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Abstract In this chapter, we present results on dynamic modal operators that can
change the accessibility relation of a model during the evaluation of a formula. In
particular, we extend the basic modal language with modalities that are able to delete,
add or swap an edge between pairs of elements in the domain of a model. We define
a generic framework to characterize this kind of operations. First, we investigate
relation-changing modal logics as fragments of other, better investigated, logics, and
in particular provide equivalence preserving translations into first order logic and
hybrid logic. To investigate their expressive power, we define suitable notions of
bisimulation for the logics introduced. We then turn to the complexity of different
reasoning problems for these kind of logics. Finally, we discuss existing Hilbert-style
axiomatizations, and the special techniques needed to establish completeness.

Key words: relation-changing modal logics, expressive power, complexity, axiom-
atization

1 Introduction

Modal logics were originally conceived as logics of necessary and possible truths.
They are now viewed, more broadly, as logics that explore a wide range of modalities,
or modes of truth: epistemic (“it is known that”), doxastic (“it is believed that”),
deontic (“it ought to be the case that”), or temporal (“it has been the case that”),
among others. From a model-theoretic perspective, the field evolved into a discipline
that deals with languages interpreted on various kinds of relational structures or
graphs. Nowadays, modal logics are actively used in areas as diverse as software
verification, artificial intelligence, semantics and pragmatics of natural language,
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law, philosophy, etc. In this chapter we will assume that the reader has a background
on modern modal logic and refer to [23, 22] for basic notions and results.

As mentioned, from an abstract point of view, modal logics can be seen as formal
languages used to navigate and explore properties of a given relational structure. If
we are interested, on the other hand, in describing how a given relational structure
evolves (e.g., through time or through the application of certain operations) then
classical modal languages seem, a priori, to fall short of the mark. Of course, it
is possible to statically model the whole space of possible transformations as a
graph, and use modal languages at that level, but this soon becomes unwieldy (see,
e.g., [8, 32] for some results using this approach). It is also possible to represent
model update conditions as parts of the model itself, and interact with them by means
of the classical modal language. This is the approach taken by Gabbay in his study of
reactive Kripke frames [36, 37]. Alternatively, it is possible to use standard relational
models, and use modal languages with dynamic modalities encoding the desired
changes. There exist several dynamic modal logics that fit in this last approach. A
clear example are the dynamic operators introduced in dynamic epistemic logics
(see, e.g., [74]). These operators are used to model changes in the epistemic state of
an agent by removing edges from the graph that represents the information states the
agent considers possible. A less obvious example is given by hybrid logics equipped
with the down arrow operator ↓ which is used to ‘rebind’ names to the current point
of evaluation [24, 14].

In this survey we will focus on a family of logics that follow this approach,
proposing dynamic operators that can modify the accessibility relation in a relational
model. A prototypical example of this kind of language is sabotage logic, introduced
by Van Benthem in [68]. The sabotage operator deletes individual edges in a graph
and was introduced to model what Van Benthem called the sabotage game. This
game is played on a graph by two players, Runner and Blocker. Runner can move on
the graph from node to accessible node, starting from a designated point, and with the
goal of reaching a given final point. Blocker, on the other hand, can delete one edge
from the graph every time it is her turn. Runner wins if she manages to move from
the origin to the final point, while Blocker wins otherwise. Van Benthem discusses
in [68] how to transform the sabotage game into a modal logic. This original idea
has been studied in several other works (e.g.,[52, 61]) where the semantics of the
(global) sabotage operator ⟨gsb⟩ is defined as:

M, 𝑤 |= ⟨gsb⟩𝜑 iff there is a pair (𝑢, 𝑣) ofM such thatM−(𝑢,𝑣) , 𝑤 |= 𝜑,

whereM−(𝑢,𝑣) is identical toM except that the edge (𝑢, 𝑣) has been removed from
the accessibility relation. Of course, moves from Runner can be represented by the
classical ♢ operator.

It is clear that the ⟨gsb⟩ operator changes the model in which a formula is evaluated.
As Van Benthem puts it in [68], ⟨gsb⟩ is an “external” modality that takes evaluation
to another model, obtained from the current one by deleting some transition.

In this chapter, we investigate different relation-changing operators of this kind.
For example, ⟨lsb⟩, for local sabotage, is a ♢ operator that destroys the traversed
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arrow, i.e., it moves evaluation to an adjacent node in the graph, and deletes the
edge used1. In contrast, the local bridge operator ⟨lbr⟩ adds an arrow from the current
point of evaluation to an inaccessible state of the graph and moves evaluation over
there. A global version ⟨gbr⟩ would link two arbitrary, previously non-adjacent nodes
in the graph, without changing the evaluation point. This operator can be seen as the
opposite to ⟨gsb⟩.

We could consider more complex patterns. E.g., let ⟨lsw⟩ be the operator with the
ability to swap the direction of a traversed arrow. The ⟨lsw⟩ operator is a ♢ operator
— to be true at a state 𝑤 it requires the existence of an accessible state 𝑣 where
evaluation continues — but it changes the accessibility relation during evaluation:
the pair (𝑤, 𝑣) is deleted, and the pair (𝑣, 𝑤) added to the accessibility relation. A
picture will help understand the dynamics of ⟨lsw⟩. The formula ⟨lsw⟩♢⊤ is true in a
model with two related states:

𝑤

⟨lsw⟩♢⊤
𝑣 𝑤 𝑣

♢⊤𝑠𝑤𝑎𝑝𝑝𝑖𝑛𝑔

Again, a global version ⟨gsw⟩ can be defined that swaps an arbitrary edge in the graph.
More generally, letM = ⟨𝑊, 𝑅,𝑉⟩ be a relational model and let 𝑓𝑊 be a function

that takes an element 𝑤 of 𝑊 and the current accessibility relation 𝑅 over 𝑊 and
returns a set of pairs (𝑣, 𝑆), where 𝑣 ∈ 𝑊 is the new state of evaluation and 𝑆 is the
new accessibility relation to be used. In this chapter we focus on binary accessibility
relations and, hence, 𝑓𝑊 :𝑊 × 2𝑊2 ↦→ 2𝑊×2𝑊2

, but of course the idea generalizes to
modalities of arbitrary arity. In each modelM, each 𝑓𝑊 defines a dynamic operator.
For example, ⟨gsb⟩ would be defined by the function

𝑓𝑊 (𝑤, 𝑅) = {(𝑤, 𝑅\{(𝑢, 𝑣)}) | (𝑢, 𝑣) ∈ 𝑅},

while ⟨lsw⟩ would be defined by

𝑓𝑊 (𝑤, 𝑅) = {(𝑣, (𝑅\{(𝑤, 𝑣)}) ∪ {(𝑣, 𝑤)}) | (𝑤, 𝑣) ∈ 𝑅}.

In the next sections we introduce the framework we just outlined, and investigate
different properties of the resulting logics. We will discuss both specific results for
concrete operators, and general results that can be proved when the defining functions
satisfy certain constraints. Results by the author, presented in this chapter, were
previously published in collaboration with colleagues in [6, 8, 7, 32, 9, 10, 11, 12].
Proper credit will be given when citing results by other authors.

1 This seems to convey a resource-sensitive interpretation of the operator, in line, e.g., with linear
logics [41, 66]
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2 Basic Definitions

The syntax of the dynamic modal logics we study is a straightforward extension of
the basic modal logic (see [23]):

Definition 1 (Syntax) Let PROP be a countable, infinite set of propositional sym-
bols. The set FORM of formulas over PROP is defined as:

FORM : : = 𝑝 | ¬𝜑 | 𝜑 ∧ 𝜓 | ♢𝜑, | ⟨ 𝑓 ⟩𝜑,

where 𝑝 ∈ PROP, ⟨ 𝑓 ⟩ ∈ DYN a set of dynamic operators, and 𝜑, 𝜓 ∈ FORM.
Other operators are defined as usual. In particular, □𝜑 is defined as ¬♢¬𝜑 and [ 𝑓 ]𝜑
is defined as ¬⟨ 𝑓 ⟩¬𝜑. Formulas of the basic modal language ML are those that
contains only the ♢ operator besides the Boolean operators. For 𝑆 ⊆ DYN a set of
dynamic operators, we callML(𝑆) the extension ofML allowing also the operators
in 𝑆. If 𝑆 is a singleton set 𝑆 = {⟨ 𝑓 ⟩}, we writeML(⟨ 𝑓 ⟩) instead ofML({⟨ 𝑓 ⟩})2.

Semantically, formulas of ML(𝑆) are evaluated in standard relational models,
and the meaning of all the operators of the basic modal logic is unchanged.

Definition 2 (Models) A model M is a triple M = ⟨𝑊, 𝑅,𝑉⟩, where 𝑊 is the
domain, a non-empty set whose elements are called points or states; 𝑅 ⊆ 𝑊 ×𝑊 is
the accessibility relation; and 𝑉 : PROP ↦→ 2𝑊 is the valuation. ForM a model, we
usually write |M| for its domain.

Let 𝑤 be a state inM, the pair (M, 𝑤) is called a pointed model; we usually drop
parentheses and callM, 𝑤 a pointed model.

The definition below formalizes the idea of relation updates previously introduced.

Definition 3 (Relation updates) Given a domain 𝑊 , a relation update for 𝑊 is a
function 𝑓𝑊 :𝑊 × 2𝑊2 → 2𝑊×2𝑊2

, that takes a state in 𝑊 and a binary relation over
𝑊 and returns a set of possible updates to the state of evaluation and accessibility
relation. Let C be a class of models, a family of model update functions 𝑓 is a class of
relation updates, one for each domain of a model in C: 𝑓 = { 𝑓𝑊 | ⟨𝑊, 𝑅,𝑉⟩ ∈ C}.
C is closed under a family of relation updates 𝑓 if wheneverM = ⟨𝑊, 𝑅,𝑉⟩ ∈ C,

then {⟨𝑊, 𝑅′, 𝑉⟩ | 𝑓𝑊 ∈ 𝑓 , 𝑤 ∈ 𝑊, (𝑣, 𝑅′) ∈ 𝑓𝑊 (𝑤, 𝑅)} ⊆ C.

Clearly, the class of all models is closed under any family of relation updates. In
the rest of the chapter we only discuss the class of all models.

Notice, in the definition above, that a relation update is defined relative to a
domain. We specifically require that all models with the same domain have the same
relation update. This constraint limits the number of operators that can be captured
in the framework, but at the same time leads to operators with a more uniform

2 Here, we consider models with only one accessibility relation, with the dynamic operators acting
over it. The extension to models with multiple accessibility relations, and their corresponding
dynamic modalities, is straightforward.
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behavior. We will discuss this issue further after we introduce the formal semantics
of the relation-changing operators below.

We now introduce the semantics for the general case.

Definition 4 (Semantics) Let C be a class of models,M = ⟨𝑊, 𝑅,𝑉⟩ be a model in
C, 𝑤 ∈ 𝑊 a state, 𝑓 a family of relation updates for C and ⟨ 𝑓 ⟩ its associated dynamic
operator. Let 𝜑 be a formula inML(⟨ 𝑓 ⟩). We say thatM, 𝑤 satisfies 𝜑, and write
M, 𝑤 |= 𝜑, when

M, 𝑤 |= 𝑝 iff 𝑤 ∈ 𝑉 (𝑝)
M, 𝑤 |= ¬𝜑 iffM, 𝑤 ̸ |= 𝜑

M, 𝑤 |= 𝜑 ∧ 𝜓 iffM, 𝑤 |= 𝜑 andM, 𝑤 |= 𝜓

M, 𝑤 |= ♢𝜑 iff for some 𝑣 ∈ 𝑊 s.t. (𝑤, 𝑣) ∈ 𝑅, M, 𝑣 |= 𝜑

M, 𝑤 |= ⟨ 𝑓 ⟩𝜑 iff for some (𝑣, 𝑅′) ∈ 𝑓𝑊 (𝑤, 𝑅), ⟨𝑊, 𝑅′, 𝑉⟩, 𝑣 |= 𝜑.

