CHAPTER 3

First-order logic

Propositional logic allows only for the description of extremely simple language
constructions: boolean operations with propositions. It is not powerful enough for
representing many constructions used in computer science, linguistics, mathemat-
ics or for formalizing significant fragments of reasoning in action, as for example:

e certain students attend all courses,
* no student attends an uninteresting course;
» can we conclude that all courses are interesting?

What is missing in propositional logic is to express elementary facts such as the
property of an object, or a relation between several objects. Elementary facts are
for example:

e some course is interesting;
* some students attend the computer science course.

Another type of construction of first-order logic is the guantification of objects,
as in the statement: all courses are interesting. First-order languages are used in
logic for several reasons:

o these languages share certain essential characteristics with natural lan-
guages, specification languages and query languages for databases;

¢ there is a wide variety of first-order languages, each one determined by
its own vocabulary;

+ these languages allow not only relations, but also functions.

The expression first-order distinguishes these languages, which are used most fre-
quently, from those of higher-order, such as second-order, which allow one to
quantify relations as well as functions. The study of first-order languages follows
a similar approach to that of propositional language. The first section presents
the definition of languages and the construction of formulas. The second section
introduces semantics in terms of structures and the interpretation of formulas in
structures. The last section deals with nermal forms.

3.1. First-order languages
The alphabet of a first-order language requires the following symbols, which are
common to all languages: .

» propositional operators —, A, V, -3, 43,
¢ parentheses (, ), _
¢ universal ¥ and existential 3 quantifiers,
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44 3. FIRST-ORDER LOGIC

PROPOSITION 3.1. Every formula of any first-order language is uniguely decom-
posed in one, and only one, of the following forms:

s an atomic formila,

o F where F' is a formula,

o (FAG), (FV@)L(F — Gyor (F & Q), where F, @ qgre formulas,

o Yo For v F, where F is a formula and v a variable.

The proof is similar to that in propositional logic and is left to the reader. The
complete decomposition of a formula can be obtained recursively.

(Rxz = V2 (RyzVy=2))

7N

Ruxz Vz (RyzVy=z)
|
(RyzVy=2)
/N
Y=

Ry 2

FIGURE 3.1. A formula decomposition.

Example. The decomposition of the formula (Rzz — Vz (Ryz Vy = 2))
is given in Figure 3.1. All formulas appearing in the decomposition of F are
subformulas of F.

DEFINITION 3.6, A formula G is @ subformula of the formula F' iff it appears in
the decomposition &n. F.

3.1.3. Free and bound variables. The same variable may appear more than
once in a formula. It is necessary to distinguish between these different cases.

DEFINITION 3.7. Ar occurrence of a variable in a formula is given by the position
of the variable in a formula where it does not follow a quantifier.

. Example, Inaformula F: (Rzz — ¥z (RyzVy = 2)), the variable  has one
occurrence, the variable i two occurrences and the variable z three occurrences
(the apparition of z in V2 does not constitute an occurrence of z).

The definition of the interpretation of a formula in a structure depends on the vari-
ables which occur in that formula.

3.2. SEMANTICS 45

DEFINITION 3.8.

* An occurrence of a variable x in a formula F is a free occurrence if it
does not belong to any subformula of F', which begins with a quantifier
Yz or 3x. Otherwise, the occurrence is bound and the variable ¢ is a
‘bound variable in F,

* Avariable is free in g formula if it has at least one free occurrence in that
formula,

¢ A closed formula is a formula with no free variabies.

Example. Inthe formula F': (Rzz -+ ¥z (RyzVy = 2)), the only occurrence
of z is free, the two occurrences of y are free, the first occurrence of z is free
and the others are bounded. The variables x,y, # are thus free in F'. In contrast,
the formula ¥z ¥z (Rzz = 3y (Ryz vy = 2)) is closed.

The notation F(z:,zs,...,zx) signifies that afl free variables in formula F' are
among xy,xa, ..., Lk.

3.2. Semantics

The semantics of first-order logic is defined by En.m_ﬁaom:m the formulas of a given

language in a structure we now define. Such a structure may be of mathematical
nature, may represent computer science data, or even the universe of discourse in
linguistics.

3.2.1. Structures and languages. The meaning of an expression is only de-
fined for a given stucture.

DEFINITION 3.9. A structure M for a language L consists ina non-empty set M,
called domain and:

* a subset of M™, denoted by RM, for each predicate R of arity n;

* a function from M™ to M, denoted by fM, for each function f of m
arguments;

® an element from M, denoted by c™, for each constant symbol c.

As examples of structures, consider:

(1) The set D, with the binary relation F and a distinct element a is a struc-
ture for the language £y = {R, ¢}, denoted by (D, E, a).
(2) The set of real numbers R allows the construction of a structure for the
language L3, interpreting its symbols as follows:
o the predicate symbol R as the order relation < on the real numbers;
¢ the unary function symbol f which associates r + 1 to the real r:
o the binary symbols g, h as addition and multiplication;
¢ the symbols e, d as 0 and 1.
This structure is denoted by R = (R, <, 5, +, x,0,1).
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48 3, FIRST-ORDER LOGIC

PROPOSITION 3.2. Every interpretation s has a unique extension fo the set T of
Ierms.

