
by taking advantage of a model checker for hybrid logics. Moreover, with the aid

<biblio> Marx

<book id = "ol1"> author
<author> Marx </author> /
<author> de Rijke </author> auther OdeRijke
<title> Hybrid Logics </title> \

:/t>booookk>id = "02"> e . OHybﬁd Logies
<author> Franceschet </author> book cite
<titte> Model Checking </title> author Franceschet
<date> 2000 </date> book itltle
<cite idref = "ol"/> Q QMOdel Checking

<cite idref "03"/>

</book> date 2000
<paper id = "03">_ paper \cite cite

<author> Afanasiev </author>
<title> Model Checking </title>
<cite idref = "02"/>

</paper>

</biblio>
title
QModel Checking

Fig. 7. (Left) An XML representation of a bibliography file. (Right) A graphical represen-
tation of the same file.

Afanasiev
author
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of the well-understood hybrid logic framework, it will be easy to investigate and
compare the expressive power of various fragments of the Lorel query language.

All fragments that we consider allow regular expressions for navigating the data
graph. Some offer the possibility of comparing object identities, which allows us
to implement queries with joins. We will focus eanonadic querie®nly: queries

that return a set of objects of the database, or, equivalently, a set of nodes of the
graph representation of the database. The reason for this restriction is that we want
to embed the query processing problem into the global model checking problem,
and the output of a global model checker is a set of nodes. We will consider 3
increasingly large fragments of Lored‘;élry C Egry C Egry. The most expressive
language/?.., captures a large subfragment of Lorel. Additional features of Lorel

qry’
that are not expressible iy, will be discussed towards the end of the section.

Fragment 1: £}, We start by defining the query languagg, . A query inL;} .
has the following schem@;:

(@) select X
from rexp X
where X.fexp ,

whererexp is a regular expression on edge labels (i.e., attribute namesgx@nd

is a so-called filter expression. Intuitively; retrieves all nodes reachable from the
root throughrexp satisfying the filteffexp . The variableX is used as a container
for these nodes. We call the varialden the ‘select’ clause of the query tiiecus

of the query, the conditiorexp X in the ‘from’ clause of the query theelection
expressionand the conditiorX.fexp in the ‘where’ clause of the query tliéter
expressionThe syntax of filter expressions is:

fexp = true | rexp | rexp :: a | fexp and fexp | fexp or fexp | not fexp,

wherea is an object value. Given a set of nod€sghe filterX.rexp selects a node
v in X if there exists at least one reachable node frotroughrexp . The filter
X.rexp::a  adds an additional constraint: it filters a nod@ X if there exists
at least one reachable node frantroughrexp that is labelled withu. E.g., with
reference the example in Figure 7, consider the following:

select X
from biblio.book X
where X.(author::Franceschet and date::2000)

This query selects all books written in 2000 such that Franceschet is one of the
authors. In our example, boaeR is retrieved. Moreover, the query

select X
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from biblio. - X

where X.abstract
retrieves all entries for which an abstract has been provided: none.
The simple query Ianguag(é}1ry can be embedded into hybrid dynamic logic with
only one nominakoot for the data graph root and no hybrid operators. The em-
beddingr is as follows. Letv be the obvious embedding from filter expressions
to hybrid formulasw(true) = T, w(rexp) = (rexp) T, w(rexp :: a) = (rexp)a,
w(fexp; and fexpy) = w(fexp;) A w(fexp,),w(fexp; or fexpy) = w(fexp;) V
w(fexps), andw(not fexp) = —w(fexp). To the query schem@; we associate
the hybrid formular; (Q,) = (rexp) 'root A w(fexp). Notice how the selection
expression is translated ‘backward,” while the filter expression is translated ‘for-
ward.

Next, we clarify the relation between query processing for semistructured data and
model checking for hybrid logic. Define tlaswer sebf a monadic query with
respect to a semistructured databasas the set of nodes retrieved dpelonging

to the data grapt¥p, associated t@. Each node in the answer set corresponds to an
element in the corresponding XML representatiomlofMoreover, given a hybrid
formulaa and a hybrid modeM, let thetruth setof o with respect toM be the set

of nodes ofM at whicha is true. The following result relates the query processing
problem for semistructured data to the model checking problem for hybrid dynamic
logic.

Proposition 5.1 Let ¢ be a query inL/,, and D be a semistructured database.
Then, the answer set gfwith respect toD corresponds to the truth set of(q)

with respect td7p.

Moreover, since the translatiof goes inside a fragment &fDL(@, A), by virtue
of Theorem 4.6, we have the following corollary.

Corollary 5.2 Query processing fa€ .. has linear time data and expression com-
plexity.

Fragment 2: £§1ry The expressive power aﬂéry can be extended by splitting the
selection expression in more than one chunk. Consider the following query that

selects the authors of all entries with tiModel Checking

select Y
from biblio. _ X, X.author Y
where X.title::Model Checking

This query is not definable iﬁéry but it can be embedded into the basic hybrid
dynamic logic agauthor) ! ((bibilo. ) ~'root A (title)Model C'hecking). \We
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define the query schendg, as follows:

(Qy) select  X;
from rexp; Xi, X;.rexp, X, ..., X, i1.rexp, X
where fexps, ..., fexpy

Each filter expressiofiexp; has the fornX.fexp, whereXis a variable andexp

in a filter expression as i€);. Intuitively, the schemd), binds the variabl&, to
the nodes reachable from the root through the regular expressiqn, it binds
the variableX, to the nodes reachable from a nodeXinthrough the regular ex-
pressionrexp,, and so on. The filter expressidntexp filters the nodes placed in
the variableX according to the Boolean filtgrexp. Finally, the nodes contained in
the focusX; are selected. A well-formed quetyis defined as follows. LeX be
the focus ofg, S the selection sequence @f F' the filter sequence af, andV the
variables inS. The queryy is well-formedif (i) X € V, and (ii) all variables used
in the filter sequencé’ are inV. Let L’zry be the query language containing all the
well-formed queries according to the sche@a Notice thatZ,, C L7,

We now develop an embedding of queries inC? into the basic hybrid dynamic
logic with only one nominaitoot for the root of the data graph. Consider the query
schema),. For each variablg; in @, letfexp; be the filter expression associated
with the variableX;, or fexp; = true if no filter expression has been explicitly
associated withi;. We use the following two auxiliary functionsandv~— mapping

a variable inQ), into a hybrid formula.

(fexp;)
v(X;) = o
w(fexp;) ifj=n
(x) w(fexp;) A (rexp;) ' v 1(X;_q)ifj>1
v ) =
’ w(fexp;) A (rexp;) 'root if j=1

Let X; be the focus of),, that is,X; is the variable in the select clause®§. The
translationr, of (), into hybrid logic is as follows:

@ v(X:) A (rexp;) ' v (X)) ifi > 1
T2 =
v(X;) A (rexp;) ‘root ifi=1

Notice thatry (L. ) = 7 (LL.).

ary qry

Proposition 5.3 Let ¢ be a query inﬁ?lry and D be a semistructured database.
Then, the answer set gfwith respect toD corresponds to the truth set af(q)
with respect td~ .
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Since the codomain of the translationis a fragment oHDL(@, A), by virtue of
Theorem 4.6, we have the following corollary:

Corollary 5.4 Query processing focfm has linear time data and expression com-
plexity.

The results in Corollaries 5.2 and 5.4 do not really depend on previous results
for model checking hybrid logics, and in fact they can be obtained directly from
model checking converse PDL. Indeed, the root nominal can be simulated by a
propositions holding at exactly the root node. The material below does use the
expressive power of hybrid logic in an essential way.

Fragment 3: £, So far, we have not used the full power of hybrid logic. In par-
ticular, the hybrid bindef has not been exploited in the query translation. Consider
the following query that selects papers with at least two authors:

select X
from biblio.paper X, X.author Y, X.author Z
where Y # Z

It can be embedded in hybrid logic, but we need the birder
l7.(biblio.paper) 'root A (author)|y.@,(author)|z.y # z.

Moreover, the following query selects all the self-reference papers, that is, all pa-
pers whose authors cite themselves:

select X
from biblio.paper X, X.cite Y
where X =Y

It corresponds to the hybrid formula.(biblio.paper) 'root A (cite)|y.z = y.
The following query retrieves all papersuch that there exists a papearachable
from p trough a path of cite edges that cites back:to

select X
from biblio.paper X, X.cite. cite* Y
where X =Y

This query maps toz.(biblio.paper) 'root A (cite.cite*)|y.x = y.
We define a query schendg; that allows the above queries as follows:

(Q3) select  X;

from sexp;, sexps, ..., Sexpn
where fexp;, fexpa, ..., fexpy,
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where eaclsexp; is a selection expression and edgixp; is a filter expression.
A selection expression is eitheexp X or X.rexp Y, whererexp is a regular ex-
pression and& andY are variables. A filter expression is eithefexp, orX =Y,

or X #Y, whereX andY are variables anfexp is a filter expression as i€;.
Not every selection sequence is legal. For instakneeyY, X.b Y is not legal for two
reasons. First, it does not specify the content.dbecond, the content dfis am-
biguous. A well-formed query is defined as follows. LeX be the focus of;, S
the selection sequence@fF' the filter sequence af, andV’ the variables irt. We
construct the edge-labelled directed graphwith nodes inV” U {/}. There is an
edge(/, X) labelled withrexp if rexp Xisin S, and there is an edd#, Y) labelled
with rexp if X.rexp Y isin S. We say thatS is legal if T is a tree rooted at.
That is (i) each node iff’s is reachable fromy, (ii) the root/ of T has no prede-
cessor and all the other nodesTin have exactly one predecessor. The quely
well-formedif (i) X € V, (ii) S is legal, and (iii) all the variables used in the filter
sequencé’ areinV’. Let,/:i’lry be the query language containing all the well-formed
queries according to the schei@a. Notice thatC? C L3

We now develop an embedding of queries inﬁf’w into the hybrid dynamic logic
with nominals,@ and |. For the sake of simplicity, we describe the embedding
with an example. It is not difficult from this example to reconstruct the full query

translation. Consider the following abstract query

select Z
from a X, Xb Y, Xc Z, Zd W
where X.e,Y.f,Z.g,W.h,Y = W

Notice thaty is well-formed. The corresponding hybrid formula is as follows:

124g) T A {d)|w.(h)T A
Q (c) z(e)T A D)y (f)T A Qy{a) " root A
Y

The formula has been deliberately divided into three lines. The first line constraints
the focus of the query (nod® and its subtree (noddy. The second line predicates
over the unique path from the parent of the focus to the root of the tree as well as
over all the subtrees rooted at children of nodes on this path not belonging to the
path (nodes, Y, and/ ). The third line captures the identity checking constraints.
This technique can be generalized to arbitrary trees. Notice that the use of the binder
| Is necessary to encode the constraint that compares object identities. Indeed, if we
remove the filtely = Wfrom the above query, the latter can be encoded witfjout

as follows:

()T A Ad)(h)T A
(@) T A ONT A (a)~ root)

Proposition 5.5 Let ¢ be a query inﬁzry and D be a semistructured database.
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Then, the answer set gfwith respect toD corresponds to the truth set of(q)
with respect td~ .

Since the the translation embeds intdIDL(@, |, |, A), by virtue of Theorem 4.6,
we have the following corollary (we do not know whether it is optimal):

Corollary 5.6 Query processing foﬁiry has exponential time expression com-

plexity and polynomial time data complexity.

Additional Features of Lorel Lorel includes additional queries that are not im-
mediately expressible in our language. For instance, a query in Lorel may use reg-
ular expressions on object values, as in the following:

select X
from biblio.paper X, X.title Y
where matches(" +.(D|d)ata. *"Y)

The query selects all papers with a title containing eifbata or data . Regular
expressions on object values can be incorporated into our model checking frame-
work as follows. Given a query featuring the regular expressiorand a database

D, the data graph representiigjis preprocessed and all leaf nodes with a value
matchingr are labelled with a fresh symbotg _r . Moreover, each instance of
matches(" =*.(D|d)ata. *"Y) ingqgisreplaced by. e:ireg _r.The query

Is then translated into hybrid logic and model checking is applied.

Lorel queries may also allow variables containing object values, instead of object
identifiers. Consider the following query that retrieves all papers with two differ-
ent authors with the same first name (we assume thautieor element has a
subelemenbhame which in turn has an atomic subelemdéngt ):

select X

from biblio.paper X, X.author Y, Y.name.first N,
X.author Z, Z.name.first M

where Y # Z, N = M

The constrainY # Z compares object identities, whilé = Mcompares object
values, sinc& andZ contain internal nodes, whildandMcontain leaf nodes. This
query can be implemented in hybrid logic by using the hybrid biddethat binds
the current node value to the variable

(biblio.paper) 'root A |x.(author)|y.(name.first){n.
@, (author)|z.(name.first)m.y #z A n=m

Finally, Lorel includes label and path variables as well. These variables can be used
to combine schema and data information. These features are beyond the expressive
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<author id = "al">
<name> Marx </author>
<has _written idref = "pl1"/>
<has _written idref = "p2"/>
</author>
<author id = "a2">
<name> de Rijke </author>
<has _written idref = "pl1"/>
</author>
<publication id = "p1">
<title> Hybrid Logics </title>
<code> MdeRO03 </code>
<year> 2003 <l/year>
<written _by idref = "al"/>
<written _by idref = "a2"/>
</publication>
<publication id = "p2">
<title> Computational Complexity <ftitle>
<code> MO0 </code>
<year> 2000 </year>
<written  _by idref = "al"/>
</publication>

Fig. 8. Authors and publications in XML.

power of hybrid logic with nominals for stateBath nominalsi.e., nominals inter-
preted over paths, and corresponding path binders, have been introduced in hybrid
logics [16]. However, at present model checking results for hybrid logics with path
nominals and path binders are non-existent.

Constraint Evaluation via Hybrid Model Checking So far we have considered
hybrid logic model checking as a mechanism for evaluating queries in (fragments
of) Lorel. We now change tack and consider constraint evaluation for semistruc-
tured data. Recall that integrity constraints on structured data are conditions that
restrict the possible populations of the database. They are important to maintain the
integrity of data as well as for query optimization [Plath constraintsare gener-
alizations of integrity constraints in the context of semistructured data [1,24]. They
are navigation conditions imposing conditions on nodes at arbitrary depths in the
data graph. They include functional, inclusion and inverse path constraints [24].

Consider a semistructured database containing information about authors and pub-
lications. Each author has a list of publications and each publication has a corre-
sponding list of authors. An example in XML is shown in Figure 8. Constraints
such as the following are reasonable for this type of data:
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(1) for each author, all the publications iru’s publications list should be con-
tained in the database;

(2) for each publicatiorp, all the authors irp’s authors list should be contained
in the database;

(3) for each author and for each publicatiop in a’s publications lista should
be contained ip’s authors list; and

(4) for each publicatiorp and for each authas in p’s authors list,p should be
contained irz’s publications list.

The data in Figure 8 satisfies the above constraints. We could require that the at-
tributecode is akeyfor the element publication: different publications should have
different code values. Less restrictively, we could ask that the attrdmtte func-
tionally determineshe authors of a publication: any two different publications with
the same code values should have the same authors.

More generally, let, p andg be regular expressions on attribute namesrlist an
attribute name and a set of attribute names. Anode is a node reachable through
an edge labelled with. We consider the following constraints:

e key constraintsdenotedr[S| — 7, saying that, for alt- nodesr andy, if x and
y agree on the values of nodes reachable through attributesienz andy are
the same node;

e path functional constrainfsdenotedr.p — 7.¢q, saying that, for all- nodesxz
andy, if =z andy agree on the values of nodes reachable thrqughen they
should agree on the values of nodes reachable thrgaghwell;

e circular constraints
- forward version, denotegd = ¢, saying that all nodes reachable from the root

throughp are also reachable from the root through
- backwardversion, denotegh = ¢, saying that all nodes reachable from the
root throughp can reach back to the root through
e lollipop constraints
- forward version, denoted — p = ¢, saying that, for each nodereachable
from the root through it holds that all nodes that are reachable frothrough
p are also reachable fromthroughg;

- backwardversion, denoted — p = ¢, saying that, for each nodereachable
from the root through it holds that all nodes that are reachable frothrough
p can reach back to throughg.

Forward circular constraints are special cases of forward lollipop constraints in
which r is empty; similarly for backward constraints. Forward circular constraints
are also callednclusion path constraintsand backward lollipop constraints are
sometimes referred to @s/erse path constrain{d,24]. Whenever is a singleton

{a}, the key constraint[{a}] — 7 corresponds to the functional constraint —

T.
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Constraints (1) and (2) in our example above are forward circular constraints: (1) is
a forward circular constraint in whigh= * .publication.written _by and

g = *.author , and (2) is a forward circular constraint with= * .author.

has written  andg = *.publication . Constraints (3) and (4) above are
backward lollipop constraints: (3) is a backward lollipop constraint with *.
publication , p = written _by andq = has written , and (4) is a back-
ward lollipop constraint withr = *.author , p = has written andg =
written _by. The key constrainpublication  [code] — publication

states that the attribute code of the element publication is a key for the element pub-
lication. Finally,publication .code — publication .written  _by.name

iIs an example of a functional path constraint asking that the code of the element
publication determines the set of authors of the publication.

To show how such constraints can be expressed in hybrid dynamic languages, we
define a constraint languagg.,, containing any Boolean combination of con-
straints as introduced above. Formally, a constraimt L.,, has the following
syntax:

e c=atom|cANcl|leVe|-c
e atom=7[S| = T|Tp = Tq|p2qlpSq|lr—=p=2qlr—pSy,

wherer is an attribute names is a set of attribute names, ang, ¢ are regular
expressions on attribute names.

Next we show how to express the constraint£ i, within hybrid dynamic logic.

