Frames

As we saw in Section 1.3, the conceptwalflidity, which abstracts away from the
effects of particular valuations, allows modal languagegsdt to grips with frame
structure. As we will now see, this makes it possible for nhéaleguages talefine
classes of frames, and most of the chapter is devoted toraxpliis idea.

The following picture will emerge. Viewed as tools for defigiframes, every
modal formula corresponds to a second-order formula. Alghdhis second-order
formula sometimes has a first-order equivalent, even guitple modal formulas
can define classes of frames that no first-order formula gaspite of this, there
are extremely simple first-order definable frame classesiwho modal formula
can define. In short, viewed as frame description languagedal languages ex-
hibit an unusual blend of first- and second-order expregsiveers.

The chapter has three main parts. The first, consisting dirgtdour sections,
introduces frame definability, explains why it is intrinsliy second-order, presents
the four fundamental frame constructions and state&thldblatt-Thomason The-
orem and discusses finite frames. The second part, consistitigeafiext three
sections, is essentially a detailed exposition of$laélqvist Correspondence The-
orem which identifies a large class of modal formulas which cgpoad to first-
order formulas. The final part, consisting of the last sectgtudies further frame
constructions and gives a model-theoretic proof of the Glattt Thomason theo-
rem. With the exception of the last two sections, all the miaten this chapter lies
on the basic track.

Chapter guide

Section 3.1: Frame Definability (Basic track)This section introduces frame de-
finability, and gives several examples of modally definaldene classes.

Section 3.2: Frame Definability and Second-Order Logic (BaJrack). We ex-
plain why frame definability is intrinsically second-ordand give exam-
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ples of frame classes that are modally definable but notdndgy defin-
able.

Section 3.3: Definable and Undefinable Properties (Basicdky We first show
that validity is preserved under the formationdigjoint unions generated
subframesndbounded morphic imageand anti-preserved undeltrafil-
ter extensionsWe then use these constructions to give examples of frame
classes that areot modally definable, and state the Goldblatt-Thomason
Theorem.

Section 3.4: Finite Frames (Basic track)Finite frames enjoy a number of pleas-
ant properties. We first prove a simple analog of the Goltfilabmason
Theorem for finite transitive frames. We then introduce finge frame
property, and show that a normal modal logic has the finite frame pigper
if and only if it has the finite model property.

Section 3.5: Automatic First-Order Correspondence (Basiack). Here we pre-
pare for the proof of th&ahlqvist Correspondence Theoranthe follow-
ing section. We introduce positive and negative formulas, show that
their monotonicity properties can help eliminate secordkpquantifiers.

Section 3.6: Sahlqvist Formulas (Basic track)n this section we prove the Sahl-
gvist Correspondence Theorem. Our approach is incremebival first
explore the key ideas in the setting of two smaller fragmeaisl then
state and prove the main result.

Section 3.7: More About Sahlqgvist Formulas (Advanced trackVe first discuss
the limitations of the Sahlqvist Correspondence Theorera.tvén prove
Kracht's Theorem, which provides a syntactic descriptibtie first-order
formulas that can be obtained as translations of Sahlguisidlas.

Section 3.8: Advanced Frame Theory (Advanced track)e finish off the chap-
ter with some advanced material on frame constructions, prade the
Goldblatt-Thomason Theorem model-theoretically.

3.1 Frame Definability

This chapter is mostly about using modal formulas to defiassgs of frames. In
this section we introduce the basic idedsf{nability andfirst- and second-order
frame languaggs and give a number of examples of modally definable frames
classes. Most of these examples — and indeed, most of thepéesgiven in this
chapter — are important in their own right and will be usedaitet chapters.

Frame definability rests on the notion of a formula beuadjd on a frame, a
concept which was discussed in Section 1.3 (see in pantib@énition 1.28). We
first recall and extend this definition.

Definition 3.1 (Validity) Let 7 be a modal similarity type. A formula (of this
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similarity type) isvalid at a statew in a frame § (notation: §, w IF ¢; here, of
course is a frame of typer) if ¢ is true atw in every modelF, V') based orf; ¢
is valid on a frame§ (notation: § I+ ¢) if it is valid at every state ir§. A formula
¢ is valid on a class of frameK (notation: K I ¢) if it is valid on every frame§
in K. We denote the class of frames whers valid by Fr .

These concepts can be extended to sets of formulas in theusbwiay. In par-
ticular, a setl” of modal formulas (of type’) is valid on a frame§ (also of type
7) if every formula inI" is valid ong; and " is valid on a clasK of framesif I
is valid on every member df. We denote the class of frames whétés valid by
Frp. —

Now for the concept underlying most of our work in this chapte

Definition 3.2 (Definability) Letr be a modal similarity typep a modal formula
of this type, andK a class ofr-frames. We say that definegor characterizesK
if for all framesg, § is in K if and only if § I- ¢. Similarly, if 1" is a set of modal
formulas of this type, we say thatdefineK if FisinK ifand only if§ IF I".

A class of frames igmodally) definablef there is some set of modal formulas
that defines it. -

In short, a modal formula defines a class of frames if the féarpins down pre-
cisely the frames that are in that class via the concept daditsal The following
generalization of this concept is sometimes useful:

Definition 3.3 (Relative Definability) Let+ be a modal similarity typej a modal
formula of this type, and a class ofr-frames. We say that definegor charac-
terizeg a classK of frameswithin C (or relative toC) if for all framesg in C we
have thaf§ is in K if and only if § IF ¢.

Similarly, if 1" is a set of modal formulas of this type, we say thatlefinesa
classK of frameswithin C (or relative toC) if for all framesg in C we have thaf
isinKifandonly if§ I-1". -

Note that wher(C is the class o&ll r-frames, definability withirC is our original
notion of definability. In Section 3.4 we will investigate iwh frames are definable
within the class of finite transitive frames, but for the mpatt we will work with
the ‘absolute’ notion of definability given in Definition 3.2

We often say that a formula (or a set of formulad”) defines gproperty (for
example, reflexivity) if it defines the class of frames sgiigj that property. For
example, we will shortly see that— <p defines the class of reflexive frames; in
practice, we would often simply say that— <p defines reflexivity.

Up till now our discussion has been purely modal — but of ceuas frames are
just relational structures, we are free to define frame ekassing a wide variety of
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non-modalanguages. For example, the class of reflexive frames idgiitmg class

of all frames that make&z Rxx true. In this chapter, we are interested in comparing
modal languages with the following classical language®als for defining frame
classes:

Definition 3.4 (Frame Languages)For any modal similarity typer, the first-
order frame languagef 7 is the first-order language that has the identity symbol
together with am + 1-ary relation symboR, for eachn-ary modal operaton in
7. We denote this language I8}. We often call it thefirst-order correspondence
language(for 7).

Let @ be any set of proposition letters. Theonadic second-order frame lan-
guageof 7 over @ is the monadic second-order language obtained by augngentin
£} with a #-indexed collection of monadic predicate variables. (Tigathis lan-
guage has all the resources £, and in addition is capable of quantifying over
subsets of frames.) We denote this languag&pip), though sometimes we sup-
press reference @ and writeL2. Moreover, we often simply call it theecond-
order frame languager thesecond-order correspondence langudfpe 7), taking
it for granted that only monadic second-order quantificatsopermitted. -

Note that the second-order frame language is extremely holweven for the
basic modal similarity type. For example,ffis interpreted as the relation of set
membership, second-order ZF set theory can be axiomatizedsingle sentence
of this language.

Definition 3.5 (Frame Correspondence)if a class of frames (or more informally,
a property) can be defined by a modal formaland by a formulax from one of
these frame languages, then we say thamd« are each others (framedrrespon-
dents A

For example, the basic modal formyla— <p and the first-order sentente Rxx
are correspondents, for we will shortly see that> <p defines reflexivity. Later
in this chapter we will show how to systematically find copasdents of modal
formulas by adopting a slightly different perspective oe #tandard translation
introduced in Section 2.4.

In Definition 3.5 we did mention the possibility that modatrfaulas correspond
to asetof first-order formulas. Why not? The reason is that thisasitin simply
cannot occur, as we ask the reader to show in Exercise 3.8.3.

There are a number of practical reasons for being interestedme definabil-
ity. First, some applications of modal logic are essertialfntacticallydriven;
their starting point is some collection of modal formulapmssing axioms, laws,
or principles which for some reason we find interesting oni§icant. Frame de-
finability can be an invaluable tool in such work, for by det@ring which frame
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classes these formulas define we obtain a mathematicalgutixspon their con-
tent. On the other hand, some applications of modal logiecasentiallyseman-
tically driven; their starting point is some class of frames of iesér But here too
definability is a useful concept. For a start, can the modwjdage distinguish the
‘good’ frames from the ‘bad’ ones? And which properties danrnodal language
expresswithin the class of ‘good’ frames? Finally, many applied modal leagges
contain several modalities, whose intended meanings tegétated. Sometimes
it is clear that these relationships should validate cefiaimulas, and we want to
extract the frame-theoretic property they correspond toth@ other hand it may
be clear what the relevant frame-theoretic property is ékample, in the basic
temporal language we want tii&and £’ operators to scan backwards and forward
along thesamerelation) and we want to see whether there is a modal fornmala t
defines this property. In short, thinking in terms of framérdbility can be useful
for a variety of reasons — and as the following examples widkmclear, modal
languages can define some very interesting frame classesdnd

Example 3.6 In Example 1.10 in Section 1.2 we mentioned the followingineg
of the modalities: reacb¢ as ‘it ispossiblythe case thap’ and O¢ as hecessarily
¢’. We also mentioned that a number of interesting lookinggples concerning
necessity and possibility could be stated in the basic miaagjuage. Here are
three important examples, together with their traditiameies:

Mp—=>2Cp
4) OOp = <p
(5) Op — OOp

But now the problems start. While the status of T seems sddupeholds here-
and-now,p must bepossiblg but what about 4 and 5? When we have to deal with
embedded modalities, our intuitions tend to fade, evendoh simple formulas as
4 and 5; it is not easy to say whether they should be acceptddf we only have
our everyday understanding of the words ‘necessarily’ aodsibly’ to guide us, it
is difficult to determine whether these principles are itited. What we need is
amathematicaperspective on their content, and that is what the frame algifity
offers. So let's see what frame conditions these princigéfse.

Our first claim is that for any fram@ = (W, R), the axiom T corresponds to
reflexivityof the relationR:

§IFTiff § = Vo Rex. (3.2)

The proof of the right to left direction of (3.1) is easy: {gbe a reflexive frame,
and take an arbitrary valuatidn on §, and a statev in § such that(§, V), w I- p.
We need to show thatp holds at some state that is accessible ftom- but asR
is reflexive,w is accessible from itself, and I+ p.
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For the other direction, we use contraposition: supposeRha not reflexive,
that is, there exists a state which is not accessible from itself. To falsify T in
3§, it suffices to find a valuatio” and a state) such thatp holds atv, but Op
does not. It is pretty obvious that we should chooge be our irreflexive state
w. Now the valuationV” has to satisfy two conditions: (L) € V(p) and (2)
{z € W | Rwz} NV(p) = @. Consider theminimal valuationV" satisfying
condition (1), that is, take

Vi(p) = {w}.

Then it is immediate thatg, V'), w IF p. Now letv be anR-successor ofv. As
Rww does not hold irf, v must be distinct fromw, sov I p. Asv was arbitrary,
w | Op. This proves (3.1).

Likewise, one can prove that for any frafe= (W, R)

§ |- 4iff Ris transitive, and (3.2)
S IF 5iff Ris euclidean (3.3)

where a relation iguclideanif it satisfiesVzyz ((Rry A Rrz) — Ryz). We leave
the proofs of (3.2) and the easy (right to left) direction &3] to the reader. For
the left to right direction of (3.3), we again argue by copusition. Assume that
§ is a non-euclidean frame; then there must be statesandw such thatRuv,
Ruw, but notRvw:

.U

®w

We will try to falsify 5 in w; for this purpose we have to find a valuatibhsuch
that(§, V), u IF Gpand(F, V), u If OOp. In other words, we have to makerue
at someR-successot: of u, andfalseat all R-successors of some-successoyy
of u. Some reflection shows that appropriate candidates fondy arew andwv,
respectively. Note that again the constraintsioare twofold: (1)w € V' (p) and
2 {z| Rvz}nV(p) =@.

Let us take anaximalV” satisfying condition (2), that is, define

V(p) =1{z € W | itis notthe case thavz}.

Now clearlyv If <p, sow [ OOp. On the other hand we have I+ p, sincew
is in the set{~ € W | itis not the case thaRvz}. Sou IF <p. In other words,
we have indeed found a valuatidnhand a state: such thats does not hold in..
Therefore is not valid in§. This proves (3.3). -
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Example 3.7 Suppose that we are working with the basic temporal lang(see
Section 1.3 and in particular Example 1.25) and that we aerasted indense
bidirectional frames (that is, structures in which betweeery two points there is a
third). This property can be defined using a first-order sem@énamely/xy (x <
y — 3z (x < z A z < y)) but can the basic temporal language define it too?

It can. The following simple formula suffice’p — FFp. To see this, let
T = (T, <) be aframe such th& I Fp — F Fp. Suppose that a pointe 7" has
a <-successot’. To show that and¢’ satisfy the density condition, consider the
following minimalvaluationV,,, guaranteeing that, V,,,), ¢t I F'p:

Vm(p) = {tl}'

Now, under this valuation I+ Fp, and by assumptiof |- Fp — FFp, hence
t = FFp. This means there is a poiatsuch that < s ands |- Fp. But ast’ is
theonly state where holds, this implies that < ¢/, sos is the intermediate point
we were looking for.

Conversely, letf = (T,<) be a dense frame, and assume that under some
valuationV, F'p holds at some € T'. Then there is a point such that < ¢ and
t' I p. But as¥ is dense, there is a pointsuch that < s < t/, hences I+ Fp and
hencet IF FFp.

Note that nothing in the previous argument depended on tidHat we were
working with the basic temporal language; the previous gt also shows that
density is definable in the basic modal language using thadlar<op — OOp.
Note that this is the converse of the 4 axiom that definesitrats -

Example 3.8 Here’s a more abstract example. Suppose we are working with a
similarity type with three binary operators,, As and Ag, and that we are in-
terested in the class of frames in which the three ternargsadgility relations
(denoted byR,, R, and R, respectively), offer, so to speak, three ‘perspectives’
on the same relation. To put this precisely, suppose we \martdndition

Rystu iff Rotus iff Raust

to hold for all s, t andw in such frame. Can we define this class of frames?
We can. We will show that for all frameg = (W, Ry, R, R3) we have

SIEpA(gharr) — (g Arbep)dqriff § = Vaeyz (Rixyz — Royza).  (3.4)

(Recall that we use infix notation for dyadic operation sytlehdrhe easy direction
is from right to left. Let§ be a frame satisfyinyzyz (Rixyz — Ryyzx). Con-
sider an arbitrary valuatioft on § and an arbitrary state such that(g, V), s I+
p A (gAaqr). Then,s IF p and there are statgsand u with R;stu, t IF ¢ and
u Ik r. From Ry stu we derive Rotus. But thent I+ ¢ A rAsp, SO by Ry stu we
haves IF (g A rasp)Aqr.
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For the other direction, suppose that the modal formula (¢A17) — (¢ A
rAop)Apr is valid in§, and consider states ¢t andw in § with Ry stu. We will
show thatRytus. Consider a valuatio” with V' (p) = {s}, V(¢) = {t} and
V(r) = {u}. Then(F, V), s IF pAgAir, SO by our assumption, - (gArAsp)Aqr.
Hence, there must be statésu’ with Ryst'u’, t' I ¢ A rasp andu’ IF r. From
t' Ik g it follows thatt = t, so we have IF rA5p. Again, using the truth definition
we find states”, u” with Rotu”s”, u” |- r ands” I+ p. The latter two facts imply
thatu” = v ands” = s. But then we havé?,tus, as required.

From these examples the reader could easily get the imprefisat modal for-
mulas always correspond to frame properties that are dédimabrst-order logic.
This impression is wrong, and in the next section we will ség.w

Exercises for Section 3.1

3.1.1 Consider a language with two diamond$ and(2). Show thap — [2](1)p is valid
on precisely those frames for the language that satisfydhditonVzy (Rezy — Riyz).
What sort of frames dogs— [1](1)p define?

3.1.2 Consider a language with three diamor{dy, (2), and(3). Show that the modal
formula (3)p « (1)(2)p is valid on a frame for this language if and only if the frame
satisfies the conditiovizy (Rsxy <> 3z (Rixz A Razy)).

3.2 Frame Definability and Second-Order Logic

In this section we show that modal languages can get to grif/s netions that
exceed the expressive power of first-order logic, and explduy. We start by pre-
senting three well-known examples of modal formulas théihddrame properties
which cannot be expressed in first-order logic. Then, drgwimour discussion of
the standard translation in Section 2.4, we show that sistltseare to be expected:
as we will see, modal formulas standardly corresponsetmnd-ordeframe con-
ditions. Indeed, the real mystery is not why they do so (thiag out to be rather
obvious), but why they sometimes correspond to sinfié orderconditions such
as reflexivity or transitivity (we discuss this more diffitidsue in Sections 3.5—
3.7).

Example 3.9 Consider the Lob formula(Cp — p) — Op, which we will call

L for brevity. This formula plays an essential roleprovability logic, a branch of
modal logic whereél¢ is read as ‘it isprovable(in some formal system) that.
The formulaL is named after Lob, who proved as a theorem of the provability
logic of Peano Arithmetic. We'll first show that defines the class of frames
(W, R) such thatR is transitive andR’s converse is well-founded. (A relation
R is well-foundedif there is no infinite sequence . Rwy, Rwi Rwy; hence,R’s
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converse is well-founded if there is no infiniepath emanating from any state. In
particular, this excludes cycles and loops.)

We'll then show that this is a class of frames that first-orfleme languages
cannotdefine; that is, we’ll show that this class is mdé&mentary

To see thatl defines the stated property, assume fhat (W, R) is a frame
with a transitive and conversely well-founded relati&nand then suppose for the
sake of a contradiction thdt is not valid ing. This means that there is a valuation
V and a statev such that(F, V), w | O(Op — p) — Op. In other wordsw I+
O(Op — p), butw I Op. Thenw must have a successei such thatv, I p, and
asOp — p holds at all successors af we have thaty; I Op. This in turn implies
thatw; must have a successos wherep is false; note that by the transitivity @i,
wy IS also a successor af. But now, simply by repeating our argument, we see that
wy Must have a-falsifying successoiws (which by transitivity must be a successor
of wy), thatws has a successar, (which by transitivity must be a successor of
w1), and so on. In short, we have found an infinite patRw, Rw.RwsR.. .,
contradicting the converse well-foundednesskof(Note that the pointsvy, wo,
... need not all be distinct.)