The proof is done by induction on the terms and is left as an exercise.

It is now possible to define the satisfaction of a formula F' by an interpretation §
and to show that it depends only on the values taken by s on the set of free variables
of . This property justifies the fact that the notion of satisfaction induced by an
interpretation is a presentation more general than that of satisfaction of a formula
induced by a sequence of elements in a structure.

DEFINITION 3.14. The satisfaction of g formula F by an interpretation s is defined
by induction on F:

e if F is an atomic formula of the form Ryt ... tn and ift],15, ... 1} are
the corresponding interpretations of rerms ty,%,. .., t, in the structure
M, formula F is satisfied by s if (13,15, ...,£5) € RM;

o if Fisone of the form ~G, (GAH), (GV H), (G = H) or (G + H},
the satisfaction of F is defined from the E:&ﬂagcz of G and H, as in
propositional logic;

e if F is of the form Qu G, F is satisfied by s if there is an interpretation §',
equal to s on V — {v} and satisfies G;

o if F is of the formVNv G, F is satisfied by s if all interpretations s', equal
toson ¥V — {v}, satisfy G.

PROPOSITION 3.3. The satisfaction of a formula F' by an 5&%5&8; s depends
only on the values of s in the set of free variables of F.

The proof is done by induction on the formula F' and is left as an exercise.

3.2.3. Valid and equivalent formulas. The equivalence of formulas allows to
classify them and to group formulas with the same meaning. One of these classes
of formulas is particularly interesting: the formulas that are true in any structure,
DEFINITION 3.15. Let L be a language of first-order.

& A closed formula is valid if it is true in any structure.

s The universal closure of a formula F(x1, 29, .., 2;) with free variables
is the formula Na1Vaa .. Vagp Fzi, 22, .., 35).
o Aformula F(xy, %9, ..., %) is valid if its universal closure is valid.

o Two formulas F,G are equivalent if for every structure M and for every
sequence of elements in M interpreting the free éz_uwmmm of F and G,
they have the same values.

According to the definition of the value of a formula, two formulas F|, G are equiv-
alent if and only if the formula (F + G) is valid. Another consequence of these
definitions is very useful. If in a given formula ), we replace a subformula by an
equivalent formula, we obtain a new formula equivalent to .

Example. Let H be a tautology of propositional logic whose variables are
among {p,P2,...,Pn} and Fy, Fy,.. ., F, be formulas of the language L.

3.2. SEMANTICS 49

Then the formula obtained by m:,cmaﬂ:a:m. Fobyp, i =1,2,...,n)in H, de-
noted by H(Fy/p1,.. ., Fn/bn), is a valid moquEm.. The formula

(YeIyRay) v ~(¥Yzdy Ray)

is an example of a valid formula.
If ¥ and (F' — @) are valid formulas, then & is valid.

If F'is a formula of £, then the following formula is valid:
(FxvyF) - (YyIxcF)

In fact, if a structure M satisfies Jz¥y £, then there is an @ € M such that, for
allb € M, M |= Fla,b]. Toevery b € M, we can associate the same ¢ € M,
such that, M = Fla, b].

The formula (Yy3zF) — (xvy F) is not valid, the structure
(N, <,8,+,.,0,1) is a model of (¥yJz Ryx), but not of {Ju¥y Ryz).

The following pairs of formulas are examples of equivalent formulas.

Fand VY F (if x is not free in F)

F and Az F (if x is not free in F)

Ve (F A G)and (Vo F AV2G)

Ja(F v G)and (3zF v 32G)

Ag(F = G) and (Fz-F v 92G)

JxF and Iy £ (y/x) (if @ is free in F and y does not appear in F) (1)
VoI and Yy F(y/x) (if « is free in F and y does not appear in F) (2)
When z is not free in G, we get the following equivalences:

® Vo(F AG) and (VzF A G) (3)
¢ Je(F V&) and (3zF v G) (4)

It remains to mention equivalences that can be derived using associativity and com-
mutativity of the connectives A,V, distributivity of A and V, and properties of
negation. These equivalences, which are direct transpositions of those in proposi-
tional logic, are not rewritten here. The following equivalences express classical
properties of quantifiers and will be used later on to obtain normal forims.