We define a mapping from the constraint languagé.., to HDL(@, |, |}). Let

root be a nominal for the root of the data graph. The easiest constraints to encode
are the circular ones. Their encodings do not require hybrid binders:

o(p =2 q) = Qo [pl{q) *root
o(p S q) = Qon[p](q)r00t

We encode lollipop constraints. Their encodings require only one nesting of the
hybrid binder|:

8

o(r —p=q) = Quglr]la.[pl{g)~"
o(r —pS q) = Quoa[r]lz.[pl{q)x

Key and functional constraints are more involved, since they involve both the com-

parison of node identities and the comparison of node values. The translation of the
key constraintr[S] — 7 states that, for all different nodesz andy, if x andy

agree on the values of nodes reachable through attributegienx andy are the

same node:

X

(7S] — T)=Alz.Aly.(Q(r)'T A @y<7>’1 ANx#y) —
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(A @Qla]dvr.Qya)fwr.vr = wy A

aesS
@y[a]@w2‘@z<a>u7}2.v2 = w2) — x=y

The translation of the path functional constraints — 7.¢ states that, for all
differentT nodesr andy, if x andy agree on the values of nodes reachable through
p, they should also agree on the values of nodes reachable thyough

o(tp — 7.q)=Alz.Aly.(Q (1) ' T A Qr) " Ao #£y) —
(Qg [pJv1.@y (p)Jwy vy = wy A
Q, [pJws.Q, (p)va.v9 = we) —
(Q.[gllvr.@y{g)wy.v1 = wy A
@y[quz-@x<qw@2-v2 = ws)

We conclude the description of our translation by stipulating éhdistributes over

the Boolean operators. tnit is convenient to replace the universal modaltyvith
Q@,..¢[*]. Notice that in this way each translated constraint is a formula starting with
Q@,..¢. Given a semistructured databa3eand an integrity constrainte L., it is
possible to check whethdp satisfies: as follows. The databage is represented

as arooted grapfi, and the constraintis translated into the hybrid formute(c).
Then, the formula (c) is checked ort7 , by using a hybrid model checker (in fact,

it is sufficient to check the formula at the root of the graph). If the outcome of the
model checker is the empty set of nodes, tliemoes not satisfy, otherwise it
does.

Proposition 5.7 Letc be an integrity constraint i€, and D be a semistructured
database. Ther) satisfies: if, and only if, the truth set of (¢) with respect ta=p
IS non-empty.

The translationrs embeds (any Boolean combination of) circular constraints into
HDL(@), lollipop constraints into the fragment 8fDL(@Q, | ) in which | is nested

only once, and key and functional constraints into the fragmeRidf(@, |, |}, A)

in which the hybrid binders are nested a fixed number of times. As a consequence,
by virtue of Theorem 4.6, we have the following.

Corollary 5.8

e The constraint evaluation problem for circular constraints can be solved in lin-
ear time both in the length of the constraint (expression complexity) and in the
size of the database (data complexity);

e The constraint evaluation problem for lollipop constraints can be solved in linear
time in the length of the constraint (expression complexity) and in quadratic time
in the size of the database (data complexity);

e The constraint evaluation problem for key and functional constraints can be
solved in linear time in the length of the constraint (expression complexity) and
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in polynomial time in the size of the database (data complexity).

6 Conclusion and Work for the Future

We investigated the model checking problem for hybrid logics. We gave model
checkers for a large number of fragments of hybrid and hybrid dynamic logic. We
obtained lower bounds on the computational complexity of the model checking
problem for hybrid logics with binders. We found that the addition of nominals
and the @ operator does not increase the complexity of the model checking task.
In contrast, whenever hybrid binders are present in the language, the running time
of the resulting model checker is exponential in the nesting level of the binders.
We cannot do better, since we proved that the model checking problem for hybrid
logics with binders is PSPACE-complete.

We applied our findings to the problems of query and constraint evaluation for
semistructured data. We identified significant fragments of well-known query and
constraint languages for semistructured data that can be efficiently embedded into
hybrid languages. These embeddings allowed us to solve query and constraint eval-
uation problems via model checking for hybrid logics.

An implementation of the model checkeviCLITE andMCFULLproposed in this
paper is available dtttp://www.luigidragone.com/himc . The code is
written in C available under the GNU General Public License. It can be freely used,
modified and distributed in conformity with this license.
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Abstract

In this paper, we focus our attention on tableau methods for propositional interval tempo-
ral logics. These logics provide a natural framework for representing and reasoning about
temporal properties in several areas of computer science. However, while various tableau
methods have been developed for linear and branching time point-based temporal logics,
not much work has been done on tableau methods for interval-based ones. We develop a
general tableau method for Venema’s CDT logic interpreted over partial orders (BCDT * for
short). It combines features of the classical tableau method for first-order logic with those
of explicit tableau methods for modal logics with constraint label management, and it can
be easily tailored to most propositional interval temporal logics proposed in the literature.
We prove its soundness and completeness, and we show how it has been implemented.

Key words: Interval Temporal Logics, Proof Systems, Tableau Methods

1 Introduction

In this paper, we focus our attention on tableau methods for propositional interval
temporal logics. These logics provide a natural framework for representing and
reasoning about temporal properties in several areas of computer science. However,
while various tableau methods have been developed for linear and branching time
point-based temporal logics, e.g., [5,9,18,29,33], not much work has been done on
tableau methods for interval-based temporal logics. One reason for this disparity is

L This paper is an extended and revised version of [12].
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that operators of interval temporal logics are in many respects more difficult to deal
with. As an example, there exist straightforward inductive definitions of the main
operators of point-based temporal logics, such as the future and the until operators,
while inductive definitions of basic interval modalities turn out to be much more
complex (consider, for instance, the one for the chop operator given in [4]).

Various propositional and first-order interval temporal logics have been proposed in
the literature (see [13] for an up-to-date survey that analyzes the main contributions
in the field). Propositional interval temporal logics include Halpern and Shoham’s
Modal Logic of Time Intervals (HS) [17], Venema’s CDT logic [32], Moszkowski’s
Propositional Interval Temporal Logic (PITL) [22], and Goranko, Montanari, and
Sciavicco’s family of Propositional Neighborhood Logics (PN £) [11], while the
most interesting first-order versions are Moszkowski’s Interval Temporal Logic
(ITL) [22] and Zhou and Hansen’s Neighborhood Logic (NL) [36]. Two different
semantics have been given to interval logics, namely, a non-strict one, which in-
cludes intervals with coincident endpoints (point-intervals), and a strict one, which
excludes them. We restrict our attention to the propositional setting, and we assume
the non-strict semantics as the default (it is the most common and general).

In this paper, we develop a sound and complete general tableau method for Ven-
ema’s CDT logic interpreted over partial orders, called (Non-Strict) Branching
CDT (BCDT™ for short). BCDT* features the same operators as CDT; however,
since it is interpreted over partially ordered domains with linear intervals, it is ex-
pressive enough to include as subsystems or specializations all the above-mentioned
propositional interval logics. While most existing tableau methods for modal and
temporal logics are terminating methods for decidable logics, and thus they yield
decision procedures, the proposed tableau method for BCDT* only provides a
semi-decision procedure for unsatisfiability. In this respect, even though it shares
some basic features with explicit tableaux for modal logics with constraint label
management, it comes closer to the classical, possibly non-terminating tableau
method for first-order logic [8]. Furthermore, it presents some similarities with the
explicit tableau method developed for the guarded fragment of first-order logic [14].
Finally, it can be easily adapted to variations and subsystems of BCDT, thus pro-
viding a general tableau method for propositional interval logics.

The rest of the paper is organized as follows. In Section 2, we introduce the syn-
tax and semantics of BCDT™, and we compare its expressive power with that of
the main propositional interval logics. In Section 3, we provide a survey of ex-
isting tableau methods for propositional temporal logics. In Section 4, we present
our tableau method, and we prove its soundness and completeness. In Section 5,
we describe the basic features of an efficient implementation of the method in an
imperative language. Conclusions provide an assessment of the work and outline
future research directions.
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Fig. 1. A non-linear interval structure with/without the linear interval property.

2 CDT over partial orders (BCDT™)

In this section, we give syntax and semantics of BCDT* and discuss its expressive
power. To this end, we introduce some preliminary notions. Let D = (D, <) be
a strict partial order. A (non-strict) interval on D is an ordered pair [d,, d;] such
that dy,d; € D, and dy < d;. When dy < d; we say that the interval is proper
or strict; when dy = d; it is a point-interval. The set of all non-strict intervals on
D will be denoted by I(ID)*, while the set of all strict intervals will be denoted by
I(D)~; by I(D) we will denote either of these. As in [17], we assume intervals to
be linear, that is, for every interval [dy, d;] and every pair of points d, d’ belonging
toit, namely, dy < d < d;anddy < d < dy,d <d ord < dord = d.Suchan
assumption keeps the temporal setting still very general, while making it fitting our
intuition about the nature of time. In Figure 1 we give an example of a non-linear
interval structure with the linear interval property (left) and an example of a non-
linear interval structure that does not satisfy it (right). A pair (D, (D)) is called an
interval structure. We can constrain an interval structure to be linear, branching,
discrete, dense, unbounded above and/or below, Dedekind complete, and so on,
by imposing suitable conditions on it. An element d € D such that there are no
elements ' € D with d < d’' (resp., d’ < d) is called minimal (resp., maximal)
element.

BCDT features the same operators as CDT, but it is interpreted over partially
ordered domains with linear intervals. Its language consists of a set of propositional
variables AP, the logical connectives — and A, the modalities C', D, and T, and the
modal constant 7. The other logical connectives, as well as the logical constants T
and _L, can be defined in the usual way. BCDT* well-formed formulas, denoted by
0,1, ..., are recursively defined as follows (where p € AP):

p=m|pl=g|oN|dCY | oDy | oT.

The semantics of BCDT™ is given in terms of non-strict models of the type M+ =
(D,I(D)*, V), based on non-strict interval structures, where V is a valuation func-
tion for propositional variables. The valuation function is a mapping V : [(D)*
24P ‘where I(ID)* is the set of all intervals in D, such that, for any p € AP, p holds
over [dy, dy] ifand only if p € V([dy, d,]). Truth over an interval [dy, d;] in a model
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M is defined by induction on the structure of formulas:

[do, dl] Ik iff do = di;
[d(), dl] I+ p |ﬁ:p < V([do, dl]), for all pE AP;
M*, [do, di] IF = iff it is not the case that MLt [dy, d4] IF ¢;
M, [do, dy] - & A iff M*, [do, dy] IF ¢ and MF, [do, di] IF ;
M*, [do, di] IF ¢Cp iff there exists dy € D such that (i) dg < dy < dy, and (ii)
. [do, do] I+ ¢ and M+, [dy, dy] IF 10;
[
[
[
[

* [do, d1] I+ @D iff there exists dy € D such that (i) do < do, and (ii)
+? d27 0] I ¢ and M+7 [d27 dl] I ¢1
* [do, di] IF @T iff there exists d; € D such that (i) dy < ds, and (ii)
T, [d1, do] IF ¢ and M, [dy, da] IF 9.

SEEEE

Satisfiability and validity of BCDT™ formulas are defined in the usual way.

Let us compare the expressive power of BCDT™ with that of the main proposi-
tional interval logics proposed in the literature. We say that a logic L, is at least
as expressive as a logic L if for every L, formula there exists an equivalent L,
formula, and that L, is (strictly) more expressive than Ly if and only if L, is at
least as expressive as L, but not vice versa.

We preliminarily summarize the main characteristics of the considered interval
temporal logics. HS features four basic operators: (B) (begins) and (£) (ends), and
their transposes (B) (begun by) and (E) (ended by). Given a formula ¢ and an inter-
val [dy, d1], (B)¢ holds over [dy, d] if ¢ holds over [dy, ds], for some dy < ds < dj,
and (E)¢ holds over [dy, d;] if ¢ holds over [ds, d,], for some dy < dy < d;. Itis
possible to show that HS captures all Allen’s relations [2]. In particular, it allows
one to define the strict after operator (A) (and its transpose (A)) such that (A)¢
holds over [dy, dy] if ¢ holds over [d;, dy] for some dy > d;, the non-strict after
operator <, (and its transpose <»;) such that ¢ holds over [dy, d,] if ¢ holds over
[dy, do] for some dy > d;, and the sub-interval operator (D) such that (D)¢ holds
over a given interval [dy, d;] if ¢ holds over a proper sub-interval of [dy, d;]. In [17],
Halpern and Shoham have shown the undecidability of HS over various classes of
linear orders by a suitable encoding of the halting problem.

CDT has three binary operators C' (chop), D, and T', which correspond to the
ternary interval relations occurring when an extra point is added in one of the three
possible distinct positions with respect to the two endpoints of the current inter-
val (between, before, and after), plus a modal constant 7 which holds over a given
interval if and only if it is a point-interval. Since HS can be embedded into CDT,
undecidability results for the latter follow from those for the former.

PITL features the two modalities () (next) and C (the specialization of the chop
operator for discrete structures). Intervals are defined as finite or infinite sequences
of states. Given two formulas ¢, 1) and a (finite) interval do, . . ., d,,, O¢ holds over
do, ...,d, if and only if ¢ holds over d1, . .., d,, while »C1) holds over dq, ..., d,
if and only if there exists 7, with 0 < i < n, such that ¢ holds over d, ..., d; and
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1 holds over d;, ..., d,. PITL has been proved to be undecidable by a reduction
from the problem of testing the emptiness of the intersection of two grammars in
Greibach form [22]. A decidable fragment of PITL extended with quantification
over propositional variables (QPITL) has been obtained by imposing a suitable
locality constraint which states that each propositional variable is true over an in-
terval if and only if it is true at its first state [22]. By exploiting such a constraint,
decidability of Local QPITL can be easily proved by embedding it into quantified
propositional Linear Temporal Logic.

Finally, propositional neighborhood logics in PN L have two modalities for right
and left interval neighborhoods, namely, (A) and (A) in the strict semantics (PA £~
logics), and <>, and <); in the non-strict semantics (PN L™ logics). While the un-
decidability of the first-order Neighborhood Logic NL can be easily proved by
embedding HS in it, the decidability problem for its propositional fragments is still
open.

We first note that both CDT and non-strict Propositional Neighborhood Logics
(PN LT) are interpreted over linear structures, and that the operators of PN L™
logics can be expressed in CDT by means of the formulas $,.¢ = ¢T'T and
S = ¢DT. Moreover, it is well known that CDT does not semantically in-
clude HS in its full generality, since the latter allows the interval structure to be
branching, while the former does not. On the other hand, HS is not more expressive
than CDT, because it cannot express the chop operator [21].

BCDT™ generalizes Venema’s CDT (and thus all logics in PA/LT) by allowing
the interval structure to be non-linear, for as long as all intervals in it are linear
(as in HS). Furthermore, it is strictly more expressive than HS and PITL. HS op-
erators can be defined in BCDT™ as follows: (B)¢ := ¢C—m, (B)¢ := —nT¢,
(E)¢ := —wC¢, and (E)¢ := —mD¢. Besides, the strict neighborhood operators

(A) and (A) can be defined in BCDT™ by using 7 as follows: (A)¢ := (¢ A—7)T'T,
and (A)¢ := (¢ A ~m)DT. By exploiting such derived operators, all conditions
on the interval structure mentioned in the preliminaries can be easily expressed
in BCDT™. In particular, linearity can be expressed in BCDT™ by means of the

following formula:

lin £ ((Ayp — [Al(p v (B)p Vv (B)p)) A (Ap — [Alp V (E)p v (E}p)).

while discreteness of linear interval structures can be imposed by means of the
formula:
disc 2w vV 11 vV ((B)I1 A (E)1),

where [1 stands for (B) T A [B][B]L.

As for the PITL operators, C'is an operator of BCDT*, while O can be defined over
(linear) discrete structures as follows: O¢ := [1C'¢. On the other hand, BCDT™ is
strictly more expressive than PITL, since the latter is not able to access any interval
which is not a sub-interval of the current interval.

The undecidability of BCDT™ with respect to a number of interval structures imme-
diately follows from results in [17], while finding meaningful decidable fragments
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of BCDT™ is an interesting open problem.

3 Tableau methods for temporal logics

In this section, we survey existing tableau methods for propositional point-based
and interval-based temporal logics over linear and branching time. According to [8],
tableau methods for (modal and) temporal logics can be classified as explicit or im-
plicit. Explicit methods keep track of the accessibility relation by means of some
sort of external device. One possibility is to maintain an auxiliary graph of named
nodes n;, n, . .., where each node contains a subformula, or a set of subformulas,
of the formula to be checked, and the existence of an edge from n; to n; means
that n; is accessible from n;. Another possibility is to include structured labels
into nodes to constrain the formula, or the set of formulas, associated with each
node to hold only at the domain element(s) identified by the label. The resulting
labeled tableau systems capture the accessibility relation by means of labeled for-
mulas, and they provide suitable notions of closed branches and tableaux. In im-
plicit methods [10,27], the accessibility relation is built-in into the structure of the
tableau. As an example, in the case of linear and branching time point-based tem-
poral logics the tableau represents a model of the satisfiable formulas (a timeline or
a tree, respectively). The non-standard finite model property can then be exploited
to show that the resulting tableau methods are actually decision procedures (they do
not lead to infinite computations). In [18], implicit methods are further partitioned
into declarative and incremental ones. Methods in the former class first generate
all possible sets of subformulas of a given formula, and then they eliminate some
(possibly all) of them, while those in the latter generate only ‘meaningful’ sets of
subformulas.