𝜑 is satisfiable if for someM, 𝑤 we haveM, 𝑤 |= 𝜑. We writeM, 𝑤 ≡L N , 𝑣

when both models satisfy the same L-formulas, i.e., for all 𝜑 ∈ L,M, 𝑤 |= 𝜑 if and
only if N , 𝑣 |= 𝜑. We drop the L subindex when no confusion arises.

Notice, in the semantic definition, how the relation-changing modal operator ⟨ 𝑓 ⟩
potentially changes both the state of evaluation and the accessibility relation. On the
other hand, the model domain remains the same, and hence all ⟨ 𝑓 ⟩ operators in a
formula are evaluated using the same relation update.

Consider the following relation updates. To simplify notation we use 𝑤𝑣 as a
shorthand for {(𝑤, 𝑣)} or (𝑤, 𝑣); context will disambiguate the intended use. Given
a binary relation 𝑅 define the following notation: 𝑅−𝑤𝑣 = 𝑅\𝑤𝑣, 𝑅+𝑤𝑣 = 𝑅 ∪ 𝑤𝑣, and
𝑅∗𝑤𝑣 = (𝑅\𝑣𝑤) ∪ 𝑤𝑣.

Define now the following six relation updates, which give rise to natural dynamic
modal operators:

𝑓 lsb
𝑊
(𝑤, 𝑅) = {(𝑣, 𝑅−𝑤𝑣) | 𝑤𝑣 ∈ 𝑅} 𝑓

gsb
𝑊
(𝑤, 𝑅) = {(𝑤, 𝑅−𝑢𝑣) | 𝑢𝑣 ∈ 𝑅}

𝑓 lbr
𝑊
(𝑤, 𝑅) = {(𝑣, 𝑅+𝑤𝑣) | 𝑤𝑣 ∉ 𝑅} 𝑓

gbr
𝑊
(𝑤, 𝑅) = {(𝑤, 𝑅+𝑢𝑣) | 𝑢𝑣 ∉ 𝑅}

𝑓 lsw
𝑊
(𝑤, 𝑅) = {(𝑣, 𝑅∗𝑣𝑤) | 𝑤𝑣 ∈ 𝑅} 𝑓

gsw
𝑊
(𝑤, 𝑅) = {(𝑤, 𝑅∗𝑣𝑢) | 𝑢𝑣 ∈ 𝑅}.

In the next sections we investigate dynamic logics that can be defined in the
framework we introduced, with particular focus on the six concrete operators ⟨lsb⟩,
⟨gsb⟩, ⟨lbr⟩, ⟨gbr⟩, ⟨lsw⟩ and ⟨gsw⟩ defined by the relation updates just introduced.

3 Translations

In this section we discuss relation-changing modal logics as fragments of better
known logics. We start by defining a generic translation from any logicML(⟨ 𝑓 ⟩)
into second-order logic, where ⟨ 𝑓 ⟩ is defined by a family of relation updates 𝑓 . We
then show that in some cases a translation into first-order logic is possible. We also
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discuss how relation-changing modal logics can be seen as multi-modal logics over
particular classes of models. Finally, we also discuss the relation between relation-
changing logics and hybrid logics.

The Standard Translation

It is a well known result that the basic modal logic ML can be translated into
first-order logic using, for example, the following (standard) translation STr.

Definition 5 The correspondence language for the basic modal languageML is a
relational language with a unary relation symbol 𝑝 for each propositional symbol 𝑝
and a binary relation symbol 𝑟 for the modality ♢.

Let STr be the following function that translates formulas from ML into its
correspondence language:

STr𝑥 (𝑝) = 𝑝(𝑥)
STr𝑥 (¬𝜑) = ¬STr𝑥 (𝜑)

STr𝑥 (𝜑 ∧ 𝜓) = STr𝑥 (𝜑) ∧ STr𝑥 (𝜓)
STr𝑥 (♢𝜑) = ∃𝑦.(𝑟 (𝑥, 𝑦) ∧ STr𝑦 (𝜑)),

where 𝑦 is a variable which has not been used yet in the translation.

STr mimics the conditions for the satisfiability of a formula in a model and the
resulting first-order formula is equivalent to the original modal formula [23].

Proposition 1 Let 𝜑 ∈ ML thenM, 𝑤 |= 𝜑 iffM, 𝑔𝑥𝑤 |= STr𝑥 (𝜑), where 𝑔𝑥𝑤 is an
arbitrary first-order assignment that satisfies 𝑔𝑥𝑤(𝑥) = 𝑤.

The translation STr can be extended to relation-changing modal operators when
the family of relation updates can be defined in the language and we allow second-
order quantification. The intuition is that the second-order quantifier, with the help
of the formula defining the family of relation updates, can redefine the accessibility
relation that should be used when translating a dynamic operator.

Definition 6 Let 𝑓 be a family of relation updates, and let 𝛿 𝑓 (𝑣1, 𝑉1, 𝑣2, 𝑉2) be
a formula over the appropriate correspondence language with only the first-order
variables 𝑣1, 𝑣2 and the second-order binary variables 𝑉1,𝑉2 free. We say that 𝛿 𝑓

defines 𝑓 if in every modelM = ⟨𝑊, 𝑅,𝑉⟩, for every 𝑤 ∈ 𝑊 , and for every second-
order assignment 𝑔,

for all 𝑣, 𝑆, (𝑣, 𝑆) ∈ 𝑓𝑊 (𝑤, 𝑅) iffM, (((𝑔𝑣1
𝑤 )

𝑉1
𝑅
)𝑣2
𝑣 )

𝑉2
𝑆
|= 𝛿 𝑓 .

Given a family of relation updates 𝑓 , and 𝛿 𝑓 a formula that defines 𝑓 , let STr𝑥,𝑟
be as follows

STr𝑥,𝑟 (𝑝) = 𝑝(𝑥)
STr𝑥,𝑟 (¬𝜑) = ¬STr𝑥,𝑟 (𝜑)

STr𝑥,𝑟 (𝜑 ∧ 𝜓) = STr𝑥,𝑟 (𝜑) ∧ STr𝑥,𝑟 (𝜓)
STr𝑥,𝑟 (♢𝜑) = ∃𝑦.(𝑟 (𝑥, 𝑦) ∧ STr𝑦,𝑟 (𝜑))

STr𝑥,𝑟 (⟨ 𝑓 ⟩𝜑) = ∃𝑦.∃𝑠.(𝛿 𝑓 [𝑣1/𝑥 , 𝑉1/𝑟 , 𝑣2/𝑦 , 𝑉2/𝑠] ∧ STr𝑦,𝑠 (𝜑)),
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where 𝜃 [𝑥/𝑦] is the formula obtained by replacing all free occurrences of 𝑥 by 𝑦 in
𝜃, and 𝑦, 𝑠 are variables which have not been used yet in the translation.

Proposition 2 Let 𝜑 ∈ ML(⟨ 𝑓 ⟩) and let 𝛿 𝑓 be a formula defining 𝑓 . ThenM, 𝑤 |= 𝜑

iff M, 𝑔𝑥𝑤 |= STr𝑥,𝑟 (𝜑), where 𝑔𝑥𝑤 is an arbitrary second-order assignment that
satisfies 𝑔𝑥𝑤(𝑥) = 𝑤.

The function STr translatesML(⟨ 𝑓 ⟩)-formulas into second-order formulas. For
example, a formula characterizing ⟨lsb⟩ is easy to define:

𝛿⟨lsb⟩ � 𝑉1 (𝑣1, 𝑣2) ∧ ¬𝑉2 (𝑣1, 𝑣2)∧
∀𝑧.∀𝑧′.((𝑣1, 𝑣2) ≠ (𝑧, 𝑧′) → (𝑉1 (𝑧, 𝑧′) ↔ 𝑉2 (𝑧, 𝑧′))).

For ⟨gsb⟩, we need to specify that the update is in any part of the model, and the
evaluation state does not change:

𝛿⟨gsb⟩ � (𝑣1 = 𝑣2) ∧ ∃𝑧.∃𝑧′.(𝑉1 (𝑧, 𝑧′) ∧ ¬𝑉2 (𝑧, 𝑧′)∧
∀𝑤.∀𝑤′.((𝑧, 𝑧′) ≠ (𝑤, 𝑤′) → (𝑉1 (𝑤, 𝑤′) ↔ 𝑉2 (𝑤, 𝑤′)))).

Formulas for ⟨lbr⟩, ⟨gbr⟩, ⟨lsw⟩ and ⟨gsw⟩ can be defined in a similar way. In all cases,
the resulting function translates formulas into second-order logic. More interestingly,
for these particular six concrete relation-changing operators it is possible to define
translations into first-order logic.

3.1 Explicit Translations to First-Order Logic

Let us first observe that, in general, not all relation-changing modal operators can be
translated into first-order logic. For instance consider the operator #+ with the fol-
lowing semantics: ⟨𝑊, 𝑅,𝑉⟩, 𝑤 |= #+𝜑 iff ⟨𝑊, 𝑅+, 𝑉⟩, 𝑤 |= 𝜑. Its intuitive semantics
is that 𝜑 is evaluated after replacing the current accessibility relation by its transitive
closure. As stated by the following proposition,ML(#+) is not compact and hence
it cannot be translated into first-order logic.

Proposition 3 ML(#+) is not compact.

The argument to establish Proposition 3 is similar to the one used for Propositional
Dynamic Logic (see [26] for details). Consider the infinite set Γ = {#+♢𝑝}∪{□𝑛¬𝑝 |
𝑛 ≥ 0}. Every finite subset of Γ is satisfiable, but Γ is not.

We present now translations for ⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩ to first-order
logic, inspired by the translation of ⟨gsb⟩ presented in [61].

Let VAR be a set of first-order variables. We consider a set 𝑆 ⊆ VAR×VAR to be
interpreted as the set of modified edges in the model, according to the logic we are
translating. We write 𝑥𝑦 for (𝑥, 𝑦), and use the following notation:
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𝑛𝑚 = 𝑥𝑦 is defined as 𝑛 = 𝑥 ∧ 𝑚 = 𝑦

𝑛𝑚 ≠ 𝑥𝑦 is defined as 𝑛 ≠ 𝑥 ∨ 𝑚 ≠ 𝑦

𝑛𝑚 ∈ 𝑆 is defined as
∨

𝑥𝑦∈𝑆
𝑛𝑚 = 𝑥𝑦, and

𝑛𝑚 ∉ 𝑆 is defined as
∧

𝑥𝑦∈𝑆
𝑛𝑚 ≠ 𝑥𝑦,

where 𝑆 is a finite set of pairs of variables. In particular 𝑛𝑚 ∈ ∅ is a notation
for ⊥ and 𝑛𝑚 ∉ ∅ is a notation for ⊤. For 𝑆 a set of pairs of variables, define
𝑆−1 = {𝑚𝑛 | 𝑛𝑚 ∈ 𝑆}.