For the other direction, we use contraposition. That is, ssume that eitheR

is not transitive or its converse is not well-founded; intboases we have to find
a valuationV" and a statev such that(g,V),w | L. We leave the case where
R is not transitive to the reader (hint: insteadlafconsider the frame equivalent
formula<®p — < (p A =<Op)) and only consider the second case. So assumerthat
is transitive, but not conversely well-founded. In otherrdg) suppose we have a
transitive frame containing an infinite sequenggRw, Rws R . . .. We exploit the
presence of this sequence by defining the following valadtio

V(p) = W\ {z € W | there is an infinite path starting from.

We leave it to the reader to verify that under this valuatiop,— p is trueevery-
wherein the model, whence certainlyg, V'), wo IF O(0Op — p). The claim then
follows from the fact thatF, V'), wq If Op.

Finally, to show that the class of frames defined/big not elementary, an easy
compactness argument suffices. Suppose for the sake ofradiction that there
is a first-order formula equivalent fg; call this formula\. As \ is equivalent td,
any model making\ true must be transitive. Let,(x,...,x,) be the first-order
formula stating that there is ai-path of lengthe throughzy, . . ., x,,:

on(xoy. . xp) = /\ Rrixiiq.

0<i<n
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Obviously, evenyfinite subset of
Y ={\}u{Vayz (Rxy A Ryz) — Rxz)} U{oy | n € w}

is satisfiable in a finite linear order, and hence in the cldssnsitive, conversely
well-founded frames. Thus by the Compactness Theorernitself must have a
model. But it is clear that is not satisfiable in any conversely well-founded
frame — and)\, being equivalent td,, is supposed to define the class of transi-
tive, conversely well-founded frames. From this contradicwe conclude that
cannot be equivalent to any first-order formula.

Could L then perhaps be equivalent to an (infinisetof first-order formulas?
No — we already mentioned (right after Definition 3.5 thastkind of correspon-
dence never occurs.

Our next example concernmopositional dynamic logi¢pbL). Recall that this
language contains a family of diamonflsr) | = € I1} (wherelT is a collection of
programs) and the program constructors and*. In the intended frames for this
language (that is, theegular frames; see Example 1.26) we want the accessibility
relations for diamonds built using these constructorsftecechoice, composition,
and iteration of programs, respectively. Now, to reflectitien we demanded that
the relation R+« used for the program™ be the reflexive, transitive closure of
the relationR,; used form. But it is well-known that this constrairdannotbe
expressed in first-order logic (as with the Lob examples tidan be shown using
a compactness argument, and the reader was asked to do Eericise 2.4.5).
Because of this, when we discusgenl at the level of models in Section 2.4 we
used thanfinitary languagel,,,, as the correspondence languagerDL; using
infinite disjunctions enabled us to capture the ‘keep logkiforce of x that eludes
first-order logic. But although first-order logic cannot gegrips withx, PDL itself
can — via the concept of frame definability.

Example 3.10 pDL can be interpreted on any transition system of the f@rma
(W, R, )rerr- Let us call such a frame-proper if the transition relationR, - of
each program™ is the reflexive and transitive closure of the transitiomtieh R
of w. Can we single out, by modal means, thproper frames within the class of
all transition systems of the foritW, R ).<;z? And can we then go on to single
out the class of all regular frames?

The answer to both questionsyiss Consider the following set of formulas

A=A{[r"](p = [7lp) = (p = [7"]p), (7" )p < (pV (m){(7*)p) | m€ II}.

As we mentioned in Example 1.157*](p — [7]p) — (p — [7*]p) is called
Segerberg’s axionor theinduction axiom We claim that for anybDL-frame3:

S |- Aiff § is -proper (3.5)
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The reader is asked to supply a proof of this in Exercise 3.2.1

A straightforward consequence is thEiL is strong enough to define the class
of regular frames. The constraints on the relations inétimy U and; are simple
first-order conditions, and

I'={(m;m2)p < (mi){(m2)p, (m Um2)p > (m)p V (m2)p | 7 € IT}.
pins down down what is required. Sbu I" defines the regular frames.-
In the previous two examples we encountered modal formb&sekpressed frame
properties that were, although not elementary, still it easy to understand.
(Note however that in order to formally express (converse)-foundedness in
a classical language, one needs heavy machinery — the amjiténguage’,,, .,

does not suffice!) The next example shows that extremelylsimpdal formulas
can define second-order frame conditions that are not easyd&rstand at all.

Example 3.11 We will show that the McKinsey formulal$p — <Op does not
correspond to a first-order condition by showing that it &ies the Lowenheim-
Skolem theorem.

Consider the fram@ = (W, R), where

W ={w} U{vp, v | n € Ni € {0,1}fU{zp | f:N—{0,1}},
and

R = {(w7 Un)a (Un7 U(n,i))a (U(n,i)v U(n,i)) | neNi € {07 1}} U
{(wvzf)v (vav(n,f(n))) | n e Naf N — {07 1}}

In a picture:

Note thatl/ contains uncountably many points, for the set of functiom®xing
the z points is uncountable.

Our first observation is thgg IF OCp — <Op. We leave it to the reader to
verify that for all u different fromw, §, v IF OOp — <Op. As to showing that
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§,w IF OOp — <Op, suppose thats, V), w I OOp. Then, for eachn € N,
(3,V), vn I Op. From this we get eithel§, V'), v, o) IF p O (§, V), v(n 1) Ik p.
Choosef : N — {0,1} such that(§, V), v, fn)) I p, for eachn € N. Then
clearly,(§,V), z¢ IF Op, and so(F, V'), w IF COp.

In order to show thati®op — < Op does not define a first-order frame condition,
let's view the frame§ as a first-order model with domai. By the downward
Lowenheim-Skolem Theorem (here we need the strong veda$idheorem A.11)
there must be a countable elementary subm@tef § whose domain¥’’ contains
w, and eachv,,, v, o) andv, ;). As W is uncountable andl’’ countable, there
must be a mapping : N — {0,1} such that:y does not belong téV"". Now,
if the McKinsey formula was equivalent to a first-order foleit would be valid
on ¥ (the Lowenheim-Skolem Theorem tells us tijaand §’ are elementarily
equivalent). But we will show that the McKinsey formulanist valid ong’, hence
it cannot be equivalent to a first-order formula.

Let V' be a valuation of§’ such that/”’(p) = {v(, sn)) | 7 € N}; heref is a
mapping such that; does not belong t&"’'. We will show that unde¥”’, O<Cp is
true atw, but<>Op is not.

It is easy to see thaf’, V'), w | ©Op. For a start, since holds at exactly one
of v, 0) @nduy, 1), Op is false at each,. Now consider an arbitrary element
in W’. Theng is distinct from f, so there must be an elemente N such that
g(n) # f(n). Observe thap is thus true ab, (,)), and, more interestingly, false
atv(, ¢(n)); this means that, has a successor wheges false, so(F’, V'), z, If
Op. Hence, we have not been able to find a successaw fwheredp holds, so
(&, V"), w I <Op.

In order to show thatg’, V'), w I- OCp we reason as follows. Note first that
(F', V"), v, IF Op, for each state,,. Now consider an arbitrary elemeqt of W',
Call two states;;, andz; of § complementaryf for all n, h(n) = 1 — k(n); the
reader should verify that this relation can be expressedstidrder logic. Now
suppose that, is complementary ta;; since complementary states are unique,
the fact thay’ is an elementary submodel fwould imply thatz; exists in§’ as
well. Clearly then, we may conclude that is not complementary ta,. Hence,
there exists some € N such thay(n) = f(n). Therefore(3’,V’), z, I Op. But
then<p holds at every successorof -

Clearly then, modal languages can express many highly engpbperties via the
notion of frame validity. In fact, as was shown by S.K. Thoorasor the basic
modal similarity type, the consequence relation for thererdecond-order lan-
guageL? can be reduced in a certain sense to the (global) consequelatien

over frames. More precisely, Thomason showed that thereargputable trans-
lation f taking £? sentences to modal formulasf («), and a special fixed modal
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formulad, such that for all sets of of? sentences, we have that

YEaif {}U{f(o)|oce X} IF f(a).

On the frame level, propositional modal logic must be uridex$ as a rather strong
fragment of classical monadic second-order logic. We nae the questionwhy?

The answer turns out to be surprisingly simple. Recall frogfiftion 3.1 that
validity is defined by quantifying over all states of the werse and all possible
valuations. But a valuation assignssabsetof a frame to each proposition let-
ter, and this means that when we quantify across all valsiwee are implicitly
quantifying across all subsets of the frame. In short, mmnsetond-order quan-
tification is hard-wired into the very definition of validityt is hardly surprising
that frame-definability is such a powerful concept.

Let's make this answer more precise. In the previous chaptersaw that at
the level of models, the modal languagéL(r, #) can be translated in a truth-
preserving way into the first-order languagé(®) (see Proposition 2.47). Let us
adopt a slightly different perspective:

View the predicate symbdat that corresponds to the propositional letteas
a monadic second-order variable that we can quantify over

If we do this, we are in effect viewing the standard transfatis a way of translat-
ing into the second-order frame languagg®) introduced in Definition 3.4. And
if we view the standard translation this way we are leadysgity immediately, to

the following result.

Proposition 3.12 Let 7 be a modal similarity type, and a r-formula. Then for
anyr-frameg and any statev in §:

Fowlo iff FEVP...VP, STy (¢)w],
Fhho iff FEVP.. VPV ST.(6)

Here, the second-order quantifiers bind second-order \wdes.P; corresponding
to the proposition letterg; occurring in¢.

Proof. Let M = (F,V) be any model based d§, and letw be any state ir§.
Then we have that

& V),wlk o iff §E=STy(o)[w,Pr,...,P,)],

where the notatiofw, P, ..., P,] means ‘assigm to the free first-order variable
xin STy (¢), andV (p1),...,V(p,) to the free monadic second-order variables’.
Note that this equivalence is nothing new; it's simply a aesthent of Proposi-
tion 2.47 in second-order terms. But then we obtain the fiast f the Theorem
simply by universally quantifying over the free variablBs,. .. ,P,. The second



3.2 Frame Definability and Second-Order Logic 137

part follows from the first by universally quantifying ovéret states of the frame
(as in Proposition 3.30). 4

It is fairly common to refer to theC? (@) formulaVvP; ...VP,Va ST, (¢) as the
standard translation of, since it is usually clear whether we are working at the
level of models or the level of frames. Nonetheless, we wjland reserve the
term standard translation to mean th&(®) formula produced by the translation
process, and refer P, ...VP,Vx ST ,(¢) as thesecond-order translatioof ¢.
Let's sum up what we have learned. That modal formulas camelsi&cond-
order properties of frames is neither mysterious nor ssirggi because modal
validity is defined in terms of quantification over subsetgraimes, it is intrinsi-
cally second-order, hence so is the notion of frame defiiybilndeed, the real
mystery lies not with such honest, hard-working, formulag.@b and McKinsey,
but with such lazy formulas as T, 4 and 5 discussed in the pusvsection. For
example, if we apply the second-order translation to T (hat — <p) we obtain

VPVx (Px — Jy(Rxy A Py)).

We already know that T defines reflexivity, so this must be angsehat baroque)
second-order way of expressing reflexivity — and it's faielgsy to see that this
is so. But this sort of thing happens a lot: 4 and 5 give risdawly complex)
second-order expressions, yet the complexity melts awayrlg a simple first-
order equivalent behind. The contrast with the McKinseyniola is striking: what
is going on? This is an interesting question, and we discuss detail in Sec-
tions 3.5-3.7.

Another point is worth making: our discussion throws ligint the somewhat
mysteriouggeneral frame#troduced in Section 1.4. Recall that a general frame is
a frame together with a collection of valuatioAsatisfying certain modally natural
closure conditions. We claimed that general frames condbihe key advantage
of frames (namely, that they support the key logical notibivadidity) with the
advantage of models (namely, that they are concrete andteasyrk with). The
work of this section helps explain why.

The key point is this. A general frame can be viewed @®iaeralized model
for (monadic) second-order logic. A generalized model fayond-order logic is
a model in which the second-order quantifiers are viewed ragirmg not overall
subsets, but only over a pre-selected sub-collection afetgb And of course, the
collection of valuationsi in a general frame is essentially such a sub-collection of
subsets. This means that the following equivalence holds:

(3, A) I ¢ iff (§,A) =EVP .. VPVx ST,(¢)

Here the block of quantifiergP; ... VP, denotes not genuine second-order quan-
tification, but generalized second-order quantificatitvat(is, quantification over
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the subsets iMl). Generalized second-order quantification is essentalliyst-
order ‘approximation’ of second-order quantification thassesses many proper-
ties that genuine second-order quantification lacks (sscGampleteness, Com-
pactness, and Lowenheim-Skolem). In short, one of theorsageneral frames
are so useful is that they offer a first-order perspectiva ¢eneralized models) on
what is essentially a second-order phenomenon (frameityalidhis isn’t the full
story — the algebraic perspective on general frames is tatalodal logic — but

it should make clear that these unusual looking structuleenfimportant logical
niche.

Exercises for Section 3.2

3.2.1 (a) Consider a modal language with two diamokitlsand (2). Prove that the
class of frames in whicl®; is the reflexive transitive closure &% is defined by the
conjunction of the formula&l)p — (pV (1) (=pA(2)p) and(1)p < (pV (2)(1)p).

(b) Conclude that in the similarity type @bL, the setA as defined in Example 3.10
defines the class efproper frames.

(c) Consider the example of multi-agent epistemic logit{le ...,n} be the set of
agents. Suppose that one is interested in the ope&tQr® stands for ‘everybody
knowsg") andC' (C'¢ meaning that ‘itis common knowledge thd}. The intended
relations modelingZ andC' are given by:

Rpuv iff A .., Riuv
Rcuv iff thereisapathu = xoRgx1RE ... 2n_1Rpx, = v.

Write down a set of (epistemic) formulas that characteribesclass of epistemic
frames where these conditions are met.

3.2.2 Show that Grzegorczyk’s formul&]((p — Op) — p) — p characterizes the class
of framesy = (W, R) satisfying (i) R is reflexive, (ii) R is transitive and (iii) there are no
infinite pathsco Rz Rz R . .. such that for alk, z; # x;41.

3.2.3 Consider the basic temporal language (see Example 1.243lIRieat a frame§ =
(W, Rp, Rp) for this language is calledidirectionalif Rp is the converse aR .

(a) Prove that among the finite bidirectional frames, thenida G(Gp — p) — Gp
together with its conversé] (Hp — p) — Hp defines the transitive and irreflexive
frames.

(b) Prove that among the bidirectional frames that are ttimasirreflexive, and satisfy
Vay (Rpay Vo =y V Rpay), this same set defines the finite frames.

(c) Is there a finite set of formulas in thmsicmodal language that has these same
definability properties?

3.2.4 Consider the following formula in the basic similarity type
¢ :=00p — O(B(pAg) VB A—g).

The aim of this exercise is to show thatoes not define a first-order condition on frames.
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(a) Toobtain some intuitions about the meaningplet us first give a relatively simple
first-order conditiorimplyingthe validity ofq:

a :=Vay (Rry — 3z (Rrz AVuv ((Rzu A Rzv) — (u = v A Ryu)))),

stating (in words) that for every pair, y) in R, x has a successarwhich itself
has at most one successor, this point being also a succdsgsor o
Show thaty is valid in any frame satisfying.

(b) Consider the fram@ = (W, R) which we define as follows. Let be a non-
principal ultrafilter over the sé¥ of the natural numbers. Thé# := {u} UuUN,
that is, the states d¥/ arew itself, each subset @f that is a member af and each
natural number. The relatioR is the converse of the membership relation, that is,
Rst iff t € s. Show that§ If o and§ I+ 1.

(c) Prove that) does not have a first-order correspondent by showingsthiatin-
valid on all countablestructures that are elementarily equivalen§téthat is, all
countable structures satisfying the same first-order ftamasy).

3.3 Definable and Undefinable Properties

We have seen that modal languages are a powerful tool foringfframes: we
have seen examples of modally definable frame classes thabafirst-order de-
finable, and it is clear that validity is an inherently secander concept. But what
are the limits of modal definability? For example, can modabuages define all
first-order frame classes (the answends as we will shortly see)? And anyway,
how should we go about showing that a class of frame®isnodally definable?
After all, we can't try out all possible formulas; somethingre sophisticated is
needed.

In this section we will answer these question by introdudimgr fundamental
frame constructionsdisjoint unions generated subframebounded morphic im-

ages andultrafilter extensionsThe names should be familiar: these are the frame

theoretic analogs of the model-theoretic constructiondist in the previous chap-
ter, and they are going to do a lot of work for us, both here andter chapters.
For a start, it is a more-or-less immediate consequenceeoptévious chapter’s
work that the first three constructions preserve modal imglidvhile the fourth

anti-preserves it. But this means that these construcfiomsde powerful tests for
modal definability: by showing that some class of framesaclosed under one
of these constructions, we will be able to show thaginotbe modally definable.

Definition 3.13 The definitions of the disjoint union of a family of frames, eng
erated subframe of a frame, and a bounded morphism from anmefto another,
are obtained by deleting the clauses concerning valuations Examples 2.2, 2.5
and 2.10.

