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Frames

As we saw in Section 1.3, the concept ofvalidity, which abstracts away from the
effects of particular valuations, allows modal languages to get to grips with frame
structure. As we will now see, this makes it possible for modal languages todefine
classes of frames, and most of the chapter is devoted to exploring this idea.

The following picture will emerge. Viewed as tools for defining frames, every
modal formula corresponds to a second-order formula. Although this second-order
formula sometimes has a first-order equivalent, even quite simple modal formulas
can define classes of frames that no first-order formula can. In spite of this, there
are extremely simple first-order definable frame classes which no modal formula
can define. In short, viewed as frame description languages,modal languages ex-
hibit an unusual blend of first- and second-order expressivepowers.

The chapter has three main parts. The first, consisting of thefirst four sections,
introduces frame definability, explains why it is intrinsically second-order, presents
the four fundamental frame constructions and states theGoldblatt-Thomason The-
orem, and discusses finite frames. The second part, consisting ofthe next three
sections, is essentially a detailed exposition of theSahlqvist Correspondence The-
orem, which identifies a large class of modal formulas which correspond to first-
order formulas. The final part, consisting of the last section, studies further frame
constructions and gives a model-theoretic proof of the Goldblatt-Thomason theo-
rem. With the exception of the last two sections, all the material in this chapter lies
on the basic track.

Chapter guide

Section 3.1: Frame Definability (Basic track).This section introduces frame de-
finability, and gives several examples of modally definable frame classes.

Section 3.2: Frame Definability and Second-Order Logic (Basic Track). We ex-
plain why frame definability is intrinsically second-order, and give exam-
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ples of frame classes that are modally definable but not first-order defin-
able.

Section 3.3: Definable and Undefinable Properties (Basic track). We first show
that validity is preserved under the formation ofdisjoint unions, generated
subframesandbounded morphic images, and anti-preserved underultrafil-
ter extensions. We then use these constructions to give examples of frame
classes that arenot modally definable, and state the Goldblatt-Thomason
Theorem.

Section 3.4: Finite Frames (Basic track).Finite frames enjoy a number of pleas-
ant properties. We first prove a simple analog of the Goldblatt-Thomason
Theorem for finite transitive frames. We then introduce thefinite frame
property, and show that a normal modal logic has the finite frame property
if and only if it has the finite model property.

Section 3.5: Automatic First-Order Correspondence (Basictrack). Here we pre-
pare for the proof of theSahlqvist Correspondence Theoremin the follow-
ing section. We introduce positive and negative formulas, and show that
their monotonicity properties can help eliminate second-order quantifiers.

Section 3.6: Sahlqvist Formulas (Basic track).In this section we prove the Sahl-
qvist Correspondence Theorem. Our approach is incremental. We first
explore the key ideas in the setting of two smaller fragments, and then
state and prove the main result.

Section 3.7: More About Sahlqvist Formulas (Advanced track). We first discuss
the limitations of the Sahlqvist Correspondence Theorem. We then prove
Kracht’s Theorem, which provides a syntactic description of the first-order
formulas that can be obtained as translations of Sahlqvist formulas.

Section 3.8: Advanced Frame Theory (Advanced track).We finish off the chap-
ter with some advanced material on frame constructions, andprove the
Goldblatt-Thomason Theorem model-theoretically.

3.1 Frame Definability

This chapter is mostly about using modal formulas to define classes of frames. In
this section we introduce the basic ideas (definability, andfirst- and second-order
frame languages), and give a number of examples of modally definable frames
classes. Most of these examples — and indeed, most of the examples given in this
chapter — are important in their own right and will be used in later chapters.

Frame definability rests on the notion of a formula beingvalid on a frame, a
concept which was discussed in Section 1.3 (see in particular Definition 1.28). We
first recall and extend this definition.

Definition 3.1 (Validity) Let � be a modal similarity type. A formula� (of this
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similarity type) isvalid at a statew in a frame F (notation: F; w 
 �; here, of
course,F is a frame of type� ) if � is true atw in every model(F; V ) based onF; �
is valid on a frameF (notation:F 
 �) if it is valid at every state inF. A formula� is valid on a class of framesK (notation:K 
 �) if it is valid on every frameF
in K. We denote the class of frames where� is valid byFr�.