We present the non-trivial cases of the translation forML({⟨lsb⟩, ⟨gsb⟩}) (which
shares the case for the basic modality ♢):

STr𝑥,𝑆 (♢𝜑) = ∃𝑦.(𝑟 (𝑥, 𝑦) ∧ 𝑥𝑦 ∉ 𝑆 ∧ STr𝑦,𝑆 (𝜑))
STr𝑥,𝑆 (⟨lsb⟩𝜑) = ∃𝑦.(𝑟 (𝑥, 𝑦) ∧ 𝑥𝑦 ∉ 𝑆 ∧ STr𝑦,𝑆∪𝑥𝑦 (𝜑))
STr𝑥,𝑆 (⟨gsb⟩𝜑) = ∃𝑦.∃𝑧.(𝑟 (𝑦, 𝑧) ∧ 𝑦𝑧 ∉ 𝑆 ∧ STr𝑥,𝑆∪𝑦𝑧 (𝜑)),

where 𝑦 and 𝑧 are variables which have not been used yet in the translation.
Notice that 𝑆 is not a relational symbol but a set of pairs of variables, that refer to

deleted edges in the model. It does not appear in the final formula and is used only
as part of a shorthand in the definition of the translation.

Proposition 4 Given 𝜑 a formula ofML(⟨lsb⟩) orML(⟨gsb⟩) andM, 𝑤 a pointed
model, we have M, 𝑤 |= 𝜑 iffM, 𝑔𝑥𝑤 |= STr𝑥,∅ (𝜑), where 𝑔𝑥𝑤 is an arbitrary first-
order assignment that satisfies 𝑔𝑥𝑤(𝑥) = 𝑤.

For ⟨lbr⟩ and ⟨gbr⟩, the set 𝑆 represents the edges added to the model. We define:

STr𝑥,𝑆 (♢𝜑) = ∃𝑦.((𝑟 (𝑥, 𝑦) ∨ 𝑥𝑦 ∈ 𝑆) ∧ STr𝑦,𝑆 (𝜑))
STr𝑥,𝑆 (⟨lbr⟩𝜑) = ∃𝑦.(¬(𝑟 (𝑥, 𝑦) ∨ 𝑥𝑦 ∈ 𝑆) ∧ STr𝑦,𝑆∪𝑥𝑦 (𝜑))
STr𝑥,𝑆 (⟨gbr⟩𝜑) = ∃𝑦.∃𝑧.(¬(𝑟 (𝑦, 𝑧) ∨ 𝑦𝑧 ∈ 𝑆) ∧ STr𝑥,𝑆∪𝑦𝑧 (𝜑)).

For ⟨lsw⟩ and ⟨gsw⟩, 𝑆 refers to the edges swapped in the model. We define:

STr𝑥,𝑆 (♢𝜑) = ∃𝑦.(((𝑟 (𝑥, 𝑦) ∧ 𝑥𝑦 ∉ 𝑆) ∨ 𝑥𝑦 ∈ 𝑆−1) ∧ STr𝑦,𝑆 (𝜑))
STr𝑥,𝑆 (⟨lsw⟩𝜑) = (𝑟 (𝑥, 𝑥) ∧ STr𝑥,𝑆 (𝜑))

∨ ∃𝑦.(𝑥 ≠ 𝑦 ∧ 𝑟 (𝑥, 𝑦) ∧ 𝑥𝑦 ∉ (𝑆∪𝑆−1) ∧ STr𝑦,𝑆∪𝑥𝑦 (𝜑))
∨ ∨

𝑦𝑧∈𝑆 (𝑥 = 𝑧 ∧ STr𝑦,𝑆\𝑦𝑧∪𝑧𝑦 (𝜑))
STr𝑥,𝑆 (⟨gsw⟩𝜑) = (∃𝑦.𝑟 (𝑦, 𝑦) ∧ STr𝑥,𝑆 (𝜑))

∨ ∃𝑦.∃𝑧.(𝑦 ≠ 𝑧 ∧ 𝑟 (𝑦, 𝑧) ∧ 𝑦𝑧 ∉ (𝑆∪𝑆−1) ∧ STr𝑥,𝑆∪𝑦𝑧 (𝜑))
∨ ∨

𝑦𝑧∈𝑆 STr𝑥,𝑆\𝑦𝑧∪𝑧𝑦 (𝜑).

In all cases, the translations preserve equivalence.

Proposition 5 Given M, 𝑤 some pointed model and 𝜑 a formula of ML(⟨lbr⟩),
ML(⟨gbr⟩),ML(⟨lsw⟩) orML(⟨gsw⟩), we haveM, 𝑤 |= 𝜑 iffM, 𝑔𝑥𝑤 |= STr𝑥,∅ (𝜑),
where 𝑔 is an arbitrary first-order assignment and 𝑔𝑥𝑤 is identical to 𝑔 except perhaps
in that 𝑔(𝑥) = 𝑤.

We refer to [9] for the proofs of the last two propositions.
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3.2 Model Unfolding

We now show a different kind of translation. We no longer translate only formulas,
but also the models in which they are to be evaluated. Moreover, we do not translate to
first- or second-order logic, but to the basic modal logic, albeit with two modalities.
The key idea is the use of model unfolding.

Suppose we start with a modelM and a formula 𝜑 of a dynamic modal logic like
ML(⟨lsw⟩):

𝑤

𝜑

Starting from M, we can explicitly build the variants obtained by successive
applications of the dynamic operator ⟨lsw⟩:

𝑤
𝜑u

This unfolded model has two accessibility relations: one represents the relation
in each update model, the other is an “external” relation that links updated models.
At the syntactic level, we can rewrite 𝜑 into a modal formula 𝜑u in the basic modal
language ML with two classic modalities, say ♢1 and ♢2, with ♢ systematically
replaced by ♢1, and ⟨f⟩ by ♢2. They will be interpreted using the relations in the
unfolded model. Define relation updates as follows:

Definition 7 (Relation updates) Let𝑊 be a domain, 𝑅 a relation on𝑊 , 𝑓𝑊 a relation
update for 𝑊 , and 𝑛 a natural number. Define 𝑅 𝑓𝑊 ,𝑛, the set of all possible relation
updates obtained applying 𝑛 times the function 𝑓𝑊 on the relation 𝑅 as:

𝑅 𝑓𝑊 ,0 = {𝑅}
𝑅 𝑓𝑊 ,𝑛+1 = 𝑅 𝑓𝑊 ,𝑛 ∪ {𝑇 | (𝑣, 𝑇) ∈ 𝑓𝑊 (𝑤, 𝑆), 𝑆 ∈ 𝑅 𝑓𝑊 ,𝑛, 𝑤 ∈ 𝑊}.

Define the set of all relation variants obtained applying 𝑓𝑊 on the relation 𝑅 as

𝑅 𝑓𝑊 =
⋃
𝑛<𝜔

𝑅 𝑓𝑊 ,𝑛.

We can now define the unfolding of a model.

Definition 8 (Model unfolding) LetM = ⟨𝑊, 𝑅,𝑉⟩ and let 𝑓 be a family of rela-
tion updates. DefineM 𝑓 ,𝑛 = ⟨𝑊 ′, {𝑅′1, 𝑅

′
2}, 𝑉

′⟩ the n-bounded unfolding ofM as
follows. For 𝑛 = 0, let
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𝑊 ′ = 𝑊 × {𝑅}
𝑅′1 = {((𝑠, 𝑅), (𝑡, 𝑅)) | (𝑠, 𝑡) ∈ 𝑅}
𝑅′2 = ∅
𝑉 ′ (𝑝) = {(𝑠, 𝑅) | 𝑠 ∈ 𝑉 (𝑝)}.

While for 𝑛 + 1, let

𝑊 ′ = 𝑊 × 𝑅 𝑓𝑊 ,𝑛+1
𝑅′1 = {((𝑠, 𝑆), (𝑡, 𝑆)) | (𝑠, 𝑡) ∈ 𝑆, 𝑆 ∈ 𝑅 𝑓𝑊 ,𝑛+1}
𝑅′2 = {((𝑠, 𝑆), (𝑡, 𝑇)) | (𝑡, 𝑇) ∈ 𝑓 (𝑠, 𝑆), 𝑆 ∈ 𝑅 𝑓𝑊 ,𝑛}
𝑉 ′ (𝑝) = {(𝑠, 𝑆) | 𝑠 ∈ 𝑉 (𝑝), 𝑆 ∈ 𝑅 𝑓𝑊 }.

The unbounded unfolding of a model isM 𝑓 = ⟨𝑊 ′, {𝑅′1, 𝑅
′
2}, 𝑉

′⟩, where

𝑊 ′ = 𝑊 × 𝑅 𝑓𝑊

𝑅′1 = {((𝑠, 𝑆), (𝑡, 𝑆)) | (𝑠, 𝑡) ∈ 𝑆, 𝑆 ∈ 𝑅 𝑓 }
𝑅′2 = {((𝑠, 𝑆), (𝑡, 𝑇)) | (𝑡, 𝑇) ∈ 𝑓𝑊 (𝑠, 𝑆), 𝑆 ∈ 𝑅 𝑓𝑊 }
𝑉 ′ (𝑝) = {(𝑠, 𝑆) | 𝑠 ∈ 𝑉 (𝑝), 𝑆 ∈ 𝑅 𝑓𝑊 }.

We can prove the equivalence between satisfiability of a dynamic formula in a
model, and satisfiability of its bi-modal translation in the bounded unfolding:

Proposition 6 Let M = ⟨𝑊, 𝑅,𝑉⟩, and 𝜑 ∈ ML(⟨ 𝑓 ⟩). Then M, 𝑤 |= 𝜑 iff
M 𝑓 ,dmd(𝜑) , (𝑤, 𝑅) |= 𝜑u, where dmd(𝜑) is the dynamic modal depth of 𝜑, i.e.,
the maximum nesting of dynamic modalities in 𝜑.

This translation reflects the idea that relation-changing operators can be seen as
external modalities, that move evaluation of a formula to a different model.

We refer to [32] for more details on this approach.

3.3 Hybrid Logics

In [10] we investigate relation-changing logics as fragments of hybrid logics [14]. We
defined translations for the six concrete relation-changing operators intoH(E, ↓), the
basic modal logic extended with nominals, the down arrow binder↓, and the universal
modality E; but, in some cases, the translations fall into the less expressive hybrid
logic H(:, ↓), i.e., with the satisfiability operator : instead of E3. We also showed
that these relation-changing logics are strictly less expressive than the hybrid logics
they are translated into. These translations let us take advantage of known results on
decidable fragments ofH(E, ↓) andH(:, ↓) to find decidable fragments of relation-
changing logics. Moreover, these translations have been implemented into the hybrid
logic prover HTab [46] so that it can now reason on relation-changing formulas. For
brevity, here we only provide details for the sabotage operators ⟨lsb⟩ and ⟨gsb⟩.

3 The proposed translations take inspiration from the previously shown translations into first-order
logic, and we use a similar notation. E.g., a pair (𝑛, 𝑚) of nominals will be written simply as 𝑛𝑚.
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Our translations are parametrized over a set of pairs of nominals 𝑆 ⊆ NOM×NOM,
for NOM a countable, non empty set of atomic symbos different from the set PROP
of propositional symbols. For a given relation-changing formula 𝜑, we write its
translation as a hybrid formula HTr(𝜑)𝑆 . When translating a formula, 𝑆 will originally
be empty and it will store pairs of nominals that we will use to simulate the edges
affected by the relation-changing operators we encounter during the translation.

