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6 t. PROPOSITIONAL LOGIC

such that v = uw. The relation defined on 4™ by “u is an initial segment of v” is
an order relation.

Example. The sequences of symbols —p, (=p A (g V r)) and (p A Vgr) are
wortds belonging to A*.
‘The word (—p is an initial segment of (—p A (g V r)).

From the logical point of view only some of the words of A*, are interesting: these i
are what we call formulas. In the previous example, only the first two expressions i

are formulas, in contrast to the last one.

DERINITION 1.1. The set of propositional formulas, built with P, is the smallest
set F such that:
e all propositional variables are in F,
e ifF e F, then-F eF,
e if G e F, then FAG) e F,(FVG) e F,(F =+ G) € Fand
(FeG)eF.

The set F is well defined, There are sets satisfying these three conditions: for
example, the set A* consisting of all words. Among all these sets, there is one
set smaller than all the others: their intersection. This intersection is not empty
because it contains the set P of propositional variables. The set of formulas can
also be characterized in another way, by using the induction principle.

Let P be a property depending on non-negative integers. If P satisfies:
» P is true for O (respectively for the non-negative integer ng),
e if P is true for n, then it is true forn 4 1,

then P is true for all n (respectively, for all n > ng).

DEFINITION 1.2, The sets Fy, are defined by induction on n:
¢ Fo="P,
o Fpri=FoU{-F  Fe FRIV{(FaG): F,Ge Fp}
where o is AV, — or .

1t is easy to see that the sequence (F)nepy is increasing (exercise).
PROPOSITION 1.1, The set F of propositional formulas is equal to | J,, .y Fr.

Proof : The set |J, o Fn satisfies the conditions of the definition of F:

e all propositional variables are in Fy;
e if FeF,, then ~F € Fpiy;
e if F,G € |J,cn Fn. then there exist 7, m such that ¥ € Fp and G € Fim; if
p = sup(n,m}, F,G € F, and the formulas (F' A G), (FV G), (F - G} and
(F & G)are in Fpi1. .
Therefore, the set C:m ~ Fn contains F, which is the smallest set satisfying these condi-

tions. In order to obtain the inciugion in the opposite direction, it is sufficient to show that
for every non-negative n, F,, C F. This property can be proved by induction on n:

1.1, PROPOSITIONAL LANGUAGE 7

o Fp=PCUF, .
¢ assume that F, C F by induction hypothesis. From the definition of F,,,; and
the fact that the set F is closed under all connectives, it follows that %, C F.

This concludes the proof.O

DEFINITION 1.3, The raok of a formula F' is the smallest non-negative integer n
suchthat F € F,.

Example. The formula F' = {-pA{{g vV r) = s)) has rank 3.
p,4, 1, 8 have rank 0,

~p, (g V r) have rank 1,

({g v r) — s) has rank 2.

1.1.2. Proof by induction. In this section numerous resuits will have the
form: let P be a property of formulas; then the set of all propositional calculus
formulas having the property P is equal to 7, In order to prove these results,
we will not use a reasoning by induction on non-negative integers but instead, a

proof by induction on the formulas. This type of proof is justified by the following
proposition:

PROPOSITION 1.2. Let P be a property of formulas, satisfying the following con-
ditions:
¢ all propositional variables have the property P,
* if G is a formula with the property P, then the formula =G has the prop-
erty P,
s if N.u H are formulas with the property P, then all formulas (G A H),
(GV H), (G — H), (G «+ H) have this property.
Then all propositional formulas have the property P.

Proof : Let & be a set of formulas in F with property P. In order to deduce the equality
F = £ it is sufficient to show that 7 C £. According to the hypothesis, the set £ contains
all propositional variables and is closed under the application of operators. Therefore it
contains 7, which is the smallest set verifying these conditions. O

The following proposition is a simple example of proof by induction on the set of
propositional formulas and is left as an exercise.

PROPOSITION 1.3. Every formula has exactly the same number of opening and
closing parentheses.

1.1.3. Decomposition of a formula. The following proposition provides an
answer to the question: given a particular formula, are there different ways to
decompose it in “simpler formulas” ?