These concepts can be extended to sets of formulas in the obvious way. In par-
ticular, a set� of modal formulas (of type� ) is valid on a frameF (also of type� ) if every formula in� is valid onF; and� is valid on a classK of framesif �
is valid on every member ofK. We denote the class of frames where� is valid byFr� . a
Now for the concept underlying most of our work in this chapter:

Definition 3.2 (Definability) Let � be a modal similarity type,� a modal formula
of this type, andK a class of� -frames. We say that� defines(or characterizes) K
if for all framesF, F is in K if and only if F 
 �. Similarly, if � is a set of modal
formulas of this type, we say that� definesK if F is inK if and only if F 
 � .

A class of frames is(modally) definableif there is some set of modal formulas
that defines it. a
In short, a modal formula defines a class of frames if the formula pins down pre-
cisely the frames that are in that class via the concept of validity. The following
generalization of this concept is sometimes useful:

Definition 3.3 (Relative Definability) Let � be a modal similarity type,� a modal
formula of this type, andC a class of� -frames. We say that� defines(or charac-
terizes) a classK of frameswithin C (or relative toC) if for all framesF in C we
have thatF is inK if and only if F 
 �.

Similarly, if � is a set of modal formulas of this type, we say that� definesa
classK of frameswithin C (or relative toC) if for all framesF in C we have thatF
is inK if and only if F 
 � . a
Note that whenC is the class ofall � -frames, definability withinC is our original
notion of definability. In Section 3.4 we will investigate which frames are definable
within the class of finite transitive frames, but for the mostpart we will work with
the ‘absolute’ notion of definability given in Definition 3.2.

We often say that a formula� (or a set of formulas� ) defines aproperty (for
example, reflexivity) if it defines the class of frames satisfying that property. For
example, we will shortly see thatp ! 3p defines the class of reflexive frames; in
practice, we would often simply say thatp! 3p defines reflexivity.

Up till now our discussion has been purely modal — but of course, as frames are
just relational structures, we are free to define frame classes using a wide variety of
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non-modallanguages. For example, the class of reflexive frames is simply the class
of all frames that make8xRxx true. In this chapter, we are interested in comparing
modal languages with the following classical languages as tools for defining frame
classes:

Definition 3.4 (Frame Languages)For any modal similarity type� , the first-
order frame languageof � is the first-order language that has the identity symbol=
together with ann+1-ary relation symbolRM for eachn-ary modal operatorM in� . We denote this language byL1� . We often call it thefirst-order correspondence
language(for � ).

Let � be any set of proposition letters. Themonadic second-order frame lan-
guageof � over� is the monadic second-order language obtained by augmentingL1� with a�-indexed collection of monadic predicate variables. (Thatis, this lan-
guage has all the resources ofL1� , and in addition is capable of quantifying over
subsets of frames.) We denote this language byL2� (�), though sometimes we sup-
press reference to� and writeL2� . Moreover, we often simply call it thesecond-
order frame languageor thesecond-order correspondence language(for � ), taking
it for granted that only monadic second-order quantification is permitted. a
Note that the second-order frame language is extremely powerful, even for the
basic modal similarity type. For example, ifR is interpreted as the relation of set
membership, second-order ZF set theory can be axiomatized by a single sentence
of this language.

Definition 3.5 (Frame Correspondence)If a class of frames (or more informally,
a property) can be defined by a modal formula� and by a formula� from one of
these frame languages, then we say that� and� are each others (frame)correspon-
dents. a
For example, the basic modal formulap! 3p and the first-order sentence8xRxx
are correspondents, for we will shortly see thatp ! 3p defines reflexivity. Later
in this chapter we will show how to systematically find correspondents of modal
formulas by adopting a slightly different perspective on the standard translation
introduced in Section 2.4.

In Definition 3.5 we did mention the possibility that modal formulas correspond
to asetof first-order formulas. Why not? The reason is that this situation simply
cannot occur, as we ask the reader to show in Exercise 3.8.3.