That is, for disjointr-framesg; = (W;, Rai)acr (i € I), theirdisjoint unionis
the structuret), §; = (W, Ra)ac- such thail is the union of the setd/’; and for
eacha € 7, R, is the union J;.; Ry;.
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We say that a-frame§’ = (W', R, ) e~ is agenerated subframef the frame
§ = (W, Ry) ser (notation:§ — §F) wheneverg’ is a subframe of (with respect
to R, for all A € 7), and the following heredity condition is fulfilled for all € 7

if we W andRauuy ... up, thenuy,...,u, € W'

Let X be a subset of the universe of a frafieve denote by x the subframe gen-
erated byX, that is, the generated subframegothat is based on the smallest set
W’ that containsX and satisfies the above heredity conditionXliis a singleton
{w}, we write§,, for thesubframe generated hy; if a frameg is generated by a
singleton subset of its universe, we calldbted or point-generated

And finally, a bounded morphism from aframe§ = (W, R)xer tO a7-
frame¥ = (W', R),) e, is a function fromiV to W’ satisfying the following two
conditions:

(forth) Foralla € 7, Rywvy ... v, implies R/, f(w)f(v1) ... f(vy).
(back) If R, f(w)v]...v!, then there exist; ... v, such thatR,wuv; ...v, and
f(v) =} (for1 <i < n).

We say thaty’ is a bounded morphic image §f notation: § — &, if there is a
surjective bounded morphism froghontog’. -

It is an essential characteristic of modal formulas thair thalidity is preserved
under the structural operations just defined:

Theorem 3.14 Letr be a modal similarity type, and a 7-formula.

(i) Let{F;|: € I} be afamily of frames. Thdg 3; I- ¢ if F; I ¢ for everyi
inI.
(i) Assume thaf’ — §. Theng' I+ ¢ if § IF ¢.
(i) Assume thaf — §'. Theng' I+ ¢ if § IF ¢.

Proof. We only prove (iii), the preservation result for taking bded morphic
images, and leave the other cases to the reader as ExeRikeSh, assume thgt
is a surjective bounded morphism frgqontog’, and thaff I- ¢. We have to show
thatg’ IF ¢. So suppose thatis notvalid in §’. Then there must be a valuatidi
and a statev’ such tha{g’, V'), w' I ¢. Define the following valuatioi” on §:

Vip) ={z e W | f(z) e V'(pi)}.

This definition is tailored to makg¢ a bounded morphism between the models
(§,V) and(§’,V') — the reader is asked to verify the details. Now we use the
fact thatf is surjective to find av such thatf (w) = w’. It follows from Proposi-
tion 2.14 that(F, V'), w I ¢. In other words, we have falsified in the frameg,

and shown the contrapositive of the desired resutt.
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Think of these frame constructions &est criteria for the definability of frame

properties: if a property is not preserved under one (or nofréhese frame con-
structions, then it cannot be modally definable. Let's cdeissome examples of
such testing.

Example 3.15 The class of finite frames is not modally definable. For suppos
there was a set of formulad (in the basic modal similarity type) characteriz-
ing the finite frames. Them\ would be valid in every one-point framg; =
({wi}, {(wi,wy)}) (1 < w). By Theorem 3.14(1) this would imply that was
also valid in the disjoint uniogy; 3:

(0 "0 "D O

But clearly this cannot be the case, g §; is infinite.

The class of frames having a reflexive poift:(Rxx) does not have a modal
characterization either (again we work with the basic maifailarity type). For
suppose that the set characterized this class. Consider the following fr&ne

@'D ve o

As w is a reflexive state§ I- A. Now consider the generated subfrafeof 3.
Clearly, A cannot be valid ir§,, since neithep noru is reflexive. But this contra-
dicts the fact that validity of modal formulas is preservedler taking generated
subframes (Theorem 3.14(ii)).

The two final examples involve the use of bounded morphisnnst, Freflexiv-
ity is not definable. To see this, simply note that the funciihich collapses the
set of natural numbers in their usual order to a single reféegoint is a surjec-
tive bounded morphism. As the former frame is irreflexivejlevthe latter is not,
irreflexivity cannot be modally definable.

Actually, a more sophisticated variant of this example letprove even more.
Consider the following two frames§ = (w, S), the natural numbers with the
successor relationS(nn iff n = m + 1), and® = ({e,0},{(e,0),(0,€)}) as
depicted below.
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In Example 2.11 we saw that the m@sending even numbers tcand odd num-
bers too is a surjective bounded morphism. By the same style of reéag@s in
the earlier examples, it follows that no propeftyis modally definable iff hasP
and® lacks it. This shows, for example, that there is no set of tdas character-
izing the asymmetric frame¥ ¢y (Rxy — —Ryx)). -

Now for the fourth frame construction. Recall that in Settih5 we introduced
the idea ofultrafilter extensionssee Definition 2.57 and Proposition 2.59. Once
again, simply by ignoring the parts of the definition thatldeih valuations, we
can lift this concept to the level of frames, and this immealiaprovides us with
the following anti-preservation result:

Corollary 3.16 Letr be a modal similarity type§ a 7-frame, andy a 7-formula.
Theng IF ¢ if ue§ I+ ¢.

Proof. Assume thab is not valid inF. That is, there is a valuatiori and a statev
such that(§, V'), w I =¢. By Proposition 2.59;¢ is false atu,, in the ultrafilter
extension of)t. But then we have refutedin ue§. -

Once again, we can use this result to show that frame prepeate not modally
definable. For example, working in the basic modal simiatype, consider the
property that every state has a reflexive successofy (Rxy A Ryy). We claim
that this property isotmodally definable, even though it is preserved under taking
disjoint unions, generated subframes and bounded monplaigas. To verify our
claim, the reader is asked to consider the frame in Examplg. 2t is easy to
see that every state ok § has a reflexive successor — take any non-principal
ultrafilter. Butg itself clearly does not satisfy the property, fidasno reflexive
states. Now suppose that the property were modally definabieby the set of
formulas A. Then we would havae§ IF A, but§ If A — a clear violation of
Corollary 3.16.

Note the direction of the preservation result in Corollar§63 It states that
modal validity isanti-preserved under taking ultrafilter extensions. This n#jura
raises the question whether the other direction holds dstiat is, whethef I- ¢
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impliesue§ IF ¢. For a partial answer to this question, we need the following
theorem:

Theorem 3.17 Letr be a modal similarity type, an§l a 7-frame. Ther§§ has an
ultrapower][ [, § such thaf [;; § — ue§. In a diagram:

[y

N

S ue§

Proof. Advanced track readers will be asked to supply a proof of Thisorem in
Exercise 3.8.1 below. -

And now we have the following partial converse to Corollary¥&

Corollary 3.18 Letr be a modal similarity type, and a -formula. If ¢ defines
a first-order property of frames, then frame validity@fs preserved under taking
ultrafilter extensions.

Proof. Let¢ be a modal formula which defines a first-order property of #apand
let § be a frame such thagt I ¢. By the previous theorem, there is an ultrapower
[I,; 3 of § such thaf [, § — ue§. As first-order properties are preserved under
taking ultrapowers] [,; § I ¢. But thenue § I ¢ by Theorem 3.14.

We are on the verge of one of the best-known results in modal:ItheGoldblatt-
Thomason TheorenT his result tells us that — at least as far as first-order dbfen
frame classes are concerned — the four frame constructienkawe discussed
constitute necessand sufficientconditions for a class of frames to be modally
definable. We are not going to prove this important resulitragvay, but we will
take this opportunity to state it precisely. We use the il terminology: a class
of framesK reflectsultrafilter extensions ifie § € K implies§ € K.

Theorem 3.19 (Goldblatt-Thomason Theorem).etr be a modal similarity type.
A first-order definable clasK of 7-frames is modally definable if and only if it
is closed under taking bounded morphic images, generatbitasnes, disjoint
unions and reflects ultrafilter extensions.

Proof. A model-theoretic proof will be given in Section 3.8 belowist proof lies
on the advanced track. An algebraic proof will be given in @Ba5; this proof
lies on the basic track. In addition, a simple special casilwholds for finite
transitive frames is proved in the following section-

In fact, we can weaken the condition of first-order defingbildo closure under
ultrapowers, cf. Exercise 3.8.4 or Theorem 5.54.
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Exercises for Section 3.3

3.3.1 (a) Prove that frame validity is preserved under taking gatee subframes and
disjoint unions.
(b) Which of the implications in Theorem 3.14 can be replae#&d an equivalence?
(c) Is frame validity preserved under taking ultraprod@cts

3.3.2 Consider the basic modal language. Show that the follownoggrties of frames
are not modally definable:

(@) antisymmetryYzy(Rzy A Ryz — x # y)),

(b) |W] > 23,

(c) |[W] < 23,

(d) acyclicity (there is no path from anyto itself),

(e) every state has at most one predecessor,

(f) every state has at least two successors.

3.3.3 Consider a language with three diamonds, ¢» and<3. For each of the frame
conditions on the corresponding accessibility relatiagieWw, find out whether it is modally
definable or not.

(&) R; isthe union ofR; andR3,

(b) R isthe intersection of?; and R,

(c) R; isthe complement aRs,

(d) Rj is the composition o, andR3,

(e) Ry is the identity relation,

(f) R is the complement of the identity relation.

3.3.4 Show that any frame is a bounded morphic image of the disjoimtn of its rooted
generated subframes.

3.4 Finite Frames

In this section we prove two simple results about finite franférst we state and
prove a version of the Goldblatt-Thomason Theorem for fitr@sitive frames.
Next we introduce the finite frame property, and show that ranab modal logic

has the finite frame property if and only if it has the finite rabproperty.

Finite transitive frames

An elegant analog of the Goldblatt-Thomason Theorem halddirfite transitive
frames: within this class, closure under the three strattoperations of (finite)
disjoint unions, generated submodels, and bounded maonghsa necessaignd
sufficientcondition for a class of frames to be modally definable. Thmoprs
straightforward and makes useJainkov-Fine formulas

Let§ = (W, R) be a point-generated finite transitive frame for the basidaho
similarity type, and letv be a root of§. The Jankov-Fine formulag ,, is essen-
tially a description of§ that has the following property: it is satisfiable on a frame
& if and only if § is a bounded morphic image of a generated subfrant. of
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We build Jankov-Fine formulas as follows. Enumerate theestaf§ aswy, ...,
wy,, Wherew = wg. Associate each state; with a distinct proposition lettep;.
Let ¢z ., be the conjunction of the following formulas:

O
(i) O(po V-V pn).
(i) (pi — —pj) A O(p; — —pj), for eachi, j withi # j <n
(v) (p; — ©p;) A D(p; — ©p;), for eachi, j with Rw;w;
V) (pi — =%p;) A O(pi — —Opj), for eachi, j with = Rw;w;

Note that ask is transitive, each node ifiis accessible in one step from It fol-
lows that when formulas of the formn A O+ are satisfied ab,  is true throughout
§. With this observed, the content of Jankov-Fine formulasukhbe clear: the
first three conjuncts state that each nodg is uniquely labeled by someg (with
po labellingwy) while the last two conjuncts use this labeling to descrifeeftame
structure.

Lemma 3.20 Let § be a transitive, finite, point-generated frame, debe a root
of §, and let¢z ,, be the Jankov-Fine formula f@ andw. Then for any frame
we have the following equivalence: there is a valuatioland a nodev such that
(6,V),v Ik ¢z, if and only if there exists a bounded morphism frémonto .

Proof. Left to the reader as Exercise 3.4.1-

With the help of this lemma, it is easy to prove the followingl@latt-Thomason
analog:

Theorem 3.21 Recall thatry denotes the basic modal similarity type. lkebe a
class ofry-frames. TheiK is definable within the class of transitive finitdrames

if and only if it is closed under taking (finite) disjoint un®, generated subframes,
and bounded morphic images.

Proof. The right to left direction is immediate: we know from the yiceis section
that any modally definable frame class is closed under thesstions. So let’s
consider the more interesting converse.

Assume thaK satisfies the stated closure condition. Ugt be the logic ofK;
thatis, Ax = {¢ | § IF ¢, for all § € K}. We will show thatdk definesK. Clearly
Ak is valid on every frame ifK, so to complete the proof we need to show that if
§ IF Ak, whereg is finite and transitive, the§ € K. We split the proof into two
cases.

First suppose th&§ is point-generated with roat. Consider the Jankov-Fine
formula ¢z, for § andw. Clearly ¢5 ,, is satisfiable ir§ atw, so—¢g ., ¢ Ak.
Hence there is som& < K such that® | —¢;z,,; in other words, for some
valuationV" and statey we have(®,V), v I ¢z ,,. Thus by the previous lemma,
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§ is a bounded morphic image of the point-generated subfi&mef &. By the
closure conditions oi, it follows thatg € K.

So suppose th& is not point-generated. But then &I- Ax, so does each
point-generated subframe §f hence by the work of the previous paragraph all
these subframes belongko But by Exercise 3.3.45 is a bounded morphic image
of the disjoint union of its rooted generated subframesy belongs tK too. -

The finite frame property

Our next result deals not with frame definability, but witle tielationship between
normal modal logics and finite frames. Normal modal logicseniatroduced in
Section 1.6 (see in particular Definition 1.42). Recall thatmal modal logics
are sets of formulas (containing certain axioms) that avsed under three simple
conditions (modus ponens, uniform substitution, and gdization). They are the
standard tool for capturing the notion of validgyntactically

Now, in Section 2.3 we introduced the finiteodelproperty. We did not apply
the concept to normal modal logics — but as a normal logicrigplr a set of
formulas, we can easily extend the definition to permit this:

Definition 3.22 A normal modal logicA has the finite model property with respect
to some class of modeld if M I A and every formulaotin A is refuted in dinite
modelMt in M. A has the finite model property if it has the finite model propert
with respect to some class of modelsd

Informally, if a normal modal logic has the finite model prageit has a finite
semanticharacterizationit is precisely the set of formulas that some collection of
finite models makes globally tru€his is an attractive property, and as we’ll see in
Chapter 6 when we discuss the decidability of normal logiasseful one too.

But something seems wrong. It is the levelfdmes rather than the level of
models, which supports the key logical concept of validitgertainly seems sen-
sible to try and semantically characterize normal logiderms of finite structures
— but it seems we should do so using firfitemes not finite models. That is, the
following property seems more appropriate:

Definition 3.23 (Finite Frame Property) Let A be a normal modal logic arféla
class of finite frames. We say has thefinite frame property with respect t if
and only ifF I A, and for every formula such thatp ¢ A there is some§ € F
such that is falsifiable ong. We say/ has thdinite frame propertyf and only if
it has the finite frame property with respect to some classaefirames. -

Note that to establish the finite frame property of a normatiahéogic A, it is not
sufficient to prove that any formula ¢ A can be refuted on a model wheteis
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globally true: in addition one has to ensure that the undeglframeof the model
validatesA. If a logic has the finite frame property (and many importamsdo,
as we will learn in Chapter 6) then clearly there is no roomaigument: it really
can be characterized semantically in terms of finite strestu

But now for a surprising result. The finite frame propertyag stronger than the
finite model property: we will show that a normal modal logashhe finite frame
property if and only if it has the finite model property. Thésult will prove useful
at a number of places in Chapters 4 and 6. Moreover, whileipgarwe’ll meet
some other concepts, notaldgfinable variantanddistinguishing mode|svhich
will be useful when proving Bull’s Theorem in Section 4.9.

Definition 3.24 (Definable Variant)Let9t = (W, R, V') be amodelan@d C W.
We sayU is definable ind)t if and only if there is a formula;; such that for all
statesw € W, 9, w Ik oy iff w e U.

Any model?" based on the fram@V, R) is called avariant of 9. A variant
(W, R, V") of M is definable in 91 if and only if for all proposition symbolp,
V'(p) is definable irtt. If 9 is a variant 0P that is definable M, we call9’
adefinable varianbf 91.

Recall that normal modal logics are closed under unifornssution, the process
of uniformly replacing propositional symbols with arbityaformulas (see Sec-
tion 1.6), and that a formula obtained frapnby uniform substitution is called a
substitution instancef ¢. Our intuitive understanding of uniform substitution suf-
fices for most purposes, but in order to prove the followingriea we need to refer
to the precise concepts of Definition 1.18.

Lemma 3.25 Let9t = (§, V') be a model and’ = (§, V') be a definable vari-
ant ofd1. For any formulag, let ¢’ be the result of uniformly replacing each atomic
symbolp in ¢ by ¢y (), wherepy(,,y definesV’(p) in M. Then for all formulas
¢, and all normal modal logicst:

(i) M, wlk ¢ iff M wl- ¢
(i) If every substitution instance gfis true in 1, then every substitution in-
stance ofp is true inM?'.
(i) 1f 901 I A thenO' IF A.

Proof. Item (i) follows by induction onp. For the base case we ha¥®&, w I+
p it Mw b Gy As (=g) = =¢', (V1) = ¢' V', and(©g) = O¢f
(cf. Definition 1.18) the inductive steps are immediate.

For item (ii), we show the contrapositive. Letbe a substitution instance of
and suppose thait’ I ¢. Thus there is some in 9t such tha®’, w Iff . By
item (i), 90, w I} ¢, which means tha®t Iff ¢/'. But asy’ is a substitution instance
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of ¢, andy is a substitution instance af we have that/’ is a substitution instance
of ¢ (see Exercise 1.2.5) and the result follows.

Item (iii) is an immediate consequence of item (ii), for natrmodal logics are
closed under uniform substitution.-

We now isolate a type of model capable of definaligits variants:

Definition 3.26 (Distinguishing Model)A model9t is distinguishingif the rela-
tion «~ of modal equivalence between state9fis the identity relation. -

In other words, a modelt is distinguishingif and only if for all statesw andu
in M, if w # u, then there is a formula such thatht, w IF ¢ and 9, u I ¢.
Many important models are distinguishing. For examplefilatations (see Defi-
nition 2.36) are distinguishing. Moreover, the canonicaldels introduced in Sec-
tion 4.2 are distinguishing too. And, and as we will now seleemwa distinguishing
model isfinite, it can define all its variants.

Lemma 3.27 LetOM = (§, V') be a finite distinguishing model. Then:

(i) For every statev in 901 there is a formulap,, that is true at, and only aty.
(ii) 97t can define any subset §f Hencedt can define all its variants.
(iii) If M IF ¢ thenF I .

Proof. For item (i), suppose thgd = (W, R), and enumerate the stateslin as
wr,. .. wy. Forall pairs(z, j) such thatl <i,j < nandi # j, choosep; ; to be a
formula such tha®t, w; I+ ¢; ; andd, w; I ¢; ; (such a formula exists, fant is
distinguishing) and defing,,, to be¢; 1 A --- A ¢; ,,. Clearly ¢, is true atw; and
false everywhere else.

Item (ii) is an easy consequence. Forllebe any subset di’. Then\/ ;s dw
definesU. Hence a9t can define all subsets oF, it can defineV’(p), for any
valuationV’ on § and propositional symbal.