PROPOSITION 1.4. Let F be a formula. Then F has one and only one of the
Jollowing forms:
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10 L. PROPOSITIONAL LOGIC

(5 if F is (G — H), then V(F) = 0 iff V(G) = L and V(H) = 0,
6) if Fis (G + H), then V(F) = 1iff V(G) = V(H).

Proof : The distribution V is defined by induction on formulas.

¢ Case 1 gives the definition for propositional variables, .

e If F is =( and V(@) is already defined (induction hypothesis), we put V(F) = 1

if V(G) = 0 and V(F) = 0 otherwise.
o If Fis (G A H and V(G), V(H) are already defined (induction hypothesis), we
Cput V(F) = 1if V(@) = V() = 1 and V{F) = 0 otherwise.

The proofs for the other cases are similar: the values V(G and V{H) allow one to define
V(F) satisfying conditions (4), (5} ox {6), respectively. The function V is well defined in a
unique way according to the decomposition. The uniqueness of the extension of V' is left
as an exercise: if we suppose that there are two extensions, it is easy to show by induction
on formulas, that they are equal. O

Example. The value of the formula ((p — g) A (g V 7)) for the valuation of V
defined by V{(p) = V{g) = 0and V(r) = 1is 1.

One way to represent the conditions stated in the previous proposition is to con-
struct a table giving the values of V(F'), as a function of the different possible
values of V, from the immediate subformulas of F. It is easy to construct truth
tables for the binary operators A, V, — :

G|H|GANH|GVH|G— H
00 0 0 1
011 0 1 1
110 0 1 0
111 1 1 1

Henceforth, each valuation V given on P is extended to the set of all formulas, F,
and we also-denote its extension by V.

1.2.1. Tautologies. Equivalent formulas. The interpretation of formulas al-
lows their classification: two formulas with the same interpretation will be grouped
in the same class. A particularly interesting class is the class of formulas which are
always true.

DEFINITION 1.7,

o Aformula F is satisfied by a valuation V if V(F)) = 1.
» A tautelogy is a formula satisfied by all valuations.

e Two formulas F,G are said to be equivalent if for every valuation V,
V(F) = V(G); we write F = G,

Example. The following formulas are examples of tautologies:

(p—p)

1.2. SEMANTICS i1

(p— (g—p))
par@o>rh 2 (o) > (@-1))
{(=p = q) = ({-=p = —q} = p))
The following pairs of formulas are examiples of equivalences:

~p and p

{p—q)and (-pVy)
(p+ q) and ({(p— q) Alg = p))
(pA(gvr))and ((pAg)V (pAr))

We note that two formulas F, G are equivalent iff the formula (F + G) is a
tautology. The binary relation = defined on the set of formulasby: F = Giff F, G
are equivalent, is an equivalence relation (exercisa).

1.2.2. Logical consequence. From the point of view of semantics, one of the
fundamental questions is to deterinine whether one formula is a consequence of a
given set of formulas.

DEFINITION 1.8. Let X be a set of formulas and F a formula.

¢ Aformula F is said to be a consequence of T if every valuation satisfying
all formulas of X, also satisfies the formula F.

s A set of formulas © is said to be satisfiable if there exists a valuation
which satisfies all formulas of T.

Example. The formula ¢ is a consequence of the set {p, (p — q)}.
The set of formulas {p, (p — ¢}, ~¢} is not satisfiable.

PROPOSITION 1.6. Any formula F is a consequence of the set of formulas T iff the
set DU {~F} is not satisfiable.