3.1 Point-based linear and branching temporal logics

The problem of devising tableau systems for propositional Linear Temporal Logic
(LTL), as well as for some extensions and fragments of it, has been extensively
investigated in the literature. An exponential time declarative method to check LTL
formulas has been developed by Wolper [33] and later extended by Lichtenstein and
Pnueli to Past LTL (PLTL) [26], while an incremental method for PLTL has been
proposed by Kesten et al. [18]. A labeled tableau system for the LTL-fragment
LTL[F] has been proposed by Schmitt and Goubault-Larrecq [29] (an attempt to
extend it to full LTL is reported in [30]). Finally, a tableau method for PLTL over
bounded models has been developed by Cerrito and Cialdea-Mayer [5] (in [6], Cer-
rito et al. generalize the method to first-order PLTL). The satisfiability problem
for LTL and PLTL is PSPACE-complete [31], while that for PLTL over bounded
models of polynomial length and LTL[F] is NP-complete [5,31].
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Wolper’s tableau method is a natural extension to the one for propositional logic.
The key idea is to take advantage of the so-called fix-point definition of temporal
operators that allows one to split every temporal formula into a (possibly empty)
part related to the current state and a part related to the next (resp. previous) state.
As an example, the formula ¢U+) is analyzed as follows: either v holds now, or
¢ holds now and ¢U1) holds at the next state. Since only a finite set of distinct
scenarios can be generated in this way, it is possible to devise a mechanism to
control the repeated appearances of formulas, and to identify periodic situations in
a finite time. The algorithm for checking the (un)satisfiability of a PLTL-formula
¢ behaves as follows: first (construction), it builds the tableau for ¢; then (elimi-
nation), it removes unsuitable maximal strongly connected components (maximal
strongly connected components which are not reachable from an initial node in-
cluding ¢ or are not self fulfilling and have not outgoing edges [33]). It turns out
that the formula ¢ is satisfiable if and only if the elimination phase does not end
with an empty tableau. In [18] Kesten et al. provide an efficient incremental variant
of Wolper’s declarative procedure, which extends to PLTL the incremental method
for LTL originally developed by Pnueli and Sherman [25]. Its basic ingredients are
the same as Wolper’s. However, instead of preliminarily generating the set of all
nodes of the tableau and thus immediately paying the worst case exponential com-
plexity price, it builds the tableau incrementally by introducing only those nodes
which are reachable from an initial nodes including the formula to be checked. Even
though in the worst case this procedure takes exponential time, one can expect that
in many cases a much smaller number of nodes is explored.

Unlike the above-described implicit methods, the labeled tableau systems for LTL[F]
and for PLTL over bounded models, respectively developed by Schmitt and Goubault-
Larrecq [29] and by Cerrito and Cialdea-Mayer [5], employ a mechanism for la-
belling formulas with temporal constraints somewhat similar to ours.

The distinctive feature of Schmitt and Goubault-Larrecq’s tableau system is that
its termination can be established locally: it terminates when no further expansion
rule can be applied, which is guaranteed to happen. The basic notions are those
of signed clause, borrowed from [16], and temporal constraint. A signed clause
is either a pair [d;, d;|© or a pair |oco|©, where © is a (multi)set of formulas (the
clause) and [d;, d;] is a time interval, where d; can possibly be co. A signed clause
d;, d;]© evaluates to true in a given structure if for every d € [d;, d;], there exists
1 € © such that ¢ holds at d (disjunctive interpretation), while |co|© is true if for
infinitely many time points d, every ¢» € © holds at d (conjunctive interpretation).
A temporal constraint is an expression of the form d; < d;. A tableau 7' is a set
of branches, where a branch is a pair (B, K') consisting of a set of signed clauses
B and a set of temporal constraints K. The construction of the tableau is accom-
plished by applying two kinds of steps: expansion and closing steps. An expansion
step is performed by choosing a branch (B, K') and an unused signed clause © € B,
and by applying a matching logical tableau rule. As a result of this application, the
premise clause is marked as used and the branch (B, K) is extended by adding
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the signed clauses and the constraints, possibly involving new states, in the con-
clusions of the rule to B and K, respectively. Whenever the conclusions include
various alternatives, the branch is split accordingly. A signed clause such that ©
includes only literals is called atomic. A branch whose unused signed clauses are
all atomic is called atomic, and it cannot be further expanded. An atomic branch
(B, K) is satisfiable if there exists an interpretation that satisfies all signed clauses
in B and the set of constraints in &’; otherwise, it is unsatisfiable. A closing step is
applied to an atomic branch, and it marks the branch as closed if it is unsatisfiable.
Termination is proved by introducing a suitable complexity measure and by show-
ing that, for every rule, every conclusion is smaller than the premise with respect to
such a measure. Critical formulas, such as G F'¢, which potentially lead to infinite
computations, are dealt with by using the symbol oo in a suitable way.

PLTL interpreted over bounded models, that is, finite sequences dy, dy, ..., d; of
states where & is known in advance, has been introduced to address planning prob-
lems in Al. A tableau method for it has been developed by Cerrito and Cialdea-
Mayer [5]. The boundaries of the model are encoded by means of the special con-
stant symbols start and finish. A state d; is encoded by means of an expression
of the form ¢+ n, where ¢ is a constant and » is a natural number. A tableau is a set
of branches to which expansion and conflict resolution rules are applied. Tableau
nodes are either temporal constraints or labeled formulas. Temporal constraints
are expressions of the form d; < d;, where d,, d; are states. An initial constraint
finish < start + k, where k is the length of the model, is associated with every
tableau. A labeled formula is a pair ([d;, d;], v), where [d;, d;] is an interval and
is a PLTL-formula, which states that ¢ is true at every state between d; and d; (con-
junctive interpretation). Expansion rules are applied to pairs of nodes of the forms
([d:,d;], ) and d; < d;, and they cause the expansion, and possibly the splitting, of
the branch. Conflict resolution rules force the two intervals over which contradic-
tory literals hold (if any) to be disjoint. The closure of a branch B is established by
checking the set K of constraints associated with it (which includes the initial con-
straint): B is closed if and only if K is unsatisfiable. Termination, soundness, and
completeness of the method are proved by exploiting a suitable notion of canonical
tableau.

The main differences between these tableau methods and ours are: (i) they are
specifically designed to deal with natural/integer time structures (i.e., linear and
discrete), while ours makes no assumptions; (ii) intervals only play a secondary
role in them (e.g., in Cerrito and Cialdea-Mayer’s system a formula is true on an
interval if and only if it is true at every point in it), while in our system intervals are
primary semantic objects on which the truth definitions are entirely based,; (iii) the
closedness of the tableau is defined in terms of unsatisfiability of the associated set
of temporal constraints, while in our system it is entirely syntactic.

We conclude this section by considering the satisfiability problem for CTL, which
is known to be EXPTIME-complete. An implicit tableau method to check the satis-
fiability of CTL formulas, that generalizes Wolper’s method for LTL, has been pro-
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posed by Emerson and Halpern in [9]. The algorithm for checking the (un)satisfiabil-
ity of a CTL-formula ¢ basically behaves as Wolper’s one: first, it builds the tableau
for ¢; then, it removes unsuitable maximal strongly connected components. The
elimination phase encompasses both a local pruning process, that removes local in-
consistencies, and another pruning process, that removes nodes including requests
which are not fulfilled in the current tableau. As in the case of LTL, the formula ¢ is
satisfiable if and only if the elimination phase does not end with an empty tableau.

3.2 Interval-based linear temporal logics and duration calculi

To the best of our knowledge, there exist very few tableau methods for interval
temporal logics (and duration calculi) in the literature. A tableau-based decision
procedure for an extension of Local PITL interpreted over finite state sequences
(LPITL,,,;), which pairs the operators () and C' with a projection operator proj,
has been proposed by Bowman and Thompson [4]. Such a procedure refines a pre-
vious tableau system for quantified LPITL,,,; developed by Kono [19]. It rests
on a normal form for LPITL,,,; formulas that allows one to exploit a classical
tableau method, devoid of any mechanism for constraint label management. In [7],
Chetcuti-Serandio and Farifias del Cerro isolate a fragment of Propositional Du-
ration Calculus (PDC,,), which only includes PDC formulas that satisfy suitable
syntactic restrictions. PDC,, is expressive enough to capture Allen’s relations [2]
and decidable. The tableau construction for PDC,,,s combines the application of the
rules of classical tableaux with that of a suitable constraint resolution algorithm and
it essentially depends on the assumption of bounded variability of state expressions
(they may have only a finite number of discontinuities on a bounded interval, thus
being Riemann-integrable on all bounded intervals).

LPITL,,,; extends LPITL with the binary operator proj which yields general repet-
itive behavior. For any given pair of formulas ¢ and ¢, ¢ proj ¢ holds over an
interval if such an interval can be partitioned into a series of sub-intervals each
of which satisfies ¢, while ¢) (called the projected formula) holds over the new
interval collecting the endpoints of these sub-intervals. LPITL,,,,; formulas are in-
terpreted over finite state sequences dy, dy, . . . , di. The valuation function ¥ maps
each interval [d;, d;] into the set of propositional variables that hold over it. The lo-
cality constraint imposes that, for any propositional variable p and interval [d;, d;],
p € V([d;,d;]) if and only if p € V([d;, d;]). The problem of satisfiability check-
ing for LPITL,,,, is non-elementary [13]. The core of Bowman and Thompson’s
tableau method is the definition of suitable normal forms for all operators of the
logic, which reflect the locality constraint and provide the operators with uniform
inductive definitions. Taking advantage of them, Bowman and Thompson develop
an implicit tableau-based decision procedure for satisfiability checking in the style
of Wolper’s one [33]. The normal form for LPITL,,,; formulas has the following
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general format:

(A6 V V(6 A OF),

where 7 stands for the formula ()L characterizing point-intervals, ¢. and ¢, are
point formulas, and ¢} is an arbitrary LPITL,,,; formula. The first disjunct states
when a formula is satisfied over a point interval, while the second one states the
possible ways in which a formula can be satisfied over a strict interval, namely,
a point formula must hold at the initial point and then an arbitrary formula must
hold over the remainder of the interval. This normal form embodies a recipe for
evaluating LPITL,,,; formulas: the first disjunct is the base case, while the second
disjunct is the inductive step. Bowman and Thompson show that any LPITL,,,;
formula can be equivalently transformed into this normal form. As in the case of
implicit methods for point-based temporal logics, the tableau construction splits the
requirements imposed by any temporal formula into requirements about the present
(the first state of an interval) and requirements about the remainder of the interval,
and it generates a directed graph G = (N, E'), where each node corresponds to
a state of the sequence and is labeled by a set of formulas. The construction of
the graph G for a formula ¢ starts with the initial node nq labeled with the set
{¢, TCm}. The expansion rules for the Boolean connectives are the standard ones;
formulas of the forms ¥/ C6 and ¢ proj 0, as well as =(C0) and (¢ proj 0),
are expanded by exploiting the normal forms of their subformulas; finally, as in
Wolper’s tableau method, formulas of the form ()« are expanded into a new node,
corresponding to a new state, labeled with ). Once the construction of the graph
Gz has been completed, the procedure looks for unsatisfiable nodes in GG and marks
them. Unsatisfiable nodes are (i) nodes which contain a formula and its negation,
(if) nodes which contain both a formula (v and the formula =, and (iii) nodes
whose successors are unsatisfiable. The formula ¢ is satisfiable if and only if the
initial node is not marked. The proofs of termination, soundness, and completeness
are similar to those for PLTL in their structure, but they are much more involved.

Chetcuti-Serandio and Farifias del Cerro’s tableau method operates on a decidable
fragment of (propositional) Duration Calculus (DC). DC is a first-order interval
temporal logic, interpreted over the set of reals, which is based on ITL [36,35].
The first-order language for DC extends the propositional one essentially the same
way as in classical logic, but accounting for the fact that the first-order domain may
change over time. Among the constants, there is a specific and important one, that
is, the constant /, whose interpretation can vary over time, denoting the length of
the current interval. It is combined with the structure of the additive group of reals
as part of the temporal domain, which allows, for instance, to compute the length of
concatenated intervals. A specific additional feature of the syntax of DC is the spe-
cial category of terms called state expressions which are used to represent the du-
ration for which a system stays in a particular state. Chetcuti-Serandio and Farifias
del Cerro provide a tableau method for PDC,,,, that presents many similarities with
the one of Cerrito and Cialdea-Mayer. Tableau nodes are conjunctions of labeled
formulas, labeled state expressions, and constraints (not all these components are
necessarily included in any node). Labeled formulas (resp., state expressions) are
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pairs (¢, [d;, d;]) (resp., (o, [d;, d;])), where ¢ (resp., o) is a formula (resp., state
expression) and [d;, d;] is an interval. Constraints can be either qualitative, e.g.,
d; < d;, and quantitative, e.g., d; — d; = k or d; — d;, > k, where k is a constant.
The construction of the tableau is fairly standard. It starts with an initial node in-
cluding the pair (¢, [do, d1]), where ¢ is the formula to be checked and [dy, d1] is
a generic interval, and it proceeds by applying suitable expansion rules to labeled
formulas or labeled state expressions in the leaf node of the considered branch.
Closing rules detect contradictory formulas associated with the same interval or
inconsistent sets of constraints in a leaf node. The proof of termination basically
exploits a lemma showing that each expansion rule can be applied finitely often
to any branch, while the soundness and completeness proof takes advantage of a
lemma showing that expansion rules preserve (a suitable notion of) satisfiability.
Complexity issues are not addressed.

3.3 Miscellany

We conclude the section by mentioning some additional tableau systems that present
interesting connections to ours, such as the tableau methods for temporal logics
of knowledge and belief, the free-variable tableau methods for modal logics, the
tableau methods for first-order temporal logics, and the generic tableau provers,
such as Paulson’s [24]. Tableau methods for the propositional temporal Logics of
knowledge and belief KL,, and BL,, are described in [23,34]. They are implicit
methods, like those for PLTL, that introduce a specialized accessibility relation and
specific rules for agent management. Free-variable semantic tableaux are a well-
established technique for first-order theorem proving. In [3], Beckert and Goré
show that they can be exploited to deal with propositional modal logics, provid-
ing a compact, efficient, and easily implementable technique. Tableau methods for
decidable (monodic) fragments of first-order temporal logic over the natural num-
bers have been developed by Kontchakov et al. [20]. The decision procedure is
obtained by separating the temporal and the first-order components of the formula
to be checked and by dealing with the former using tableau methods for LTL, and
with the latter using existing procedures for first-order decidable fragments. Finally,
Abate and Goré [1] propose a tableau workbench that allows one to easily derive
implicit tableau methods for various systems of modal logics by specifying the ap-
propriate expansion rules. Furthermore, it allows one to express side conditions for
rule firing and to maintain the history of the applied expansion steps.

4 A Tableau Method for BCDT+

In this section we devise a tableau method for BCDT*. The method can be adapted
to its strict version BCDT—, and can be accordingly restricted to CDT, HS, PITL,
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and some PN L logics. We first introduce some basic terminology. A finite tree is
a finite directed connected graph in which every node, apart from one (the root),
has exactly one incoming edge. A successor of a node n is a node n’ such that there
is an edge from n to n’. A leaf is a node with no successors; a path is a sequence
of nodes ny, ..., ny such that, forall : = 0,...,k — 1, ny, is a successor of n;;
a branch is a path from the root to a leaf. The height of a node n is the maximum
length (number of edges) of a path from n to a leaf. If n, n’ belong to the same
branch and the height of n is less than (resp. less than or equal to) the height of n’,
we write n < n’ (resp. n < n’).

Definition 1 If C = (C, <) is a finite partial order, a labeled formula, with label
in C, is a pair (¢, [¢;, ¢;]), where ¢ € BCDTY and [¢;, ¢;] € I(C) ™. For anode n in
a tree 7, the decoration v(n) is a triple ((¢, [c;, ¢j]), C, uy,), Where (¢, [¢;, ¢;]) is a
labeled formula, with label in C, and u,, is a local flag function which associates
the values 0 or 1 with every branch B in 7 containing n.

Intuitively, the value 0 for a node n with respect to a branch B means that n can be
expanded on B. For the sake of simplicity, we will often assume the interval [c;, ¢;]
to consist of the elements ¢; < ¢;41 < --- < ¢j_1 < ¢;, and sometimes, with a little
abuse of notation, we will write C = {¢; < ¢, ¢,n < ¢, ...}

Definition 2 A decorated tree is a tree in which every node has a decoration v(n).

For every decorated tree, we also use a global flag function u acting on pairs
(node, branch through that node), and defined as u(n, B) = u,(B). Sometimes,
for convenience, we will include in the decoration of the nodes the global flag
function instead of the local ones. For any branch B in a decorated tree, we denote
by Cp the (partially) ordered set in the decoration of the leaf of B, and for any
node n in a decorated tree, we denote by ®(n) the formula in its decoration. If
B is a branch, then B - n denotes the result of the expansion of B with the node
n (addition of an edge connecting the leaf of B to n). Similarly, B - n; |...| ny
denotes the result of the expansion of B with & immediate successor nodes ny,
..., ny (which produces & branches extending B). A tableau for BCDT " will be
defined as a special decorated tree. We note again that C remains finite throughout
the construction of the tableau.