Intuitively, given that the hybrid operators cannot affect the accessibility relation,
we have to simulate the updates by recording possible affected edges using nominals
and ↓. As a result, in all the relation-changing logics we will consider, the relation-
changing formula ♢𝜑 cannot be simply translated into a hybrid formula ♢HTr(𝜑)𝑆 ,
even though we have ♢ at our disposal in the hybrid language, because in the
source language ♢ is interpreted over the updated accessibility relation. Instead,
diamond-formulas need to be translated in a way that takes into account the updated
accessibility relation.

Let 𝑆 ⊆ NOM × NOM and 𝑛 ∈ NOM. We define the translation HTr𝑆 from
ML(⟨lsb⟩, ⟨gsb⟩) toH(E, ↓) as follows:

HTr𝑆 (𝑝) = 𝑝

HTr𝑆 (¬𝜑) = ¬HTr𝑆 (𝜑)
HTr𝑆 (𝜑 ∧ 𝜓) = HTr𝑆 (𝜑) ∧ HTr𝑆 (𝜓)

HTr𝑆 (♢𝜑)𝑆 = ↓𝑛.♢(¬belongs(𝑛, 𝑆) ∧ HTr𝑆 (𝜑))
HTr𝑆 (⟨lsb⟩𝜑)𝑆 = ↓𝑛.♢(¬belongs(𝑛, 𝑆) ∧ ↓𝑚.HTr𝑆∪𝑛𝑚 (𝜑))
HTr𝑆 (⟨gsb⟩𝜑)𝑆 = ↓𝑘.E↓𝑛.♢(¬belongs(𝑛, 𝑆) ∧ ↓𝑚.𝑘:HTr𝑆∪𝑛𝑚 (𝜑))

where 𝑛, 𝑚 and 𝑘 are nominals not used in 𝑆, and belongs(𝑛, 𝑆) = ∨
𝑥𝑦∈𝑆
(𝑦 ∧ 𝑛:𝑥).

A few comments are in order. First, given some modelM = ⟨𝑊, 𝑅,𝑉⟩ and some
set 𝑆 ⊆ NOM×NOM, the formula ↓𝑛.♢(¬belongs(𝑛, 𝑆)) is true at some state 𝑤 ∈ 𝑊
if there exists some state 𝑣 such that (𝑤, 𝑣) ∈ 𝑅 and there is no pair of nominals
(𝑥, 𝑦) ∈ 𝑆 such that (𝑉 (𝑥), 𝑉 (𝑦)) = (𝑤, 𝑣). Then, observe that the cases for ⟨gsb⟩ and
⟨gsb⟩ modify the set of deleted pairs in the recursive call to the translation, in both
cases by adding an edge named 𝑛𝑚. In the ⟨gsb⟩ case, 𝑛 names the evaluation state
of the formula, while in the ⟨gsb⟩ case, 𝑛 names some state anywhere in the model.

When considering the translated formula HTr𝑆 (𝜑) and its truth in some model
M = ⟨𝑊, 𝑅,𝑉⟩, one question that may arise is what should be the initial valuation
of the nominals that appear in HTr𝑆 (𝜑). By definition of models for hybrid logics,
nominals must be true at some state. This is not problematic: in HTr𝑆 (𝜑), all nominals
are bounded by the ↓ operator, so the truth value of HTr𝑆 (𝜑) does not depend on
their initial valuation. This enables us to talk about equivalence preservation of the
translation: the same modelM can be used for 𝜑 and HTr𝑆 (𝜑); the interpretation of
nominals is irrelevant for the truth of HTr𝑆 (𝜑).

Proposition 7 ForM = ⟨𝑊, 𝑅,𝑉⟩ a model, 𝑤 ∈ 𝑊 , and 𝜑 ∈ ML(⟨lsb⟩, ⟨gsb⟩) we
haveM, 𝑤 |= 𝜑 iffM, 𝑤 |= HTr∅ (𝜑).

Similar translations can be defined for ⟨lbr⟩, ⟨gbr⟩, ⟨lsw⟩ and ⟨gsw⟩. Naturally the
global version of the dynamic operators need the expressive power of the E operator
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to access an arbitrary point in the model. And the same is true for ⟨lbr⟩ as the
bridged node can be previously unreachable. We can now exploit these equivalence
preserving translations to obtain decidability results.

Interesting decidable fragments of hybrid logics have been found over time. First,
let us consider restricting the satisfiability problem to certain classes of models. The
following logics are known to be decidable over the indicated classes:

- H(E, ↓) over linear frames (i.e., irreflexive, transitive, and trichotomous frames)
[33, 62] (this includes (N, <)),

- H(E, ↓) over models with a single, transitive tree relation [62],
- H(E, ↓) over models with a single, 𝑆5, or complete relation [62],
- H(:, ↓) over models with a single relation of bounded finite width [65]; as a

corollary, also over finite models.

Corollary 1 The satisfiability problem for all six concrete relation-changing modal
logics over linear, transitive trees, 𝑆5, or complete frames is decidable.

Corollary 2 The satisfiability problem forML(⟨gsb⟩) andML(⟨lsw⟩) over models
of bounded width is decidable.

Curiously, these results mean that relation-changing modal logics are decidable
over certain classes of models, even if the updates resulting from evaluating the
dynamic operators yield models that do not belong to such class. For instance, these
two facts are simultaneously true: sabotage logic is decidable on the class of 𝑆5
models, and deleting edges in an 𝑆5 model can yield a non-𝑆5 model.

Decidable fragments can also be defined by imposing restrictions of how modal-
ities can be nested. See further details in [10].

4 Bisimulations and Expressivity

In modal model theory, the notion of bisimulation is a crucial tool. Typically, a
bisimulation is a binary relation linking elements of the domains that have the same
atomic information, and preserving the relational structure of the model. Because
we need to keep track of the changes on the accessibility relation that the dynamic
operators can introduce, we will define bisimulations as relations that link pairs of a
state together with the current accessibility relation.

Definition 9 (Bisimulations) LetM = ⟨𝑊, 𝑅,𝑉⟩,M′ = ⟨𝑊 ′, 𝑅′, 𝑉 ′⟩ be two mod-
els, and 𝑓 a family of relation updates. A non empty relation 𝑍 ⊆ (𝑊 × 2𝑊2 ) ×
(𝑊 ′ × 2𝑊 ′2 ) is anML(⟨ 𝑓 ⟩)-bisimulation if it satisfies the following conditions. If
(𝑤, 𝑆)𝑍 (𝑤′, 𝑆′) then

(atomic harmony) for all 𝑝 ∈ PROP, 𝑤 ∈ 𝑉 (𝑝) iff 𝑤′ ∈ 𝑉 ′ (𝑝);
(zig) if (𝑤, 𝑣) ∈ 𝑆, there is 𝑣′∈𝑊 ′ s.t. (𝑤′, 𝑣′) ∈ 𝑆′ and (𝑣, 𝑆)𝑍 (𝑣′, 𝑆′);
(zag) if (𝑤′, 𝑣′) ∈ 𝑆′, there is 𝑣∈𝑊 s.t. (𝑤, 𝑣) ∈ 𝑆 and (𝑣, 𝑆)𝑍 (𝑣′, 𝑆′);
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( 𝑓 -zig) if (𝑣, 𝑇) ∈ 𝑓𝑊 (𝑤, 𝑆), there is (𝑣′, 𝑇 ′) ∈ 𝑓𝑊 ′ (𝑤′, 𝑆′) s.t. (𝑣, 𝑇)𝑍 (𝑣′, 𝑇 ′);
( 𝑓 -zag) if (𝑣′, 𝑇 ′) ∈ 𝑓𝑊 ′ (𝑤′, 𝑆′), there is (𝑣, 𝑇) ∈ 𝑓𝑊 (𝑤, 𝑆) s.t. (𝑣, 𝑇)𝑍 (𝑣′, 𝑇 ′).

Given two pointed models M, 𝑤 and M′, 𝑤′ they are ML(⟨ 𝑓 ⟩)-bisimilar (no-
tation,M, 𝑤 ↔ML(⟨ 𝑓 ⟩) M′, 𝑤′) if there is anML(⟨ 𝑓 ⟩)-bisimulation 𝑍 such that
(𝑤, 𝑅)𝑍 (𝑤′, 𝑅′) where 𝑅 and 𝑅′ are respectively the relations ofM andM′.

For instance, according to the above definition, besides (atomic harmony), (zig)
and (zag), instantiating 𝑓 with 𝑓 lsb we get the following conditions:

( 𝑓 lsb-zig) If (𝑤, 𝑣) ∈ 𝑆, there is 𝑣′∈𝑊 ′ s.t. (𝑤′, 𝑣′) ∈ 𝑆′ and (𝑣, 𝑆−𝑤𝑣)𝑍 (𝑣′, 𝑆′−𝑤′𝑣′ );
( 𝑓 lsb-zag) If (𝑤′, 𝑣′) ∈ 𝑆′, there is 𝑣∈𝑊 s.t. (𝑤, 𝑣) ∈ 𝑆 and (𝑣, 𝑆−𝑤𝑣)𝑍 (𝑣′, 𝑆′−𝑤′𝑣′ ).

In the same way, we can instantiate 𝑓 with any of the concrete model update
functions mentioned in Section 2.

Proposition 8 (Invariance) Let 𝑓 be a family of relation updates, thenM, 𝑤↔ML(⟨ 𝑓 ⟩)
M′, 𝑤′ impliesM, 𝑤 ≡ML(⟨ 𝑓 ⟩) M′, 𝑤′.

The proof of this result is fairly standard, and we only discuss the case of the
dynamic operator. Let M = ⟨𝑊, 𝑅,𝑉⟩ and M′ = ⟨𝑊 ′, 𝑅′, 𝑉 ′⟩, and 𝑍 such that
(𝑤, 𝑅)𝑍 (𝑤′, 𝑅′). Suppose ⟨𝑊, 𝑅,𝑉⟩, 𝑤 |= ⟨ 𝑓 ⟩𝜑. Then there is (𝑣, 𝑆) ∈ 𝑓𝑊 (𝑤, 𝑅)
s.t. ⟨𝑊, 𝑆,𝑉⟩, 𝑣 |= 𝜑. Because 𝑍 is a bisimulation, by ( 𝑓 -zig) we have (𝑣′, 𝑆′) ∈
𝑓𝑊 ′ (𝑤′, 𝑅′) s.t. (𝑣, 𝑆)𝑍 (𝑣′, 𝑆′). By inductive hypothesis, ⟨𝑊 ′, 𝑆′, 𝑉 ′⟩, 𝑣′ |= 𝜑 and by
definition ⟨𝑊 ′, 𝑅′, 𝑉 ′⟩, 𝑤′ |= ⟨ 𝑓 ⟩𝜑. For the other direction use ( 𝑓 -zag).

Proposition 8 proves that bisimilarity defines an equivalence relation that is as
least as fine as the one defined by modal equivalence. Over certain classes of models
the two notions actually coincide. These classes are usually called Hennessy-Milner
classes [18]. A well known result establishes that𝜔-saturated models are a Hennessy-
Milner class for many modal languages (see [23] for details). We define a notion
of 𝜔-saturation for relation-changing modal logics and show that the corresponding
class of models is Hennessy-Milner. We again refer to [9] for proofs.