There are a number of practical reasons for being interestedin frame definabil-
ity. First, some applications of modal logic are essentially syntacticallydriven;
their starting point is some collection of modal formulas expressing axioms, laws,
or principles which for some reason we find interesting or significant. Frame de-
finability can be an invaluable tool in such work, for by determining which frame
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classes these formulas define we obtain a mathematical perspective on their con-
tent. On the other hand, some applications of modal logic areessentiallyseman-
tically driven; their starting point is some class of frames of interest. But here too
definability is a useful concept. For a start, can the modal language distinguish the
‘good’ frames from the ‘bad’ ones? And which properties can the modal language
expresswithin the class of ‘good’ frames? Finally, many applied modal languages
contain several modalities, whose intended meanings are interrelated. Sometimes
it is clear that these relationships should validate certain formulas, and we want to
extract the frame-theoretic property they correspond to. On the other hand it may
be clear what the relevant frame-theoretic property is (forexample, in the basic
temporal language we want theP andF operators to scan backwards and forward
along thesamerelation) and we want to see whether there is a modal formula that
defines this property. In short, thinking in terms of frame definability can be useful
for a variety of reasons — and as the following examples will make clear, modal
languages can define some very interesting frame classes indeed.

Example 3.6 In Example 1.10 in Section 1.2 we mentioned the following reading
of the modalities: read3� as ‘it ispossiblythe case that�’ and2� as ‘necessarily�’. We also mentioned that a number of interesting looking principles concerning
necessity and possibility could be stated in the basic modallanguage. Here are
three important examples, together with their traditionalnames:

(T) p! 3p
(4) 33p! 3p
(5) 3p! 23p
But now the problems start. While the status of T seems secure(if p holds here-
and-now,p must bepossible) but what about 4 and 5? When we have to deal with
embedded modalities, our intuitions tend to fade, even for such simple formulas as
4 and 5; it is not easy to say whether they should be accepted, and if we only have
our everyday understanding of the words ‘necessarily’ and ‘possibly’ to guide us, it
is difficult to determine whether these principles are interrelated. What we need is
amathematicalperspective on their content, and that is what the frame definability
offers. So let’s see what frame conditions these principlesdefine.

Our first claim is that for any frameF = (W;R), the axiom T corresponds to
reflexivityof the relationR: F 
 T iff F j= 8xRxx: (3.1)

The proof of the right to left direction of (3.1) is easy: letF be a reflexive frame,
and take an arbitrary valuationV onF, and a statew in F such that(F; V ); w 
 p.
We need to show that3p holds at some state that is accessible fromw — but asR
is reflexive,w is accessible from itself, andw 
 3p.
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For the other direction, we use contraposition: suppose that R is not reflexive,
that is, there exists a statew which is not accessible from itself. To falsify T inF, it suffices to find a valuationV and a statev such thatp holds atv, but3p
does not. It is pretty obvious that we should choosev to be our irreflexive statew. Now the valuationV has to satisfy two conditions: (1)w 2 V (p) and (2)fx 2 W j Rwxg \ V (p) = ?. Consider theminimal valuationV satisfying
condition (1), that is, take V (p) = fwg:
Then it is immediate that(F; V ); w 
 p. Now let v be anR-successor ofw. AsRww does not hold inF, v must be distinct fromw, sov 6
 p. As v was arbitrary,w 6
 3p. This proves (3.1).

Likewise, one can prove that for any frameF = (W;R)F 
 4 iff R is transitive, and (3.2)F 
 5 iff R is euclidean; (3.3)

where a relation iseuclideanif it satisfies8xyz ((Rxy ^Rxz)! Ryz). We leave
the proofs of (3.2) and the easy (right to left) direction of (3.3) to the reader. For
the left to right direction of (3.3), we again argue by contraposition. Assume thatF is a non-euclidean frame; then there must be statesu, v andw such thatRuv,Ruw, but notRvw: uu uvuw��������1PPPPPPPPq ?��HH
We will try to falsify 5 in u; for this purpose we have to find a valuationV such
that(F; V ); u 
 3p and(F; V ); u 6
 23p. In other words, we have to makep true
at someR-successorx of u, andfalseat allR-successors of someR-successory
of u. Some reflection shows that appropriate candidates forx andy arew andv,
respectively. Note that again the constraints onV are twofold: (1)w 2 V (p) and
(2) fz j Rvzg \ V (p) = ?.