As for item (iii), supposelt I+ ¢. By item (iii) of the previous lemma we have
thatM' I ¢, whereft' is any definable variant dbt. But we have just seen that
9 can define all its variants, hengdl- ¢. -

Lemmas 3.25 and 3.27 will be important in their own right wienprove Bull's
theorem in Section 4.9. And with the help of a neat filtratioguament, they yield
the main result:

Theorem 3.28 A normal modal logic has the finite frame property iff it hag th
finite model property.

Proof. The left to right direction is immediate. For the converagmose thatl
is a normal modal logic with the finite model property. Sinaewill need to take
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a filtration through/, we have to be explicit about the set of proposition lettérs o
the formulas ind, so assume that C Form(r, ®).

Take a formula in the languag®L(, ?) that does not belong td. We will
show thatp can be refuted on a finite frangesuch thafy IF A.

As A has the finite model property, there is a finite madelsuch thatt I- A
andM,w If ¢ for some statev in 9. Let X' be the set of all subformulas of
formulas in{¢} U A, and le®t/ be any filtration ob)t throughX. As M is finite,
so is9M/. As M/ is a filtration, it is a distinguishing model. By the Filtrati
Theorem (Theorem 2.390/, |w| I ¢. Moreoverd/ |- A, for as every state
in 91 satisfies all formulas inl, so does every state Bt/ (again, this follows
from the Filtration Theorem). Le§ be the (finite) frame underlyingit/. By
Lemma 3.27 item (iii)§ I A, and we have proved the theorent

Note the somewhat unusual use of filtrations in this proof.rniNadly we filtrate
infinite models through finite sets of formulas. Here we fiichafinite model
through aninfinite sets of formulas to guarantee that an entire logic remained t

This result shows that the concepts of normal modal logiaks feaame valid-
ity fit together well in the finite domain: if a normal logic hasfinite semantic
characterization in terms of models, then it is guaranteeldat/e a finiteframe-
basedsemantic characterization as well. But be warned: one oirtbst striking
results of the following chapter is that logics and framddigl don't always fit
together so neatly. In fact, tHfeame incompleteness resuitsll eventually lead
us (in Chapter 5) to the use of new semantic structures, yamadial algebras, to
analyze normal modal logics. But this is jumping ahead.tit’se to revert to our
discussion of frame definability — but from a rather différperspective. So far,
our approach has been firmbgmantical This has taught us a lot: in particular,
the Goldblatt-Thomason theorem has given us a model-theatearacterization
of the elementary frame classes that are modally definabteed¥er, we will see
in Chapter 5 that the semantic approach has an importariiraigedimension. But
itis also possible to approach frame definability from a nsyrgacticperspective,
and that’s what we're going to do now. This will lead us to thigeo main result of
the chapter: the Sahlqvist Correspondence Theorem.

Exercises for Section 3.4

3.4.1 Prove Lemma 3.20. That is, suppose that, is the Jankov-Fine formula for a
transitive finite frameg with rootw. Show that for any framé, ¢z ,, is satisfiable or®
at a node iff §is a bounded morphic image ¢, .

3.4.2 Let 9t be a model, left/ be any filtration o8t through some finite set of formulas
Y, and letf be the natural map associated with the filtration: i§ a point in the filtration,
show thatf —![u] is definable irpt.
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3.5 Automatic First-Order Correspondence

We have learned a lot about frame definability in the previseitions. In partic-
ular, we have learned that frame definability is a seconeéyondtion, and that the
second-order correspondent of any modal formula can biglsti@wardly com-
puted using the Second-Order Translation. Moreover, wevkhat many modal
formulas have first-order correspondents, and that thel@atdlrhomason Theo-
rem gives us a model-theoretic characterization of thedralasses they define.

Nonetheless, there remains a gap in our understandingouglthmany modal
formulas define first-order conditions on frames, it is nallyeclearwhythey do
so. To put it another way, in many cases the (often difficuli¢cipher) second-
order condition yielded by the second-order translatiordaivalent to a much
simpler first-order condition. Is there any system to this#tt&, are there algo-
rithms that enable us to compute first-order correspondaeritsnatically, and if so,
how general are these algorithms? This section, and thehstddllow, develop
some answers.

A large part of this work centers on a beautiful positive tedihere is a large
class of formulas, th&ahlqvist formulaseach of which defines a first-order con-
dition on frames which is effectively calculable using tahlqvist-van Benthem
algorithny this is the celebrate@ahlgvist Correspondence Theorewhich we
will state and prove in the following section. The proof afttheorem sheds light
on why so many second-order correspondents turn out to kieadent to a first-
order condition. Moreover each Sahlgvist formuladnpletewith respect to the
class of first-order frames it defines; this is tbahlqvist Completeness Theorem
which we will formulate more precisely in Theorem 4.42 anoverin Section 5.6.
All'in all, the Sahlqgvist fragment is interesting from bottebretical and practical
perspectives, and we devote a lot of attention to it.

In this section we lay the groundwork for the proof of the $afdt Correspon-
dence Theorem. We are going to introduce two simple cladsesdal formulas,
theclosedformulas and theniformformulas, and show that they define first-order
conditions on frames. Along the way we are going to learn alpogitive and
negative formulas, what they have to do with monotonicity how they can help
us get rid of second-order quantifiers. These ideas will iggpwork, in a more
sophisticated way, in the following section.

One other thing: in what follows we are going to work with aster notion of
correspondence. The concept of correspondence given initimfi3.5 isglobal:

a modal and a (first- or second-order) frame formula are ¢alterespondents if
they are valid on precisely the same frames. But it is natardémand that validity
matchedocally:

Definition 3.29 (Local Frame Correspondence)Let ¢ be a modal formula in
some similarity type, and(x) a formula in the corresponding first- or second-
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order frame languager(is supposed to be the only free variableagf Then we
say thatp anda(x) arelocal frame correspondentsf each other if the following
holds, for any frame and any statev of §:

S,wlk @iff § = afw].

In fact, we've been implicitly using local correspondenti@kng. In Example 3.6
we showed thap — <p corresponds t&xRxax — but inspection of the proof
reveals we did so by showing that— <p locally corresponds t&zz. Similarly,

in Example 3.7 we showed thétp — &Op corresponds to density by showing
that &p — &Op locally corresponds t&yz (Rxy A Ryz — Rxz). It should be
clear from these examples that the local notion of corredgoce is fundamental,
and that the following connection holds between the locdlglnbal notions:

Proposition 3.30 If a(x) is a local correspondent of the modal formupa then
Vx a(x) is a global correspondent af. So if¢ has a first-order local correspon-
dent, then it also has a first-order global correspondent.

Proof. Trivial.

What about the converse? In particular, suppose that thalnfiodnula ¢ has a
first orderglobal correspondent; will it also have a first-order loaarespondent?
Intriguingly, the answer to this question is negative, aswilesee in Example 3.57.
But until we come to this result, we won’t mention global @spondence much:
it's simpler to state and prove results in terms of local espondence, relying on
the previous lemma to guarantee correspondence in thelgiehae. With this
point settled, it’s time to start thinking about correspenck theory systematically.

Closed formulas

There is one obvious class of modal formulas guaranteed rresgond to first-
order frame conditions: formulas which contain no propositetters.

Example 3.31 Consider the basic temporal language. The fornmfdla defines
the property that there is no first point of time. More prelgisé@ T is valid on
precisely those frames such that every point has a predecess

Now, obviously it is easy to prove this directly, but for peas purposes the
following argument is more interesting. By PropositionZ3.for any bidirectional
frameg and any pointv in § we have that:

Fwl- PT iff FEVP...YP, ST,(PT)[uw],

wherePy, ..., P, are the unary predicate variables corresponding to theopirop
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tion letterspq, ..., p, Occurring inPT. But PT containsno propositional vari-
ables, hence there are no second-order quantifiers, and:henc

S,wlE PT iff § = ST,(PT)w].

But ST, (PT)is3dy (Ryx Ay = y), which is equivalent tdy Ryx. SOPT locally
corresponds tdy Ryx (and thugglobally corresponds tvz3y Ryx). -

The argument used in this example is extremely simple, antosly general-
izes. We'll state and prove the required generalizatiod,then move on to richer
pastures.

Definition 3.32 A modal formulag is closedif and only if it contains no proposi-
tion letters. Thus closed formulas are built up frdm_L, and any nullary modali-
ties (or modal constants) the signature may contaif.

Proposition 3.33 Let¢ be a closed formula. Themlocally corresponds to a first-
order formulac, («) which is effectively computable from

Proof. By Proposition 3.12 and the fact thatcontains no propositional variables
we have:

Swik ¢ iff § = ST()[w].

As it is easy to write a program that comput€s .. (¢), the claim follows immedi-
ately. -

Closed formulas arise naturally in some applications (a&wotthy example is
provability logic), thus the preceding result is quite uséh practice.

Uniform formulas

Although the previous proposition was extremely simplelogs point the way to
the strategy followed in our approach to the Sahlqvist Guoadence Theorem:
we are going to look for ways of stripping off the initial bloof monadic second-
order universal quantifiers WP, ... VP, ST, (¢), thus reducing the translation to
ST.(¢). The obvious way of getting rid of universal quantifiers isperform
universal instantiation, and this is exactly what we will d@oth here, and in the
work of the next section, we will look for simple instant@is for theP, ..., Py,
which result in first-order formulas equivalent to the anai We will be able to
make this strategy work because of the syntactic restnistmaced orp.

One of the restrictions imposed on Sahlqvist formulas iegothe idea opos-
itive andnegativeoccurrences of proposition letters. We now introduce ithés)
study its semantic significance, and then, as an introdudticdhe techniques of
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the following section, use a simple instantiation argumershow that the second-
order translations afiniform formulas are effectively reducible to first-order con-
ditions on frames.

Definition 3.34 An occurrence of a proposition lettgris a positiveoccurrence if
it is in the scope of an even number of negation signs; itisgativeoccurrence if
itis in the scope of an odd number of negation signs. (Thisnésal the few places
in the book where it is important to think in terms of the ptire connectives.
For example, the occurrence pfin &(p — ¢) is negative for this formula is
shorthand for>(—p V ¢).) A modal formulag is positive inp (negative irp) if all
occurrences gf in ¢ are positive (negative). A formula is calledsitive(negativg
if it is positive (negative) in all proposition letters ogaug in it.

Analogous concepts are defined for the corresponding semuled language.
That is, an occurrence of a unary predicate varidbla a second-order formula is
positive(negativé if it is in the scope of an even (odd) number of negation signs
second-order formula is positive inP (negative inP) if all occurrences of in ¢
are positive (negative), and it is callpdsitive(negative if it is positive (negative)
in all unary predicate variables occurring in it

Lemma 3.35 Let ¢ be a modal formula.

(i) ¢is positive inpiff ST ,(¢) is positive in the corresponding unary predicate
P.
(i) If ¢ is positive (negative) ip, then—¢ is negative (positive) ip.

Proof. Virtually immediate. -

Positive and negative formulas are important because af special semantic
properties. In particular, they exhibit a useful formnobnotonicity

Definition 3.36 Fix a modal languagé/L(r,®), and letp € ¢. A modal for-
mula ¢ is upward monotone irp if its truth is preserved under extensions of
the interpretation ofp. More precisely,¢ is upward monotone ip if for ev-
ery model(W, R, V) ,er, €very statav € W, and every valuatio” such that
V(p) € V'(p) and for allg # p, V(q) = V'(q), the following holds:

|f (M/, RAav)AETaw I+ ¢, then(W, RA7 VI)AET,U} I+ ¢

In short, extendind’(p) (while leaving the interpretation of any other proposi-
tional variable unchanged) has the effect of extendifi@) (or keeping it the
same).

Likewise, a formulap is downward monotone ipif its truth is preserved under
shrinkings of the interpretation of. That is, for every mode(\WW, R, V)acr,
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every statev € W, and every valuatio’ such thatV’(p) € V(p) and for all
q # p, V(q) = V'(q), the following holds:

|f (M/, RAav)AETaw I+ ¢, then(W, RA7 VI)AET,U} I+ ¢

The notions of a second-order formula beuqgvard anddownward monotone in
a unary predicate variabl® are defined analogously; we leave this task to the
reader. -

Lemma 3.37 Let ¢ be a modal formula.

() If ¢ is positive inp, then it is upward monotone jn
(i) If ¢ is negative irp, then it is downward monotone jn

Proof. Prove both parts simultaneously by inductionggrsee Exercise 3.5.3.4

But what do upward and downward monotonicity have to do wilmie definabil-
ity? The following example is instructive.

Example 3.38 The formula®Op locally corresponds to a first-order formula. For
supposes, w I &Op. Regardless of the valuation, the formylalp holds atw.
So consider aninimal valuation (forp) on §; that is, choose any,,, such that
Vin(p) = @. Then asw I+ &Op, there must be a successoof w such thatdp
holds atv. However, there are np-states, sa) must be blind (that is, without
successors). In other words, we have shown that

(8, Vin),w IF COp only if § = Jy (Rxy A -3z Ryz)[w].

Now for the interesting direction: assume that the statin the frameg has a
blind successor. It follows immediately th@, V;,,), w IF <Op, whereV,,, is any
minimal valuation (forp). We claim that the formul& Op is valid atw. To see this,
consider an arbitrary valuation and a pointw of §. By item (i) of Lemma 3.37,
<Op is upward monotone ip. Hence it follows from the fact thdt,,,(p) C V(p)
that(§, V), w IF ¢Op. AsV was arbitrary<>Op is valid ong atw.

The key point is the last part of the argument: the use of amahvaluation fol-
lowed by an appeal to monotonicity to establish a result htbwaluations. But
now think about this argument from the perspective of thesérder correspon-
dence language: in effect, viestantiatedthe predicate variable corresponding to
p with the smallest subset of the frame possible, and then asadnotonicity
argument to establish a result aballtassignments t@.

This simple idea lies behind much of our work on the Sahlgvegment. To
illustrate the style of argumentation it leads to, we will\nase an instantiation
argument to show that aliniformmodal formulas define first-order conditions on
frames.
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Definition 3.39 A proposition letterp occursuniformly in a modal formula if it
occurs only positively, or only negatively. A predicateiafite P occurs uniformly
in a second-order formula if it occurs only positively, olyonegatively. A modal
formula isuniform if all the propositional letters it contains occur unifogmIA
second-order formula is uniform if all the unary predicatiables it contains
occur uniformly. 4

Theorem 3.40 If ¢ is a uniform modal formula, then locally corresponds to a
first-order formulac,(x) on frames. Moreover;, is effectively computable from

o.
Proof. Consider the universally quantified second-order equivaiés:

VP, ...YP, ST (), (3.6)
whereP, ..., P, are second-order variables corresponding to the propodgi-

ters ing. Our aim is to show that (3.6) is equivalent to a first-ordenfola by per-
forming appropriate instantiations for the universallyaqgtified monadic second-
order variabled’, ...P,.

As ¢ is uniform, by Lemma 3.35 so i8T',(¢). We will instantiate the unary
predicates that occur positively with a predicate denoéisgmall a set as possi-
ble (that is, the empty set), and the unary predicates thatrawegatively with a
predicate denoting as large a set as possible (that isgadt#ites in the frame). We
will use Church’sA-notation for the required substitution instance providihe
formulas that define these predicates. For eveénccurring inS7T',.(¢), define

(P) = Au.u # u, if ST,(¢) is positive inP
7 — | Auw.u=u, if ST,(o)Iis negative inP.

Of course, the idea is that instantiating a universal se@vddr formula according
to this substitutiors simply means (i) removing the second-order quantifiers and
(i) replacing every atomic subformulBy with the formulas (P)(y), that is, with
eithery # y ory = y (as given by the definition).

Now consider the following instance of (3.6) in which evenauwy predicateP
has been replaced by P):

[o(P1)/Pr,- .. 0(Pn)/Pa] ST2(9)- (3.7)

We will show that (3.7) is equivalent to (3.6). It is immediaghat (3.6) implies
(3.7), for the latter is an instantiation of the former. Hoe tonverse implication
we assume that

9ﬁ|: [U(Pl)/Pla---vU(Pn)/Pn] STx(¢)[w]v (3.8)

L If you are unfamiliar with\-notation, all you really need to know to follow the proof ket \u. u # « and
Au.u = u are predicates denoting the empty set and the set of alsstespectively. Some explanatory
remarks onm\-notation are given following the proof.
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and we have to show that
M =VP ... VP, ST ,(¢)[w].

By the choice ofr(P), for predicates” that occur only positively ir6 7T, (¢) we
have thatht = Vy (¢(P)(y) — P(y)), and for predicate$ that occur only neg-
atively in ST, (¢), we have thatit |= Vy (P(y) — o(P)(y)). (Readers familiar
with \-notation will realize that we have implicitly appealediaconversion here.
Readers unfamiliar with\-notation should simply note that whetiP) is a predi-
cate denoting the empty set, thetP)(y) is false no matter what denotes, while

if o(P) denotes the set of all states(P)(y) is guaranteed to be true.) Hence,
asST,(¢) is positive or negative in all unary predicat&soccurring in it, (3.8)
together with Lemma 3.37 imply that fanychoice ofP, ..., P,,

O, Py, Py) = STw(9)[w],

which means that = VP, ...VP, ST,(¢) as required. Finally, in any program-
ming language with decent symbol manipulation facilitiess istraightforward to
write a program which, when given a uniform formua producesST',(¢) and
carries out the required instantiations. Hence the firdeiocorrespondents of uni-
form formulas are computable. —

On A-notation

Although it is not essential to usenotation, itis convenient and we will apply it
in the following section. For readers unfamiliar with itrais a quick introduction
to the fundamental ideas.

We have used Church)-notation as a way of writing predicates, that is, entities
which denote subsets. But lambda expressions don’t denbsets directly; rather
they denote theicharacteristic functions Suppose we are working with a frame
(W, R). Let S C . Then the characteristic function §f(with respect tdV’) is
the functiony ¢ with domain¥¥” and rangg0, 1} such thatys(s) = 1 if s € S and
xs(s) = 0 otherwise. Reading 1 as true and 0 as falsgjs simply the function
that says truthfully of each element Bf whether it belongs t&' or not.