L]

* & & & & @

PROPOSITION 3.4, Let F be a formula, x a variable and G a formula in which ©
is not free. The following is a list of equivalent formulas:

=V F and 2x-F (5)

~JxF and¥z-F (6)

(NVeF Vv Q) and Yz (F v G) (7)

(3xF A G) and 3z{F A G) (8)

(G = VaF) and V(G = F)

(G = F2F) and 3z(G = F)

(YaF — G) and 3z(F — G)

(FzF = G) and¥z(F -+ G)
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52 3. FIRST-ORDER LOGIC

» Let F be of the form (G A H), where G, H are assumed to be equivalent to the
prenex formulas G', H’ respectively. F is then equivalent to (G' A H'). H G is
of the form Yz G or 3z G, and if z is not free in ', we apply property (3) or
(8), in order to remove the quantifiers. If x is free in H’, we then apply property
(2) or (1). If y is a variable which does not appear in neither G' nor H', the
formula Yz G, respectively Iz -G”, is equivalent to Vy G (y /x), respectively
to 3y G"(y/z). Then we can apply property (3) or (8), since y is not free in H'.
Finally, formula F is equivalent to one of the formulas ¥z {G" A H'), 3z (G" A
HNY, Yy (G"(y/z) A H') or Jy (G (y/x) A H'). Formula (G A H') contains
one quantifier less than the formula (G' A H'). Repeating this transformation as
long as the formula (G A H') contains quantifiers, we obtain a prenex formula
equivalent to I,

» If I is of the form (G'V H), the sequence of transformations applied is analogous
and uses properties (1),(2), (4) and {7). ,

o Let F be of the form (G — H), where G, H are assumed to be equivalent to the
prenex formulas G, H' respectively. Then F' is equivalent to (" — H'), and
thus to (-G’ v H'}, The applied method uses transformations applicable to the
operators - and V.

e If F is of the form (G + H), where &, H are assumed to be equivalent to
the prenex formulas &', H' respectively, F' is equivalent to (G' ¢ H'). By
equivalence, we can eliminate the operator ¢+ using operators A, — and then
use the transformations concerning them.

This proof provides an effective method to construct a prenex formula equivalent to a given
formula. O

Example. The formula VeVy ((Roy A ~z = y) — Jz (y = gzhzz)) is
transformed to its prenex form using the following steps:

VaVy ((Rzy A —z = y) = Iz (y = gzhzz))

VaVy (~Rzy V z =) v 3z {y = gzhzz))

VaVydz ((~Rry Vz =y) V {y = gzhzz))

DEFRINITION 3.19.

o A literal is an atomic formula or a negation of an atomic formula.

o A clause is a disjunction of literals.

o A prenex formula Q321Q2%2 - .., QrarG is in conjunctive normal form
If the quantifier free formula G is a conjunction of clauses.

For example, the prenex formula obtained in the previous example is already in
conjunctive normal form. Similarly the notion of a prenex formula in disjunctive
normal form may be defined.

COROLLARY 3.1. Every formula is equivalent to a prenex formula in conjunctive
(respectively disjunctive) normal form.

Proof : Let I be a formula and Q121 Q222 . . ., @42 G a prenex formula equivalent to
F. We denote by Ay, Ag,. .., A all atomic formulas occurring in G There is a proposi-
tional formula H constructed with the variables {p1,pa,...,px}, such that formula G is

3.3. PRENEX FORMULAS AND SKOLEM FORMS 53

equal to the formula H (A /p1, Aa/pa, ..., Az /pr). Let H' be a conjunctive normal form
equivalent to H, as constructed in propositional logic. The following transformations are
used for this construction:
s climination of the connectives —, ¢ using the connectives -, V, A,
» moving negations as far inside as possible, by using De Morgan’s rules such that
negations are applied only to propositional variables,
e distributing conjunctions over disjunctions,

If we want a disjunctive normal form, the last transformation must use the distribution of
V over A. In the case of a normal conjunctive form, the formula G is equivalent to the
formula H'( Ay /p1, Az/pas - .. Ak/pr). The formula F is thus equivalent to some prenex
formula in conjunctive normal form. O

3.3.2. Skolem forms. We will present a method for transforming every prenex
formula to a formula whose prefix is composed only of universal quantifiers. The
property of equivalence between formulas will be lost in the process; but that of
the existence of a structure satisfying the formula will be conserved.

DERINITION 3.20. Let L be a first-order language.

¢ A formula F is said to be universal if it is a prenex formula and all quan-
tifiers occurring in F are universal.

® A language £' is a Skolem extension of L if it is obtained from L by
adding an infinite number of function symbols of each arity and an infinite

number of constant symbols.

A closed prenex formula F' of £’ is either universal or of the form Va1 Vs . . . Vo, 3z
G, where G is a prenex formula. In the latter case, k may be 0 and F is of the form
Jz G. The transformation applied to F, if it has at least one existential quantifier,
consists of associating to F the formula Va\Vay .. . Vo, G(f(21,22,...,24) /%),
where f is a function symbol which does not appear in formula G. In the special
case when F' = 3z G, we associate to it the formula G{c/z), where ¢ is a constant
symbol, which does not appear in the formula G. The resulting formula F} has one
existential quantifier less than the formula F.

Example. We associate the formula
Vavy (Rf(z)g{z,y) = (Rf(2)k(z,y) A Rk(z,y)A(z, v)))

to the formula YoV¥y3z (Rf(x)g(z,y) — (Bf(z)z A Rzh(z,y))) in the lan-
guage £ = {R, f. g, h, c, d}; here k is a new binary function symbol.

DEFINITION 3.21. Let F be a closed prenex formula (in the language L') having
n existential gquantifiers.

A Skolem form of F' is a formula obtained by applying the previous trans-
SJormation n fimes.
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