Let us take amaximalV satisfying condition (2), that is, defineV (p) = fz 2W j it is not the case thatRvzg:
Now clearlyv 6
 3p, sou 6
 23p. On the other hand we havew 
 p, sincew
is in the setfz 2 W j it is not the case thatRvzg. Sou 
 3p. In other words,
we have indeed found a valuationV and a stateu such that5 does not hold inu.
Therefore,5 is not valid inF. This proves (3.3). a
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Example 3.7 Suppose that we are working with the basic temporal language(see
Section 1.3 and in particular Example 1.25) and that we are interested indense
bidirectional frames (that is, structures in which betweenevery two points there is a
third). This property can be defined using a first-order sentence (namely8xy (x <y ! 9z (x < z ^ z < y)) but can the basic temporal language define it too?

It can. The following simple formula suffices:Fp ! FFp. To see this, letT = (T;<) be a frame such thatT 
 Fp! FFp. Suppose that a pointt 2 T has
a<-successort0. To show thatt andt0 satisfy the density condition, consider the
following minimalvaluationVm guaranteeing that(T; Vm); t 
 Fp:Vm(p) = ft0g:
Now, under this valuationt 
 Fp, and by assumptionT 
 Fp ! FFp, hencet 
 FFp. This means there is a points such thatt < s ands 
 Fp. But ast0 is
theonly state wherep holds, this implies thats < t0, sos is the intermediate point
we were looking for.

Conversely, letT = (T;<) be a dense frame, and assume that under some
valuationV , Fp holds at somet 2 T . Then there is a pointt0 such thatt < t0 andt0 
 p. But asT is dense, there is a points such thatt < s < t0, hences 
 Fp and
hencet 
 FFp.

Note that nothing in the previous argument depended on the fact that we were
working with the basic temporal language; the previous argument also shows that
density is definable in the basic modal language using the formula3p ! 33p.
Note that this is the converse of the 4 axiom that defines transitivity. a
Example 3.8 Here’s a more abstract example. Suppose we are working with a
similarity type with three binary operatorsM1, M2 andM3, and that we are in-
terested in the class of frames in which the three ternary accessibility relations
(denoted byR1, R2 andR3, respectively), offer, so to speak, three ‘perspectives’
on the same relation. To put this precisely, suppose we want the conditionR1stu iff R2tus iff R3ust
to hold for alls, t andu in such frame. Can we define this class of frames?

We can. We will show that for all framesF = (W;R1; R2; R3) we haveF 
 p ^ (qM1r)! (q ^ rM2p)M1r iff F j= 8xyz (R1xyz ! R2yzx): (3.4)

(Recall that we use infix notation for dyadic operation symbols.) The easy direction
is from right to left. LetF be a frame satisfying8xyz (R1xyz ! R2yzx). Con-
sider an arbitrary valuationV on F and an arbitrary states such that(F; V ); s 
p ^ (qM1r). Then,s 
 p and there are statest andu with R1stu, t 
 q andu 
 r. FromR1stu we deriveR2tus. But thent 
 q ^ rM2p, so byR1stu we
haves 
 (q ^ rM2p)M1r.



3.2 Frame Definability and Second-Order Logic 131

For the other direction, suppose that the modal formulap ^ (qM1r) ! (q ^rM2p)M1r is valid in F, and consider statess, t andu in F with R1stu. We will
show thatR2tus. Consider a valuationV with V (p) = fsg, V (q) = ftg andV (r) = fug. Then(F; V ); s 
 p^qM1r, so by our assumption,s 
 (q^rM2p)M1r.
Hence, there must be statest0, u0 with R1st0u0, t0 
 q ^ rM2p andu0 
 r. Fromt0 
 q it follows thatt = t0, so we havet 
 rM2p. Again, using the truth definition
we find statess00, u00 with R2tu00s00, u00 
 r ands00 
 p. The latter two facts imply
thatu00 = u ands00 = s. But then we haveR2tus, as required. a
From these examples the reader could easily get the impression that modal for-
mulas always correspond to frame properties that are definable in first-order logic.
This impression is wrong, and in the next section we will see why.