Proof : If every valuation satisfying ¥ also satisfies F', then there is no valuation satisfy-
ing both ¥ and —F", The converse is easily shown by contraposition: if there is a valuation
satisfying T and not satisfying F', then this valuation satisfies both & and —F. O

1.2.3. Value of a formula and substitution, The value of a formula, for ex-
ample {(p — ¢) A (g V r)) can be determined for any given valuation V. But how
can we calculate the truth value of a complex formula using truth values of simpler
formulas? In this paragraph we answer this question: it is sufficient to compose
truth values as in the case of propositional variables. In the first reading, it is pos-
sible to omit the general case treated within the theorem and its corollary, In fact,
the study of properties stated in the following examples are sufficient for the con-
struction of normal forms,
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14 1. FROFOSITIONAL LOGIC
(3 X F=F and G = G, then the mozoﬁ:m formulas are equivalent: _
—~F=-F
(FAG)=(F' rnG"
(FVG)y=(F'vd)
(FoG)=(F =4
(Feo)=(F 4"
The following equivalences of formulas express the main properties of connectives:
(1) commutativity:
(FA)=(GAF)
(Fv@)=(GVF)
(2) associativity:
(FAGAH)=((FAGYAH)
(Fv(GvH)={(FVvG)VH)
(3) idempotence:
(FAFY=F
(FVF)sF
(4) De Morgan’s rules:
S(FAG) = (~FV=G)
IA@J/\QV = ﬁJ.mu>3®.v
(5) distributivity:
(FAGVH)=((FAG)V(FAHY)

(Fv(GrnE))=({(FVGYA{FVH)
(6) absorption:

(FA(FV@)=F

(FV(FAG)=F

i
:
L

£.3. NORMAL FORMS 15

1.2.4. Complete systems of connectives. The following proposition intro-
duces a set of connectives which allows to express all propositional formulas.

PROPOSITION 1.9. Any propositional formula is equivalent to a Jormula con-
structed only with the connectives — and A,

Proof : The proof is obtained by induction on the formulas. It is true for propositional
variables. Assume the property is true for G, H, i.e. the formula G (respectively H) is
equivalent to the formula G” (respectively H') built only with the connectives —, A.
s Let F' = —@, so Fis equivalent to =¥, which is a formula built only with the
connectives -, A, according to the induction hypothesis.
o Let F = (GAH), so I is equivalent to (G' A H'), which is a formula built only
with the connectives -, A, according to the induction hypothesis.
¢ Let F = (Gv H), F=(G'v H'). Using De Morgan’s second rule and the fact
that K = K, we get that F' = (=G’ A ~H"), which is a formula built only
with the connectives -, A.
o Let F'={G - H),F=(G"- H),F = (-G'v H'), which is equivalent to
2 formula built only with the connectives —, A,, according to the previous case.
sl F=(GeoH),F=(("oH),F=({(G - H)AH > G'}), which
is equivalent to a formula built only with the connectives -, A, according to the
previous case.

This conchides the proof. O

Notice that the expression F' = @ is a relation between two formulas and is not a
propositional formula!

DEFINITION 1.11. A set of connectives having the property stated in the above
proposition for {=, A} is called a complete system.

From the previous result, it is easy to deduce that the systems of operators {-, v},
{™, =} are complete; the proof is left as an exercise.

1.3. Normal forms

Normal forms are special formulas such that any foromila can be transformed into
an equivalent normal form. We consider disjunctive and conjunctive normal forms.

1.3.1. Disjunctive and conjunctive normal forms.

DEFINITION 1.12. A literal is a propositional variable or the negation of a propo-
sitional variable.

DEFINITION 1.13. A disjunctive normal form is a disjunction (AVEV..VE)
of k formulas (k > 1), where each formula F; (i = 1,2,...k)isa conjunction
(Gr AGa A AGY) of Lliterals (1 > 1),

Example. The following formulas are disjunctive normal forms:
((eAQV (=pA~g)
((PAgA-T)V (-pAg))
(pA—q)
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18 1. PROPOSITIONAL LOGIC

(3) use the distributivity of A and V:
(FAGVH)) = ((FAG)V (FAH)
(FV(GAH) = ({(FVG)A(FV H))

it

Example. Determine disjunctive and conjunctive normal forms of the formula
—(p & (g -+ r)). The formula is transformed by successive equivalences:

S((p = (g=NAlg=r)—p)
~((~pV (=g V1) A (~(g V) V B))
(={=pV (~g V)V o(~{~g V) Vp))
((pA~(~gvr))V ((ngVr) A-p))
(pAgA-T)V (g Vr) A=p))
{(pAgA-r)V (mpA=g)V (mpAT))
which is a disjunctive normal form.
‘Consider one of the formula above: ((pAgA—r)) V ((—g Vr) A —p)) and apply
the distributivity. We obtain:
((pAgA-r)V(~gVr))A{(pAgA—T) V)
(lpv-qVr)A(-pVa)A(-pV )
which is a conjunctive normal form.