Definition 3 Given a decorated tree 7, a branch B in 7, and a node n € B such
that v(n) = ((¢, [¢;, ¢;]), C, u), with u(n, B) = 0, the branch-expansion rule for
B and n is defined as follows (in all the considered cases, u(n’, B") = 0 for all
new pairs (n’, B’) of nodes and branches):

e If ¢ = =1, then expand the branch to B - ng, with v(ng) = ((¢, [c;, ¢;]),
CB; u)s

o If ¢ = 1)y A1)y, then expand the branch to B -ng -ny, with v(ng) = ((¥o, [¢;, ¢5]),
Cp,u)and v(n1) = (¢, [ei; ¢]), Cp, u);
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o If p = —(1hy At)y), then expand the branch to B - ng|ny, with v(ng) = ((—¢, [c;,
Cj])? (CB?U') and V(nl) - (<_‘¢17 [Cia Cj])? CBvu);

o If ¢ = —(¢C1) and there exists ¢, € Cp, with ¢, € [¢;, ¢;], which has not
been used yet to expand the node n on B, then take the least such ¢, and ex-
pand the branch to B - ng|ny, with v(ng) = ((—%o, [¢i, ck]), Cp,u) and v(ny)
= (=9, [ers ¢]), Cp, u);

o If 9 = —(voDy), c is a minimal element of Cp such that ¢ < ¢;, and there
exists ¢ € [c, ¢;], which has not been used yet to expand the node n on B,
then take the least such ¢’ and expand the branch to B - ng|n;, with v(ng) =
((—|¢0’ [6/7 ci])? Csg, U’) and v(n,) = <(_‘w1> [Clv Cj])? Cs, u);

o If ¢ = —(¢T1), c is a maximal element of Cp such that ¢; < ¢, and there
exists ¢’ € [c;, ¢] which has not been used yet to expand the node n on B, then
take the greatest such ¢’ and expand the branch to B - ng|n;, with v(ng) =
((_'w(b [ij C/D? (CBﬂ u) and V(nl) = ((_'wh [Civ Cl])7 CB? u)’

e If = (oC1), then expand the branch to B - (n; - my)|...|(n; - my)|(n] -

m;)|...[(nf_, -mj_,), where:

1

(1) gr all)gk € [ei, 6], v(n) = ((vo, [ei; x]), C, w) and w(my) = (¢, [cx, ¢5)),

(2) foralli < k < j — 1, let Cy be the partial ordering obtained by inserting a
new element ¢ between ¢, and ¢+ in [¢;, ¢;], v(ny) = ((¢o, [¢i, ¢]), C, u), and
y(mi() = (<w17 [67 Cj])> Cr, U);

e If ¢ = (1o D1)y), then repeatedly expand the current branch, once for each min-
imal element ¢ (where [c, ¢;] = {¢ = ¢y < &1 < ---¢;}), by adding the decorated
subtree (ng - mo)| ... | (ms - my)|(mf - mi)| ... | (nf - )| (ny - )] ... |(nf - m)
to its leaf, where:

(1) l(‘gr a”)_Ck € [co, i), v(ny) = ((vo, [cx, ¢i]), Cp,w) and v(my) = ((¢1, (e, ¢5),

(2) forall 1 < k < 4, let C, be the partial ordering obtained by inserting a new
element ¢ between ¢;_; and ¢y, in [co, ¢;], v(ny) = ((¥o, [¢, ci]), Ck,u), and
v(my) = ((¢1, [¢, ¢5]), Cp, u);

(3) forall 0 < k < 4, let Cy, be the partial ordering obtained by inserting a new
element ¢’ in Cp, with ¢ < ¢, which is incomparable with all existing prede-
cessors of ¢, v(ny) = ((¢o, [¢, ¢;]), Ck, u), and v(my) = ((¢1, [, ¢j]), Ck, u);

o If ¢ = (voTn), then repeatedly expand the current branch, once for each max-
imal element ¢ (where [c;,¢] = {¢; < ¢j11 < ---¢, = c}), by adding the
decorated subtree (nj - mj)|. .. |(n, - my)|[(0f - mj)|. .. |(n,_, - mj_,)[(n] -

n—1 j
m!)|...|(n - m?) to its leaf, where:

J n

1) ‘:gr a“).Ck € [¢j, d), v(nk) = ((¢o, [¢, c)), Cp,u) and v(my) = ((1, [ci, i),
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(2) forall j < k < n —1, let Cx be the partial ordering obtained by inserting a
new element ¢’ between ¢, and cy41 in [¢j, ¢,], v(ny) = ((¢o, ¢, ¢]), Ck, ),
and V(mL) = ((¢17 [Civ Cl]): Cr, U);

(3) forall j < k < n, let Cy, be the partial ordering obtained by inserting a new
element ¢’ in Cg, with ¢, < ¢, which is incomparable with all existing succes-
sors of ¢, v(ny) = (Yo, [¢;, ¢]), Cy,u), and v(my) = ((¥1, [ci, ¢]), Ck, w).

Finally, for any node m (# n) in B and any branch B’ extending B, let u(m, B") =
u(m, B), and for any branch B’ extending B, u(n, B") = 1, unless ¢ = —(1oC1)1),
¢ = (Yo Din), or ¢ = =(¢oT4y) (in such cases u(n, B") = 0).

Let us briefly explain the expansion rules for 1),Cv; and —(¢oC) (similar con-
siderations hold for the other temporal operators). The rule for the existential for-
mula v¢,C1); deals with the two possible cases: either there exists ¢, € Cg such
that ¢; < ¢, < ¢;, ¥, holds over [¢;, ], and ¢y holds over [cy, ¢;] (j — @ + 1 cases)
or such an element ¢, must be added to Cg (5 — ¢ cases). The universal formula
—(1oC)n ) states that, for all ¢; < ¢, < ¢;, 1, does not hold over [c;, c;] or 1
does not hold over [cx, ¢;] (j — i + 1 cases). As a matter of fact, the expansion rule
imposes such a condition for a single element ¢, in Cp (the least ¢; < ¢, < ¢;
which has not been used yet), and it does not change the flag (which remains equal
to 0). In this way, all elements will be eventually taken into consideration, including
those elements in between ¢, and c; that will be added to Cp in some subsequent
steps of the tableau construction.

Let us define now the notions of open and closed branch. We say that a node n in a
decorated tree 7 is available on a branch B it belongs to if and only if u(n, B) =
0. The branch-expansion rule is applicable to a node n on a branch B if the node
is available on B and the application of the rule generates at least one successor
node with a new labeled formula. This second condition is needed to avoid looping
of the application of the rule on formulas —(10C1 ), =(v0 D1 ), and —(1T).

Definition 4 A branch B is closed if some of the following conditions holds:

(1) there are two nodes n,n’ € B such that v(n) = ((¢, [¢;, ¢;]), C,u) and v(n')
= ((—, [¢i, ¢4]), C', u) for some formula ¢ and ¢;, ¢; € C' N C";

(2) there is a node n such that v(n) = ((m, [¢;, ¢;]), C, u) and ¢; # ¢;;

(3) there is a node n such that v(n) = ((—, [¢;, ¢]), C,u) and ¢; = ¢;.
If none of the above conditions hold, the branch is open.

Definition 5 The branch-expansion strategy for a branch B in a decorated tree 7
is defined as follows:

(1) apply the branch-expansion rule to a branch B only if it is open;
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(2) if B is open, apply the branch-expansion rule to the first available node one
encounters moving from the root to the leaf of B to which the branch-expansion
rule is applicable (if any).

Definition 6 An initial tableau for a given formula ¢ € BCDT™ is the following
finite decorated tree 7':

/ 00t \
((va [607 Cl])? {CO < Cl}v 0) ((¢7 [607 CO])’ {CO}> 0)

where the value of « is 0. A tableau for a given formula ¢ € BCDT™ is any fi-
nite decorated tree isomorphic to a finite decorated tree 7 obtained by expanding
the initial tableau for ¢ through successive applications of the branch-expansion
strategy to the existing branches.

It is easy to show that if ¢ € BCDT™, 7 is a tableau for ¢, n € 7, and C is the
ordered set in the decoration of n, then C has the linear interval property.

Definition 7 A tableau for BCDT™ is closed if and only if every branch in it is
closed, otherwise it is open.

We conclude the section by giving some examples of the application of the pro-
posed method (for the sake of readability, we omit some minor details in the fig-
ures). As a first example, let ¢ be the unsatisfiable formula p7—(TCp). A closed
tableau for ¢ is given in Figure 2. As a second example, let ¢ be the formula
=1 A =(=((p A =m)T=p)T=((p A —m)T—p)), which is satisfiable, but it only ad-
mits infinite models. Hence, all its tableaux include at least one open branch. A
tableau (to be further expanded) for ¢ is given in Figure 3. Finally, let ¢ be the
formula p < pT'w, which is one of the CDT axioms given in [32]. Such an ax-
iomatic system is (claimed to be) sound and complete for the class of all linear
(non-strict) interval structures. From this, it follows that the negation of the for-
mula (p — pT'w) A lin (cf. Section 3) should be unsatisfiable in the class of all
(non-strict) interval structures. However, the open tableau for —(p — pT'w) shown
in Figure 4 proves that this is not the case (as matter of fact, to remedy this it suffices
to substitute pT'r — p for p < pT'n).

4.1 Soundness and Completeness

Definition 8 Given a set S of labeled formulas with labels in C, we say that S is
satisfiable over C if there exists a non-strict model M* = (D, I(D)*, V) such that
D is an extension of C and M ™, [¢;, ¢;] IF # for all (¢, [¢;, ¢;]) € S.

15

116



root

/\

((pT=(TCp), [co, o)), {co}, 1) ((pT=(TCp), [co, c1]), {co < 1}, 1)
/
((p> [COv COD’ {CO}v 1) ((p> [Cla Cl])v {CO < Cl}a 1)
((_'(Tcp)a [007 CO])? {CO}a 0) ((_'(Tcp)a [007 Cl])v {CO < cl}v O)

(L [eos e1])s {eo < er}, 1) (= [ers ea]), {eo < er}, 1)
((L; [eo, o)), {Co} 1) (=, [co, co]), {0}, 1)\X %

X

((p7 [00701])7 {CU < Cl}> 1) ((p7 [61702])’ {CO <a < 02}7 1)

((=(TCp),[co, e1]), {co < e1},0) ((=(TCp), [co, c2]), {co < e1 < 2}, 0)

((L, [co, co])s {eo < e}, 1) ((=p, [co, e1]), {eo < e}, 1)
(L, feo,e1])s {co < 1 < 2}, 1)

((=p, [e1, e2]), {co < C;< e}, 1)

Fig. 2. A closed tableau for the formula pT'—(T Cp).

If S contains only one labeled formula, the notion of satisfiability of a (labeled)
formula over C is equivalent to the notion of satisfiability given in Section 2.

Theorem 1 (Soundness) If ¢ € BCDT™ and a tableau 7 for ¢ is closed, then ¢ is
not satisfiable.

Proof. We will prove by induction on the height 4 of a node n in the tableau 7
the following claim: if every branch including n is closed, then the set S(n) of
all labeled formulas in the decorations of the nodes between n and the root is not
satisfiable over C, where C is the interval structure in the decoration of n.

If h = 0, then n is a leaf and the unique branch B containing n is closed. Then,
either S(n) contains both the labeled formulas (v, [cx, ¢;]) and (=), [ck, ¢;]) for
some BCDT*-formula v and ¢, ¢, € C, or the labeled formula (7, [ck, ¢;]) and
¢k # ¢, or the labeled formula (-7, ¢k, ¢]) and ¢ = ¢;. Take any model M+ =
(D, I(D)*, V) where D is an extension of C. In the first case, clearly M, [¢x, ¢;] IF
o ifandonly if M*| [k, ¢] If —. In the second (resp., third) case, M*, [, ;] IF 7
(resp., =) if and only if ¢, = ¢; (resp., cx # ). Hence, S(n) is not satisfiable
over C. Otherwise, suppose ~ > 0. Then either n has been generated as one of
the successors, but not the last one, when applying the branch-expansion rule in
A, C,D, T, -C,—-D, or =T cases, or the branch-expansion rule has been applied
to some labeled formula (¢, [c;, ¢;]) € S(n) —{®(n)} to extend the branch at n.
We deal with the latter case. The former can be dealt with in the same way. Let
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root

((, [co, co]), {0}, 1) (¢, [co, 1))y {co < 1}, 1)

'

((7a COlCO 0) ((77 [COv Cl])? 0)
(( CS(? CO 1) ((_‘7"7 [60761])’1)
/ \
((67 [Cl,cl])’l) ((67 [00701])71)

/ /
((av[clvcl])71> ((a> [01701])71)
((_‘p» [C;’ Cl])? 1) ((ﬂpv [C(>)<’ Cl])? 1)

\J

(o leneal). (e < eaha 1) ((ulenscal), {er < e} 1)

((=p, [e1,¢2]), 1) ((=p, [co, c2]), 1)
|

((8,[co, c2]), 1) ((8,[e1, e2]), 1)

/ /

((av[CQiCQ])al) (( [62302])71)

((_'p7 [CO7 CQ])? 1) ((_'pv [017 02])7 1)
X X

((a, [e2, e3]), {ca < e3},1) ((a, [e2, e3]), {c2 < e3},1)

((_'p7 [CO7C3D71> ((_'pv [61763])71)

Fig. 3. A tableau (to be further expanded) for the formula —7A
=(=((p A =m)T—p)T—((p A ~m)T—p)), where «, (3, and  stand for p A =7, oT"—p, and
—(=BT—03), respectively.

C = {c,...,cn}, be the interval structure from the decoration of n. Notice that
every branch passing through any successor of n must be closed, so the inductive
hypothesis applies to all successors of n. We consider the possible cases for the
branch-expansion rule applied at n:

e Lety = ——¢&. Then there exists ng such that v(ng) = ((€, [¢;, ¢;]), C,v) and ng
is a successor of n. Since every branch containing n is closed, then every branch
containing ny is closed. By the inductive hypothesis, S(ng) is not satisfiable over
C (since ng < n). Since &, and —=—¢, are equivalent, S(n) cannot be satisfiable
over C,

o Let vy = & A &. Then there are two nodes ng € B and n; € B such that
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root

TN

(=(p — pT'm ,l[c co)), {co}, 1) ((=(p — pTm), ]| C(I a)),{co <}, 1)
((p, [cos co]); {0}, 1) ((p; [eo, c1]), {co < a1}, 1)

l l

(( T7T>v [COvCOD7{CO}vO) ((_'(pTW)> [60761])’{00 < 61}70)

(=, [co, Co 1), {co}, 1) (=p, er, el), {co < er}, 1)
( 7[60700])7{60}71) (_‘W7 [60701])7{60 < 61}71)
X

Fig. 4. An open tableau for the formula —(p — pT'm).

v(ng) = ((&o, [, ¢]), C,u), v(ng) = ((&1, [ai, ¢4]), C, ), and, without loss of
generality, ng is the successor of n and n; is the successor of ng. Since every
branch containing n is closed, then every branch containing n, is closed. By the
inductive hypothesis, S(n;) is not satisfiable over C since n; < n. Since every
model over C satisfying S(n) must, in particular, satisfy (£ A &, [¢i, ¢;]), and
hence (o, [ci, ¢;]) and (&1, [¢i, ¢;]), it follows that S(n), S(ng), and S(ny) are
equi-satisfiable over C. Therefore, S(n) is not satisfiable over C;

o Lety = (& A &). Then there exist two successor nodes ng and n; of n such
that V<n0> = ((50, [Cia Cj]), C, Uo), I/(nl) = ((51, [Cia Cj]), (C,Ul), ng,n; < n.
Since every branch containing n is closed, then every branch containing nq and
every branch containing n; is closed. By the inductive hypothesis S(ng) and
S(ny) are not satisfiable over C. Since every model over C satisfying S(n) must
also satisfy (o, [cs, ¢j]) or (&1, [e4, ¢4]), it follows that S(n) cannot be satisfiable
over C,;

o Lety = —(§C&). Suppose that S(n) is satisfiable over C. Since (=(£,C¢),
[ci,¢;]) € S(n), there is a model M = (D, I(D)*, V) such that D is an exten-
sion of C and M™, [¢;, ¢;] IF =(£C& ). So, for every ¢, such that ¢; < ¢, < ¢;,
we have that M, [¢;, ;] IF =& or M™, ¢k, ¢;] IF =& . By construction, the
two immediate successors of n are n; and n, such that, for an element ¢, with
¢ < ¢ < ¢, (=&, [ci, cx)) is in the decoration of ng and (=&, [cx, ¢;]) is in the
decoration of n;. By inductive hypothesis, since n;, ny < n, S(n;) and S(nz)
are not satisfiable over C. Thus, such a model M* cannot exist, and S(n) is not
satisfiable over C;

e The cases ) = =({,D&;) and ¢ = —(&T¢;) are analogous;
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o Lety) = £ C& . Assuming that S(n) is satisfiable over C, there isa model M+ =
(D, I(D)*, V), where D is an extension of C, such that M, [¢;, ¢;] I- 6 for all
(0, [ci, ¢;]) € S(n). In particular, M, [¢;, d] IF & and M, [d, ¢;] IF & for some
¢; < d < ¢;. Consider two cases:

1)

)

If d € C, then d = ¢, for some ¢; < ¢,, < ¢;. But among the successors
of n there are two nodes n,, m,, where v(ny,) = ((&, [¢;, ¢m)), C,u) and
v(my,) = (&1, [em, ¢]), C, u), and since n,,, my, < n (without loss of gener-
ality, suppose n,, < m,,), by the inductive hypothesis S(n,,) = S(n) U{(&,
(i, em)), (&1, [em, ¢j]) } 1S not satisfiable over C, which is a contradiction, and
S(n) is not satisfiable over C;

If d ¢ C, then there isan m suchthati < m < j—1and ¢, < d < ¢pi1.
Hence, there are two successors n/,,, m_, of n such that v(n},) = ((&, [¢;, d]),
Cu{d},u), v(mi,) = ((&1,[d, ¢j]), CU{d}, u), and since n,,, m;, < n (with-
out loss of generality, suppose n},, < m/ ), by the inductive hypothesis S(n/,)
= S(n) U{(&, [c:, d]), (&1, [d, ¢;]) } is not satisfiable over CU{d} which, again,
is a contradiction, and S(n) is not satisfiable over C;

o Let v = £ D& . Assuming that S(n) is satisfiable over C, there is a model
M* = (D, I(D)*, V), where D is an extension of C, such that M*, [¢;, ¢;] IF
forall (0, [c;, ¢;]) € S(n). In particular, M™, [d, ¢;] IF & and M™, [d, ¢;] I &; for
some d < ¢;. Consider 3 cases:

1)

)

©)

If d € C, thend = ¢, for some ¢,, < c¢;. But between the successors
of n there are two nodes n,,, m,, where v(ny,) = ((&, [¢m,c]), C,u) and
v(my) = ((&1, [em, ¢]), C, u), and since n,,, m,, < n (without loss of gen-
erality, suppose n,, < my,,), by the inductive hypothesis S(n,,) = S(n)
U{(&o, [cm, cil), (&1, [ems ¢]) } is not satisfiable over C, which is a contradic-
tion, and S(n) is not satisfiable over C;

If d ¢ C and there exist a minimal element ¢ € C and an index m such
that ¢, 1 € [c,¢) and ¢, < d < ¢4, then there are two succes-
sors n/,, m,, of n such that v(nl,) = ((&, [d,c]),C U {d},u) and v(m],)
= ((&,]d,¢]),C U {d},u), and since n},m; < n (without loss of gen-
erality, suppose n,, < m. ), by the inductive hypothesis S(n!,) = S(n)
U{ (&, [d, ci]), (&1, [d, ¢;])} is not satisfiable over C U {d} which, again, is a
contradiction, and S(n) is not satisfiable over C;

If d ¢ C and there exist a minimal element ¢ € C and an index m such
that ¢,,.1 € [c, ¢i], d < ¢my1, @nd d is not comparable with all predecessors of
cm+1, then, again, there are two successor nodes n;. , m/,, of n such that »(n,))
= ((&, [d,c]), CU{d},u) and v(m)) = ((&1, [d, ¢;]), CU {d}, u), and since
n!  m/ < n (withoutloss of generality, suppose n!;, < m? ), by the inductive
hypothesis S(ny,) = S(n) U{(&, [d,c]), (&1, [d, ¢;])} is not satisfiable over
C U {d} which, again, is a contradiction, and S(n) is not satisfiable over C;

e The case of ¢ = £,T&, issimilar. O
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Definition 9 If 7, is the three-node tableau built up from a root with void dec-
oration and two leaves decorated respectively by ((¢, [cs, ce]), {c» < c.},0) and
((9, [cb, b)), {cp},0) for a given BCDT*-formula ¢, the limit tableau 7 for ¢ is
the (possibly infinite) decorated tree obtained as follows. First, for all ¢, 7;,; is the
tableau obtained by the simultaneous application of the branch-expansion strategy
to every branch in Z;. Then, we ignore all flags from the decorations of the nodes in
every 7;. Thus, we obtain a chain by inclusion of decorated trees: 7; C 7, C .. .,

and we define 7 = oLj 7.
=0

2

Notice that the chain above may stabilize at some 7Z; if it closes, or if the branch-
expansion rule is not applicable to any of its branches. If 7 is a limit tableau, we

associate with each branch B in 7 the interval structure Cz = 6 Cpg,, Where, for

=0
all 7, Cp, is the interval structure from the decoration of the leaf of the (sub-)branch
B; of B in 7;. The definitions of closed and open branches readily apply to 7.

Definition 10 A branch in a (limit) tableau is saturated if there are no nodes on
that branch to which the branch-expansion rule is applicable on the branch. A
(limit) tableau is saturated if every open branch in it is saturated.

Now we will show that the set of all labeled formulas on an open branch in a limit
tableau has the saturation properties of a Hintikka set in first-order logic.

Lemma 2 Every limit tableau is saturated.

Proof. Given a node n in a limit tableau 7', we denote by d(n) the distance (number
of edges) between n and the root of 7. Now, given a branch B in 7, we will
prove by induction on d(n) that after every step of the expansion of that branch at
which the branch-expansion rule becomes applicable to n (because n has just been
introduced, or because a new point has been introduced in the interval structure on
B) that rule is subsequently applied on B to that node.

Suppose the inductive hypothesis holds for all nodes with distance to the root less
than [. Let d(n) = [ and the branch-expansion rule has become applicable to n.
If there are no nodes between the root (incl. the root) and n (excl. n) to which
the branch-expansion rule is applicable at that moment, the next application of the
branch-expansion rule on B is to n. Otherwise, consider the closest-to-n node n*
between the root and n to which the branch-expansion rule is applicable or will
become applicable on B at least once thereafter. (Such a node exists because there
are only finitely many nodes between n and the root.) Since d(n*) < d(n), by the
inductive hypothesis the branch-expansion rule has been subsequently applied to
n*. Then the next application of the branch-expansion rule on B must have been to
n and that completes the induction. Now, assuming that a branch in a limit tableau
IS not saturated, consider the closest-to-the-root node n on that branch B to which
the branch-expansion rule is applicable on that branch. If ®(n) is none of the cases
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—C, =D, and =T, then the branch-expansion rule has become applicable to n at the
step when n is introduced, and by the claim above, it has been subsequently applied,
at which moment the node has become unavailable thereafter, which contradicts the
assumption. Suppose that ®(n) =-(¢oC1). Then an application of the rule on B
would create two successors with labels (=)o, [¢;, ¢]) and (=1, [c, ¢;]), at least one
of them new on B. But ¢;, ¢;, ¢ have already been introduced at some (finite) step
of the construction of B and at the first step when the three of them, as well as
n, have appeared on the branch, the branch-expansion rule has become applicable
to n, hence is has been subsequently applied on B and that application must have
introduced the labels (), [c;, ¢]) and (¢4, [¢, ¢;]) on B, which again contradicts the
assumption. The same holds if ®(n) = = (¢ D) or ®(n) = —(YeD1py). O

Corollary 3 Let ¢ be a BCDT*-formula and 7 be the limit tableau for ¢. For
every open branch B in 7, the following closure properties hold:

e Ifthereisanode n € B such that v(n) = ((—=—, [¢;, ¢;]), C, ), then there is a
node ngy € B such that v(ng) = ((¢, [, ¢;]), C, uo);

e Ifthere is anode n € B such that v(n) = ((0 A 91, [, ¢j]), C, u), then there is
anode no € B such that v(ng) = ((¢, [, ¢j]), C, up) and a node ny € B such
that V(IIl) = (('@Zfl, [CZ', Cj]), (C, Ul),

e Ifthereisanode n € Bsuchthat v(n) = ((=(¢o A1), [ci, ¢]), C, w), then there
is a node ng € B such that v(ng) = ((—¢o, [, ¢j]), C,up) Or anode n; € B
such that 1/(n1) = (("1#1, [Ci, C]'D7 C, U1>,

e Ifthereisanoden € Bsuchthatv(n) = ((4oC¥1, [c;, ¢;]), C, ), then, for some
c € Cpsuch that ¢; < ¢ < ¢; there are two nodes n’, m’ € B such that v(n')

= ((Yo, [cs,€]), C" ') and v(m') = ((¥1, [¢, ¢;]), C', u');
e Similarly for every node n with ®(n) = ¢y D1; or ®(n) = 1T,

e If there is a node n € B such that v(n) = ((=(¢¥oC¥n), [ci,¢;]), C, u), then
forall ¢ € Cp suchthat ¢; < ¢ < ¢;, there isanode n’ € B such that v(n') =
(=0, [ci, c]), €', ') oranode m’ € Bsuchthaty(m’) = ((—¢1, [¢, ¢]), C',u);

e Similarly for every node n with ®(n) = = ()0 D) or ®(m) = = (o1 ).

Lemma 4 If the limit tableau for some formula ¢ eBCDT™ is closed, then some
finite tableau for ¢ is closed.

Proof. Suppose the limit tableau for ¢ is closed. Then every branch closes at
some finite step of the construction and then remains finite. Since the branch-
expansion rule always produces finitely many successors, every finite tableau is
finitely branching, and hence so is the limit tableau. Then, by Kénig’s lemma, the
limit tableau, being a finitely branching tree with no infinite branches, must be fi-
nite, hence its construction stabilizes at some finite stage. At that stage a closed
tableau for ¢ is constructed. O
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Theorem 5 (Completeness) Let ¢ eBCDT™ be a valid formula. Then there is a
closed tableau for —¢.

Proof. We will show that the limit tableau 7 for —¢ is closed, whence the claim
follows by the previous lemma.

By contraposition, suppose that 7 has an open branch B. Let Cp be the interval
structure associated with B and S(B) be the set of all labeled formulas on B.
Consider the model M = (Cp, V) where, for every [c;,¢;] € I(Cg)* and p €
AP, p € V(e ¢]) iff (p,[ci,¢;]) € ®(B). We show by induction on ¢ that, for
every (¢, [¢;, ¢j]) € S(B), M™, [¢;, ¢;] IF 1.

We reason by induction on the complexity of :

o Lety) = 7 (resp., vy = —m). Since (7, [c;, ¢;]) € S(B) (resp., (-, [ci, ¢j]) €
S(B)) and B is open, then ¢; # ¢; (resp., ¢; = ¢;). Hence M™, [¢;, ¢;] I+ 7 (resp.,
M+, [Ci, Cj] H_ _'7T);

o Lety = poriy = —p where p € AP. Then the claim follows by definition,
because if (—p, [c;, ¢j]) € S(B) then (p, [c;, ¢;]) ¢ S(B) since B is open;

e Lety) = ——¢&. Then by Corollary 3, (¢, [c;, ¢;]) € S(B), and by inductive hy-
pothesis M, [¢;, ¢;] IF €. So MY, [¢;, ¢5] IF 4;

o Lety) = & A& Then by Corollary 3, (&, [, ¢;]) € S(B) and (&1, [ci, ¢5]) €
S(B). By inductive hypothesis, M™, [c;,¢;] IF & and M™, [¢;,¢;] IF &, sO
M+, [Cia Cj] H_ w,

o Lety = —({ A&). Thenby Corollary 3, (=&, [¢i, ¢;]) € S(B) or (=&, [ci, ¢j])
€ S(B). By inductive hypothesis M™*, [¢;, ¢;] IF =& or M, [¢;, ¢;] IF =&, SO
M+, [Cia Cj] I d),

o Let v = &C& . Then by Corollary 3, (&, [ci,c]) € S(B) and (&1, [c,¢i]) €
S(B) for some ¢ € Cp such that ¢; < ¢ < ¢;. Thus, by inductive hypothesis,
M, [¢;, c] IF & and M™, [, ¢;] IF &, and thus M, [¢;, ¢;] IF ;

e Similarly for ¢ = £,D&; and ¢ = £TEy;

o Lety = —(§C&). Then by Corollary 3, for all c € Cp such that ¢; < ¢ < ¢,
(=&o, [cisc]) € S(B) and (=¢1, [c, ¢j]) € S(B). Hence, by the inductive hy-
pothesis, M™, [¢;, c] IF =& and M, [c, ¢;] IF =&, for all ¢; < ¢ < ¢;. Thus,
M+, [Ci, Cj] I 2,

e Similarly for ¢ = = (&, D& ) and i = —=(£T€,).

This completes the induction. In particular, we obtain that —¢ is satisfied in M,
which is in contradiction with the assumption that ¢ is valid. O
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Fig. 5. The tree for the formula ¢ = (pT'(—pCq)) A =(pT (—pCq)).

5 An implementation of the tableau method

In this section, we describe the main features of our implementation of the proposed
tableau method, which has been successfully used for testing a number of BCDT *-
formulas [28].

Input formula. The input BCDT*-formula is arranged in a tree structure whose in-
ternal nodes contain a Boolean connective or a temporal operator and whose leaves
contain a literal. As an example, the formula ¢ = (pT'(—pCq)) A =(pT(—pCyq))
generates the tree depicted in Figure 5, left. The subtrees of the tree for a for-
mula ¢ identify the subformulas of ¢. Obviously, identical subformulas give raise
to identical subtrees. To obtain a more compact representation, we collapse iden-
tical subtrees, thus turning the tree into a direct acyclic graph (DAG). To this end,
we define a recursive procedure that enumerates the distinct subformulas and gen-
erates a DAG whose nodes contain a subformula labeled by a natural number. We
constrain such a labeling procedure to associate even (resp. odd) numbers with pos-
itive (resp. negative) subformulas; moreover, if the positive formula v is labeled by
n — 1, the corresponding negative subformula —¢ (if present) is labeled by n. This
allows us to check whether two subformulas are identical, or whether one of them
is the negation of the other, by comparing two natural numbers. The application of
this enumeration procedure to the above formula ¢ produces the DAG of Figure 5,
right. Furthermore, if a formula ¢ has A distinct subformulas, we can use an array
of at most 2 - & bits to compactly represent any subset of its subformulas: we set the
n-th bit of the array to 1 if and only if the subformula labeled by » — 1 belongs to
the subset.

Branch management. Any single branch of the tableau for an input formula ¢
is managed according to a depth-first strategy. A branch is (recursively) expanded
until it is closed (in such a case, the procedure backtracks and it starts again with the
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next branch, if any) or it is open, but saturated (in such a case, the method returns
a model for the input formula). Obviously it may happen that the expansion goes
forever with the branch neither closed nor (open and) saturated. A single branch
contains: (i) a list L of pairs (¢, [¢;, ¢;]), where ¢ is a subformula of ¢ and [¢;, ¢;]
is an interval; (ii) a (possibly empty) sublist L’ of L that contains only those pairs
(¢, [ci, ¢j]), where ¢ is a formula of the form —=C', =D, or =" (universal formula);
(iii) a graph G that represents the current interval structure associated with (the
leaf of) the branch. Furthermore, a current position is defined for the list L. All
elements of L to the left of the current position identify the expansion steps applied
to the branch so far, while those to the right (including that in the current position)
correspond to expansion steps that have never been executed yet. L’ includes the
universal subformulas of ¢ that can possibly be reused during some subsequent
expansion step that extends the interval structure. The nodes of GG correspond to
the endpoints of the intervals belonging to the current interval structure (such a
structure must be updated whenever an expansion step introduces a new endpoint).
Every node of G is labeled by a unique identifier ¢; and provided with two lists of
pointers to its immediate successors and predecessors (cf. Figure 6).

The problem of keeping track of the subformulas of ¢ associated with (true over)
the various intervals of the current interval structure is dealt with as follows. For
every node (labeled by) ¢;, let ¢;, with i < j, be the label with maximum index for
which there exists a subformula which is true over [c;, ¢;], or over [¢;, ¢;] (if any).
We associate an array [c;, ¢it1, - - -, ¢j_1, ¢;| With the node ¢;. Moreover, for every
¢ belonging to this array, if there exists a subformula which is true over [c;, cx]
(or [ck, ¢;]), we provide ¢, with an array of 2 - h bits, where & is the number of
distinct subformulas of ¢. For every 1 < n < 2 - h, the array has value value 1
in the n-th position if (and only if) the subformula of ¢ labeled by n — 1 is true
over [¢;, cx] (Or [k, ¢;]). Such an encoding allows one to keep track of the truth of
a subformula over a given interval and to possibly detect a contradiction, as well
as to withdraw the truth of a subformula over an interval during backtracking, in
constant time. Finally, to efficiently deal with the labeled universal subformulas
(¢, [ci, ¢;]) in L', we maintain an array of successors of ¢; (resp. predecessors of ¢;,
elements between ¢; and ¢;), that can be easily updated whenever a new endpoint
is added to the interval structure. Taking advantage of these arrays, one can easily
determine the universal subformulas associated with the branch which are activated
by the addition of the endpoint.

To illustrate the management of the interval structure, in Figure 6 we describe the
effects of the application of some expansion steps to a branch of a tableau for the
formula ¢ = ((pT'q)T'p)C—(pTq). We assume the subformulas of ¢ to be labeled as
follows: label(p) = 0, label(—p) = 1,label(q) = 2,label(—q) = 3,label(pTq) =
4, label(—~(pTq)) = 5,label((pTq)Tp) = 6,label(—~((pT'q)Tp)) = 7,label(¢) =
8, and label(—¢) = 9. At the first step, the interval structure consists of two nodes
(labeled by) ¢y and ¢y, with ¢q < ¢1. The arrays [co, ¢1] and [¢;] are associated with
co and cq, respectively. Since 0 < 1, to constrain the formula ¢, with label(¢) = 8,
to hold over [co, 1], we provide the entry ¢, of the ¢y-labeled node with a 10-bits
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c1 0000000010
(((pT'q)Tp)C—(9pIq), J€07 1)) Co p.a. 1 r|1.a.
I € 1

c2 0000001000
c; 0000000010
Cp N.a. co N.a. c1 N.a.

~ ]
) Co C1

“T-a ¢ 0000001000

¢, 0000000010 ¢, 0000010000

(pTq,[e2,1]) (0T [carcsl) ¢ naa Gmna cna
. \\\\ ICO ICQ |Cl
(P, [, es]) N ¢ 0000001000 C

o ¢; 0000000010 |

Y cp N.a. c3 n.a.
\\\ lCO Ca 1

\ Co ha (&1 ha

' c3 0000100000 ¢ 0000010000

¢z 1000000000
C3

¢, 0000001000

¢, 0000000010 |

co n.a. ¢z n.a.
|

Co (&) C1
Co h.a. (&1 h.a.
c3 0000100000  ¢2 0000010000

Fig. 6. An example of interval structure.

array whose 9-th bit is set to 1. Since there are not formulas associated with the
intervals [co, co] and [c1, ¢1], there are not 10-bits arrays corresponding to the entry
co for the co-labeled node and to the entry ¢; for the ¢;-labeled node. In Figure 6,
we denote this situation by the expression n.a., which stands for not allocated. At
the second step, we extend the branch by applying the expansion rule for C' to
the formula ¢. Accordingly, we add a node cs, with ¢y < ¢ < ¢, to the current
interval structure. Since (pT'q)T'p (resp. =(pTq)) holds over [c, co] (resp. [cz, c1]),
and 0 < 2 (resp., 1 < 2), we provide the entry ¢, of the c,-labeled (resp. ¢;-
labeled) node with a 10-bits array whose 7-th (resp. 6-th) bit is set to 1. The next
step shows how a branch can be closed. Since ¢; is a successor of c,, the application
of the expansion rule for 7" to the formula (pT'q)Tp may result in the request for
pT'q (resp. p) to hold over [cq, c;] (resp. [co, c1]). Since 1 < 2, the 10-bits array
associated with the entry ¢, of the ¢;-labeled node must be updated by setting its
5-th bit to 1. This means that we require both pT'q and its negation to hold over
[c2, ¢1] (contradiction). Such a contradiction can be immediately detected: in the
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10-bits array associated with the entry ¢, of the ¢;-labeled node there exist two
consecutive bits, the first one being in an odd position (in the example, the 5-th and
the 6-th one), both set to 1. Once the contradiction has been detected, the procedure
backtracks, and it explores alternative expansions of the branch (if any). In the
example, it chooses to add a new node c3, with ¢, < 3, incomparable with ¢;.