Exercises for Section 3.1
3.1.1 Consider a language with two diamondsh1i andh2i. Show thatp! [2℄h1ip is valid
on precisely those frames for the language that satisfy the condition8xy (R2xy ! R1yx).
What sort of frames doesp! [1℄h1ip define?

3.1.2 Consider a language with three diamondsh1i, h2i, andh3i. Show that the modal
formula h3ip $ h1ih2ip is valid on a frame for this language if and only if the frame
satisfies the condition8xy (R3xy $ 9z (R1xz ^R2zy)).

3.2 Frame Definability and Second-Order Logic

In this section we show that modal languages can get to grips with notions that
exceed the expressive power of first-order logic, and explain why. We start by pre-
senting three well-known examples of modal formulas that define frame properties
which cannot be expressed in first-order logic. Then, drawing on our discussion of
the standard translation in Section 2.4, we show that such results are to be expected:
as we will see, modal formulas standardly correspond tosecond-orderframe con-
ditions. Indeed, the real mystery is not why they do so (this turns out to be rather
obvious), but why they sometimes correspond to simplefirst-orderconditions such
as reflexivity or transitivity (we discuss this more difficult issue in Sections 3.5–
3.7).

Example 3.9 Consider the Löb formula2(2p ! p) ! 2p, which we will callL for brevity. This formula plays an essential role inprovability logic, a branch of
modal logic where2� is read as ‘it isprovable(in some formal system) that�’.
The formulaL is named after Löb, who provedL as a theorem of the provability
logic of Peano Arithmetic. We’ll first show thatL defines the class of frames(W;R) such thatR is transitive andR’s converse is well-founded. (A relationR is well-foundedif there is no infinite sequence: : :Rw2Rw1Rw0; hence,R’s
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converse is well-founded if there is no infiniteR-path emanating from any state. In
particular, this excludes cycles and loops.)

We’ll then show that this is a class of frames that first-orderframe languages
cannotdefine; that is, we’ll show that this class is notelementary.

To see thatL defines the stated property, assume thatF = (W;R) is a frame
with a transitive and conversely well-founded relationR, and then suppose for the
sake of a contradiction thatL is not valid inF. This means that there is a valuationV and a statew such that(F; V ); w 6
 2(2p ! p) ! 2p. In other words,w 
2(2p! p), butw 6
 2p. Thenw must have a successorw1 such thatw1 6
 p, and
as2p! p holds at all successors ofw, we have thatw1 6
 2p. This in turn implies
thatw1 must have a successorw2 wherep is false; note that by the transitivity ofR,w2 is also a successor ofw. But now, simply by repeating our argument, we see thatw2 must have ap-falsifying successorw3 (which by transitivity must be a successor
of w1), thatw3 has a successorw4 (which by transitivity must be a successor ofw1), and so on. In short, we have found an infinite pathwRw1Rw2Rw3R : : :,
contradicting the converse well-foundedness ofR. (Note that the pointsw1, w2,
. . . need not all be distinct.)uw uw1 uw2 uw3 . . .- - - -
For the other direction, we use contraposition. That is, we assume that eitherR
is not transitive or its converse is not well-founded; in both cases we have to find
a valuationV and a statew such that(F; V ); w 6
 L. We leave the case whereR is not transitive to the reader (hint: instead ofL, consider the frame equivalent
formula3p! 3(p^:3p)) and only consider the second case. So assume thatR
is transitive, but not conversely well-founded. In other words, suppose we have a
transitive frame containing an infinite sequencew0Rw1Rw2R : : :. We exploit the
presence of this sequence by defining the following valuation V :V (p) =W n fx 2W j there is an infinite path starting fromxg:
We leave it to the reader to verify that under this valuation,2p ! p is trueevery-
wherein the model, whence certainly,(F; V ); w0 
 2(2p ! p). The claim then
follows from the fact that(F; V ); w0 6
 2p.