The second method to obtaining a disjunctive or conjunctive normal form ,.wnz?m-
lent to a given formula F, consists first in determining the associated m_._:nnom— bw.
Then we can build 2 normal form G which represents the function fr and which is
equivalent to I
(1) we determine the valuations ¥ such that V(F) = 1;
(2) to each valuation V; such that V;(F) = 1, we associate a formula Q i\
which is of the form (e;py A ezpa A ... A €nDy), where for each i =
1,2, ..., 71, e5p; is p; if V;(pi} = 1 and e;p; is —p; if V(pi) = O; .
(3) the formula G, obtained by taking the disjunction of the formulas Gy, is
a disjunctive normal form.
1t is easy to verify that the function associated with the formula G is equal to fr
Therefore ( is equivalent to the given formula F'.

Example. Let us apply this method to the formula F', from the previous exam-
ple:

~{p ¢ (g =)}
There are four valuations ¥ such that V(F) = 1: Y = (1,1,0), V, = (0,1,1),
Vs = (0,0,1), ¥4 = (0,0,0), where we denote the <&=mmo=.% by .ﬁm:mw.mwv
it V(p;) = e, for i = 1,2,3. The obtained formula G is a disjunctive normal
form:

G=(pAgA—T)V (mpAGATIV (~pA-gAT)V (mp A =g A7)

1.3. NORMAL FORMS 19

The construction of a conjunctive normal form for a given formula follows a simi-
lar method: we exchange systematically the roles between valuations giving value
1 and those giving value 0, between propositional variables and negation of propo-
sitional variables, between disjunction and conjunction.

PROPOSITION 1.11. Determining a disjunctive normal (respectively conjunctive)
Jorm for F is equivalent to determining a conjunctive normal {respectively disjunc-
tive) form for - F.,

Proof : Assume that G is a disjunctive normal (respectively conjunctive) form for F.
The formula ~F is equivalent to =& : if we apply De Morgan’s rules to =, we obtain a
conjunctive (respectively disjunctive) normal form, equivalent to =G and to = F. O

The previous proposition express the duality between a formula and its negation,
disjunction and conjunction, disjunctive and conjunctive normal forms.

1.3.4. Clausal form. Clausal form is an alternative presentation of conjunc-
tive normal form, which is used in some automatic deduction methods.

DEFINITION 1.15.
o A clause C is a disjunction (G1 V Ga Vv ...V G}) of I formulas (I > 1),
where each G; (5 =1,2,...,1) is a literal.
o The propositional variables which appear in the clause C without nega-

tion are called positive variables; propositional variables preceded by a
negation are called negative variables.

The following proposition is a direct consequence of the corollary on the existence

" of conjunctive normal form.

PROPOSITION 1.12. Every propositional formula is equivalent to a conjunction of
clauses.

Clause C is equivalent to a clause of the form:
(may Vmag V.V —a, Vi Vi V..V by)

wherealla; (¢ = 1,2,...,n) and all b; (j = 1, 2, ..., m) are propositional variables.
A clause which has at least one negative variable and one positive variable is also
equivalent to a formula of the form:

A?..: Nag Ao ANay) =2 (v V..V @35

The notation (', A) is often used as a representation of a clause O : T is the set of
all negative propositional variables in C' and A the set of all positive variables in
C. If A is reduced to a unique variable b;, we have a Horn clause.

Example. The formula -(p + (g -+ }) is equivalent to the conjunction of the
following clauses:

Ch i (~gvpvri=(g > (pvr)
Cz i (mpvg)=(p—q)
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