Lambda expressions pick out characteristic functions éndhvious way. For
example, when working with a fram@V, R), \u.u # u denotes the function
from W to {0, 1} that assigns 1 to every elementc W that satisfies: # « and
0 to everything else. But fano choice ofw is it the case thaiv # w; hence, as
we stated in the previous proofu. u # u denotes the characteristic function of
the empty set. Similarlylu.w = « denotes the characteristic functionidf, for
w = w for everyw € W.

Lambda expressions take the drudgery out of dealing witlstgutions. Con-
sider the second-order formuldz. This is satisfied in a model if and only if the
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element assigned tobelongs to the subset assigned®oFor example, ifP is as-
signed the empty sef;z will be false no matter what is assigned. Now suppose
we substitutg \u. w # u) for P in Px. This yields the expressiop\u. u # u)x.
Read this as ‘apply the function denoted hy. © # u to the state denoted hy.
Clearly this yields the value O (that ifalse. The process off-conversion men-
tioned in the proof is essentially a way of rewriting suchdtional applications
to simpler but equivalent forms; for more details, consuk of the introductions
cited in the Notes. Newcomers fenotation should try Exercise 3.5.1 right away.

Exercises for Section 3.5

3.5.1 Explain why we could have used the following predicate d&éins in the proof of
Theorem 3.38: for every occurring inST . (¢), define

Py = Au. L, if ST, (¢) is positive inP
o(P) =1 . T, if ST.(¢) is negative inP.

If you have difficulties with this, consult one of the intradions toA-calculus cited in the
notes before proceeding further.

3.5.2 Let ¢ be a modal formula which is positive in all propositionaliabtes. Prove that
¢ can be rewritten into a normal form which is built up from posjiion letters, using\,
Vv, < andO only.

3.5.3 Prove Lemma 3.37. That is, show that if a modal formuiia positive inp, then it
is upward monotone ip, and that if it is negative ip, then it is downward monotone jn

3.6 Sahlqvist Formulas

In the proof of Theorem 3.40 we showed that uniform formulagespond to first-
order conditions by finding a suitablestantiationfor the universally quantified
monadic second-order variables in their second-ordeslation and appealing to
monotonicity This is an important idea, and the rest of this section i®telto
extending it: the Sahlqgvist fragment is essentially a laitgss of formulas to which
this style of argument can be applied.

Very simple Sahlqvist formulas

Roughly speaking, Sahlqgvist formulas are built up from iicgtions ¢ — 1,
wherey is positive andy is of a restricted form (to be specified below) from which
the required instantiations can be read off. We now definmidd version of the
Sahlqgvist fragment for the basic modal language; genatédizs and extensions
will be discussed shortly.
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Definition 3.41 We will work in the basic modal language. Very simple Sahl-
gvist antecedentver this language is a formula built up from _L and proposi-
tion letters, using only\ and<. A very simple Sahlqvist formula an implication
¢ — ¢ in which ¢ is positive andy is a very simple Sahlqvist antecedentd

Examples of very simple Sahlqvist formulas inclyde> ¢p and(p A ©<q) —
OC(pAg).

The following theorem is central for understanding whatl&akt correspon-
dence is all about. Its proof describes and justifies an dfgorfor converting
simple Sahlqvist formulas into first-order formulas; thgagithms given later for
richer Sahlqvist fragments elaborate on ideas introdueee. iExamples of the al-
gorithm in action are given below; it is a good idea to refethiese while studying
the proof.

Theorem 3.42 Let y = ¢ — 1« be a very simple Sahlqvist formula in the basic
modal languageM L(m,®). Theny locally corresponds to a first-order formula
¢, (x) on frames. Moreover,, is effectively computable from

Proof. Our starting point is the formubeP; ... VP, (ST ,(¢) — ST (%)), which

is the local second-order translation pf We assume that this translation has
undergone a pre-processing step to ensure that no two fieenbind the same
variable, and no quantifier binds Let us denoteST,(v) by POS; that is, we
have a translation of the form:

VP, ...YP, (ST.(¢) — POS. (3.9)

We will now rewrite (3.9) to a form from which we can read ofétimstantiations
that will yield its first-order equivalent.

Step 1 Pull out diamonds.
Use equivalences of the form

(Fzi (i) A B) < Tz (alx;) AB)

and

(Fzi alz;) = B) « Va; (alz;) = B)
(in that order) to move all existential quantifiers in theemetdentS7',.(¢) of (3.9)
to the front of the implication. Note that by our definition®dhlgvist antecedents,
the existential quantifiers only have to cross conjunctibefre they reach the
main implication. Of course, the above equivalences arevalid if the variable
x; occurs freely in3, but by our assumption on the pre-processing of the formula,

this problem does not arise.
Step 1 results in a formula of the form

VP ...VPVxy... Vo, (RELA AT — POS, (3.10)
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where REL is a conjunction of atomic first-order statemehte@form Rz;x; cor-
responding to occurrences of diamonds, and AT is a conpmcii (translations of)
proposition letters. It may be helpful at this point to lodklze concrete examples
given below.

Step 2 Read off instances.
We can assume that every unary predic&tthat occurs in the consequent of the
matrix of (3.10), also occurs in the antecedent of the maifi¢3.10): otherwise
(3.10) is positive inP and we can substituteu. u # « for P (that is, make use of
the substitution used in the proof of Theorem 3.40) to okaaiequivalent formula
without occurrences aP.

Let P; be a unary predicate occurring in (3.10), andgt; , ..., Pix;, be all
the occurrences of the predicdtein the antecedent of (3.10). Define

o(P) = u. (u=ua; V- Vu=ux).

Note thats (F;) is theminimalinstance making the antecedent REIAT true; this
lambda expression says that if a nadeas property”;, thenu must be one of the
nodesy;,, zi,, ...0rx;, explicitly stated to have property; in the antecedent. But
this is nothing else than saying that if some mafeimakes the formula AT true
under some assignment, then the interpretation of the gaesd? mustextendthe
set of points where (P) holds:

M = AT[ww; ... wy] implies = Yy (o(P;)(y) — Py)ww; ... wy,] (3.11)

This observation, in combination with the positivity of tbensequent of the Sahl-
gvist formula, forms the key to understanding why Sahlgfastnulas have first-
order correspondents.

Step 3 Instantiating.

We now use the formulas of the fora{ P;) found in Step 2 as instantiations; we
substitutes( P;) for each occurrence d?; in the first-order matrix of (3.10). This
results in a formula of the form

o(P)/Pr,...,0(P,)/P,Vxy ... Vo, (REL A AT — POS).

Now, there are no occurrences of monadic second-orderblesian REL. Further-
more, observe that by our choice of the substitution ingan¢P), the formula
[o(P1)/P,...,0(P,)/P,)AT will be trivially true. So after carrying out these
substitutions we end up with a formula that is equivalentrte of the form

Vai...Vam (REL = [0(Py)/Py,. .. ,0(P,)/P,]JPOS). (3.12)

As we assumed that every unary predicate occurring in theezprent of (3.10)
also occurs in its antecedent, (3.12) must be a first-ordgerdia involving only=
and the relation symbaR. So, to complete the proof of the theorem it suffices to
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show that (3.12) is equivalent to (3.10). The implicatioonfr (3.10) to (3.12) is
simply an instantiation. To prove the other implicatiorswase that (3.12) and the
antecedent of (3.10) are true. That is, assume that

M |= V...V, (REL = [0(P1)/ P, ... ,0(P,)/P,]POS)
and
M = REL A AT [ww; ... wp].

We need to show thatt = POS[ww; ... w,,]. First of all, it follows from the
above assumptions that
M= [o(P1)/Pr,...,0(P,)/P,]JPOS[wwy ... wy.

As POS is positive, it is upwards monotone in all unary pratis occurring in
it, so it suffices to show tha®? |= Vy (o(P;)(y) — Piy)[ww: ...wy). But, by
the essential observation (3.11) in Step 2, this is preciaglat the assumption
M = AT [ww; ... w,| amounts to.

Example 3.43 First consider the formula — <p. Its second-order translation is
the formula

VP (Px, — 3z (Rxz A\ Pz)).
AT

There are no diamonds to be pulled out here, so we can realdeoffinimal in-
stancer(P) = A\u. v = x immediately. Instantiation gives

(Au.u=z)r — Jz (Rrz A du.u = x)2),

Which (either byjs-conversion or semantic reasoning) yields the followingtdir
order formula.

r=x— Jz(Rrz Nz =x).

Note that this is equivalent tBxx.
Our second example is the density formdia — <¢<Op, which has

VP (Jxq (Rxxy A Pxy) — Jz9 (Raxzg A 21 (Rzoz1 A Pz1))).
as its second-order translation. Here we can pull out theaia 3 :

VPVxy (Rrxy A Pry — 329 (Rxzo A 321 (Rzpz1 A Pz1))).
——
REL AT
Instantiating witho (P) = Au. u = z; gives

Vay (Rexy Awy = o1 — 320 (Rezo A 321 (Rzp21 A 21 = 1)),

which can be simplified to'x; (Rxx; — 320 (Rrzo A Rzox1)).
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Our last example of a very simple Sahlgvist formuldps\ GCp) — Op. Its
second-order translation is

VP (Px A a1 (Rray A Jxs (Rxiaza A Pas)) — Jzo (Razg A Pzg)).
Pulling out the diamondsx; anddx, results in

VPVx Vay (Rrxy A Rryxe A Px A Py — 3z (Rxzg A Pzp)).
REL AT

Our minimal instantiation here ist(P) = \u. (u = x V u = x2). After instanti-
ating we obtain

Vai1Vas (Reaxy AN Rrqxo A (x =2V o =x2) A (x

o=xV Iy = .2122) —
dzo (Rxzo A (20 = V 20 = x2))).

This formula simplifies t&/x1Vxy (Rxx; A Rrixe — (Rxx V Rxxy)).

Simple Sahlqgvist formulas

What is the crucial observation we need to make about theegireg proof? Sim-
ply this: the algorithm for very simple Sahlqvist formulasnked because we were
able to find a minimal instantiation for their antecedente Mgw show that min-
imal instantiations can be found for more complex Sahlgagecedents. First a
motivating example.

Example 3.44 Consider the formula>,0Op — O2O1p; we will show that this
formula locally corresponds to a kind of locanfluencgor Church-Rossegrprop-
erty of Ry and Rs:

V:clzo (Rll‘l‘l A RQCBZO — Hzl(Rzl‘lZl A Rlzozl)).

The reason for the apparently unnatural choice of variatteas will soon become
clear, as will the somewhat roundabout approach to the pghaifwe take. The
name ‘confluence’ is explained by the following picture:

Let§ = (W, Ry, Ry) be a frame andv a state in§ such that§, w I+ &109p —
0,<41p, and letv be a state irf such thatR,wv. A sufficient condition for a
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valuation to make®, Osyp true atw would be thatp holds at allR,-successors of
v. So aminimalsuch valuation can be defined as

Vin(p) = {x € W | Ryvx}.

Thatis,V,, makesp true atpreciselythe R,-successors aof. As§, w IF &109p —
O09,$01p, we have(F, Vi,), w IF O p, but what does this tell us about the (first-
order) properties of? The crucial observation is that by the choicd/pf.

(8, Vin), w I OO p iff
(3'7 Vm) |: VZ() (RQCBZO — 321 (Rg:clzl A Rlzozl))[va (313)

which ylelds thaty ): V120 (Rlxxl AN Roxzg — dxq (Rgxlzl AN Rlzozl))[w].

Conversely, assume thgihas the confluence propertywat In order to show that
S, w I &109p — O34 p, letV be a valuation off such thatF, V'), w IF &1 0Ogp.
We have to prove thav |- O,<$1p. By the truth definition oK>¢, w has anR;-
successov satisfying Rywv andv IF Osp. Now we use the minimal valuation,,
again; first note that by the definition &f,,, we havel,,,(p) C V(p). Therefore,
Lemma 3.37 ensures that it suffices to show that>p holds atw under the
valuation V;,,. But this is immediate by the assumption tigats confluent and
(3.13). 4

This example inspires the following definitions.

Definition 3.45 Letr be a modal similarity type. Aoxed atonis a formula of the
form0O;, ---0O;,p (k > 0), whered; , ...,0;, are (not necessarily distinct) boxes
of the language. In the case whére= 0, the boxed atony;, - - - O;, p is just the
proposition lettep. -

Convention 3.46 In the sequel, it will be convenient to treat sequences okbox
as single boxes. We will therefore denote the forninja- - - O;, p by Ogp, where

5 is the sequence, ..., of indices. Analogously, we will pretend to have a
corresponding binary relation symbdéls in the frame languag&€!. Thus the
expressionRzxy abbreviates the formula

Fy1 (Riyryr A Jya (Riyyrya A A yk—1 (Riy_ Yk—2yk—1 A Riyye—1y) - -))-

Note that this convention allows us to write the second-otdmnslation of the
boxed atontdgp asVy (Rgxy — Py).

If & = 0, 5 is the empty sequence in this case the formul®.xy should be
read asr = y. Note that the Second-Order Translationt@fy (that is, of the
proposition lettep) can indeed be written &g, (R.xy — Py).

Definition 3.47 Let 7 be a modal similarity type. Aimple Sahlqvist antecedent
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over this similarity type is a formula built up from, 1 and boxed atoms, using
only A and existential modal operators @nd A). A simple Sahlqgvist formules
an implicationy — + in which v is positive (as before) anglis a simple Sahlqvist
antecedent. 4

Example 3.48 Typical examples of simple Sahlqgvist formulas &g — <SOp,
Op — OOp, O10sp — Ozp, O102p — OaOqpand(0qOap) A(C3pAL01q) —
C3(gap).

Typically forbiddenin a simple Sahlgvist antecedent are:

(i) boxes over disjunctions, as i (r V Fq) — G(Pr A Pq),
(i) boxes over diamonds, as B¢y — <SOp,
(i) dual-triangled atoms, asinv p — p. -

Theorem 3.49 Let r be a modal similarity type, and lgt = ¢ — « be a simple
Sahlqvist formula over. Theny locally corresponds to a first-order formutg ()
on frames. Moreovet,, is effectively computable from

Proof. The proof of this theorem is an adaptation of the proof of Taen3.42.
Consider the universally quantified second-order trapsori of y:

VP, ...VP, (ST4(¢) = ST4(¥)). (3.14)

Again, we first make sure that no two quantifiers bind the saanebe, and that
no quantifier binds:. As before, the idea of the algorithm is to rewrite (3.14) to a
formula from which we can easily read off instantiations ethyield a first-order
equivalent of (3.14).

Step 1 Pull out diamonds.
This is the same as before. This process results in a fornfitiee dorm

VP, ...VP\Vay ... Va,, (RELA BOX-AT — ST,(1)), (3.15)

where REL is a conjunction of atomic first-order statemefte@form Rz;x; cor-
responding to occurrences of diamonds, and BOX-AT is a cmtion of (transla-
tions of) boxed atoms, that is, formulas of the fovm(Rsx;y — Py).

Step 2 Read off instances.

Let P be a unary predicate occurring in (3.15), anddetz;, ), ..., m(z;, ) be
all the (translations of the) boxed atoms in the antecedi&(®.20) in which the
predicatel” occurs. Observe that eveny is of the formVy (Rg, xi;y — Py),
where3; is a sequence of diamond indices (recall Convention 3.46jinB

o(P) = M. (Rg,xj,uV -V Rg, x;,u).

Again,o(Py), ...,o(P,) form theminimalinstances making the anteced&#L A
BOX-AT true.
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The remainder of the proof is the same as the proof of Theordy @ith the
proviso that all occurrences of ‘AT’ should be replaced b@BAT". -

As in the case of very simple Sahlgvist formulas, the alpamiis best understood
by inspecting some examples:

Example 3.50 Let us investigate some of the formulas given in Example.3T4&
simple Sahlqvist formulal;0O,p — O3p has the following second-order transla-
tion:

VP (Vy (Ri2xy — Py) — Vz (Rsxz — Pz)).

J

BOX-AT
There are no diamonds to be pulled out here, so we can reddeoféuired sub-

stitution instancer(P) = \u. Ryoxu immediately. Carrying out the substitution
we obtain

Yy (Rioxy — Ryioxy) — Vz (Rsxz — Riswz),

which is equivalent t&/z (R3xz — Risx2).
Next we consider the confluence formulg Oyp — O5,<$¢p, whose second-
order translation is

VP(3x1 (Rixxr AVy (Rox1y — Py)) — Vzo (Rexzg — 321 (R1z021 A Pz1))).
Pulling out the existential quantificaticti; yields

VPVxy (Rixa; AYy (Row1y — Py) — Vzo (Raxzg — 321 (R12021 A Pz1))).

REL BOX-AT

The minimal instance making BOX-AT true i§ P) = Au. Roxu. After instanti-
ating we obtain

Var (Riza AVy (Rexy — Rexry) — Vzo (Rexzo — 321 (Riz021 A Rea121))),
which can be simplified to
Va1Vzo (Rizxy A Rexzg — 321 (Ryz021 A Rowy21)).
As our final example, let us treat a formula using a dyadic rityda:
(B182p)A(O3p A D201q) = ©3(qAp).

We use a ternary relation symbblfor the triangleA. Its second-order translation
is the rather formidable looking
VPYQ (Fxqxe (Taxxix0 AVy (Ri2z1y — Py) A
Jag (Rgzows A Pas) AVy (Ro1x2y — Qy))
— Jz (R3xz AN Jz129 (Tzz129 AN Qz1 A Pz9))),
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from which we can pull out the diamonds:;, 325 anddx3. This leads to

REL

VPVQVI1ZII2VZII3 (?ICBL’L‘Q A R3£C2583 A
BOX—AT

Vy (Rizx1y — Py) A Pas AVy (Roix2y — Qy) —
Az (R3wz A Jz122 (Tzz129 A Q21 N\ Pz2))).

Now we can easily read off the required instantiations:

o(P) = Au.(RppriuVu=x3)
0(Q) = Au.(Rayjzou).

Performing the substitutiofr(P)/P, o(Q)/Q] and deleting the tautological parts
from the antecedent gives

V:z:leV:cg(T:c:cl:rz A R3£C2583 —
dz (R3.CUZ A Jz129 (TZleQ N Rojroz1 N (ngxlzz V 29 = .2123))) =

Sahlqvist formulas

We are now ready to introduce the full Sahlqgvist fragment @edfull version of
the Sahlgvist-van Benthem algorithm.