Experimental results. We developed a C-implementation of the proposed tableau
method for BCDT* and we carried out some tests on an Intel x86 machine, with
a 2GHz Pentium 4 CPU, 40 Gb Hard Drive serial-ATA 150, and 1Gb of DDR
SDRAM. We also compared its performances with those of the well-known first-
order theorem prover Spass [15] (installed on the same machine), which takes ad-
vantage of a special form of syntactic unification. To make the comparison pos-
sible, BCDT* formulas have been mapped into their first-order counterparts (in
a language with a binary relation symbol < which has been constrained to be a
partial ordering). A comparison of the performances of the two systems on some
meaningful unsatisfiable/satisfiable BCDT* formulas (execution time is measured
in msec) is given in the following table.

BCDT*-formula our implementation | Spass
~(2(¢TY)Chp — —) <1 30
~(=(0TY) DY — o) 10 41
—(mC¢ « ¢) 9 29
(T « ¢) 11 32
((pTq)Tp)C—(pTq) 10 26
(p — (pT'm)) 10 23

6 Conclusions

In this paper, we described a general tableau method for CDT logic, interpreted
over partial orders, which combines features of the classical tableau method for
first-order logic with those of explicit tableau methods for modal logics with con-
straint label management. The method can be easily tailored to most existing propo-
sitional interval temporal logics. We proved its soundness and completeness, and
we provided it with an efficient implementation in C. We are currently looking
for meaningful syntactic (fragments of the logic) and/or semantic (classes of inter-
val structures) fragments where the tableau terminates, thus providing a decision
procedure.
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Abstract

Deduction chains represent a syntactic and in a certain sense constructive method for prov-
ing completeness of a formal system. Given a formiyldne deduction chains gfare built

up by systematically decomposirginto its subformulae. In the case whefds a valid
formula, the decomposition yields a (usually cut-free) prooboff ¢ is not valid, the de-
composition produces a countermodel §oidn the current paper, we extend this technique

to a semiformal system for the Logic of Common Knowledge. The presence of fixed point
constructs in this logic leads to potentially infinite-length deduction chains of a non-valid
formula, in which case fairness of decomposition requires special attention. An adequate
order of decomposition also plays an important role in the reconstruction of the proof of a
valid formula from the set of its deduction chains.

Key words: Deduction Chains, Logics of Common Knowledge, Tait-style Calculi

1 Introduction

Modal logic may be employed to reason about knowledge. A necessity for this
arises for example when modeling systems of distributed agents, say computers
connected over a network. In this setting, an agent knowing some propasition
states is usually understood asholding in all states reachable frosmn one step

and thus each agent’s knowledge may be modeled using a respective box operator.
Furthermore, through arbitrary nesting of boxes epistemic situations of consider-
able complexity become expressible. However, it is well known that any formula
of modal logic can only talk about a finite portion of a model and that this is not
sufficient to express certain epistemic situations of particular interest. One such ex-
ample often encountered in problems of coordination and agreement is common
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knowledge of a proposition, which can roughly be viewed as the infinitary con-
junction “all agents know) and all agents know that all agents kngvand. . .”.

In order to express common knowledge in the setting of modal logic, a fixed point
extension is required, yielding the so called Logic of Common Knowledge which
was introduced in [5] and studied extensively from a model-theoretic point of view
in [3]. A more proof-theoretic study of this logic is given in [1] and [2].

In the current study we aim to deepen the proof-theoretic understanding of Logic
of Common Knowledge by giving an alternative completeness proof for an infini-
tary proof system for this logic using the method of deduction chains. Deduction
chains represent a syntactic and in a certain sense constructive method for proving
completeness of a formal system. Given a formyl¢he deduction chains of are

built up by systematically decomposiiginto its subformulae. In the case where

¢ is a valid formula, the decomposition yields a (usually cut-free) proaf.df ¢

is not valid, the decomposition produces a countermodepfdthe method of de-
duction chains was first introduced by $¢te in [9,11] and has been used mainly

in the proof-theory of systems of first and second order arithmetic. See [6,8] for
applications of the method in this field. In [10] Stte extends deduction chains to
modal logic and we extend this approach again to accommodate fixed-point con-
structs. The main additional difficulty is that the presence of fixed-points requires a
fully deterministic procedure for the decomposition of a given formula in order to
guarantee fairness in the case of an infinite deduction chain.

We begin our account by giving an introduction to the syntax and semantics of
Logic of Common Knowledge. In particular we will state the infinitary proof sys-
temTj:c, the completeness of which will be the main goal. In Section 3 we intro-
duce the concept of deduction chains for formulae of Logic of Common Knowledge
and prove some crucial properties required for the subsequent argument, chiefly
fairness and saturation. We then proceed to prove the so gallezdpal semantic
lemma which represents one half of the deduction chain argument. The principal
semantic lemma secures the construction of a countermodel in case of an infinite
deduction chain. Section 5 takes care of the other half of the argument, the so called
principal syntactic lemmavhich yields the construction of a proof from the set of

all deduction chains of a formula, if all of these chains are finite. Completeness is
then obtained as a corollary to the two principal lemmata. In the concluding section
we give a short overview of the main completeness argument.

2 Syntax and semantics

The languageC¢ for Logic of Common Knowledge comprises a setatbmic
propositionsp, q, . . ., the propositional connectives andV, the epistemic oper-
atorsKy, Ks, ..., K,, and thecommon knowledge operatar Additionally, we as-
sume there is an auxiliary symbelto form complements of atomic propositions
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and dual epistemic operators. The formutaés, v, . .. (possibly with subscripts)
of L are defined inductively as follows.

(1) All atomic propositiong and their complements p areL¢ formulae.
(2) If c«andp areLy formulae, so aréa Vv 3) and(a A ).

(3) If ais anLg formula, so ar&;a and~ K;a.

(4) If ais anLg formula, so ar&€€a and~ Cao.

Often we omit parentheses if there is no possible confusion. We can define the
negation—a of generalC¢ formulaea by making use of de Morgan’s laws and the
law of double negation.

(1) If «is the atomic propositiop, then—a is ~ «; if « is the formula~ p, then
—a IS p.

(2) If ais the formula(5 Vv ), then—a is (-5 A —); if ais the formula(5 A ),
then—a is (5 V ).

(3) If cviis the formulaK; 3, then—a is ~ K;(—a); if a is the formula~K; 3, then
- is Ki(—a);

(4) If ais the formulaCg, then—a is ~ C(—a); if «is the formula~ Cg3, then—«
is C(—a);

We set
Ea:=Kian- - AK,a.

The formulaK;«a can be interpreted as “agenknows thata”. Thus Ea means
“everybody knows that”. We will also need iterationE™« for all natural numbers
m, formally defined by

E'a := T, Ela := Ea andE™ o := EE™q,

whereT is taken to refer to some trivially valid formula as for example ~ p
wherep is an atomic proposition.

The semantics for logics of common knowledge is giverkKbipke structures
M == (S,]Cl, ce 71Cn,7T)

whereS is a non-empty set okorlds Ky, ..., K, are binary relations o§ andnr

is avaluation functionassigning to each atomic proposition a subsef.dfVe say
wisaworld of M = (S, Ky, ..., K,, ), expressed by € M, if w is an element
of S. The truth set|a|* of an £ formula« with respect to the Kripke structure
M = (S,Ky,...,K,, ) is defined by induction on the complexity of
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P = 7(p)

| ~pl*:=5\ [Ipl™,
la v BIIM = [l M U181,
la A BIM =l A |81,

IKiao|[M:={v € S :w e |l forall wwith (v,w) € K;},
| ~Kial[*:= 5\ [[Kima| ™,

ICall™ = {IE™ ™ - m > 1},
| ~Caf*:=5\ [[Ca™.

Using these truth sets, we can express that a formusavalid in a worldw of a
Kripke structureM. This is the case ifv € ||a||™. We will employ the following
notation:

Mw = a = we |a|M.
Next, we are going to present the semiformal Tait-style calc‘lﬂtgsfor common
knowledge. Tait-style calculi [12,14] are one-sided Gentzen calculi which derive fi-
nite sets of formulae. This kind of calculi is particularly well-suited for the study of
cut-elimination and meta-mathematical |nvest|gat|d*r]§ has been introduced by
Alberucci and ager [1,2]. It incorporates an analogue of theule which permits
the derivation of the formul@« from the infinitely many premises

Ela,E%q, ..., E"a,. ..

for all natural numbersn > 1. The systemli;c is calledsemiformalsince, as
opposed to formal systems, it has basic inferences with infinitely many premises
[11].

The systenT ;. derives finite sets of¢ formulae which are denoted by A, X, 11, .
(possibly with' subscripts). Usually we will write for exampie 5, A, I for the
union {«, 3} U A UT. Moreover, ifI" is the set{a, ..., a,}, then we use the
following abbreviations:

VIi=a1 V- Van,
-Ti={-aq,...,"an},
K= {-Kiay, ..., Kian},
-CI':={-Cay,...,=Cap}.

The axioms and rules oT‘;;C consist of the usual propositional axioms and rules
of Tait calculi, rules for the epistemic operatdfs with additional side formulae
—CA plus rules dealing with common knowledge. Note thigt includes neither
an induction rule nor a cut rule. !

Definition 2.1 The infinitary Tait-style calculusi;c over the languageg is de-
fined by the following axioms and inference rules:
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I',p,—p (ID)

F, Oé,ﬁ F,Oé Fuﬁ
avp (v) ang ()
-CA, T,
ﬁCA,_'KZ'F, KZ'OZ,E <Kl)
I',-E« I',Efaforall k € w "
I, —Ca (=0) I, Ca ()

The infinitary systenT;c is formulated over the finitary languag® and derives
finite sets of formulae. It is infinitary only because of the r(I&) for introducing
common knowledge. This rule has infinitely many premises and thus may give rise
to infinite proof trees. For arbitrary ordinaisand finite setd’ of £¢ formulae we
define the derivability relatiofic (- I' as usual by induction oa.

(1) If I is an axiom ofTj., then we havd. - I" for all ordinalsc.
(2) If Ty ke % I'; anda) < « for all premises of a rule oTKc, then we have

C % I"'for the conclusior of this rule.
We will write Ty = I'if Tiic - T for some ordinak.

Now we have to mention some structural propertleﬁpfwhlch will be important
in the sequel. The first two, weakening and inversion, are easily shown by induction
on the length of the involved derivations.

Lemma 2.2 (Weakening) If Tic | I"andI' C I", then alsoTjc (— I".

Lemma 2.3 (Inversion)

(1) 1 Tc b T 61 A ¢o, thenTie b T, ¢y and Tge b T, ¢,
(2) IfT ke % I', o1 V ¢o, thenT“,éc — T, ¢1, ¢a.
(3) If Tic b5 T, Co, thenTic (- T, EF¢ for everyk € w.

Lemma 2.4 If Ty (— T', ~E*¢ for somek € w, thenTyc — T', ~Co.

PROOF. We proceed by induction ol The base case @&f= 1 holds directly by
the rule(—C). We thus assumé&jc — I',~E**!¢, which by iteration of Lemma
2.3 means ’

Tic k= T, =K Efg, ..., —K,EFg (1)
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and showTyc - I',—Cg¢ by induction on lengthy of the proof. The case of
a = 0 is trivial, thus assume that the claim holds for@ll< «. We make a case
distinction as to the last rule applied to derive (1).

Case 1) The last rule wdK;) for somel < i < n: Then there is a formul;{ €
I such thafTc F- ~CAL, —K;Ag, Kig, 2 and-K;Ef¢ € ¥ for all j # . If
we also have-K,E*¢ € X, then the claim is trivial. Otherwise we must have
-K;EF¢ € —K;A, and by the premise dK;)

TT;(J% }7 ﬁCAL _'A27 57

whereo’ < o and—-E*¢ € -A,. By the hypothesis of the outer induc-
tion Ty = —CA,—Co,—AL, &, where—A, = —A, \ {-E"¢}. There-
fore, aﬁplying(Ki) yields T;g% 1 CAL G, =K;AY, Ki€, X, meaning
Ty kg T —Co.

Case 2) The last rule was n@f;) for any1 < i < n: In this case the claim fol-
lows directly by applying the hypothesis of the inner induction to the premise
of the respective rule. O

Transfinite induction on the length of derivations yields the correctnegg.ofvith
respect to the semantics for logics of common knowledge. That is we have the
following theorem.

Theorem 2.5 For all finite setsl” of £¢ formulae, all Kripke structuredf and all
worldsw € M we have that

Ty FT = M,w = \/T.

3 Deduction chains

In this section we are going to define the notion of deduction chain in the context of
wc. Schutte [9] originally introduced deduction chains for classical logic. Later, he
showed in [10] how to extend this technique to the case of intuitionistic and modal
logics. We adapt his method and apply it to show completeness of our infinitary

fixed point logic.

In the sequel we will make use of the following notation for projections. i a
tuple (z,y), thena; := z anda, := y.

We start by defining labeled index trees. Such trees will provide the frame on which
the countermodel of a non-valid formulais based. The set of worlds will consist

of all nodes of the labeled index trees of a deduction chaig)farhe accessibility
relation for agent will be given the successor relation.
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Definition 3.1 Alabeled index tree is a séof pairs(k, «), wherek isin{0, ... ,n}
and« is a sequence of natural numbers such thaas the following properties

(1) (0,(0)) €1
(2) For everym € w we have that

(k,(a,m+1)) € I forsomek € {1,...,n}

implies
(I, (a,m)) € I forsomel € {1,...,n}.
(3) If there exists & < {1,...,n} with (k, («,0)) € I, then there exists ahe
{1,...,n} suchthat/,«) € I
(4) If (k,a) € Tand(l,a) € I, thenk = 1.

Definition 3.2 Let I be a labeled index tree and b € 1. We define the following
binary relations on/:

a=b:say = by
acb:=a = (j,a) andb = (i, (a, 1))
for some sequence j € {1,...,n}andl € w
a < b:< ay is a prefix ofb,
absa=bora<b
aC b= (a=<b)or
(ag = (o, 1) andby = (o, k) andl < k)

Definition 3.3 A literal is a formula of the fornp or ~ p wherep is an atomic
formula. A formulap is reducible if it is not a literal.

A deduction chain for a formula is built by decomposing. It is crucial for our
argument that this decomposition satisfies certain fairness conditions. In particular,
formulae of the form~ Ca need special care. When we treat such a formula for
the first time, we create a new formutd&!«.. When we deal with it for the second
time, then we createE2a and so on. Moreover, if there is another formusl& 3,

we have to pay attention that we consideCa and~ Cg in alternation. In order

to guarantee this, we need some bookkeeping which is achieved using so-called
iteration histories.

Definition 3.4 Let L¢|-c denote the set of all formulae of the languagjewhich
have the form~ Cg for someg € L. An iteration history is a finite sebl C
LE|-c X w x w such that for any, f € F, we have: = f if e; = fi.

Definition 3.5 Given an iteration history®, we define

domp = {a € L{|-c;Je € E such thate; = o}
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Furthermore, for alla € domg andk € w we define the following functions:

addy(~CB. ) = {EU{(NCﬁ,k,O)} if ~Cg3 ¢ domp
’ E otherwise
lookupgp(a) = (k,1) where(a, k,1) € E
ordg(a) = (lookupg(a)),
degp(a) = (lookupg(a)),

mazp = {max{ordE(ﬂ);ﬁ € domg} if domg # 0

0 otherwise

‘ min{ordg(03); 8 € domg} if domg # ()
ming = .
0 otherwise

Definition 3.6 A formula sequencg is ann + 2-tuple (I, A4, ..., A,, FE), where

I' is a finite sequence of formulae 6§, A, are finite sequences of formulae of the
form —a, wherea € L¢ and E is an iteration history. We will useto denote the
empty sequence. The distinguished formulé fthe rightmost reducible formula
appearing inl', if such a formula exists. For any finite sequence of formulae
we denote by set) the set of all formulae appearing if. We define séf) :=
setl’) U domg,

set' () :=sef{S) U {~K;3; -3 € sefA)}U...U{~K,3; -3 € se{A,)},

mazxg = marg, ming = ming anddomg := domg. Further, for all formulae
B € domg we sebrds(f) := ordg (). Let FS be the set of all formula sequences.

A sequence tree is a labeled index tree of formula sequences. That is we anno-
tate each node of the index tree with a formula sequence. In the construction of a
countermodel for a non-valid formula, the sequence at a node will be the basis for
defining the valuation function at that node. In particular; will be defined such

that if a formulay belongs to the annotation of a node, thewill not hold at that

node.