Definition 10 ( 𝑓 -saturation) Let M = ⟨𝑊, 𝑅,𝑉⟩ be a model, 𝑋 ⊆ 𝑊×2𝑊2 , 𝑓 a
family of relation updates and Σ a set ofML(⟨ 𝑓 ⟩)-formulas. Σ is satisfiable over 𝑋
inM if there is some (𝑢, 𝑆) ∈ 𝑋 such that ⟨𝑊, 𝑆,𝑉⟩, 𝑢 |= 𝜑, for all 𝜑 ∈ Σ (we will
not mentionM when it is obvious from context). Σ is finitely satisfiable over 𝑋 in
M if each finite subset of Σ is satisfiable over 𝑋 .

We say thatM = ⟨𝑊, 𝑅,𝑉⟩ is 𝑓 -saturated if for all Σ, and for all pairs (𝑠, 𝑆) ∈
Img( 𝑓𝑊 ) ∪ {(𝑤, 𝑅) | 𝑤 ∈ 𝑊} whenever Σ is finitely satisfiable over 𝑋 = {(𝑡, 𝑇) |
(𝑡, 𝑇) ∈ 𝑓𝑊 (𝑠, 𝑆)} then it is satisfiable over 𝑋; and for all 𝑤 ∈ 𝑊 whenever Σ is
finitely satisfiable over 𝑋 = {(𝑡, 𝑆) | (𝑤, 𝑡) ∈ 𝑆} then it is satisfiable over 𝑋 .

The definition of 𝑓 -saturation is a variation of the standard definition of 𝜔-
saturation and requires 𝜔-saturation in each possible updated model, and also with
respect to the set of possible relation updates in each state.

Proposition 9 Let 𝑓 be a family of relation updates, and letM, 𝑤,M′, 𝑤′ be two 𝑓 -
saturated models. ThenM, 𝑤 ≡ML(⟨ 𝑓 ⟩) M′, 𝑤′ impliesM, 𝑤↔ML(⟨ 𝑓 ⟩) M′, 𝑤′.
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The notion of model unfolding we introduced in Section 3 also gives rise to
Hennessy-Milner classes.

Proposition 10 Let M and M′ be two models and let 𝑓 be a family of relation
updates. Assume that the unfolded modelsM 𝑓 andM′

𝑓
are image-finite (i.e., each

state has a finite number of immediate successors). Then for every 𝑤 ∈ 𝑊 and
𝑤′ ∈ 𝑊 ′,M, 𝑤 ≡ML(⟨ 𝑓 ⟩) M′, 𝑤′ impliesM, 𝑤↔ML(⟨ 𝑓 ⟩) M′, 𝑤′.

Corollary 3 Let M, 𝑤 and M′, 𝑤′ be finite pointed models. Let 𝑓 be a family of
relation updates. ThenM, 𝑤 ≡ML(⟨ 𝑓 ⟩) M′, 𝑤′ impliesM, 𝑤↔ML(⟨ 𝑓 ⟩) M′, 𝑤′.

Another classical notion investigated in modal logics, is 𝑛-bisimulations, i.e.,
bisimulations up to certain modal depth. It is easy to show that for relation-changing
modal logics, 𝑛-bisimilarity for all 𝑛 and modal equivalence coincide.

Definition 11 (𝑛-bisimulations) LetM,M′ two models and 𝑤 and 𝑤′ states ofM
andM′.

We say that 𝑤 and 𝑤′ are 𝑛-bisimilar (notationM, 𝑤↔𝑛
ML(⟨ 𝑓 ⟩) M

′, 𝑤′). if there
exists a sequence of binary relations 𝑍𝑛 ⊆ . . . ⊆ 𝑍0 with the following properties
(for 𝑖 + 1 ≤ 𝑛):

1. (𝑤, 𝑅)𝑍𝑛 (𝑤′, 𝑅′)
2. If (𝑣, 𝑆)𝑍0 (𝑣′, 𝑆′) then 𝑣 and 𝑣′ agree on all propositional symbols.
3. If (𝑣, 𝑆)𝑍𝑖+1 (𝑣′, 𝑆′) and 𝑆𝑣𝑢 then there is 𝑢′ with 𝑆′𝑣′𝑢′ and (𝑢, 𝑆)𝑍𝑖 (𝑢′, 𝑆′).
4. If (𝑣, 𝑆)𝑍𝑖+1 (𝑣′, 𝑆′) and 𝑆′𝑣′𝑢′ then there is 𝑢 with 𝑆𝑣𝑢 and (𝑢, 𝑆)𝑍𝑖 (𝑢′, 𝑆′).
5. If (𝑣, 𝑆)𝑍𝑖+1 (𝑣′, 𝑆′) and (𝑢, 𝑇) ∈ 𝑓𝑊 (𝑢, 𝑆) then there is (𝑢′, 𝑇 ′) ∈ 𝑓𝑊 ′ (𝑣′, 𝑆′)

such that (𝑢, 𝑇)𝑍𝑖 (𝑢′, 𝑇 ′).
6. If (𝑣, 𝑆)𝑍𝑖+1 (𝑣′, 𝑆′) and (𝑢′, 𝑇 ′) ∈ 𝑓𝑊 ′ (𝑣′, 𝑆′) then there is (𝑢, 𝑇) ∈ 𝑓𝑊 (𝑣, 𝑆) such

that (𝑢, 𝑇)𝑍𝑖 (𝑢′, 𝑇 ′).

Intuitively, if M, 𝑤 ↔𝑛
ML(⟨ 𝑓 ⟩) M

′, 𝑤′ then 𝑤 and 𝑤′ bisimulate up to modal
depth 𝑛.

Proposition 11 Let M and M′ be two models and let 𝑓 be a family of relation
updates. Then for every 𝑤 inM and 𝑤′ inM′ the following are equivalent:

M, 𝑤↔𝑛
ML(⟨ 𝑓 ⟩) M

′, 𝑤′ iffM, 𝑤 ≡𝑛ML(⟨ 𝑓 ⟩) M
′, 𝑤′,

where M, 𝑤 ≡𝑛ML(⟨ 𝑓 ⟩) M
′, 𝑤′ means that 𝑤 and 𝑤′ satisfy the same ML(⟨ 𝑓 ⟩)-

formulas of modal depth at most 𝑛.

Adding relation-changing modal operators to the basic modal logic increases its
expressive power. A basic result forML states that it has the tree model property:
every satisfiable formula ofML can be satisfied at the root of a model where the
accessibility relation defines a tree [23]. We will show thatML extended with any
of the six concrete relation-changing modal operators introduced in Section 2 lacks
the tree model property.
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Proposition 12 ML(⟨ 𝑓 ⟩) does not have the tree model property, for ⟨ 𝑓 ⟩ ∈ {⟨lsb⟩,
⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩}.

To establish Proposition 12 we show formulas that ensure that the accessibility
relation is not a tree. For ⟨gsb⟩, the result has already been proved in [52], for ⟨lsw⟩
in [8] and for ⟨lsb⟩ and ⟨lbr⟩ in [6]. The remaining cases are established in [9]. Suppose
the following formulas hold at some state 𝑤 in a model:

1. ♢♢⊤ ∧ [lsb]□⊥, then 𝑤 is reflexive;
2. ♢♢⊤ ∧ [gsb]□⊥, then 𝑤 is reflexive;
3. □⊥ ∧ ⟨lbr⟩□⊥, then 𝑤 and some different state 𝑣 are unconnected;
4. □⊥ ∧ ⟨gbr⟩□⊥, then 𝑤 and some different state 𝑣 are unconnected;
5. 𝑝 ∧ (∧1≤𝑖≤3 □

𝑖¬𝑝) ∧ ⟨lsw⟩♢♢𝑝, then 𝑤 has a reflexive successor;
6. □⊥ ∧ ⟨gsw⟩♢⊤, then 𝑤 has an incoming edge.

We briefly discuss the case forML⟨gsb⟩. 𝜑 = ♢♢⊤∧[lsb]□⊥ is true at𝑤 in a model
only if 𝑤 is reflexive. The static part of the formula ♢♢⊤ ensures it is possible to take
two steps in the accessibility relation. The dynamic part of the formula [lsb]□⊥ tells
us that after moving through any edge in the accessibility relation and eliminating
it, we are at a dead end. This can only happen if the state 𝑤 is reflexive and does not
have any other outgoing links.

As the six concrete logics we introduced are conservative extensions ofML, we
have shown that each is strictly more expressive thanML. Now, a natural question
is whether these dynamic logics are different from each other.

In the rest of the section, we will decide whether the logics obtained by extended
the basic modal logic with ⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩ and ⟨gsw⟩ are all pairwise
distinct in terms of expressive power.

We use the following standard definition of when a logic is at least as expressive
as another.

Definition 12 (L ≤ L′) We say that L′ is at least as expressive as L (notation
L ≤ L′) if there is a function MTr between formulas of L and L′ such that for every
modelM and every formula 𝜑 of L we have thatM |=L 𝜑 iffM |=L′ MTr(𝜑).M
is seen as a model of L on the left and as a model of L′ on the right, and we use in
each case the appropriate semantic relation |=L or |=L′ as required. We say that L
and L′ are incomparable if L ≰ L′ and L′ ≰ L.

According to this definition, to prove that L ≰ L′, it suffices to exhibit two
models which are bisimilar for L′ and distinguishable by L. Formally, we need
modelsM = ⟨𝑊, 𝑅,𝑉⟩ andM′ = ⟨𝑊 ′, 𝑅′, 𝑉 ′⟩ and states 𝑤 ∈ 𝑊, 𝑤′ ∈ 𝑊 ′ such that
(𝑤, 𝑅) and (𝑤′, 𝑅′) belong to an L′-bisimulation betweenM andM′, together with
an L formula 𝜑 such thatM, 𝑤 andM′, 𝑤′ disagree on it.

Proposition 13 Consider any pair of different logics in the following list:ML(⟨lsb⟩),
ML(⟨lbr⟩),ML(⟨lsw⟩),ML(⟨gsb⟩),ML(⟨gbr⟩) andML(⟨gsw⟩); then their expres-
sive power is incomparable, except perhaps forML(⟨lsw⟩) andML(⟨gsw⟩).
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M, 𝑤 M′, 𝑤′ Differentiated by Bisimilar for

𝑤
𝑤′

⟨lbr⟩⟨lbr⟩⊤
⟨gbr⟩⟨gbr⟩⊤
⟨gsb⟩⊤
⟨gsw⟩⊤

ML(⟨lsb⟩)
ML(⟨lsw⟩)

𝑤 𝑤′
⟨lsb⟩♢⊤
⟨gsb⟩♢⊤

ML(⟨lsw⟩)
ML(⟨lbr⟩)
ML(⟨gsw⟩)
ML(⟨gbr⟩)

𝑤 𝑤′ ⟨lsw⟩♢♢♢□⊥
♢⟨gsw⟩♢♢♢□⊥
⟨lbr⟩⟨lbr⟩⊤
⟨gbr⟩6⟨gbr⟩⊤

ML(⟨gsb⟩)
ML(⟨lsb⟩)

𝑤
. . .. . .

𝑤′
. . .
⟨lsw⟩♢□⊥
⟨gsw⟩□⊥

ML(⟨lbr⟩)
ML(⟨gbr⟩)

𝑤

. . .

. . .

𝑤′

. . .

. . .

⟨lsb⟩♢□⊥ ML(⟨gsb⟩)

𝑤 𝑤′
⟨lbr⟩3⊤
⟨gbr⟩3⊤ ML(⟨gsw⟩)

𝑤

. . .