Definition 3.51 Let 7 be a modal similarity type. Aahlgvist antecedentver is
a formula built up fromT, L, boxed atoms, and negative formulas, using and
existential modal operators>(and A). A Sahlgvist implicatiornis an implication
¢ — ¢ in which ¢ is positive andp is a Sahlgvist antecedent.

A Sahlgvistformula is a formula that is built up from Sahlqvist implicats by
freely applying boxes and conjunctions, and by applyingudigtions only between
formulas that do not share any proposition letters.

Example 3.52 Both simple and very simple Sahlgvist formulas are exampfes
Sahlgvist formulas, as af@(p — Op), p A OG—p — Op, andO(<C10p —
O201p) AD(p — Ogp). As with simple Sahlqvist formulas, typically forbidden
combinations in Sahlqvist antecedent are ‘boxes overmlisjons,’ ‘boxes over di-
amonds, and ‘dual-triangled atoms’ asyirv p — p (see Example 3.48). -

The following lemma is instrumental in reducing the cor@sgence problem for
arbitrary Sahlqvist formulas, first to that of Sahlqgvist ilations, and then to to
that of simple Sahlqvist formulas.

Lemma 3.53 Let7 be a modal similarity type, and letand« be r-formulas.
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(i) If ¢ anda(x) are local correspondents, then so ag¢ andVy (Rgry —
ly/]a).
(ii) If ¢ (locally) corresponds tex, andv (locally) corresponds t@, theng A
(locally) corresponds tax A f3.
(iii) If ¢ locally corresponds ta, ¢ locally corresponds t@, and¢ andv have
no proposition letters in common, therv ¢ locally corresponds tex Vv 3.

Proof. Left as Exercise 3.6.3.

The local perspective in part one and three of the Lemma enéas For instance,
one can find a modal formulathat globally corresponds to a first-order condition
Va a(x) without O¢ globally corresponding to the formutarVy (Rzy — a(y));
see Exercise 3.6.3.

Theorem 3.54 Let 7 be a modal similarity type, and lgt be a Sahlqvist formula
overr. Theny locally corresponds to a first-order formutg () on frames. More-
over,c, is effectively computable from

Proof. The proof of the theorem is virtually the same as the prooft@drem 3.49,
with the exception of the use of Lemma 3.53 and of the factlegtave to do some
pre-processing of the formuba

By Lemma 3.53 it suffices to show that the theorem holds foBatlqvist im-
plications. So assume thathas the formp — ¢» whereg is a Sahlqvist antecedent
andv a positive formula. Proceed as follows.

Step 1 Pull out diamonds and pre-process.
Using the same strategy as in the proof of Theorem 3.49 tegetith equivalences
of the form

(V) =7) & ((a=)AB =)
and
Vioo(aAB) < (V...aAV...[3),

we can rewrite the second-order translatioref> ¢ into a conjunction of formu-
las of the form

VP ...VPVx;... Vo, (RELABOX-AT ANEG — ST,(v)), (3.16)

where REL is a conjunction of atomic first-order statemeffith® form R, & cor-
responding to occurrences of diamonds and triangles, BOXsA conjunction of
(translations of) boxed atoms, and NEG is a conjunctionrah@lations of) neg-
ative formulas. By Lemma 3.53(ii) it suffices to show thatte&@rmula of the
form displayed in (3.16) has a first-order equivalent. Thislone by using the
equivalence

(e ANEG— ) < (a— SV -NEG),
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where—NEG is thepositiveformula that arises by negating the negative formula
NEG. Using this equivalence we can rewrite (3.16) to obtdwriaula of the form

VP...VPVay ...V, (RELA BOX-AT — POS,

and from here on we can proceed as in Step 2 of the proof of €he8r49. -

Example 3.55 By way of example we determine the local first-order correspo
dents of two of the modal formulas given in Example 3.52. Ttedsine the
first-order correspondent of the Sahlqvist formiep — <p) we first recall that
the local first-order correspondent pf— <p is Rxx. So, by Lemma 3.53(i)
O(p — <©p) locally corresponds tdy (Rxy — Ryy).

Next we consider the Sahlqvist formulaA ¢—p) — Op. Its translation is

VP (Px A Jy (Rxy A =Py) — 3z (Rxz A Pz)).
Pulling out the diamond produces

VPVy( Px ARxyA-Py— 3z(Rxz A Pz)),
~ =~ O~ —.—-.
BOX-AT REL NEG

and moving the negative paftPy to the consequent we get

VPYy( Px ARxy— PyV 3z (Rxz A Pz)).
~ -~ ’
BOX-AT REL POS

The minimal instantiation to mak&x true is\u. v = x. After instantiation we
obtain

Vy(Rry =y =V 3z (Rrz Az =ux)),

which can be simplified to'y (Rxy A x # y — Rxx). -

Exercises for Section 3.6

3.6.1 Compute the first-order formulas locally correspondinghte following Sahlqvist
formulas:

(@) O102p = O201p,

(b) (pA BpADO0p) — Sp,

(c) okOlp — amony, for arbitrary natural numbers [, m andn,
(d) (Op)a(Tp) — pVp,

€) O(-pAO(pAQ) = O Ag),

(® O((pAO-pAq) = Oqg)).

3.6.2 (a) Showthatthe formula(pV ¢) — <(OpV Og) does not locally correspond
to a first-order formula on frames. (Hint: modify the frameEofample 3.11.)
(b) Use this example to show that dugkngledatoms cannot be allowed in Sahlgvist
antecedents.
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3.6.3 Prove Lemma 3.53:

(a) Show that ifp anda(z) locally correspond, so ddz¢ andVy (Rgzy — a(y)).

(b) Prove that ifp (locally) corresponds te(z), andy (locally) corresponds t@(x),
then¢ A ¢ (locally) corresponds ta(z) A f(z).

(c) Show that if¢ locally corresponds tay, ¢ locally corresponds t@(z), and ¢
and have no proposition letters in common, ther ¢ locally corresponds to
a(x) Vv p(x).

(d) Prove that (a) and (c) do not hold for global correspordeand that the condition
on the proposition letters in (c) is necessary as well. (Hiat (a), think of the
modal formuladOp — <p and the first-order formul®zyz (Ryz A Rzx —
Ryx).)

3.7 More about Sahlgvist Formulas

Itis time to step back and think more systematically aboet3hhlqvist fragment,
for a number of questions need addressing. For a start, deefagment con-
tain all modal formulas with first-order correspondents? And whywforbid
disjunctions in the scope of boxes, and occurrences of chektals of triangles
in Sahlgvist antecedents, while we allowed boxed atoms?t Mresting of all,
whichfirst-order conditions are expressible by means of Sahlfpiulas? That
is, is it possible to prove some sort of converse to the Sail@orrespondence
Theorem?

Limitative results

To set the stage for our discussion, we first state (withcofprthe principal limi-
tative result in this area: Chagrova’s Theorem. Good ptasiens of the proof are
available in the literature; see the Notes for references.

Theorem 3.56 (Chagrova’s Theorem)lt is undecidable whether an arbitrary ba-
sic modal formula has a first-order correspondent.

This implies that, even for the basic modal language, itdspossible to write
a computer program which when presented with an arbitrargainformula as
input, will terminate after finitely many steps, returnirfietrequired first-order
correspondent (if there is one) or saying ‘No! (if there’'tsn

Quite apart from its intrinsic interest, this result immagdiy tells us that the
Sahlqgvist fragment cannot possibly contalhmodal formulas with first-order cor-
respondents. For it is straightforward to decide whethepdahformula is a Sahl-
gvist formula, and to compute the first-order corresporslehSahlqvist formulas.
Hence if all modal formulas with first-order correspondewtse Sahlgvist, this
would contradict Chagrova’s Theorem.
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But a further question immediately presents itself: is yvaodal formula with
a first-order correspondepfjuivalentto a Sahlqvist formula? (The preceding ar-
gument does not rule this out.) The answenasthere are modal formulas corre-
sponding to first-order frame conditions which are not eajemnt to any Sahlqvist
formula.

Example 3.57 Consider the conjunction of the following two formulas:

(M) dop — Sp
4) OOq — Oq.

(M) is the McKinsey formula we discussed in Example 3.11, @)dks the transitiv-
ity axiom. Itis obvious that M itself is not a Sahlqvist axipand by Example 3.11
it does not express a first-order condition.

It requires a little argument to show that tbenjunctionM A 4 is notequivalent
to a Sahlqvist formula. One way to do so is by proving thlat\ 4 does not have a
local first-order correspondent (cf. Exercise 3.7.1).

Nevertheless, the conjunctidvi A 4 does have a first-order correspondent, as we
can prove the following equivalence for all transitive fies{:

§IFMiff § = Vady (Rey AVz (Ryz — 2z = y)). (3.17)

We leave the right to left direction as an exercise to theeealb prove the other
direction, we reason by contraposition. That is, we assinathere is a transitive
frameF = (W, R) on which the McKinsey formula is valid, but which doest
satisfy the first-order formula given in (3.17). Lebe a state witnessing that the
first-order formula in (3.17) does not holdgn That is, assume that each successor
s of r has a successor distinct from it. We may assume that the fiagenerated
fromr, so that§ = Vy3z (Ryz Ay # 2).

In order to derive a contradiction from this, we need to idtrce some terminol-
ogy. Call a subseX of W cofinal inW if for all w € W there is anr € X such
that Rwz. We now claim that

W has a subseX such that bothX andW \ X are cofinal ini¥". (3.18)

From (3.18) we can immediately derive a contradiction bysodering the valua-
tion V' given by V(p) = X. For, cofinality of X implies that(F, V'), r |- OCp,
while cofinality of W\ X likewise gives(§, V'), r IF OO—p. But then(F, V), r I
M.

To prove (3.18), consider the collectiar of all pairs of disjoint subsety’,
7 C W satisfyingvy € Y3z € Z Ryz andVz € Z3y € Y Rzy. This set is non-
empty becausg = Vy3z (Ryz Ay # z); order it under coordinate-wise inclusion.
It is obvious that every chain in this partial ordering is bdad above; hence, we
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may apply Zorn’s Lemma and obtaim@aximalsuch pairY’, Z. We claim that
YUZ=W (3.19)

SinceY andZ are disjoint, this implies that = W \ Y and thus proves (3.18).

Suppose that (3.19) doemt hold. Then there is an element € W which
belongs neither t&” nor to Z. If there were some € Z with Rwz then the
pair (Y U {w}, Z) would belong toC, contradicting the maximality ofY’, Z).
Likewise, there is ngy € Y with Rwy. Even so, we will define non-empty sets
Y',Z" such thatY UY',Z U Z') € C, again contradicting the maximality of
(Y, Z). First putw in Y. Now choose an element of W such thatRwz; and
w # z; and putz; in Z' — remember that; ¢ Y U Z. Then choose an element
y1 of W such thatRz,y; andz; # y; and puty; into Y’. Continue this process
and observe that none of theg, z, will belong toY U Z; this is by transitivity of
R and our assumption on.

The process will finish if, for instance, someéhas just been put ia’, but all of
its successors have already been pitin Z' at some earlier state. In such a case
we break off the process; at this moment it is obvious thahgae Y U Y’ has
a successor i¥ U Z', and that each € Z U Z' distinct fromu has a successor
in Y UY’. To show that: itself has a successor ¥, let v be thefirst element
in the sequence Rz Ry, Rz> . .. such thatRuw. If v itself does not belong t&”,
it must belong taZ’; but since we did not break off the process at this stage, this
means that we could put a succesgpoof v in Y'; by transitivity, Ruy;. The only
other case in which the process may finish is symmetric todse described.

Finally, if the process doeasotfinish in this way we are dealing with an infinite
sequencevRz; Ry Rz, . ... Butthen the paitY UY', Z U Z') belongs taC'. 4

Obviously, the example begs the question whether there isdaliormula that
locally corresponds to a first-order formula without being equiviele a Sahlqvist
formula. The answer to this question is affirmative: the foladM A 4 is a
counterexample. In Exercise 3.7.1 the reader is asked to #fai it has a local
first-order correspondent; in Chapter 5 we will develop #hhiques needed to
prove that the formula is not equivalent to a Sahlqvist fdemsee Exercise 5.6.2.
Thus the Sahlqgvist fragment does not contain all modal féawith first-order
correspondents. So the next question is: can the Sahlgeginent be further
extended? The answer yg@s— but we should reflect a little on what we hope
to achieve through such extensions. The Sahlqvist fragmsesrgsentially a good
compromise between the demands of generality and simplBit adding further
restrictions it is possible to extend it further, but it ig @bvious that the resulting
loss of simplicity is really worth it. Moreover, the Sahlgvifragment also gives
rise to a matching completeness theorem; we would like megp@xtensions to
do so as well. We don’t know of simple generalizations of thél§vist fragment
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which manage to do this. In short, while there is certainlgnnofor experiment
here, it is unclear whether anything interesting is likelyetnerge.

However, one point is worth stressing once more: the Sastlfpggmentannot
be further extended simply by dropping some of the resbmstiin the definition
of a Sahlgvist formula. We forbid disjunctions in the scopéaoxes and nested
duals of triangles in Sahlgvist antecedents for a very geadon: these forbidden
combinations easily lead to modal formulas that have nedirdér correspondent,
as we have seen in Example 3.11 and Exercise 3.6.2.

Kracht's theorem

Let’s turn to a nice positive result. As has already been ioeatl, not only does
each Sahlgvist formula define a first-order class of frameswhen we use one
as an axiom in a normal modal logic, that logic is guarantedaetcomplete with
respect to the elementary class of frames the axiom defifbs i€ the content of
the Sahlqvist Completeness Theorem; see Theorem 4.42 feces® statement.)
So it would be very pleasant to knowhich first-order conditions are the corre-
spondents of Sahlqgvist formulas. Kracht's Theorem is a sbdonverse to the
Sahlqvist Correspondence Theorem which gives us thisrirdton.

Before we can define the fragment of first-order logic comesing to Sahl-
gvist formulas we need some auxiliary definitions; we alsmituce some helpful
notation. For reasons of notational simplicity, we workhe basic modal similar-
ity type. First of all, we will abbreviate the first-order foulaVy (Rxy — a(y))
to (Vy>z)a(y), speaking ofestricted quantificatiorand callingz the restrictor
of y. LikewiseJy (Rzy A a(y)) is abbreviated t¢3yr>x)a(y). We will call the
constructs(Vyr>x) and (Jy>x) restricted quantifiers If we wish not to specify
the restrictor of a restricted quantifier we will writ¢y or 3"y. Moreover, if we
don’t wish to specify whether a quantifier is existential oiversal we denote it
by Q (Q" in the restricted case). Second, for the duration of thiseciion it will
be convenient for us to consider formulas of the farng: « as atomic. Third, in
this subsection we will work exclusively with formulas in igh no variable occurs
both free and bound, and in which no two distinct (occurrerafe quantifiers bind
the same variable; we will call such formulelgan

Now we call a formulaestrictedly positivef it is built up from atomic formu-
las, using\, Vv and restricted quantifiers only; observe that monadic pedes oc-
cur positively in restrictedly positive formulas. Finallye assume that the reader
knows how to rewrite an arbitrary positive propositionainiaila to adisjunctive
normal formor DNF (that is, to an equivalent disjunction of conjunciaf atomic
formulas) and to @onjunctive normal fornor CNF (that is, to an equivalent con-
junction of disjunctions of atomic formulas).
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The crucial notion in this subsection is that of a variableundng inherently
universallyin a first-order formula.

Definition 3.58 We say that an occurrence of the variaple the (clean!) formula

« is inherently universal if eithey is free, or elsey is bound by a restricted quan-
tifier of the form (Vyr>z)3 which is not in the scope of an existential quantifier.
A formula a(z) in the basic first-order frame language is calledracht formula

if «is clean, restrictedly positive and furthermore, everyratoformula is either

of the formu = u or u # u, or else it contains at least one inherently universal
variable. -

Restricted quantification is obviously the modal face ofrgifi@ation in first-order
logic; indeed, we could have defined the standard transelati@ modal formula
using this notion. As for Kracht formulas, first observe thaéry universalre-
stricted first-order formula satisfies the definition. A set@xample of a Kracht
formula is (Vw>v) (Vz>v)(Jy>w)Rry: note that it does not matter that the
in Rxy falls within the scope of an existential quantifier; what teet is that the
universalquantifier that binds = does not occur within the scope of any existen-
tial quantification. On the other hand, the form@tav>v)(Vae>v)w = x is not
a Kracht formula since the occurrence of neithenor x in w = =z is inherently
universal: w is disqualified because it is bound by an existential quant#ndx
because it is bound within the scope of the existential dii@nt3wrwv).

The following result states that Kracht formulas are the-firsler counterparts
of Sahlqvist formulas — but not only that. As will become agud from its proof,
from a given Kracht formula we cacomputea Sahlqgvist formula locally corre-
sponding to it. The reader is advised to glance at the exanplavided below
while reading the proof.

Theorem 3.59 Any Sahlqvist formula locally corresponds to a Kracht folanu
and conversely, every Kracht formula is a local first-orderrespondent of some
Sahlqvist formula which can be effectively obtained froemKnacht formula.

Proof. For the left to right direction, we leave it as an exerciseh® teader to
show that the algorithm discussed in the sections 3.5 andn3i&ct produces,
given a Sahlqgvist formula, a first-order correspondeithin the Kracht fragment.
We'll give the proof of the other direction: we’ll show howwste a given Kracht
formula to an equivalent Sahlgvist formula.

Ouir first step is to provide special prenex formulas as noforais for Kracht
formulas. Define @&ype 1formula to be of the form

Viey .. YV, Qlyr ... Qym B(To, -+ s Tny Y1y - -+, Ym)

such that,, m > 0 and each variable is restricted by an earlier variable {gh#be



3.7 More about Sahlqgvist Formulas 173

restrictor of anyr; is somex; with j < i and the restrictor of any; is either some
xj, or somey; with j < i. Furthermore we require thatis a DNF of formulas
u = u, 4 # u, Ruxr,u = r and Rzu (that is, we allow all atomic formulas that are
not of the form Ryy' or y = '). Here and in the remainder of this proof we use
the convention that andz denote arbitrary variables #wg, ..., zn, y1,. .., Ym}
andz an arbitrary variable iz, ..., z,}.

Clearly then, type 1 formulas form a special class of Kradnimulas. This
inclusion is not proper (modulo equivalence), since we cavethe following
claim.