Finally, to show that the class of frames defined byL is not elementary, an easy
compactness argument suffices. Suppose for the sake of a contradiction that there
is a first-order formula equivalent toL; call this formula�. As� is equivalent toL,
any model making� true must be transitive. Let�n(x0; : : : ; xn) be the first-order
formula stating that there is anR-path of lengthn throughx0; : : : ; xn:�n(x0; : : : ; xn) = ^0�i<nRxixi+1:
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Obviously, everyfinite subset of� = f�g [ f8xyz ((Rxy ^Ryz)! Rxz)g [ f�n j n 2 !g
is satisfiable in a finite linear order, and hence in the class of transitive, conversely
well-founded frames. Thus by the Compactness Theorem,� itself must have a
model. But it is clear that� is not satisfiable in any conversely well-founded
frame — and�, being equivalent toL, is supposed to define the class of transi-
tive, conversely well-founded frames. From this contradiction we conclude thatL
cannot be equivalent to any first-order formula.

CouldL then perhaps be equivalent to an (infinite)setof first-order formulas?
No — we already mentioned (right after Definition 3.5 that this kind of correspon-
dence never occurs.a
Our next example concernspropositional dynamic logic(PDL). Recall that this
language contains a family of diamondsfh�i j � 2 �g (where� is a collection of
programs) and the program constructors[, ; and�. In the intended frames for this
language (that is, theregular frames; see Example 1.26) we want the accessibility
relations for diamonds built using these constructors to reflect choice, composition,
and iteration of programs, respectively. Now, to reflect iteration we demanded that
the relationR�� used for the program�� be the reflexive, transitive closure of
the relationR� used for�. But it is well-known that this constraintcannotbe
expressed in first-order logic (as with the Löb example, this can be shown using
a compactness argument, and the reader was asked to do this inExercise 2.4.5).
Because of this, when we discussedPDL at the level of models in Section 2.4 we
used theinfinitary languageL!1! as the correspondence language forPDL; using
infinite disjunctions enabled us to capture the ‘keep looking!’ force of � that eludes
first-order logic. But although first-order logic cannot getto grips with�, PDL itself
can — via the concept of frame definability.

Example 3.10 PDL can be interpreted on any transition system of the formF =(W;R�)�2� . Let us call such a frame�-proper if the transition relationR�� of
each program�� is the reflexive and transitive closure of the transition relationR�
of �. Can we single out, by modal means, the�-proper frames within the class of
all transition systems of the form(W;R�)�2�? And can we then go on to single
out the class of all regular frames?

The answer to both questions isyes. Consider the following set of formulas� = f[��℄(p! [�℄p)! (p! [��℄p); h��ip$ (p _ h�ih��ip) j � 2 �g:
As we mentioned in Example 1.15,[��℄(p ! [�℄p) ! (p ! [��℄p) is called
Segerberg’s axiom, or theinduction axiom. We claim that for anyPDL-frameF:F 
 � iff F is �-proper: (3.5)
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The reader is asked to supply a proof of this in Exercise 3.2.1.
A straightforward consequence is thatPDL is strong enough to define the class

of regular frames. The constraints on the relations interpreting[ and; are simple
first-order conditions, and� = fh�1;�2ip$ h�1ih�2ip; h�1 [ �2ip$ h�1ip _ h�2ip j � 2 �g:
pins down down what is required. So� [ � defines the regular frames.a
In the previous two examples we encountered modal formulas that expressed frame
properties that were, although not elementary, still relatively easy to understand.
(Note however that in order to formally express (converse) well-foundedness in
a classical language, one needs heavy machinery — the infinitary languageL!1!
does not suffice!) The next example shows that extremely simple modal formulas
can define second-order frame conditions that are not easy tounderstand at all.

Example 3.11 We will show that the McKinsey formula23p ! 32p does not
correspond to a first-order condition by showing that it violates the Löwenheim-
Skolem theorem.

Consider the frameF = (W;R), whereW = fwg [ fvn; v(n;i) j n 2 N; i 2 f0; 1gg [ fzf j f : N ! f0; 1gg;
and R = f(w; vn); (vn; v(n;i)); (v(n;i); v(n;i)) j n 2 N; i 2 f0; 1gg [f(w; zf ); (zf ; v(n;f(n))) j n 2 N; f : N ! f0; 1gg:
In a picture:

����������
����3

u6u
PPPPPi �����1u u u

wvn
v(n;0) v(n;1) zf? ?
	��
	�-

Note thatW contains uncountably many points, for the set of functions indexing
thez points is uncountable.