Definition 3.7 Let ] be a labeled index tree. A sequence tree dvisra function
R:I—FS

We use the notatioR,, for R(a), wherea € I and definenaz(R) asmazx{mazg,;
a € I}. Furthermore, given a formula and an iteration historyZ we define the
operation

(E\{(a,k,0)}) U{(a,maxz(R) + 1,1+ 1)} if o € dompg
E otherwise

it(R,a, E) = {

Definition 3.8 Let R be a sequence tree ovér Further, let.J be the sefa € I;
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(0, Ay,..., A, B)
N
(T, AL . ALEY (T, AY,... A" E")

Fig. 1. A sequence tree

domg, # 0}. We define the relatiom* for all a,b € J as follows:

aC*b &  ming, < ming, OF [ming, = ming, anda C b

The redex of a sequence tree is the formula that will be decomposed next. It is
basically found as follows. The rightmost reducible formula of the main sequence
of a noden of R is called distinguished formula & at« (see Definition 3.6). The
redex ofR is defined as the topmost distinguished formula if such a formula exists;
otherwise as the formula of the formCa (if such a formula exists) which has to

be treated next according to information given by the iteration histories. If neither
of these two conditions apply, thdh has no redex.

Definition 3.9 Let R be a sequence tree ovéranda € I. A formula¢ is called
redex of R at a if one of the following two conditions holds:

(1) ¢ is the distinguished formula dR,, anda is C-minimal among alb € 1.
(2) there are no distinguished formulae R, ¢ € domg,, ordg,(¢) = ming,
anda is C*-minimal inR.

Note that for a sequence tréeover I there is at most one € I and one formula
¢ such that is the redex oR ata.

Definition 3.10 Leta be a formula,s = (I', Ay,..., A,, E) a formula sequence
in a sequence treR andI” the sequencae, I'. Define the operation

S if ais already inl,
(I, Ay, ..., A,, E) if anotinl’ and not of the form- Cg,

S pu—
“° (I, Ay, .. Ay addg (o, maz(R) + 1)) if anotinI” and
of the form~ Cj3
Given a finite sequenck = (ay, ao, . . ., ay,) Of formulae and a formula sequence

S, we writeA o S for a; o (@20 (...0 (a, 05)))

Definition 3.11 A sequence treR over is called reducible, ifR has a redexR
is called axiomatic if there exists ane [ and an atomic propositiop, such that
R, = (I'A4,...,A,, E) and bothp and ~ p appear inI". Generally, we say that
a formula« appears inR at somez € I if o € se(R,,).

A deduction chain is a sequenég, O, 0,,... of sequence trees. B, is ax-
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iomatic, then®;, is the last element of the deduction chat.is also the last ele-
ment of the deduction chain if it does not contain a redeX;lfs not axiomatic
and has a redex ata, theny will be decomposed and a new sequence@gg is

added to the deduction chai@; ., ; is obtained fron®, by removingy and adding

(1) 1, s ataif P =1 V by,

|

(T, 1 Vb, 2), Aq, ., AL E)

)
|

(1,01) o (I, 2), Ay, ..., AR E)

Fig. 2. Type 1 reduction

(2) 1y oryy ataif v =Py Ay,

|

((F7¢1 A ¢27Z)7A17 .. 'aAnaE)

0 0
l |

1/J20 ((Fa Z)vAlv"'aAnaE) 1/J1 o ((F7E)7A17"'7An7E)

Fig. 3. Type 2 reduction
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(3) —; at every successor af(and remembering); ata) if ¢ =~K;vy,

!
((F, NKl‘@Dl,Z),Ah ey An, E)

{

(T AL AL B

)

}
(%), Agsos (5901, Ai), - A, EB)

7
-y o (IV, AL, ... AL E)
Fig. 4. Type 3 reduction

(4) a new successor af initialized with ¢, (plus anything remembered a} if

¢ - Ki¢11

(1, ;) o (€,€,...,€,0)
Fig. 5. Type 4 reduction

11
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(5) EFvy ata for somek if ¢ = Cyy,

l

((Fa Cwlvz)aAh s 7An7E)

) )
| |

Elwl 0] ((F, E), Al; Ce ,An,E) Ekwl o ((F, E), Al, e ,An7E>

Fig. 6. Type 5 reduction

(6) —EF*t149); ata wherek is the maximum number of iterations triedaaif ) =~

Ciby.
|

(0, Av, e A Lo (~Cn, L), L))

)

|

_|Ek+1w1 O (F,Al, .. .,An, { cey (Ncwl,p,]{] + 1), .. })

wherep is maximal for the whole sequence tree.

Fig. 7. Type 6 reduction

These six cases will be made precise in the next definition.

Definition 3.12 Let R be a sequence tree. A deduction chainBfis a finite or
infinite sequence

Op, 01,0, . ..
of sequence trees with the following properties:
1) 6 =R

(2) If ©,, is axiomatic or not reducible, thes,, is the last element of the sequence.

12
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(3) If ©,, is not axiomatic and reducible, thed,, . is derived fromo,, in the
following manner:
Let©,, be the sequence tré&eover index tred and let¢ be the redex of at
a€l.If g ¢ LE-c thenS, = (I'Ay,...,A,, E)andl’ = Q, ¢, ', where
2 is a sequence of non-reducible formulae.
Case 1 =1 V 1y
Then©,,; is the sequence tréE over I, where

I'=Q,¢
Ta = <w17w2> o (FlaAb CI Ana E)
T, =S, for all otherb ¢ I

In this case we say th&,, has type 1 successéY,, ;.
Case 2 = 1 Ay
Then®,, . is the sequence tréE over I, where

I'=Q,Q
T,=v¢,0(I",Ay,...,A,, E)or
T,=vs0(I",Ay,..., A, E)
T, =S, for all otherb € I

In this case we say th&,, has type 2 successeY,, . ;.
Case 3p =~K;9
ThenoO,,, is the sequence tréE over I, where

=0,

LA E)
and for allb € I such thatuo;b
Ty=-1oS,

andT, := S, for all otherc € I.
In this case we say th&,, has type 3 successer,, . ;.

Case 4p = K¢
Leta = (I,a) and k be the smallest number such that («, k)) ¢ I for
any numberj. Then®,,, is the sequence tre€ over U {b}, whereb =
(1, (a, k)) and

I'=Q,Q
T,=T" Ay, ..., A E)
T,= (¢, A;) o (e,6,...,¢60)
T.=S, for all otherc € 1

In this case we say th&,, has type 4 successer,, . ;.

13
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Case 5p = Cy
Then®,, ., is the sequence tréE over I, where

I'=Q,
T,=E49o(I',A,...,A,, E)for somei € w
T, =S, for all otherb € I

In this case we say th&,, has type 5 successéY,, . ;.
If ¢ € LZ|-c, then we proceed as follows:
Case 6p =~ Cy Then©,,,, is the sequence tréB over I, where

T,=-E*o (T, Ay,...,A,,it(0,, ~Cy, E))
wherek = deggp(~Cy) + 1
T, =S, for all otherb € I

In this case we say th&,, has type 6 successeY,,, ;.

Definition 3.13 Let ¢ be an£g formula. A deduction chain af is a deduction
chain of the sequence tré&e which is given by the function mapping the index tree
{(0,(0)} to the formula sequenceo (¢,e, ..., €, ().

4 Principal semantic lemma

The principal semantic lemma states that if there exists a deduction chain of a
formula ) which is infinite or ends in a non-axiomatic sequence tree, then there
exists a countermodel fap. For this section we assunt®,, ©,0,, ... is such a
deduction chain and we Ié§, 11, I, . . . be the respective labeled index trees.

The Kripke structurég that will serve as countermodel is (roughly) constructed
as©y U ©; UBy U ... wheren(p) = {a; —p appers at node}. Fairness in the
construction of the deduction chain ensures thaté a, thenKg, a [~ ¢. Finally

we observe thap is an element of the root dfs.

The following three lemmata follow directly from the definition of deduction chain.

Lemma 4.1 If a literal o appears in©; ata € I;, thena also appears in everg;
ata € I; for j > 1.

Lemma 4.2 For every©®; we have: There does not exist anc [; such that for
some atomic formula bothp and~ p appear in©; at a.

Lemma 4.3 For each©,, there exists am > k, such that9, has no distinguished

formulae.
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Lemma 4.4 If R = ©,, ~ Cj appears inR at a andordg, (~ Cf3) is minimal in
R, then there exists ah> k, such that~ C( is the redex 0B, at a.

PROOF. By definition of deduction chains and the operatiehando there can
only be one formula and onee I, such thabrdg, (~ Cf3) is minimal in©;. By
Lemma 4.3 there exists dr> k£, such tha®; has no distinguished formulae. Then
a is C*-minimal in©; and so~ C/ is the redex ob), ata. O

Lemma 4.5 For every®, andm > 0 there exists ah > k, such that the (finite)
set

de,(m) = {(~CB,a); ~CH appears in0; ata andorde,), (~C3) < m}

is empty.

PROOF. The claimis trivial if©; does not contain any formulae of the foraCa.
We thus assume otherwise and prove the claim by induction.on

m = 0: The setl, (0) can only contain a pai~ C3, a), where we haverde,), (~
CB) = 0. Sinceord(e,), (~ C3) must be minimal ir0, by Lemma 4.4 there
exists an > k, such thatv Cj3 ata is redex of©;. Then by the definition of
deduction chaindg,, , (0) = 0.

m — m + 1: By the induction hypothesis there existslam k, such that the set

de, (m) := {(~CB, a); Oy contains ~Cj3 ata andorde,,), (~CB) < m}

is empty. Thus the sely, (m + 1) contains only the paif~ Cv, a) such that
orde,),(~Cy) = m+ 1. Sinceorde,, (~Cy) is minimal in©, by Lemma
4.4 there exists atf > I’ such that~ Cvy ata is the redex of;.. Therefore,
again by the definition of deduction chaiws,,, (m + 1) must be empty.

1

Thus we have shown the claim for all > 0. O

Lemma 4.6 (Fairness)If a reducible formulap appears in9, atb € I, then there
exists an > k, such thaty is the redex 0B, atb € I,.

PROOF. Due to the definition of redex, we must distinguish the following two
cases:

Case 1) is not of the form~ C¢): Then the claim follows by Lemma 4.3.
Case 2) is of the form~ C¢: Then the claim follows by Lemma 4.5. O

Definition 4.7 Define the Kripke structurg = (Se, K4, ..., K,, ) as follows:
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() Se:=UT, | |
(i) for eacha € Sg defineB, := JsetR’,), whereR' := ©,
(iii)y 7(p) :={a € Se;—p € B,}, for each atomic formula
(iv) K;:= oy, foreachi € {1,...,n}

We writea € Kg for a € Se.
Lemma 4.8 (Saturation) Leta € Kg.

Q) foVvy e By, theng € B, andy € B,

2) foNyY € B, thengp € B, orvy € B,

(3) IfK;¢ € B,, then there exists a nodec Ko, such thau/C,c and¢ € B,

4) If ~K;¢ € B,, then—¢ € B, for all ¢ € Sg such thatu/C;c.

(5) If E*¢ € B, for somek € w, then there exists ac Sg, reachable ink steps
froma such thatp € B.

(6) If -E*¢ € B, for somek € w, then—¢ € B, for all ¢ € Sg reachable ink
steps fronu.

(7) 1f Co € B,, thenEF¢ € B, for somek € w

(8) If ~C¢ € B,, then—-E¥¢ € B, forall k ¢ w

PROOF. All claims are consequences of Definition 3.12, Definition 4.7 and Lemma
4.6. O

Lemma 4.9 For every formulap € L and every: € Sg

(1) If ¢ € B,, thenKg,a ¥ ¢
(2) If =¢ € B,,thenKg,a FE ¢

PROOF. We prove the claims by induction on the structurebof

¢ = p:
(1: pe B, ®="“p¢ B, = a¢n(p) = Ko,a ¥ p
(2): peB, = acn(p) = Kg,a Fp
¢ = ~p: Dually to the previous case.
¢ = 1 A a!
(1): Yy Nps € By =R, € B, ory € B,
=X Ko, a ¥ U orKg,a ¥ 1y = Ko, a ¥ ) Ay
(2): ~(¢1 Atby) € B, =2~y € B, and—, € B,
2 Ko,a F iy andKe,a E ¢y = Ko,a E 1 Ay
¢ = 101 V 1. Dually to the previous case.
¢ = Ky
(2): If Kjv» € B,, then by Lemma 4.8 there exists:ac Sg such thatu/C;c
andy € B.. Thus by induction hypothesis there existsa Sg such that
alC;c andKg, ¢ ¥ 1. ThereforeKg, a # K;i
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(2): If =K;v» € B,, then by Lemma 4.8-v € B, for all ¢ € Sg such that
alC;c. Thus by induction hypotheslsg, ¢ £ o for all ¢ € Sg such that
alC;c and therefor&g, a F K;1.

¢ =~Kiy:

(2): If ~ Ky € B,, then by the previous cad€s,a F K;». Thus also
Ke,a ¥ =K.

(2): = ~K;y is the formulaK;. Thus if— ~K;y € B,, then by the previous
caseKg,a ¥ 1. ThereforeKg, a E ~K;1.

¢ = Cy:

(1): If Cy € B,, then by Lemma 4.8% € B, for somek € w. Then, again
by Lemma 4.8 there existscac Sg which is reachable from in k steps
andy € B,. Thus by induction hypothesis there exisis@ Sg which is
reachable frona in k steps andKe, ¢ ¥ 1. ThereforeKg, a ¥ E* and
thus alsdKg,a ¥ Ci.

(2): If ~Cty € B,, then by Lemma 4.8:E¥y ¢ B, for all k € w. Thus by
induction hypothesi&e,a = EF for all k € w and therefor&Kg, a E
Ca.

¢ =~ C:

(1): If ~ Cy € B,, then by the previous cas€;,a F Ci, thus trivially
Ke,a ¥ —Ciy.

(2): = ~Cy is the formulaCy. Thus by the previous case,if ~ Cy) € B,,
thenKg,a ¥ Ci. Therefore, triviallyKg, a F ~Cy

This concludes the proof of (1) and (2) for all cases and thus the claim is shown.
O

An immediate consequence of the previous lemma is the principle semantic lemma
stated as follows.

Lemma 4.10 (Principle semantic lemma)Let¢ be a formula ofC¢. If there exists
a deduction chain op which does not end with an axiomatic sequence, then we can
find a Kripke structureM and a worldw such thatM, w [~ ¢.

5 Principal syntactic lemma

The principle syntactic lemma says that if all deduction chains for a formeliad

in axiomatic sequence trees, then there exists a progfiofTi;.. Hence, together
with the principal semantic lemma we obtain either a proof or a countermodel for
each formulay of £¢. This amounts to a (constructive) completeness result for

w
KE*

The principle syntactic lemma is proven along the following lines.
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(1) Code each sequence tien the deduction tree (consisting of all deduction
chains) ofy as a set of formula€®R.

(2) Show thafl. - C™ for each leail. of the deduction tree.

(3) Show by induction along the Kleene-Brouwer ordering of the deduction tree
that Ty + CR if Tie CSi for all successorS; of R.

(4) Finally, observe®R = ¢ for the rootR. of the deduction tree.

However, in order to prove step (3) of the above procedure, we need a series of
lemmata. They state that (in certain cases) the ruleBefmay also be applied
deep insideCg formulae. These lemmata are shown first.

Definition 5.1 We extend the alphabet of the languatjeby a propositional vari-
ablex. Let £¢, be the set of all formulae over this new alphabet. 4etnd ) be
formulae inLg . #[¢] shall denote the formula which results from substituting all

occurrences of in ¢ with . Furthermore, we defingZ to be the set of all formu-
lae of £¢ which are of the fornp, ~p, K;3, ~K; or ~C3 for someg in L¢. Let
disLZ denote the set of disjunctions over elementSof

Definition 5.2 Let# denote the natural sum operation on ordinals. For all formu-
lae o € L, we inductively define a complexity measure com@as follows:

compa) = 1 forall o € L
comga A 3) = 1 # compa) # comy5)
comga V 3) = 1 # comga) # comd3)

comgCa) = wComAe)

hownNE

Furthermore, given a finite s&t = {~;,...,v} C L{, we define

comfI') = comgyy) # ... # comgy,).
Remark 5.3 By Definition 5.2 we have cor(fg¢) < comgC¢) for any formulas
of £& and anyk € w. Furthermore, for any finité' C £¢ we have comg’) > |T'.
In particular, we have con(y’) = |I'| if I" C Lg.

Definition 5.4 We inductively define the subsets of £¢ , as follows:

A) ={p €Lt 0=yVxandy € LT}
A= {¢ € L2 ;¢ =¥ V Kid[x] wherey € disC2 andd[x] is in A¥}

Furthermore we defingl  as{J.A* and for¢ € A, depth{¢) as the leask, such
thato € A~

Lemma 5.5 Let A be a formula inA, andT be a finite subset afg. The following
implications hold:
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1. If Tyc - T, A[EF¢] for everyk € w, thenTyc |- I, A[Co]
2. 1f Ty - T, Alg] and Ty + T, A[¢], thenTgc - T, Alg A1)
3. If Tgc - T, A[~Co Vv ~E*¢] for somek € w, thenTic - T', A[~C¢)|

PROOF. All three clauses are shown by induction @rn= depth( A).
Clause 1:The base case df= 0 follows directly by Lemma 2.3 and the ru{€“).
We thus consider the induction step and assume that

ke o 1,9V Kid[ERg)

for all k € w where deptty) = d. Therefore, by iterated applications of Lemma
2.3 and the fact that € disL¢ we have

Tul‘é% }W F7 ¢17 oo )77Z}l7 K'Lé[EkQS] (2)

for all £ € w and suitable)y, . .., ;. We claim that

Ta}é% F P) ¢17 cee aqu)h KZ(S[C¢] (3)
and distinguish two cases:

(i) For somem € w K;0[E™¢] was obtained by weakening in the derivation of
(2), say after somg,, < a,,.