Claim 1 Every Kracht formula can be effectively rewritten into amieglent type
1 formula.

Proof of Claim. Let a(z¢) be a Kracht formula. By definition it is built up from
atomic formulas using\, v and restricted quantifiers. Furthermore, sin¢ey) is
clean, in a subformula of the for@"v 3 the variablev may not occur outside of
5. Hence, we may use the equivalences

(Qup)Vy « Qu(BV7) (3.20)

(where © uniformly denotes eithen or V) to pull out quantifiers to the front.
However, if we want to remain within the Kracht fragment werdndo take care
about theorder in which we pull out quantifiers.

Without loss of generality we may assume that each inhgrantiersal variable
is namedr; for somei, while each of the remaining variables is namegdor some
J. This ensures that no atomic subformulan@f) is of the formRyy’ ory = ¢/
(with distinct variableg; andy/’).

Observe also that in every subformula of the farfviz>w)/3)0~, the variable
u occurs free. If this: is not the variable:y then it is a bound variable ef; hence,
the mentioned subformula must occur in the scope of a quar(t@ « > 2'). This
quantification must have been universal, for otherwise,vér@ble » could not
have been among the inherently universal ones. But this sniet the variable
u itself must be inherently universal as well, gds somex;. This shows that
by successively pulling out restricted universal quantfi€¢' z we end up with a
Kracht formula of the form

T T !
Vi ... Van o (o, oy Tny Y1y - s Um)s

such that each atomic formula af is of the formu = u or u # wu, or else it
contains some occurrence of a variabJeFurthermore, the restrictor of eachis
somex; with j <.

It remains to pull out the other restricted quantifiers fraBut this can easily
be done using the equivalences of (3.20), since we do nottbawverry anymore
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about the order in which we pull out the quantifiers. In the,emd arrive at a
formula of the form

Vay. . Vo, Qlur ... Qym & (20, oo s Ty Y1y e s Ym)
such that the atomic subformulas @f satisfy the same condition of those dh
(in fact, they are the very same formulas), while in additiot is quantifier free.
Hence, if we rewritex” into disjunctive normal form, we are finished. -

Enter diamonds and boxes.t¥pe 2formula is a formula in the second-order frame
language of the form

VPy .. .VPNQo.. VQuY xy .. Vx| N\ ST (o0) = B
0<i<n

such that each; is a conjunction of boxed atoms j andg;, whereass is a DNF
of formulasST,.(¢), with ¢» some modal formula which is positive in eagh g;.

Claim 2 Every type 1 formula can be can be effectively rewritten arteequiva-
lent type 2 formula.

Proof of Claim.Now the prominent role of the inherently universal formulah
come out: they determine the propositional variables ofaklqgvist formula and
the ‘BOX-AT’ part of its antecedent. Consider the type 1 faian

vrxl . -Vrl‘anm cee Qzlym ﬁ(xm ey Iy Yly .- 7ym)-

We abbreviate the sequenter, ...V x, by V"z, and use similar abbreviations for
other sequences of quantifiers. Recall thas a DNF of formulasu = u, u # w,
u = x;, Ruz; and Rx;u. Our first move is to replace such subformulas with the
formulasST,(T), STy (L), STy (pi), STw(<Cp;) and ST, (¢;), respectively; call
the resulting formula’.

Our first claim is that

V'zQ"y s s equivalent to

vPQY'E |\ ST (piADg) — Qgp | . (3.21)

0<i<n

Forbidding as (3.21) may look, its proof is completely agalas to proofs in Sec-
tions 3.5 and 3.6: the direction from right to left is immedidoy instantiation,
while the other direction simply follows from the fact théltis monotone in each
predicate symbaP; and();.

Two remarks are in order here. First, siniteay contain atomic formulas of the
form Rx;z; andx; = x; (that is, withboth variables being inherently universal),
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there is somehoicehere. For instance, the formulaw;z; may be replaced with
eitherST,, (Op;) orwith ST, (¢;). Having this choice can sometimes be of use if
one wants to find Sahlqgvist correspondents satisfying saldiéi@nal constraints.

Related to this is our second remark: we don’t need to intedthoth proposi-
tional variableg,; andg; for eachz;. We can do with any supply of variables that is
sufficient to replace all atomic formulas 6fwith the standard translation of either
STy(pi), ST (Op;) or STy (g;). A glance at the examples below will make this
point clear.

We are now halfway through the proof of Claim 2: observe that already a
DNF of formulasST,(+) with +/ positive in eaclp;, ¢;. It remains to eliminate
the quantifier sequend®”y. This will be done step by step, using the following
procedure.

Consider the formula

yir>2) |\ N\ STuu(Wrr) | (3.22)

k<K I<Ly

where each modal formulgy, is positive in all variableg;, ¢;; = is either anv or
ay; with j <i; and each is either anv or ay; with 5 < i+ 1. We first distribute
the existential quantifier over the disjunction, yieldindisjunction of formulas

Fyir1>2) N\ STu (Wr). (3.23)

I<Ly

We may assume all these variableto be distinct (otherwise, replacel’, (¢') A
ST, (¢") with ST, (¢¥" A 9")); we may also assume that, ; is the variabley;r,,
(if y;+1 does not occur among thes, add a conjunctT, ., (T)). But then (3.23)
is equivalent to the formula

ST.(Otkr) A\ STu (Yrr),
<Ly
whence (3.22) is equivalent to a disjunction of such forrmu@bserve further that
yi+1 does not occur in these formulas.

This shows how to get rid of an existential innermost redauantifier of the
prenexi"y. A universal innermost restricted quantifier can be remalwelly, by
first converting the matrix’ into aconjunctivenormal form; details are left to the
reader. In any case, it will be clear that by this procedurecarerewrite any type
1 formula into an equivalent type 2 formula. -

We are now almost through with the proof of Theorem 3.59. Adl mave to do
now is show how to massage arbitrary type 2 formulas intodvétlshape.

Claim 3 Any type 2 formula can be can be effectively rewritten intequivalent
Sahlgvist formula.
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Proof of Claim.Let

VPQV'z | N\ ST (o) — B (3.24)

0<i<n

be an arbitrary type 2 formula.

First we rewriteS into conjunctive normal form, and we distribute the implica
tion and the prenex of universal quantifiers over the corjans. Thus we obtain
a conjunction of formulas of the form

vPV'E | N\ STu (o) — B, (3.25)
0<i<n

where/3’ is a disjunction of formulas of the forifiT’ () with eachy positive in

all p; andg;. As before, we may assume that eagloccurs in exactly one disjunct
of 3, so (3.25) is equivalent to a formula

vPQV'E | N STw(o) = \/ STw(wi) ],

0<i<n 0<i<n

where eacly; is a Sahlgvist antecedent and eaghis positive. But clearly then,
(3.25) is equivalent to the formula

QPQ—ET.CI_S /\ STxi(Ui/\ﬂZbi).
0<i<n

Observe that each modal formutan —); is a Sahlgvist antecedent.
But now, as before, working inside out we may eliminate atiaeing restricted
quantifiers, step by step. For, observe that the formula

A2y ... erk_l(axkbxj) /\ STxi(Xi)
0<i<k

is equivalent to

A2 ... Eirxk,l Sij (Xj A <>Xk+1) A /\ STJ;Z. (Xl)
0<i<k,i#j

Note thaty; A G441 IS @ Sahlguist antecedentyf; and ;. are.
It turns out that for some Sahlqgvist antecedent(3.25) is equivalent to the
second-order formula

QPQ ﬁSTaco (¢)
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But then (3.24) is equivalent to a conjunction of such formsubnd thus equivalent
to a formula

VYPQ ST, (\/ o — J_> :

l

which is the local second-order frame correspondent ofah@dla\/, ¢, — L,
which is obviously in Sahlqvist form. -

This completes the proof of the third claim, and hence of lieetem. -

Example 3.60 Consider the formula

Oé(.il?o) = (Vxlbxo)(ﬂylbxo)(ﬂygbyl)R:):lyg.

This is already a type 2 Kracht formula, so we proceed by thegmure described
in the proof of Claim 2 in the proof of Theorem 3.59. According(3.21),a(zy)
is equivalent to the second order formula

VQ1(Va1>20) (ST, (Oq1) — (Jyi>a0) (Fy2>y1) STy, (q1))-

Then, using the equivalences described further on in thef pfcClaim 2 we obtain
the following sequences of formulas that are equivalent(t):

YQ1(Vo1>20) (ST, (Og1) — (Fyi>x0) Byay1) STy, (1))
& VQi(Vr1>ao) (ST (Og1) — Fyi>a0)STy, (Oq1)),
& YQi(Vri>xg) (ST, (Oq1) = ST (O0q)).

The last formula is a type 2 formula. Hence, the only thing tefdo is to rewrite
it to an equivalent Sahlqvist formula; this we do via the ssge of equivalent
formulas below, following the pattern of the proof of Claim 3

VQ1( (Var1>20) (ST, (Oq1) = ST (OOq1)))

VQ1( (Va1>20) ~(ST 4, (Bq1) A =8T 4, (O4q1)) )
VQI( (Va1>x0) (ST 2, (Ogq1) A ST 3o (—OCq1)))
Q1(—=(Fz1>xo) (ST 2, (Ogr) A ST 3y (=OCq1)) )
(=((Fz1>20) ST, (Og1) A ST 4y (=00q)))
1( (ST 4, (OBq1) A STy (-O0q1)) )
(
Qn(

i

1

tet e e

Q1( ST 4, (COq A =00 qr) )

= ST:{,‘O((QDQI A ﬂ<><>q1) — J_) )

This means that(x) locally corresponds to the Sahlqvist formul@Og; A
-0Oq) — L, or to the equivalent formul@Oqg; — OCgp. A
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Example 3.61 Consider the Kracht formula

a(zg) = (Vri>xg)(Vre>axg) (Rryxe V Rrexy V xp = x9).
According to (3.21)n(xg) is equivalent to

9P19Q1(V131[>J)0)(V$2[>580) (STJ;I (pl A Dql)
- (STfliz(QI) v STCL‘z(Qpl) v STCL‘z(pl)))

and to
gPngl(Vacl on)(ngbxo) (STII (p1 A Dql) — STQ;2 (q1 Vv Opyp \/pl)).

The latter is a type 2 formula; in order to find a Sahlqvist eglant for it, we
proceed as follows:
VPVQ: (Va1 >a0) (Vra>xg) (STe, (p1 A Oqr) = STy (q1 V Op1 V p1))
& 9P19Q1(VI1[>I‘0)(VI2[>JJO) —(ST 4, (p1 AOgy) A
=85T 2, (q1 V Op1 V p1))
& 9P19Q1(VI1[>I‘0)(VI2[>JJO) (STxl(pl A Ogy) A
2 (7(q1 V Op1 V p1)))
& VYPVQ, —(Fz1>xg) (Fwa>ao) (STII( AOg) A
STy (=(q1 V Op1Vp1)))
VPYQ: ~(Fa1>20) (ST, (p1 A Ogr) A
(Fw2>a0) STay (2(q1 V Op1 V p1)))
VPVQ1 ~(3x1>20) (ST 4, (p1 ADq1) A STy (O=(q1 V Op1 V p1)))
VPVQ1 —((321520) ST, (p1 ADg1) A STy (O=(q1 V Op1 Vp1)))
VPIYQ1 ~ (ST (O(p1 ABq1)) A STy (O=(q1V Op1 Vp1)))
& VPVQ1 = (ST (O(p1 ADg1) A O=(q1 V Op1Vpr)))

i3

I

From this, the fastest way to proceed is by observing thaetfidormula is equiv-
alent to

VPYQ1 (ST (O(p1 ADgq1) = ~O=(q1 V Op1 V p1))),
and hence, to the Sahlqvist formula
CprADOg) — OV Oop1 Vpr).
Example 3.62 Consider the type 1 Kracht formula
a(xg) = (Voi>ao)(Fyi>a1) y1 # yi-
According to (3.21), we can rewritg(xg) into the equivalent

QPQ(V.CIHDLU()) (STIO(pQ) — (Elylbxl)STyl (J_))
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and, hence, to
9P0(V.CU1I>.CUO) (STxo (po) — STxl (<>J_))

This is a type 2 formula for which we can find a Sahlqvist egertas follows:

VPy(Vz1>xg) (ST 3y (po) = ST, (CL))

VP (Ya1>20) (ST 4o (po) A ST, (OL))
VPy—~(3w1>20) (ST (po) A ST, (—OL))
VP~ (ST (po) A (F21>20) STy, (O L))
VPy= (ST (p0) A STy (= L))

& VP (8T 4y (=(po A O-OL))

A d
=
=~
=

The latter formula is equivalent to the Sahlqvist formpja— O<¢ L. (Obviously,
the latter formula is equivalent t0< 1 and, hence, tal_L. Our algorithm will not
always provide the simplest correspondentst

This finishes our discussion of Sahlqvist correspondencehd next chapter we
will see that Sahlqvist formulas also have very nice congpless properties, in
that any modal logic axiomatized by Sahlqvist formulas isptete with respect

to the class of frames defined by (the global first-order spoadents of) the for-

mulas. Here Kracht’s theorem can be useful: if we want toragiize a class of

frames defined by formulas of the fovix a(x) with a(x) a Kracht formula, then

it suffices to compute the Sahlgvist correspondents of tfeesaulas and add these
as axioms to the basic modal logic.

Exercises for Section 3.7

3.7.1 (a) Prove that the conjunctiavi A 4 of McKinsey's formulad<p — <Op and
the transitivity formula®p — ©<p does not have lacal first-order correspondent.
Conclude that this conjunction is not equivalent to a Sabktdermula.

(b) Show that on the other hand, the formta/ A 4 doeshave a local first-order
correspondent.

3.7.2 Prove that the local correspondent of a Sahlqvist formude{sacht formula.

3.7.3 Find Sahlqvist formulas that locally correspond to thedwihg formulas:

(@) (Vy>z) Ryy,

(b) (Vyi1>z)(Vy2>>x)(Vys>z) (y1 =y2 Vy1 = ys Vy2 = y3)
() (Vy1>a)(Vy2>y1) (y1 = y2 V Iz (Rez V (Ry1z A Rysz))).
(d) (Vzi>x)(Fyi>x)(Yy2>y1) (Ryizy V (Rzys A Ry,x1))

3.7.4 Prove that ifp — ¢ is a simple Sahlqvist formula, theém(¢ — ) is equivalent to
a simple Sahlqvist formula.
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3.7.5 Let 7w be the basic temporal similarity type. Show that over thescta bidirectional
frames, every simple Sahlqvist formula is equivalent to iy wmple Sahlqgvist formula.
(Hint: first find a very simple Sahlqgvist formula that is ecalent to the formulad’Gp —
GFp.)

3.8 Advanced Frame Theory

The main aim of this section is to prove Theorem 3.19, the Battd Thomason,
characterizing the elementary frame classes that are iyat&inable. We'll also
prove a rather technical result needed in our later work gatabhs. We'll start by
proving the Goldblatt-Thomason Theorem.

Theorem 3.19Let7 be a modal similarity type. A first-order definable cl&sef -
frames is modally definable if and only if it is closed undéirig bounded morphic
images, generated subframes, disjoint unions and refléicedilier extensions.

Proof. The preservation direction follows from earlier resultsor Ehe other di-
rection letK be a class of frames which is elementary (hence, closed tiakiag
ultraproducts), closed under taking bounded morphic irmagenerated subframes
and disjoint unions, and reflecting ultrafilter extensiobst Ak be the logic ofK;
thatis,Ax = {¢ | § I ¢, for all § € K}. We will show that1k definesK. In order
to avoid cumbersome notation we restrict ourselves to tiseclmaodal similarity
type.

Let§ = (W, R) be a frame such thg I Ax. We need to show thg is a
member ofK. This we will do by moving around lots of structures; hereiap
of where we are heading for in the proof:

{FalacW} uey & {8510 Crin A}
1 N‘z\ 2
5 5 &’ HU®5

First, we can assume without loss of generality thias point-generated. For if
§ validatesAy, then each of its point-generated does so as well. And if we ca
prove that each point-generated subfram@ @ in K, then the membership i
of § itself follows immediately from the closure propertieskofand the fact that
any frame is a bounded morphic image of the disjoint uniorisopoint-generated
subframes (as the reader was asked to show in Exercise.38.4bm now on we
assume thaf is generated by the point.

Now for (one of) the main idea(s) of the proof. Leétbe a set of propositional
variables containing a propositional variaplg for each subset of . This may
be a huge language: W is infinite, then® will be uncountable. We will look at
the modelt = (§,V) whereV is the natural valuation given by (p4) = A.
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Now let A be the modal type of; that is,A = {¢ € ML(7,®) | M, w I+ ¢}. We
claim that

A is satisfiable irK. (3.26)

In order to prove this, we first show that is finitely satisfiable irkK. Leto be a
finite subset ofA. It is easy to see thal is satisfiable irK: if it were not, then
= /\ 0 would belong talx whence we would havg IF = A ¢. (Note that whereas
A is written in aparticular language, namely, the one having a proposition letter
for each subset o, when we are talking aboutk we are not really interested
in a specific language. This is why we simply assume thah § would belong
to Ak’ even though we have not verified that this formula uses ondppsition
letters that occur inlk.) But§ I+ — A 6 would contradict tha®it, w IF A §. But if
each finitey C A is finitely satisfiable in some fram®; in K then A is satisfiable
in some ultraproduct of these frames (the reader is askeapaysa proof of this
in Exercise 3.8.2 below). Sindéis closed under ultraproducts by assumption, this
proves (3.26).

But to say thatA is satisfiable irK amounts to the following. There is a model
N = (X,S,U) and a pointh in X such that the underlying fram®& = (X, 5)
isin Kand9,b - A. SinceK is closed under (point-)generated subframes and
modal truth is preserved under taking generated subframesnay assume that
the frame® is generated from.

The only thing left to do is to link ug with our original frameg. This link is
as follows.

ue § is a bounded morphic image of some ultrapowe&of (3.27)

We first ensure the existence of an m-saturated ultrapowir dfote that we may
view 0N as a first-order structure for the languagg(®), analogous to the per-
spective in the previous chapter. Now consider a countailyrated ultrapower of
this first-order structure, which we see again as a modal htgtle- (X', S, U").
Note that the existence of such an ultrapower is not guagdniby Lemma 2.73,
since the first-order Ianguag(‘e;8 may not be countable. We need some heavier
model-theoretic equipment here; the reader is referredhémiiems 6.1.4 and 6.1.8
in [89]. In any case)t’ is m-saturated and also has the property that every'set
that is finitely satisfiable ift’ is satisfiable irDt'.