Our first observation is thatF 
 23p ! 32p. We leave it to the reader to
verify that for allu different fromw, F; u 
 23p ! 32p. As to showing that
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 23p ! 32p, suppose that(F; V ); w 
 23p. Then, for eachn 2 N,(F; V ); vn 
 3p. From this we get either(F; V ); v(n;0) 
 p or (F; V ); v(n;1) 
 p.
Choosef : N ! f0; 1g such that(F; V ); v(n;f(n)) 
 p, for eachn 2 N. Then
clearly,(F; V ); zf 
 2p, and so(F; V ); w 
 32p.

In order to show that23p! 32p does not define a first-order frame condition,
let’s view the frameF as a first-order model with domainW . By the downward
Löwenheim-Skolem Theorem (here we need the strong versionof Theorem A.11)
there must be a countable elementary submodelF0 of Fwhose domainW 0 containsw, and eachvn, v(n;0) andv(n;1). AsW is uncountable andW 0 countable, there
must be a mappingf : N ! f0; 1g such thatzf does not belong toW 0. Now,
if the McKinsey formula was equivalent to a first-order formula it would be valid
on F0 (the Löwenheim-Skolem Theorem tells us thatF andF0 are elementarily
equivalent). But we will show that the McKinsey formula isnot valid onF0, hence
it cannot be equivalent to a first-order formula.

Let V 0 be a valuation onF0 such thatV 0(p) = fv(n;f(n)) j n 2 Ng; heref is a
mapping such thatzf does not belong toW 0. We will show that underV 0, 23p is
true atw, but32p is not.

It is easy to see that(F0; V 0); w 6
 32p. For a start, sincep holds at exactly one
of v(n;0) andv(n;1), 2p is false at eachvn. Now consider an arbitrary elementzg
in W 0. Theng is distinct fromf , so there must be an elementn 2 N such thatg(n) 6= f(n). Observe thatp is thus true atv(n;f(n)), and, more interestingly, false
at v(n;g(n)); this means thatzg has a successor wherep is false, so(F0; V 0); zg 6
2p. Hence, we have not been able to find a successor forw where2p holds, so(F0; V 0); w 6
 32p.

In order to show that(F0; V 0); w 
 23p we reason as follows. Note first that(F0; V 0); vn 
 3p, for each statevn. Now consider an arbitrary elementzg of W 0.
Call two stateszh andzk of F complementaryif for all n, h(n) = 1 � k(n); the
reader should verify that this relation can be expressed in first-order logic. Now
suppose thatzg is complementary tozf ; since complementary states are unique,
the fact thatF0 is an elementary submodel ofF would imply thatzf exists inF0 as
well. Clearly then, we may conclude thatzg is not complementary tozf . Hence,
there exists somen 2 N such thatg(n) = f(n). Therefore,(F0; V 0); zg 
 3p. But
then3p holds at every successor ofw. a
Clearly then, modal languages can express many highly complex properties via the
notion of frame validity. In fact, as was shown by S.K. Thomason for the basic
modal similarity type, the consequence relation for the entire second-order lan-
guageL2� can be reduced in a certain sense to the (global) consequencerelation
over frames. More precisely, Thomason showed that there is acomputable trans-
lation f takingL2 sentences� to modal formulasf(�), and a special fixed modal
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formulaÆ, such that for all sets of ofL2 sentences�, we have that� j= � iff fÆg [ ff(�) j � 2 �g 
g f(�):
On the frame level, propositional modal logic must be understood as a rather strong
fragment of classical monadic second-order logic. We now face the question:why?

The answer turns out to be surprisingly simple. Recall from Definition 3.1 that
validity is defined by quantifying over all states of the universe and all possible
valuations. But a valuation assigns asubsetof a frame to each proposition let-
ter, and this means that when we quantify across all valuations we are implicitly
quantifying across all subsets of the frame. In short, monadic second-order quan-
tification is hard-wired into the very definition of validity; it is hardly surprising
that frame-definability is such a powerful concept.

Let’s make this answer more precise. In the previous chapter, we saw that at
the level of models, the modal languageML(�; �) can be translated in a truth-
preserving way into the first-order languageL1� (�) (see Proposition 2.47). Let us
adopt a slightly different perspective:

View the predicate symbolP that corresponds to the propositional letterp as
a monadic second-order variable that we can quantify over.