𝑤′

. . .
⟨lbr⟩⊤ ML(⟨gbr⟩)

Fig. 1 Bisimilar models and distinguishing formulas.

Most of the results are summed up in Figure 1. For every pair of pointed models
M, 𝑤 andM′, 𝑤′ shown in the figure, and for all formulas 𝜑 of the column “Differ-
entiated by”, we have thatM, 𝑤 ̸ |= 𝜑 andM′, 𝑤′ |= 𝜑. For all corresponding logics
L of the column “Bisimilar for”, we have thatM, 𝑤 is L bisimilar toM′, 𝑤′. For
each pair of different logics mentioned in the Proposition, it is possible to find in the
table a pair of bisimilar models and differentiating formulas proving L ≰ L′.

We treat the case ofML(⟨gbr⟩) ̸≤ ML(⟨lbr⟩) separately as the model involved
is complex. For this case, we give the description of an infinite modelM with two
states 𝑤 and 𝑣 such that M, 𝑤 and M, 𝑣 are ML(⟨lbr⟩)-bisimilar and there is an
ML(⟨gbr⟩)-formula 𝜑 such thatM, 𝑤 |= 𝜑 andM, 𝑣 ̸ |= 𝜑.

Let a piece be a part of a model with a finite and non-zero number of states and
some relation between them. Let a collection be the disjoint union of an infinite
number of copies of the same piece. LetM be the disjoint union of all collections
obtained from all pieces involved. Let 𝑤 be the root of the following piece: • → •,
and 𝑣 the root of the following piece: • ← • → •. First, notice that ⟨gbr⟩□♢⊤ is true
atM, 𝑤 and false atM, 𝑣.M, 𝑤 andM, 𝑣 areML(⟨lbr⟩)-bisimilar.

In particular, we have shown that the local versions of sabotage and bridge cannot
be simulated by a combination of their global versions and the classical diamond.
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The case forML(⟨lsw⟩) andML(⟨gsw⟩) remains open (in particular it is unknown
if there is a translation fromML(⟨lsw⟩) toML(⟨gsw⟩) or not), but we conjecture
that their expressive power is also incomparable.

5 Complexity

In this section we investigate how hard it is to reason with relation-changing logics.
When investigating complexity, it is difficult to provide general results. Instead we
will show two approaches that we used to establish the complexity for the model
checking problem and the satisfiability problem for the six concrete relation-changing
logics we are using as running examples.

5.1 The Model Checking Problem

The model checking problem is defined as follows: given a pointed model M, 𝑤

and a formula 𝜑, decide whether M, 𝑤 |= 𝜑. We will argue that the complexity
of this reasoning problem is PSpace-complete for our six relation-changing logics.
In all cases we use a similar argument: hardness proofs are done by encoding the
satisfiability problem of Quantified Boolean Formulas (QBF) [58] as the model
checking problem of each logic. For each logic involved, we simulate variable
assignment of QBF as a model modification done by deleting, adding or swapping
edges during model checking. For the upper bound, we describe a model checking
algorithm running in polynomial space.

PSpace-hardness for global sabotage was already proved in [53, 52], but we
provide here a more direct proof. For ⟨lsw⟩, proof was given in [8], and for ⟨lsb⟩ and
⟨lbr⟩ proof was given in [6]. The complete result for the six concrete logics we are
considering was first introduced in [32].

Proposition 14 For ⟨ 𝑓 ⟩ ∈ {⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩}, model checking for
ML(⟨ 𝑓 ⟩) is PSpace-hard.

To establish Proposition 14 we reduce the PSpace-hard satisfiability problem of
QBF to the model checking problem of each of these logics. We give a complete
proof for ⟨lsw⟩. For the other operators a similar strategy establishes the result.

Let 𝛼 be a QBF formula with variables {𝑥1, . . . , 𝑥𝑘}. Without loss of generality
we can assume that 𝛼 has no free variables and no variable is quantified twice.
One can build in polynomial time the relational structure M𝑘 = ⟨𝑊, 𝑅,𝑉⟩ over a
signature with one relational symbol and propositions {𝑝⊤, 𝑝1, . . . , 𝑝𝑘}, where:
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𝑊 = {𝑤} ∪ {𝑤1
𝑖
, 𝑤0

𝑖
| 1 ≤ 𝑖 ≤ 𝑘}

𝑉 (𝑝𝑖) = {𝑤1
𝑖
, 𝑤0

𝑖
}

𝑉 (𝑝⊤) = {𝑤1
𝑖
| 1 ≤ 𝑖 ≤ 𝑘}

𝑅 = {(𝑤, 𝑤1
𝑖
), (𝑤, 𝑤0

𝑖
),

(𝑤1
𝑖
, 𝑤), (𝑤0

𝑖
, 𝑤) | 1 ≤ 𝑖 ≤ 𝑘}

𝑝1

𝑝⊤

𝑝1
. . . 𝑝𝑘

𝑝⊤

𝑝𝑘

Let ( )′ be the following linear translation from QBF toML(⟨lsw⟩):

(∃𝑥𝑖 .𝛼)′ = ⟨lsw⟩(𝑝𝑖 ∧ ♢(𝛼)′)
(𝑥𝑖)′ = ¬♢(𝑝𝑖 ∧ 𝑝⊤)
(¬𝛼)′ = ¬(𝛼)′

(𝛼 ∧ 𝛽)′ = (𝛼)′ ∧ (𝛽)′.

It remains to prove that 𝛼 is satisfiable iffM𝑘 , 𝑤 |= (𝛼)′. Let us write 𝑣 |=qbf 𝛼

if valuation 𝑣 : {𝑥1, . . . , 𝑥𝑘} → {0, 1} satisfies 𝛼. For a model M with relation 𝑅

we define 𝑣𝑅 : {𝑥1, . . . , 𝑥𝑘} as 𝑣𝑅 (𝑥𝑖) = 1 iff (𝑤, 𝑤1
𝑖
) ∉ 𝑅. In the present case, this

happens when the link between 𝑤 and 𝑤1
𝑖

has been swapped.
Let 𝛽 be any subformula of 𝛼. We show by induction on 𝛽 that M, 𝑤 |= (𝛽)′

iff 𝑣𝑅 |=qbf 𝛽. The first observation is that 𝑅 satisfies i) if 𝑥𝑖 is free in 𝛽, then
(𝑤, 𝑤1

𝑖
) ∉ 𝑅 or (𝑤, 𝑤0

𝑖
) ∉ 𝑅 but not both, and ii) if 𝑥𝑖 is not free in 𝛽 then (𝑤, 𝑤1

𝑖
) ∈ 𝑅

and (𝑤, 𝑤0
𝑖
) ∈ 𝑅. From here it will follow thatM𝑘 , 𝑤 |= (𝛼)′ iff 𝑣 |=qbf 𝛼 for any 𝑣

since 𝛼 has no free variables, iff 𝛼 is satisfiable.
For the base case, 𝑣𝑅 |=qbf 𝑥𝑖 iff (𝑤, 𝑤1

𝑖
) ∉ 𝑅 which implies (by definition

of M𝑘) M, 𝑤 |= (𝑥𝑖)′. For the other direction, suppose M, 𝑤 ̸ |= (𝑥𝑖)′. Hence
M, 𝑤 |= ♢(𝑝𝑖 ∧ 𝑝⊤) which implies (𝑤, 𝑤1

𝑖
) ∈ 𝑅 and 𝑣𝑅 ̸ |=qbf 𝑥𝑖 .

The Boolean cases follow directly from the inductive hypothesis.
Consider the case 𝛽 = ∃𝑥𝑖 .𝛾. Since no variable is bound twice in 𝛼 we know

(𝑤, 𝑤1
𝑥𝑖
) ∈ 𝑅 and (𝑤, 𝑤0

𝑖
) ∈ 𝑅. We have 𝑣𝑅 |=qbf 𝛽 iff (𝑣𝑅 [𝑥𝑖 ↦→ 0] |=qbf 𝛾 or

𝑣𝑅 [𝑥𝑖 ↦→ 1] |=qbf 𝛾) iff (𝑣𝑅∗
𝑤0
𝑖
𝑤

|=qbf 𝛾 or 𝑣𝑅∗
𝑤1
𝑖
𝑤

|=qbf 𝛾). By inductive hypothesis,

this is the case if and only if (M∗
𝑤0
𝑖
𝑤
, 𝑤0

𝑖
|= ♢(𝛾)′ orM∗

𝑤1
𝑖
𝑤
, 𝑤1

𝑖
|= ♢(𝛾)′) iffM, 𝑤 |=

⟨lsw⟩(𝑝𝑖 ∧ ♢(𝛾)′) iffM, 𝑤 |= (∃𝑥𝑖 .𝛾)′.
See [9] for details for the other logics. We now discuss a matching upper bound.

Proposition 15 Model checking for ML({⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩}) is in
PSpace.

To prove the upper bound, given a pointed modelM, 𝑤 and a formula 𝜑 we present
a recursive algorithm CHECK(M, 𝑤, 𝜑) that checks whetherM, 𝑤 |= 𝜑 and uses a
polynomial amount of space in function of its input. Its implementation follows the
evaluation of the truth of a formula in a model as described in Definition 4.

For the atomic, negation and conjunctive cases, the algorithm does not use ex-
tra memory except for its recursive calls. For the classical diamond case (♢𝜓),
CHECK(M, 𝑣, 𝜓) is ran for all 𝑣 successors of 𝑤 inM, which uses a (logarithmic
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space) counter on (at most) all states of the model. For all these cases, CHECK does
not need to copy its inputM.

On the other hand, the dynamic diamond case ⟨ 𝑓 ⟩𝜓 involves building a cer-
tain number of pointed models M′, 𝑣′ to compute CHECK(M′, 𝑣′, 𝜓). Each new
model uses a polynomial amount of space but this memory is reclaimed when the
corresponding computation is over.

As there is at most a linear nesting of dynamic operators in the input formula 𝜑,
CHECK will not maintain more than a linear number of models in memory, each one
of size polynomial with respect to the input model. Cycling over all models requires
a counter that uses at most polynomial space (actually, the model update functions
of ⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩ and ⟨gsw⟩ generate a polynomial amount of models so
the counter would only use logarithmic space).

Corollary 4 For 𝑆 ⊆ {⟨lsb⟩, ⟨lbr⟩, ⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩}, model checking for any of
the logicsML(𝑆) is PSpace-complete.

5.2 The Satisfiability Problem

We now turn to the satisfiability problem. As we discussed in Section 4 relation-
changing logics are, potentially, highly expressive. In [32] it is shown that the six
concrete relation-changing operators are expressive enough to force infinite models.

Proposition 16 ML(⟨ 𝑓 ⟩) does not have finite model property, for ⟨ 𝑓 ⟩ ∈ {⟨lsb⟩, ⟨lbr⟩,
⟨lsw⟩, ⟨gsb⟩, ⟨gbr⟩, ⟨gsw⟩}.

Further, in [12] we prove that the satisfiability problem of these six logics is
undecidable, by an encoding of the satisfiability problem of memory logics [3, 57].

Memory logics are modal logics that can store the current state of evaluation into
a memory and check whether the current state belongs to this memory. Its syntax and
semantics are extensions of the syntax and semantics of the basic modal logicML.
The memory is a subset of the domain of the model. ML( r⃝, k⃝) is the memory
logic that extendsML with the operators r⃝ and k⃝, which stand for “remember”
and “known”, respectively. We briefly recap the syntax and semantics of these logics
in the next paragraphs.