How are we going to define the bounded morphism? That is, givexsiemens
of X', which ultrafilter ovedV" (the universe of our original fran{§) are we going
to assign to it? Recall that an ultrafilter oviéf is some collection of subsets of
W ; this means that gives, we have to decide for each subsetifwhether to put
itin f(s) or not. But now it will become clear that there is only one naltehoice
for f(s): simply put a subsetl of W in f(s) if p4 is true ats in the modebt’:

f(s)={ACW |N, slkpal.
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We will now show thatf indeed maps points i’ to ultrafilters overlV, that f
is a bounded morphism, and thatis ontoue §. In these proofs, the following
equivalence comes in handy:

for all formulasg € ML(7,®), M I+ ¢ iff N I ¢. (3.28)
The proof of (3.28) is by the following chain of equivalences

MIFgp < Mwl-O"¢foralln e N (91 is generated fronw)

& O"pe Aforalln e N (definition of A)

& MblFO"¢foralln € N (definition of )t andb)

& Niko (91 is generated from)
s Nk (9 is an ultrapower of1)

This proves (3.28).

Let us now first check that for all € X', f(s) is indeed an ultrafilter ovei’.
We will only check the condition that(s) is closed under intersection, leaving the
other conditions as exercises for the reader. Supposel thiatl B are subsets dil’
that both belong tg (s). Hence, by the definition of (s) we have thadt’, s IF p4
and?t, s I pp. Itis easy to see that the formyla Ap g <> panp holds throughout
the original mode. It then follows from (3.28) tha®t’ I- ps A pp <> pang. In
particular, this formula is true at, so we find that’, s I p4n. Hence, by the
definition of f, A N B belongs tof (s).

In order to show thaf is a bounded morphism, we will prove that for all ultra-
filtersu over W and all pointss in X', we have that: = f(s) if and only if u (in
ue M) ands (in N') satisfy the same formulas. This suffices, by Propositi&d 2.
and the m-saturation afe 20t and9t’. The right to left direction of the equivalence
is easy to prove. If the same formulas holdiandw, then in particular we have for
eachA C W that, s IF p4 iff ue M, u IF p4. But by definition of the valuation
on ue M we have thatie M, u I pa iff A = V(pa) € u. Hence, we find that
N, s Ik pa iff A € u. Thisimmediately yields = f(s).

For the other direction, it suffices to show that for each fdaw € ML(1,?)
and each point in 9V, ue M, f(s) IF ¢ only if M, s Ik ¢. Suppose thap holds at
f(s) in ue M. By Proposition 2.59 we have th&t(¢) € f(s). Thus by definition
of f we obtain thabt', s I py (4. It follows easily from the definition of” that
M IF ¢ < py(g), SO by (3.28) we have that’ I ¢ < py (4. But then we may
immediately infer thad?’, s I ¢.

Finally, we have to show thaf is surjective; that is, each ultrafilter ovélr
should belong to its range. Letbe such an ultrafilter; we claim that the set=
{pa | A € u} is finitely satisfiable if’. Let o be a finite subset of’. To
start with, o is satisfiable ir0)t. Sinceft is generated fromw, this shows that
M, w IF S A o for some natural numbet. From the definition obt andb it
follows that, b IF ™ A o, so from the fact thait is point-generated frorh we
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obtain that/\ o is satisfiable irD1. Now 91’ is an ultrapower 001, so we have that
/\ o is also satisfiable ift’. But 91’ is countably saturated; sb, being finitely
satisfiable in)?, is satisfiable in some point of 9. It is then immediate that
f(s) = u.

This proves (3.27), but why does that mean haelongs tdK? Here we use the
closure properties dk. Recall that® is the underlying frame of the mod#t in
which we assumed that the sétis satisfiable. Sincé is in K by assumptiong’
belongs tK by closure under ultraproducts¢ § is in K as it is a bounded morphic
image of&’; and finally,§ is in K sinceK reflects ultrafilter extensions. -

The following proposition, which is of a rather technicature, will be put to good
use in Chapter 5.

Proposition 3.63 Let 7 be a modal similarity type, an a class ofr-frames.
Suppose tha® is an ultrapower of the disjoint uniol);_; §;, where{J; | i € I}

is a family of frames ifK. Then® is a bounded morphic image of a disjoint union
of ultraproducts of frames iK.

Proof. Let § = (W, R) denote the disjoint uniod);.; §;, and assume that is
some ultrapower of, say® = [[,, §, whereU is an ultrafilter over some index
set.J. We assume that contains only one operatay, of arity n. This allows us
to write § = (W, R) and§; = (W;, R;) (that is, the subscriptrefers to an index
element ofl, not to an operator from the similarity type).

Consider an arbitrary stateof &. By the definition of ultrapowers, there exists
a sequencg; € [, W such that

t=(fv=A9 €lljes W I ft ~v g}

As W is the disjoint union of the universdd’;, for each; € J there exists an
elementi; € I such thatf;(i;) is an element ofV;,. Form the ultraproduct

St = HU Sl]

Clearly this frame is an ultraproduct of frameskin

We will now define a map, sending states of the franfe to states of the frame
®, and show tha#; is a bounded morphism within its range. From this it easily
follows that® is a bounded morphic image of the disjoint unigl.  §:, where
X is the universe o#. Observe that a typical element®f has the form

gV ={he [T, Wi, [ g ~u h}

for someg € [];c; Wi;. Since[];c; Wi, C [1;c, W, we have thay” C gu-.
Note that in general these two equivalence classes will eaatientical, sincey;
may contain elements for which h(5') € W'\ Wi, for some index’. However,
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it is evident thaif bothg and’ are in[[,., Wi;, then we find thay" = hY iff
g ~y hiff gy = hy. This means that if we put

0:(g") := gu,

we have found a well-defined map from the universgofo the universeX of &
(in fact, this map is injective).

Now consider the element € Hje, W. By definition of the indices;, we
must havef; € [| Wi,. It follows thatftU is in the domain of);. Now

0.(f7) = (f)u =t.

It remains to be proved thdf is a bounded morphism. However, this follows by a
straightforward argument using standard properties adfilters. -

jeJ

Exercises for Section 3.8

3.8.1 Let 7 be an arbitrary modal similarity type agta r-frame. Prove that the ultrafilter
extension of§ is the bounded morphic image of somesaturated ultrapower g, in other
words, supply a proof for Theorem 3.17. (Hint: use an arguraealogous to one in the
proof of Theorem 3.19. That is, consider a language havirrgpgsitional variable 4 for
each subset of the universe of§, and take a countably saturated ultrapower of the model
M = (F,V), whereV is the natural valuation mapping, to A for each variable 4.)

3.8.2 Let K be some class of frames, anda set of formulas which is finitely satisfiable
in K. Show thatA is satisfiable in an ultraproduct of framesKkn

3.8.3 (@) Show thatthe complement of a modally definable clase&ed under taking
ultrapowers.
Now suppose that the claksof frames is definable by singleformula.

(b) Show that the complement Kfis closed under taking ultraproducts..

Let I'(¢) be the set of first-order sentences that are semantic comseeg ofp, in the
sense that for any franfgwe have thaf§ IF ¢ only if § = I'(¢). In other words['(¢) is
the first-order theory oK.

(c) Prove thaw is a semantic consequencelof¢). Hint: reason by contraposition
and use (b).

(d) Prove that is a semantic consequence of a finite subsét(@f). Hint: prove that
I'(¢) = Va ST, (¢), and use compactness.

(e) Conclude that if a modal formutadefines an elementary frame class, theror-
responds to a (single) first-order formula.

3.8.4 Prove the strong version of the Goldblatt-Thomason Theavbinh applies to any
frame class that is closed under taking ultrapowers.

(Hint: strengthen the result of Exercise 3.8.2 by showireg #imy set of modal formulas
that is finitely satisfiable in a frame clakigs itself satisfiable in an ultrapower of a disjoint
union of frames irK.)
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3.8.5 Point out where, in the picture summarizing the proof of Teev 3.19, we use
which closure conditions oK. (For instance: in step 2 we need the fact tas closed
under taking ultraproducts.)

3.9 Summary of Chapter 3

Frame Definability A modal formula is valid on a frame if and only if it is
satisfied at every point in the frame, no matter which vatureits used. A modal
formula defines a class of frames if and only if it is valid oe@sely the frames

in that class.

Frame Definability is Second-OrdeBecause the definition of validity quan-
tifies across all possible valuations, and because vahs#oe assignments of
subsetf frames, the concept of validity, and hence frame defiitgbib in-
trinsically second-order.

Frame LanguagesEvery modal formula can be translated into the appropriate
second-order frame language. Such languages have-arplace relation sym-
bol for everyn-place modality. Proposition letters correspond to unaegicate
variables. The required translation is called the SecordeOrranslation. This

is simply the standard translation modified to send projuwsletters to (unary)
predicatevariablesrather than predicateonstants

Correspondence Sometimes the second-order formulas obtained using this
translation are equivalent to first-order formulas. Buéenfthey correspond to
genuinely second-order formulas. This can sometimes bersby exhibiting

a failure of Compactness or the Lowenhein-Skolem property

Frame ConstructionsThe four fundamental model constructions discussed in
the previous chapter have obvious frame-theoretic copates. Moreoverya-
lidity is preserved under the formation of disjoint unions, geeeraubframes
and bounded morphic images, and anti-preserved undefiltétraxtensions.
Goldblatt-Thomason TheorenA first-order definable frame class is modally
definable if and only if it is closed under disjoint unionsngeated subframes
and bounded morphic images, and reflects ultrafilter exdessi

Modal Definability on Finite Transitive FramesA class of finite transitive
frames is modally definable if and only if it is preserved un@imite) disjoint
unions, generated subframes and bounded morphic images.

The Finite Frame PropertyA normal modal logicA has the finite frame prop-
erty if and only if any formula that does not belongAoccan be falsified on a
finite frame that validates all the formulas ih A normal logic has the finite
frame property if and only if it has the finite model property.

The Sahlqgvist FragmenEormulas in the Sahlgvist fragment have the property
that the second-order formula obtained via the Second+Ondmslation can
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be reduced to an equivalent first-order formula. The Saslg¥an Benthem
algorithm is an effective procedure for carrying out suaiuctions.

» Why Sahlgvist Formulas have First-Order Correspondet@gntactically, the
Sahlqvist fragment forbids universal operators to tak@eaer existential or
disjunctive connectives in the antecedent. Semantidally,guarantees that we
will always be able to find a unique minimal valuation that emkhe antecedent
true. This ensures that Sahlgvist formulas have first-acderespondents.

» Negative ResultsThere are non-Sahlqgvist formulas that define first-order co
ditions. Moreover, Chagrova’s Theorem tells us that it idesidable whether a
modal formula has a first-order equivalent.

» Kracht's TheoremKracht's Theorem takes us back from first-order languages
to modal languages. It identifies a class of first-order fdamnthat are the first-
order correspondents of Sahlgvist formulas.

» Frames and their Ultrafilter ExtensionsThe ultrafilter extension of a frame
may be obtained as a bounded morphic image of an ultrapowbedfame.

» Ultrapowers of Disjoint Unions Ultrapowers of a disjoint union may be ob-
tained as bounded morphic images of disjoint unions of piitrducts.

Notes

The study of frames has been central to modal logic sincedha @f the classical
era (see the Historical Overview in Chapter 1), but the wagnfes have been stud-
ied has changed dramatically over this period. The insigat gave birth to the
classical era was that simple properties of frames (suchaasitivity and reflex-
ivity) could be used to characterize normal modal logicg] amost of the 1960s
were devoted to exploring this topic. It is certainly an inmtpat topic. For ex-
ample, in the first half of the following chapter we will seatimost commonly
encountered modal logics can be given simple, intuitivglgealing, frame-based
characterizations. But the very success of this line of veant that for a decade
modal logicians paid little attention to modal languagedceds for describing
frame structure. Frames were simply tools for analyzingnabiogics. The notion
of frame definability, and the systematic study of modal egpivity over frames,
only emerged as a research theme after the frame incomgésteasults showed
that not all normal logics could be given frame-based chiaraations. The first
incompleteness result (shown for the basic temporal lagguaas published in
1972 by S.K. Thomason [426]. The firstincompleteness resultthe basic modal
language were published in 1974 by S.K. Thomason [427] ah&iKe [137].

The frame incompleteness theorems and the results whidmgenied them
decisively changed the research agenda of modal logicnisige because they
made it clear that the modal perspective on frames was sittdlty second-order.
We've seen ample evidence for this in this chapter: as we saaxample 3.11
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a formula as innocuous looking as McKinsey8>p — <Op defines a non-
elementary class of frames. This was proved independentigdidblatt [189]

and van Benthem [34]. The proof given in the text is from Tleaorl0.2 of van
Benthem [41]. It was shown by S.K. Thomason [428] that on évellof frames,

modal logic is expressive enough to capture the semant®ecpence relation for
L2. Moreover, in unpublished work, Doets showed showed thatahformulas

can act as a reduction class for the the theory of finite types; Benthem [41,
23-24] for further discussion.

So by the mid 1970s it was clear that modal logic embodied atanbal frag-
ment of second-order logic, and a radically different resdegrogram was well
under way. One strand of this program was algebraic: theaesysaw the (re)-
emergence of algebraic semantics together with a belafg@eiption of the work
of Jonsson and Tarski [260, 261]; this line of work is trelaite Chapter 5. The
other strand was the emergence of correspondence theory.

Given that modal logic over frames is essentially secomtologic in disguise,
it may seem that the most obvious way to develop correspaedireory would be
to chart the second-order powers of modal logic. In factpgslas of modal for-
mulas that define second-order classes of frames were kngmelearly 1970s
(for example, Johan van Benthem proved that the Lob forrdafaned the class
of transitive and converse well-founded frames using tharaent given in Exam-
ple 3.9). And there is interesting work on more general tesah second-order
frame definability, much of which may be found in Chapters KMIIX of van
Benthem [41]. Nonetheless, most work on correspondenagyttier frames has
concentrated on itBrst-order aspects. There are two main reasons for this. First,
second-order model theory is less well understood thardidsr model theory, so
investigations of second-order correspondences have igsedul results to draw
on. Second, there is a clear sense that it is the first-orgiercts of frame defin-
ability which are truly mysterious (this has long been enged by Johan van
Benthem). With the benefit of hindsight, the second-ordéunezof validity is ob-
vious; understanding when — and why — it's sometimes firgieois far harder.

In this chapter we examined the two main strands in firstiocderespondence
theory (for frames): theemanti¢c exemplified by the Goldblatt-Thomason Theo-
rem, and thesyntacticexemplified by the Sahlgvist Correspondence Theorem. (In-
cidentally, as we will learn in Chapter 5, both results hawgilastantial algebraic
dimension.)

What we call the Goldblatt-Thomason Theorem was actualbyent by Gold-
blatt. His result was in fact stronger than our Theorem 3ap®Jying to any frame
class that is closed under elementary equivalence. Thisehewas published in
a joint paper [194] with S.K. Thomason, who added a more ggmesult which
applies to all definable frame classes but has a less apgdedime construction.
The model-theoretic proof of the theorem that we suppliethis chapter is due
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to van Benthem [45], who also proved the finite transitivesiar we recorded as
Theorem 3.21. Barwise and Moss [27] obtain correspondesmgts formodels
as opposed to frames; their main result is that if a modal @iterd has a first-
order frame corresponden, then for all model9t, Mt satisfies all substitution
instances ofp in infinitary modal logic iff a certain frame underlyirtgt satisfies
C¢.

Concerning the identification of syntactic classes of mdolahulas that corre-
spond to first-order formulas, Sahlqvist's result was netfitst. As early as in the
Jonsson-Tarski papers [260, 261] particular examplds asiceflexivity and transi-
tivity were known. And an article by Fitch [144] was a stimsilior van Benthem’s
investigations in this area, which lead to van Benthem (@mawf Sahlqvist’s ear-
lier work) proving what is now known as Sahlqvist's theorefBut Sahlqvist’'s
paper [388] (essentially a presentation of results coathin his Master’s thesis)
remains the classic reference in the area. It greatly giredaall previous known
results in the area and drew a beautiful link between defibabnd completeness.

Kracht isolated the first-order formulas that are the cpwadents of Sahlqvist
formulas in [282], as an application of his so-called calsubf internal describa-
bility. This calculus relates modal and first-order fornsutan the level of general
frames; see also [286].

During the 1990s a number of alternative correspondenagguéayes have been
considered for the basic modal language. In the so-calladtifinal translation
the accessibility relations are replaced by certain tertmishvcan be seen as func-
tions mapping worlds to accessible worlds. From a certaintyws view this func-
tional language is more expressive than the relationaluage, and that certain
second-order frame properties can be mapped to formulasssgd in the func-
tional language — but this is not too surprising: in the fimeal language one can
quantify over functions; this additional expressive poa#ows one to do without
quantification over unary predicate variables; see Ohllechl. [350, 349] and
Simmons [407].

As with finite model theory, the theory of finite frames is etlinderdeveloped.
However some of the basic results have been known a long tieeshowed in
Theorem 3.28 that a normal logic has the finite model progéayd only if it has
the finite frame property. This result is due to Segerber@ [&brollary 3.8, page
33]. For some interesting results concerning frame coordgnce theory over the
class of finite frames the reader should consult the didsmrtaf Doets [118].

To conclude these Notes, we'll tidy up a few loose ends. Exa®y.2 is due to
van Benthem [41, Theorem 10.4]. Exercise 3.2.4 is based esudt in Fine [140].
Second, we mentioned Chagrova’s theorem [87] that it is ciddble whether a
modal formula has a first-order equivalent. For pointersaim a brief discussion
of, extensions of this line of work, see Chagrov and Zakhsofyav [86, Chap-
ter 17]. At the end of Section 3.2 we remarked that generahdsacan be seen
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as a model version of thgeneralized modelsr Henkin modeldor second-order
logic. Henkin [222] introduced such models, and good disicurs of them can be
found in Doets and van Benthem [120] or Manzano [320]. Fnér more on the

lambda calculus see Barendregt [23] or Hindley and Seldi8]j2