(i) Forall k € w K;6[E*¢] was obtained by an application of the rk&) in the
derivation of (2), each one say aftér < «y respectively.

In case (i) we may instead concludes[C¢] after 3,, and due to the fact that
I, ..., C L2 we may use the same inferences henceforth to condiiide

Ly, .. 1, Kid[Col.

In case (ii) by the premise of the rul&;) we have for each € w
where~CA¥ ¢ £z and—Ak ¢ £2 are suitable finite sets of formulae. Now define

[" =T, i, T = {~C§ € I} andl|k, := {§;~ K € I"}. By the
fact thatl” C L the following two statements hold for evekye w:

—CA} C IM|c (5)
~Af C ST, (6)
Clearly, we also have
I'.ccT (7)
-K;IV|-k, C TV (8)
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By Lemma 2.2, (4), (5) and (6) we get

Tic F e, ~I'|,, 0[E*¢] (9)
for everyk € w. We show that

Tie b e, 21"k, 0[Co) (10)

by induction ony := comp(—I"|-k,). As the base case we haye= |-I"| ,| by
Remark 5.3. But in this casel”|, is either empty or a subset @f:. Therefore,

the claim follows by induction hypothesis of the outer induction. Now assume that
the claim holds for ally < ~. Then there exists a SEtC L{ and formula€;, &, &

such that one of the following three cases holds

(@) X,& A& = —I"|-k, and compé ), comp&z) < compéy A &s)
(b) X,& Vv & = 1|k, and comgs; ), compéz) < comp(é; V &q)
(c) X, C¢ = —I"|-k, and by Remark 5.3 conif*¢) < comp(C¢) forall k € w.

Case (a): By (9) and Lemma 2.3 we have

Tic F V¢, %, &1, 0[E*¢] and
T(PL(JTCL F 1—‘/|—\Ca Za g?a 5[Ek¢}

for all £ € w. Thus by the induction hypothesis of the inner induction

Tic - T'|-c, %, &1, 0[Co] and
Tie b e, 2,62, 0[Col

and again by the rulen) we obtain the claim.

Case (b) and case (c) are treated in analogous ways, using Lemma 2.3. From (10)
using (K;), we obtainTyc - I'|.c, ~K,I| k,, K;0[Co]. With (7), (8) and Lemma

2.2 we concludd;. F7, K,;0[Co]. Thus (3) holds in both cases (i) and (ii). Then,

by an iterated appﬁcation af) Tke F T, A[Cg] follows and this clause is shown.

Clause 2:The base case af = 0 follows by Lemma 2.3, the ruléA) and finally
an application of the rulév). The induction step is analogous to clause 1 only that
in this case we are dealing with just two premises instead of infinitely many.

Clause 3:The base case af = 0 follows by Lemmata 2.3 and 2.4. We therefore
consider the induction step and assume fﬁ@t — I, v K[~ Cop Vv —-E*¢)],
where deptly) = d. Therefore, by iterated applications of Lemma 2.3 and the fact
thaty € disLE we have

TLIZ% }E F7 Q/)la s 77vbl7 K'Lé[N C¢ Vv _'Ekgb] (ll)
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For suitabley, . . ., ;. We claim that
and distinguish two cases:

(i) Kid[~CoV —EF¢] was introduced by weakening in the derivation of (11), say
after somes < a.
(i) K;d[~Co VvV —E*¢| was obtained by the rulg;) in the derivation of (11).

In case (i) we may instead introdu&gd[~ Co¢| with weakening aftes and due

to the fact thaf", ¢, ..., ¢, C ﬁg we may use the same inferences henceforth to
conclude the claim. In case (i) we haW¥&. - =CA;, =A,, §[~ Co V —~E*¢] for
suitable setg\; andA,. Then by induction hypothesis and an identical argument
to the corresponding case in clause 1 we obtain

TTZ% F _\CAl, _|A2, (5[N Cgb]

The rule(K;) yields Tic - ~CAy, =K; Ay, K;d[~ Co]. Then by the fact thal, 4,

o C ﬁg, we may use the same inferences again to arrive at the claim. Thus
(12) holds in both cases (i) and (ii). Therefore, by an iteration of the (rujewe
arrive atTyc |- I', A~ C¢] and the clause is shown. O

Definition 5.6 Letv, ..., ; be formulae ofL¢. We inductively define the subsets
Bl .. Of L2, as follows:

Xy 5oy

,,,,,

BEE =0 € L0 =¥V Kd[x] wherey € disC2 and

.....

...............

.....

Lemma 5.7 Let B be a formula inB, , , andT be a finite subset of2. If
Tic T, B0V =y V...V —ty], thenTic T, Blg).
PROOF. We prove this claim by induction o#:= depth B).

d =1: We thus havél'“g% =T,V -Kih V... V=K VK (V=91 V..V =)
and with iterated applications of Lemma 2.3

Tie b Ty, =Kith, oo, 2Ky, Ki(@ vV —apy VoV ). (13)
We show thatTyc F ', 9, =Ky, ..., =K, K¢ by induction ona. The
base case aof = 0 is trivial. Therefore, we assume that the claim holds for all
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o/ < « and distinguish cases, as to whether orii@t vV —ip1 V... V =)
was the distinguished formula of the last inference used to derive (13). If it
was the distinguished formula, then we have

TLIZTCLFA7_|¢17...7_|¢l’¢\/—|¢1\/.._\/—|¢l

for some suitable seh. Hence, with an iteration of Lemma 2.3 we obtain
T;g% - A, =y, ...,y ¢ and thus applyingK;) we arrive at the claim. If
Ki(¢V -1y V. ..V—1)) was not the distinguished formula, then we distinguish
further cases for the last rule applied to obtain (13). In the cases of the rules
(A), (V), (C¥) and(—C) we simply use the induction hypothesis of the inner
induction on the premise and apply the same rule again. In the case of rule
(K;) (foranyl < j < n)we see thaK;(¢ V —¢; V...V —;) can only have
been obtained with weakening. Thus we may obtgip instead in the same
manner.

d— d+1: ThusT“,;% — I, VKid[oV 91 V...V and by iteration of Lemma
2.3

Tic b= Do, 0, KbV —apy VoV =] (14)

for suitableyy, ..., ;. We claim thatTyc | I', ¢4, ..., 4, K;0[¢] and again

distinguish two cases: !

(i) Kid[pV )y V...V -] was obtained by weakening in the derivation of
(14)

(i) Kid[ep Vv =y V...V =] was obtained by the rulg;) in the derivation
of (14).

In both cases we may show the claim as before using the facl'that . . .,

¢y C L£2. Then by an iteration of the rulg/), we arrive afliec - T, Alg| and

the Lemma is shown.

O

Definition 5.8 Let; be a formula of£¢. We inductively define the subseéfs,
of £¢, as follows:

Ci,’t/)l = {¢ S £7C.L,x; ¢ - w V _‘K1¢1 \ KrL(X V Oél) V...V K’L<X vV O[p)
andy, ay, ..., qp € LE}
Chili={¢ € LE,;¢ =1 VK;d[x] wherey € disL¢ andd[x]isinCf, }

Furthermore we defing, ,, asUC},, and for¢ € C, , depth{¢) as the least,
such thatp € Cf,

Lemma 5.9 Let C' be a formula inC, , andI" be a finite subset of?. C denotes
the formula of£¢ which results from erasing every disjunct of the fornm C'. If
Tic b T, C[~g], thenTyc - T, C
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PROOF. We prove this claim by induction oth:= deptHC).

d=1: ThusTyc | I', ¥ V=K;pVKi(=pVay) V... VK;(=¢Va,) and by repeated
applications of Lemma 2.3

Tke b T, =K, Ki(mo Vo), ... Ki(=9 V ) (15)

We claim thafTiic - I', v, =K;¢, K;aq, . . ., K;ay, Dy induction ona. The base
case ofv = (is trivial. Thus we assume that the claim holds fordlk « and
make a case distinction as to whether orlgt-¢ v «;) was the distinguished
formula of the last inference used to derive (15) for dny j < [. In the
first case we then hav@g% - A,—¢, ¢ V o, and thus with Lemma 2.3
Tiwe B A, —¢, a;. Therefore, usingK;) we obtain the claim. IK;(—¢ V «;)
was not the distinguished formula for any< j < [, then we distinguish
further cases for the last rule applied to obtain (15). In the cases of the rules
(A), (V), (C¥) and(—C) we simply use the induction hypothesis of the inner
induction on the premise and apply the same rule again. In the case of rule
(Kp) (foranyl < h < n) we see that for every < j <1 K;(=¢ V a;) can
only have been obtained with weakening. Thus we may olttain for every
1 < j <linthe same manner.

d — d + 1: This part of the induction is analogous to the corresponding part in the
proof of Lemma 5.7.

O

Definition 5.10 LetR be a sequence tree ovéianda = (I, o) € I. We define the
characteristic seC® of R at a inductively as follows:

(1) If ais aleaf ofI, thenC® := set"(R,,)
(2) If a has successotrs,...,b, € I and

b= (plu (a> (h))

bm = (pma (Oé, QM))>
thenCR := set"(R,) U{K,, VCF}U...U{K,, VC}}.

Lemma 5.11 If R is an axiomatic sequence tree ovetthenTic - Cf ¢))-

PROOF. SinceR is axiomatic, there existsac I and some atomic formulg,
such thap and~ p are both inC®. Thus using (ID) we obtaifi.c - CX. We show

that Ty - CF for all b < ¢ by induction inverse to the length of

b = c. This case is already shown above.
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b<c: Letb = (k, (). Then there exists & < ¢ such thatl = (i, (3,1)) for some
natural numbersandi. By induction hypothesig i - C}, thus an iteration

of applications of {) yields Tic - V C}. Then, applying K;), we obtain
Tic b CR.

Thus the claim holds and sin¢e, (0)) < ¢ the Lemma is shown. O

Lemmab5.12 Let R be a sequence tree with redexv ) and S be the type 1
successor oR. If Tic = CR o) thenTic = CF o)

PROOF. This claim trivially holds sincélic - C ) andTic - Cf o), are the
same set of formulae. O

Lemma5.13 Let R be a sequence tree with redex\ ¢» and S, T be the type 2
successors oR. If Tic - CF ) and Tie - Cf o)), thenTic = CF -

PROOF. There exists a formula € A,, such thatd[¢] = VC(%,(O)) andAfy| =

V Cit 0y @s well asA[p A ] = V Cf - Therefore, the claim holds by clause 2
of Lemma 5.5 and iterations of Lemma 2.3. O

Lemmab5.14 Let R be a sequence tree with redexK;¢ and S be the type 3
successor oR. If Tic = CR o), thenTic - CF o).

PROOF. SinceS is the type 3 successor of a sequence tree with redé o,
there exists a formule’ € C, , such thatC[-¢] = V C§ ), andC = V Cf§ y))-
Therefore, the claim holds by Lemma 5.9 and iterations of Lemma 2.3. O

Lemma 5.15 Let R be a sequence tree with redéx) and S be the type 4 succes-
sor of R. If Tic - Clo.0)): thenTic - C (o))-

PROOF. SincesS is the type 4 successor of a sequence tree with r&gexthere
exist formulaey, . .., ; and a formulaB € By ..., such that

.....

BloV =1 V...V =] =\ C§ o)

andB[¢] =V 0(137(0)). Therefore, the claim holds by Lemma 5.7 and iterations of
Lemma 2.3. a

Lemma 5.16 Let R be a sequence tree with redéx and S’ wherei € w be the
type 5 successors &. If Ty |- CF ¢, forall i € w, thenTyc - Cf o))
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PROOF. There exists a formulal € A, such thatA[E*¢] = \/C(%'f(o)) and
AlCo] =V C(%’(O)). Therefore, the claim holds by clause 1 of Lemma 5.5 and iter-
ations of Lemma 2.3. O

Lemma 5.17 Let R be a sequence tree with redexC¢ and S be the type 6 suc-
cessor ofR. If Tiic |- Cf o)), thenTic - O o))

PROOF. There exists a formuld € A, such that
Al~Co Vv —E*g] = \/ CF (o)

for somek € w and A[~ C¢| = VC(P(;’(O)). Therefore, the claim holds by clause 3
of Lemma 5.5 and iterations of Lemma 2.3. O

Definition 5.18 Let R be a sequence tree. The deduction tredRoflenoted by
DT(R) is the set of all deduction chains &, closed under initial segments. For
0,0’ € DT(R) we say® < ©’ if and only if© is a proper initial segment od’.
For all finite © € DT(R) we define lagb) to be the last sequence treeén

In order to establish the principal syntactic lemma we require the following conse-
guence of a standard result about the Kleene-Brouwer ordering on a wellfounded
tree. Proofs of this result may be found in [4] (Corollary 5.4.18) and [13] (Lemma
V.1.3).

Lemma 5.19 LetR be a sequence tree. If the deduction &R contains only
finite deduction chains, then there exists an ordimand a bijective functior :
a+ 1 — DT(R), such that for all ordinals’, v < «

f(B) <f(y) = v < 6.

Lemma 5.20 (Principle syntactic lemma)lf every deduction chain @ ends with
an axiomatic sequence tree, thegic - Cf% ).

PROOF. By assumption the deduction tr&&'(R)) contains only finite deduction
chains. Thus we may apply Lemma 5.19 to obtain a functiand an ordinah
with the described properties. It suffices to show

Tig -l (0
forall 5 < «, since lasif(a)) = R. We prove (16) by transfinite induction ¢h

f = 0: By Lemma 5.19 we find thd{3) must be_-maximal. Thus by assumption
last(f(/3)) is axiomatic and the claim follows by Lemma 5.11.
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Type 4 reduction

Type 1 reduction

Fig. 8. Example deduction tree

(16) holds for all3 < 3: If last(f(j3)) is axiomatic, then the claim holds again by
Lemma 5.11. Otherwise Ig$t)) has a redex. We distinguish between the
different possibilities forp and use Lemmata 5.12 — 5.17. The case cf
11 V 1y is given as an example. In this case there exist§(ah such that
last(f(v)) is the type 1 successor of I&§t53)), thusf(3) < f(y). By Lemma
5.19 we havey < § and by induction hypothesiBy |- Cg%)()”). Therefore

applying Lemma 5.12 yieldSyc - Cégf(t(g)()ﬁ)). The other cases are treated
analogously using the induction hypothesis and applications of Lemmata 5.13

—-5.17.

Thus (16) holds for alb < « and the claim is shown.

Combining the principle semantic lemma and the principle syntactic lemma yields

completeness fof ;..

Corollary 5.21 (Completeness)Let ¢ be a formula ofC¢. If for all Kripke struc-
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tures M and all worldsw € M we have thaiM, w = ¢, thenTic = ¢.

PROOF. Assume we had\,w = ¢ for all Kripke structuresMm and all worlds

w € M and¢ were not provable iff};c. By contraposition of the principal syntac-

tic lemma there would need to exist a deduction chain which is infinite or ends
non-axiomatically. But in this case the principal semantic lemma would supply us
with a countermodel fop, contradicting our assumption. Thaésnust be provable

in Tke and indeed the principal syntactic lemma constructs such a proof. O

6 Conclusion

In the current study we have given a syntactic method for proving completeness of
the infinitary systenTi;. as is stated more precisely in Corollary 5.21. In the case of

a valid formulagp, a pronof ofg in Tc may be reconstructed from the principal syn-
tactic lemma along with Lemmata 5.11 to 5.17 and thus, in this sense, our method
is constructive. However, our analysis does not yet provide us with any statements
about the length of canonical proofs for valid formulae let alone about whether such
proofs are optimal in length. On the semantic side our method also behaves con-
structively to the extent of providing canonical countermodels for non-valid formu-
lae. This is guaranteed by the principal semantic lemma. It is known from [3] that
Logic of Common Knowledge possesses a strong form of the finite model property
where the size of a countermodel for a non-valid formplaay be bounded ex-
ponentially in the length of. Currently this result is not reflected in the canonical
countermodels constructed by our method, but further refinements should ultima-
tively lead to the construction of size-optimal countermodels. As mentioned before,
the main contribution of this study is the extension of the deduction chain method to
Logic of Common Knowledge. In a next step the method could be adapted to other
more expressive modal logics with fixed points as well as the modallculus in

its general form [7] and thus contribute to a better proof-theoretical understand-
ing of the area in particular with respect to systematic proof-search and syntactic
decision procedures.

An approach similar to the one presented here has recently been undertaken by
Tanaka [15] in the framework of predicate common knowledge logic. Let us briefly
compare the two studies. Tanaka investigates proof systenmikigrthe predicate
common knowledge logic for Kripke frames with constant domain. He introduces
an infinitary cut-free deductive system fGKL and proves a completeness theo-

rem about it. Like in our systenf;c, Tanaka’s rule for introducing the common
knowledge operator has infinitely many premises. His deductive system is a kind
of tree sequent calculus. That means his system does not derive (sets of) formulae
but so-called tree sequents which are finite trees where each node is a sequent and
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the edges are labeled by symbols for the agents. A forimidecalled derivable if
the tree sequent which consists only of the root nedeis derivable.

There is a relation between Tanaka’s approach and the method of deduction chains:
the rules of his calculus correspond to the conditions we impose on deduction
chains. Hence, a branch of a derivation in Tanaka’s system corresponds to a de-
duction chain in our approach. In order to prove completeness, he only needs to
show the analogue of our principal semantic lemma: given a non-derivable tree se-
guent, it is possible to construct a countermodel. Since we work in the Tait-style
systemT;c which derives sets of formulae and not tree sequents, we also need the
principal syntactic lemma. This lemma states that if every deduction chain of a for-
mula¢ ends axiomatically, then it is provable g . That could be translated into
something like if¢ is derivable in Tanaka’s syste?n, thenitis provablé’“,i@.
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