Definition 13 (Syntax and Semantics ofML( r⃝, k⃝)) Let PROP be a countable,
infinite set of propositional symbols. The set FORM of formulas of ML( r⃝, k⃝)
over PROP is defined as:

FORM : : = 𝑝 | k⃝ | ¬𝜑 | 𝜑 ∧ 𝜓 | ♢𝜑 | r⃝𝜑,

where 𝑝 ∈ PROP and 𝜑, 𝜓 ∈ FORM.
A model M = ⟨𝑊, 𝑅,𝑉, 𝑆⟩ is a relational model equipped with a set 𝑆 ⊆ 𝑊

called the memory. Let 𝑤 be a state in 𝑊 . The inductive definition of satisfiability
for the cases specific to memory logic is:
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⟨𝑊, 𝑅,𝑉, 𝑆⟩, 𝑤 |= r⃝𝜑 iff ⟨𝑊, 𝑅,𝑉, 𝑆 ∪ {𝑤}⟩, 𝑤 |= 𝜑

⟨𝑊, 𝑅,𝑉, 𝑆⟩, 𝑤 |= k⃝ iff 𝑤 ∈ 𝑆.

The remaining cases coincide with the semantics of ML, and do not involve
the memory. An ML( r⃝, k⃝)-formula 𝜑 is satisfiable if there are a model M =

⟨𝑊, 𝑅,𝑉, ∅⟩ and 𝑤 ∈ 𝑊 such that M, 𝑤 |= 𝜑. The empty initial memory ensures
that no state of the model satisfies the unary predicate k⃝ unless a formula r⃝𝜓 has
previously been evaluated there.

Multimodal memory logic is shown to be undecidable in [13]. In [12], we
strengthen this result showing that undecidability holds also in the monomodal
case. We adapt the encoding of [56]: the N × N-tiling problem (i.e., the problem of
tiling the plane given a set of tile types [27]) is encoded intoML( r⃝, k⃝). In [54]
it is shown that multimodalML(⟨gsb⟩) is undecidable via a reduction of the Post
Correspondence Problem. The present proof extends this result to the monomodal
case via a reduction of the satisfiability problem of the memory logicML( r⃝, k⃝).
Here we only discuss the case ofML(⟨gsb⟩).

We will define a computable, satisfiability preserving translation 𝜏⟨gsb⟩ (𝜑) from
formulas inML( r⃝, k⃝) toML(⟨gsb⟩). One piece of data needed to build 𝜏⟨gsb⟩ (𝜑)
is the modal depth of the input formula (md(𝜑)). For a formula 𝜑 inML( r⃝, k⃝),
md(𝜑) is the maximum nesting of the ♢ and 2 modalities in 𝜑, disregarding the
dynamic operators.

Define 𝜏⟨gsb⟩ (𝜑) = Struct⟨gsb⟩ (𝜑) ∧ MTr⟨gsb⟩ (𝜑). Struct⟨gsb⟩ (𝜑) forces a needed
structure in the model, and MTr⟨gsb⟩ (𝜑) uses this structure to encode the memory
operators. The notation 2𝑖𝜑 is defined as 20𝜑 = 𝜑 and 2𝑛+1𝜑 = 22𝑛𝜑.

Struct⟨gsb⟩ (𝜑) = ¬𝑠 ∧
∧

0≤𝑖≤md(𝜑)
2𝑖 (¬𝑠 → (♢𝑠 ∧ ⟨gsb⟩¬♢𝑠)).

MTr⟨gsb⟩ (𝑝) = 𝑝 for p ∈ PROP appearing in 𝜑

MTr⟨gsb⟩ ( k⃝) = ¬♢𝑠
MTr⟨gsb⟩ (¬𝜓) = ¬MTr⟨gsb⟩ (𝜓)
MTr⟨gsb⟩ (𝜓 ∧ 𝜒) = MTr⟨gsb⟩ (𝜓) ∧MTr⟨gsb⟩ (𝜒)
MTr⟨gsb⟩ (♢𝜓) = ♢(¬𝑠 ∧MTr⟨gsb⟩ (𝜓))
MTr⟨gsb⟩ ( r⃝𝜓) = ⟨gsb⟩(¬♢𝑠 ∧MTr⟨gsb⟩ (𝜓)).

Up to the depth indicated by md(𝜑), Struct⟨gsb⟩ (𝜑) adds to every state a transition
to some state where 𝑠 holds. It is as if each state of the input model had a flag that
could be turned on to identify the state. The idea is illustrated in the following image.

𝜑
. . .

𝑠 𝑠

𝑠
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Thus, remembering some state is simulated in MTr⟨gsb⟩ ( r⃝) by deleting the edge
between the state and its 𝑠-successor. For MTr⟨gsb⟩ ( k⃝), we just check whether the
current state has an 𝑠-successor.

There is one subtle difference between the r⃝ operator and relation-changing
operators like ⟨gsb⟩. While evaluating ⟨gsb⟩𝜑 always results in a change in the model,
r⃝𝜑 can leave the memory unchanged if the current state of evaluation is already

memorized. We can ignore this difference by observing that any ML( r⃝, k⃝)-
formula can be rewritten into an equivalent formula where every occurrence of r⃝
is “proper,” in the sense that it actually modifies the memory.

Definition 14 AnML( r⃝, k⃝)-formula 𝜑 is in proper normal form (PNF) if every
occurrence of the r⃝ operator in 𝜑 occurs as (¬ k⃝ ∧ r⃝𝜓) ∨ ( k⃝ ∧ 𝜓).

We assume that memory logic formulas are in PNF in the structural inductive
proof of the next proposition.

Proposition 17 Let 𝜑 be anML( r⃝, k⃝)-formula in PNF that does not contain the
propositional symbol 𝑠. Then, 𝜑 is satisfiable iff 𝜏⟨gsb⟩ (𝜑) is satisfiable.

Similar satisfiability translations ofML( r⃝, k⃝) into each of the remaining con-
crete relation-changing logics we are considering can be defined, leading to corre-
sponding undecidability results. Full details are provided in [12].

6 Axiomatizations

The last theme we want to address in this chapter is axiomatizations. Hilbert style
axiomatizations for different dynamic logics can be found in the literature, but in
general they all pose a challenge. Many dynamic logics are not closed under uniform
substitution. I.e., it can be the case that 𝜑 is a tautology, but the formula obtained by
uniformly replacing all instances of a propositional symbol 𝑝 in 𝜑 by an arbitrary
formula 𝜓 might not be a tautology.

Consider, for example, the valid formula (𝑝 ∧3⊤) → ⟨gsb⟩𝑝. It is easy to prove
that if we uniformly replace 𝑝 by ⟨gsb⟩𝑝 the resulting formula (⟨gsb⟩𝑝 ∧ 3⊤) →
⟨gsb⟩⟨gsb⟩𝑝 is not valid.

As it turns out, the additional expressivity provided by nominals and the satisfi-
ability operator : can be used to solve the problem of axiomatizing the behavior of
⟨gsb⟩. A very elegant solution to axiomatize the extension of the hybrid logic H(:)
with the ⟨gsb⟩ operator is presented in [69] using ideas first introduced in [71].

Once ⟨gsb⟩ is added to the language ofH(:) the following operator can be defined:

⟨gsb⟩𝑎𝑏𝜑: = (𝑎:3𝑏 ∧ ⟨gsb⟩(𝑎:¬3𝑏 ∧ 𝜑)) ∨ (𝑎:¬3𝑏 ∧ 𝜑)

where 𝑎, 𝑏 are nominals. Let 𝒂𝒃 = 𝑎1𝑏1 · · · 𝑎𝑛𝑏𝑛 be a finite sequence of pairs of
nominals, we write ⟨gsb⟩𝒂𝒃𝜑 as a shorthand for ⟨gsb⟩𝑎1𝑏1 · · ·⟨gsb⟩𝑎𝑛𝑏𝑛𝜑. ⟨gsb⟩𝒂𝒃𝜑 is
just 𝜑 when 𝑛 = 0.
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Axioms schemes and rules for H(:)
All tautologies of classical propositional logic, plus Modus Ponens (CPL)
(K2) 2(𝜑 → 𝜓) → (2𝜑 → 2𝜓)

𝜑
(Nec2)

2𝜑

Axioms schemes for :
𝑎:(𝜑 → 𝜓) → (𝑎:𝜑 → 𝑎:𝜓) 𝑎 ∧ 𝑎:𝜑 → 𝜑

𝑎:𝜑 ↔ ¬𝑎:¬𝜑 𝑎 ∧ 𝜑 → 𝑎:𝜑
𝑎:𝑎 𝑎:𝑏↔ 𝑏:𝑎
𝑎:𝑏 ∧ 𝑏:𝜑 → 𝑎:𝜑 𝑏:𝑎:𝜑 ↔ 𝑎:𝜑
♢𝑎:𝜑 → 𝑎:𝜑

Inference rules for H(:)
𝜑

(Nec:)
𝑎:𝜑
𝑐 → 𝜑

(Name)
𝜑

(𝑐 a nominal not in 𝜑)

𝑎:♢𝑏 ∧ 𝑏:𝜑 → 𝛿
(Paste)

𝑎:♢𝜑 → 𝛿
(𝑏 a nominal not in 𝜑, 𝛿 and 𝑎 are distinct from 𝑏)

Normal axiom schema and inference rule for [gsb]
(K[gsb] ) [gsb] (𝜑 → 𝜓) → ([gsb]𝜑 → [gsb]𝜓)

𝜑
(Nec[gsb] ) [gsb]𝜑
Recursion Axioms for ⟨gsb⟩𝑎𝑏

⟨gsb⟩𝑎𝑏𝑐 ↔ 𝑐 (𝑐 ∈ NOM)
⟨gsb⟩𝑎𝑏 𝑝 ↔ 𝑝 (𝑝 ∈ PROP)
⟨gsb⟩𝑎𝑏¬𝜑 ↔ ¬⟨gsb⟩𝑎𝑏𝜑

⟨gsb⟩𝑎𝑏 (𝜑 ∧ 𝜓) ↔ (⟨gsb⟩𝑎𝑏𝜑 ∧ ⟨gsb⟩𝑎𝑏𝜓)
⟨gsb⟩𝑎𝑏𝑐:𝜑 ↔ 𝑐:⟨gsb⟩𝑎𝑏𝜑
⟨gsb⟩𝑎𝑏♢𝜑 ↔ ((𝑎 ∧ ♢(¬𝑏 ∧ ⟨gsb⟩𝑎𝑏𝜑) ) ∨ (¬𝑎 ∧ ♢⟨gsb⟩𝑎𝑏𝜑) )

Inference rule for ⟨gsb⟩ and ⟨gsb⟩𝑎𝑏
𝑐:⟨gsb⟩𝒂𝒃 (𝑎𝑛+1:♢𝑏𝑛+1 ∧ ⟨gsb⟩𝑎𝑛+1𝑏𝑛+1 𝜑) → 𝜃

(B-Mix)
𝑐:⟨gsb⟩𝒂𝒃 ⟨gsb⟩𝜑 → 𝜃

where 𝑛 ≥ 0; nominals 𝑎𝑛+1, 𝑏𝑛+1 are distinct from 𝑐 and other nominals in ⟨gsb⟩𝒂𝒃 and do not
occur in neither 𝜑 nor 𝜃 .

Fig. 2 The Hilbert-style proof system for H(:, ⟨gsb⟩) introduced in [69].

Informally, ⟨gsb⟩𝑎𝑏𝜑 says that after cutting a (possibly nonexistent) edge between
the states named 𝑎 and 𝑏, 𝜑 will hold. The first disjunct describes the effects of
actually cutting the edge when it exists, while the second takes care of the case when
the edge does not exists. In turn, ⟨gsb⟩𝒂𝒃𝜑 stands for a finite sequence of such cuts,
before testing for 𝜑.

Interestingly, it is now possible to define recursion axioms for ⟨gsb⟩𝑎𝑏 similar to
the ones used to axiomatize Public Announcement Logic (PAL) [59, 39]. Moreover,
the inference rule (B-Mix) can then be introduced to describe the interaction between
⟨gsb⟩ and ⟨gsb⟩𝑎𝑏. See Figure 2 for the complete axiomatic system.
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Notice that the resulting system is not closed under uniform substitution. While in
most cases substitutions are allowed by the axiom schemes involved, the base cases
of the recursion axioms are sound only over atomic symbols on NOM ∪ PROP.

The completeness proof then proceeds by means of a Henkin model (i.e., a model
where all diamond modalities are witnessed using nominals, see [23, 25]).

Definition 15 (Named, pasted, B-mixed) A set of formulas Γ is

1. named if it contains a nominal,
2. pasted if 𝑎:♢𝜑 ∈ Γ implies that there is some nominal 𝑏 such that the formula

𝑎:♢𝑏 ∧ 𝑏:𝜑 ∈ Γ, and
3. B-mixed if 𝑐:⟨gsb⟩𝒂𝒃 ⟨gsb⟩𝜑 ∈ Γ implies that 𝑐:⟨gsb⟩𝒂𝒃 (𝑎𝑛+1:♢𝑏𝑛+1∧⟨gsb⟩𝑎𝑛+1𝑏𝑛+1𝜑) ∈

Γ for some nominals 𝑎𝑛+1 and 𝑏𝑛+1.

Then, a strengthened Lindenbaum Lemma can be established, proving that every
consistent set of formulas inH(:, ⟨gsb⟩) can be extended to a maximal consistent set
of formulas which is named, pasted and B-mixed in a language extended with an
additional set of nominals. All details can be found in [69].

In [31], an approach similar to the one presented above is used to axiomatize
other relation-changing operators.

7 Related Work

There exists previous work that investigates operators which change a model during
the evaluation of a formula, applied in different contexts. In the field of Belief
Revision, the theories of belief change that have been developed are usually not
presented as logics, in the proper sense, but rather as (more or less formal) axiomatic
theories. The AGM approach [1], for example, is presented by means of a number
of postulates in natural language that characterize the mathematical structures under
study. In [29], the authors suggest representing belief change within the logical
framework of a dynamic modal logic. This idea led to the development of Dynamic
Doxastic Logic [63, 64], which is an extension of traditional doxastic logic (see [45])
with dynamic operators representing various kinds of transformations of the agent’s
doxastic state. The main goal of basic dynamic doxastic logic is to describe an agent
that has opinions about the external world and that can change these opinions in the
light of new information.

Model changing operators have also been used in the field of Dynamic Epistemic
Logics. One of the most used dynamic epistemic language is Action Model Logic
(see [17]). This logic uses entities called action models as part of its syntax, which
themselves use formulas of action model logic to define pre- and post-conditions.
In this way, action models can be used to specify changes in the epistemic state
of agents. The epistemic models representing the knowledge of agents are updated
according to the information represented by action models. In epistemic logic the
knowledge of an agent is represented by the accessibility relation of the epistemic
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model. Epistemic updates correspond to the shrinking or expansion of each agent’s
accessibility to possible states of the world represented in the epistemic model.

Belief revision was investigated also in an epistemic setting, combining the works
mentioned in the previous paragraphs. Belief revision and epistemic logics are two
different approaches to information change, and the main idea is to take advantage
of dynamic epistemic operators such as public announcements and action models to
represent belief revision operations. Some complex forms of belief revision such as
iterated, revocable and higher-order revision can be formalized in this setting in a
natural way (see, e.g., [15, 73, 72]).

Sabotage logic was proposed as a formalism for reasoning about formal learning
theory [40]. Learning can be seen as a game with two players, Teacher and Learner,
where Learner changes her information state through a step-by-step process. The
process is successful if she eventually reaches an information state describing the
real state of affairs. The information that Teacher provides can be interpreted as
feedback about Learner’s conjectures about the current state of affairs, allowing
her to discard inconsistent hypotheses. From this game-theoretical perspective, the
interaction between Teacher and Learner can be modeled using operators similar to
those of sabotage logic.

In [16], some relation-changing operators are investigated as data structure mod-
ifiers. They can also be used to reason about changes in a graph. Two logics are
introduced: one only involves global modifications (of some state label, or of some
edge label) anywhere in the graph; the second allows for modifications that are
local to states. The global version generalizes logics of public assignments (see,
e.g., [28, 30]) and public announcements (see, e.g., [59, 49]), as well as logics of
preference modification [70]. By means of reduction axioms they show that this logic
is as expressive as the underlying logic without global modifiers. They also show
that adding local modifiers dramatically increases the power of the logic, turning the
satisfiability problem undecidable.

In [50, 51], arrow update logic is introduced as a theory of epistemic access
elimination, that can be used to reason about multi-agent belief change. Arrow update
logic generalizes the public announcement logic introduced in [59, 39], in which a
statement eliminates access to all epistemic possibilities in which the statement does
not hold. It is similar in spirit to the arrow pre-condition language proposed in [60],
as well as other works about access elimination (see e.g., [28, 16, 68]). Arrow update
logic is an extension of the basic epistemic logic with updates to eliminate edges
according to certain conditions on their nodes. While the belief-changing updates of
arrow logic can be transformed into equivalent updates with action models [17, 74],
arrow updates are sometimes exponentially more succinct than action models. The
main difference between arrow updates and the sabotage operator à la Van Benthem
is that arrow updates remove edges according to a pre and a post-condition, and
sabotage removes arbitrary edges in the model.

The different lines of work we mentioned in this section are examples of the use
of relation-changing modal logics. In this chapter, we presented a general framework
which encompasses a wide family of relation-changing modal logics. One of the
main differences of the new logics investigated, with respect to the ones previously
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mentioned, is their high expressive power. For example, many dynamic epistemic
logics (see, e.g., [20, 70, 19, 47]) have reduction axioms into basic modal logic
(i.e., each formula can be rewritten to an equivalent formula in the basic modal
logic). Instead, we have shown in this chapter that the general framework we defined
includes logics which are strictly more expressive that the basic modal logic.

8 Conclusions

In this chapter we introduced a framework to define relation-changing modal oper-
ators. It is based on the notion of relation updates that take a state in the model and
the current accessibility relation, and return the new state of evaluation and the new
accessibility relation to be used. We showed that the framework can accommodate
a variety of operators, like Van Benthem’s sabotage logic [68] and other variants
investigated in, e.g., [6, 8, 61]. On the other hand, some well known dynamic op-
erators are not covered by the framework. The most important example are those
investigated in Dynamic Epistemic Logics [59, 38, 67, 74].

We introduced six different concrete dynamic modal operators with both local
and global effects which can add, delete and swap edges in the accessibility relation.
The goal was to investigate the degrees of liberty that the operators offered, and how
much overlap there was between the logics they define, and the models they can
describe. Many of the results we establish refers to these six logics, but we believe
that the techniques used in the different proofs are sufficiently general to handle other
logics that can be accommodated in the framework.

We investigated the logics obtained by adding relation-changing modal operators
to the basic modal logic, as fragments of classical logics. First, we introduced a
translation from relation-changing modal formulas to second-order formulas, which
covers all the operators that can be defined in our framework under the assumption
that the family of update model functions can be characterized by a second-order for-
mula. In [61, 8], it was shown thatML(⟨lsw⟩) andML(⟨gsb⟩) are proper fragments
of first-order logic. We proved the same result for the six concrete relation-changing
operators we introduced. The existence of translations into first-order logic opens
the way to the use of first-order theorem provers for automated deduction. We also
showed a translation that uses model unfolding to converts models and formulas
to the basic modal logic with two accessibility relations, over a particular class
of models. Finally, we show translations into hybrid logics, and took advantage of
previously known results to define model classes over which decidable logics obtain.

While in this chapter we considered only translations into first- and second-order
logics, it would be interesting to consider other possibilities. For example, it would
be rewarding to consider cases where the translation falls into decidable fragments
of first-order logic, like the guarded fragment [2] or the two variable fragment [42].
We could also consider well behaved fragments of second-order logic, like 𝜇FO, i.e.,
the fixed-point extension of first-order logic [43].
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We also investigated the expressive power of these languages using bisimulations.
We defined bisimulations in a general way, and then instantiated this definition for
different, concrete logics. We showed an “Invariance under Bisimulation” result
for relation-changing modal logics, and the existence of Hennessy-Milner model
classes. We used this definition of bisimulations to compare the expressive power
of different relation-changing modal logics. A direction for future research would
be to use properties of the family of relation updates to obtain general expressivity
results. We have established that the six concrete logics introduced are pairwise
incomparable in terms of expressive power, except forML(⟨lsw⟩) andML(⟨gsw⟩).
We conjecture that their expressive power is also incomparable.

Finally, we showed that the complexity of model checking is PSpace-complete for
the six logics considered, while their satisfiability problem is undecidable. Proofs for
the complexity of model checking are fairly uniform, and are based in the encoding
of the PSpace-complete QBF satisfiability problem. In each case, a suitable repre-
sentation for a propositional assignment, and the concrete translation used needs to
be defined. Once this is done the proof is straightforward. Proofs of the undecid-
ability of the satisfiability problem are based on the encoding of the undecidable
satisfiability problem for the memory logic ML( r⃝, k⃝). All six concrete logics
investigated in this chapter have an undecidable satisfiability problem. It would be
interesting to find ways leading to decidability. One option could be to carefully
design dynamic modal operators like the ones investigated in [4]. Another option
would be to restrict the application of operators, for example, by means of protocols.
These kind of logics have been investigated in, e.g., [48, 21].

Finally we briefly discussed axiomatizations. As a consequence of their high
expressive power, in most cases it is not possible to define reduction axioms to basic
modal logic, such as it is done for several dynamic epistemic logics. We discussed
how [71] provides an elegant Hilbert-style axiomatization for an extension of the
hybrid modal logicH(:) with the global sabotage operator ⟨gsb⟩. This approach can
be extended to other relation-changing operators, as was done in [31].

This chapter shows that some of the dynamic operators that can be captured in
the presented framework are strictly more expressive than the basic modal language
while they are no more expressive than first-order logic. It would be interesting
to investigate in which cases they are sufficiently expressive to be a conservative
reduction class for first-order logic (see, e.g., the case of hybrid logics discussed
in [14]). Investigating succinctness question for these languages, as is done for
different dynamic epistemic logics in, e.g., [55, 34], would also be worthwhile.

Another interesting line of research is to exploit the expressive power of relation-
changing modal logics to encode dynamic epistemic logics. For example, in Action
Model Logic the dynamic operators are defined using complex action models which
define how the model should be altered. The action models themselves can use
formulas of action model logic to define pre- and post-conditions, and as a result the
syntax and semantics of the logic is involved. It would be interesting to represent these
epistemic logics using model-changing operators [35, 32, 5, 4]. This would result in
simpler syntax and semantics which, in turn, could lead so a better understanding of
their expressive power, complexity and model and completeness theory.
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