If we do this, we are in effect viewing the standard translation as a way of translat-
ing into the second-order frame languageL2� (�) introduced in Definition 3.4. And
if we view the standard translation this way we are lead, virtually immediately, to
the following result.

Proposition 3.12 Let � be a modal similarity type, and� a � -formula. Then for
any� -frameF and any statew in F:F; w 
 � iff F j= 8P1 : : : 8Pn ST x(�)[w℄;F 
 � iff F j= 8P1 : : : 8Pn8xST x(�):
Here, the second-order quantifiers bind second-order variablesPi corresponding
to the proposition letterspi occurring in�.

Proof. Let M = (F; V ) be any model based onF, and letw be any state inF.
Then we have that(F; V ); w 
 � iff F j= ST x(�)[w;P1; : : : ; Pn℄;
where the notation[w;P1; : : : ; Pn℄ means ‘assignw to the free first-order variablex in ST x(�), andV (p1); : : : ; V (pn) to the free monadic second-order variables’.
Note that this equivalence is nothing new; it’s simply a restatement of Proposi-
tion 2.47 in second-order terms. But then we obtain the first part of the Theorem
simply by universally quantifying over the free variablesP1,. . . ,Pn. The second
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part follows from the first by universally quantifying over the states of the frame
(as in Proposition 3.30). a
It is fairly common to refer to theL2� (�) formula 8P1 : : : 8Pn8xSTx(�) as the
standard translation of�, since it is usually clear whether we are working at the
level of models or the level of frames. Nonetheless, we will try and reserve the
term standard translation to mean theL1� (�) formula produced by the translation
process, and refer to8P1 : : : 8Pn8xST x(�) as thesecond-order translationof �.

Let’s sum up what we have learned. That modal formulas can define second-
order properties of frames is neither mysterious nor surprising: because modal
validity is defined in terms of quantification over subsets offrames, it is intrinsi-
cally second-order, hence so is the notion of frame definability. Indeed, the real
mystery lies not with such honest, hard-working, formulas as Löb and McKinsey,
but with such lazy formulas as T, 4 and 5 discussed in the previous section. For
example, if we apply the second-order translation to T (thatis, p! 3p) we obtain8P8x (Px! 9y(Rxy ^ Py)):
We already know that T defines reflexivity, so this must be a (somewhat baroque)
second-order way of expressing reflexivity — and it’s fairlyeasy to see that this
is so. But this sort of thing happens a lot: 4 and 5 give rise to (fairly complex)
second-order expressions, yet the complexity melts away leaving a simple first-
order equivalent behind. The contrast with the McKinsey formula is striking: what
is going on? This is an interesting question, and we discuss it in detail in Sec-
tions 3.5–3.7.

Another point is worth making: our discussion throws light on the somewhat
mysteriousgeneral framesintroduced in Section 1.4. Recall that a general frame is
a frame together with a collection of valuationsA satisfying certain modally natural
closure conditions. We claimed that general frames combined the key advantage
of frames (namely, that they support the key logical notion of validity) with the
advantage of models (namely, that they are concrete and easyto work with). The
work of this section helps explain why.

The key point is this. A general frame can be viewed as ageneralized model
for (monadic) second-order logic. A generalized model for second-order logic is
a model in which the second-order quantifiers are viewed as ranging not overall
subsets, but only over a pre-selected sub-collection of subsets. And of course, the
collection of valuationsA in a general frame is essentially such a sub-collection of
subsets. This means that the following equivalence holds:(F; A) 
 � iff (F; A) j= 8P1 : : : 8Pn8xST x(�)
Here the block of quantifiers8P1 : : : 8Pn denotes not genuine second-order quan-
tification, but generalized second-order quantification (that is, quantification over
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the subsets inA). Generalized second-order quantification is essentiallya first-
order ‘approximation’ of second-order quantification thatpossesses many proper-
ties that genuine second-order quantification lacks (such as Completeness, Com-
pactness, and Löwenheim-Skolem). In short, one of the reasons general frames
are so useful is that they offer a first-order perspective (via generalized models) on
what is essentially a second-order phenomenon (frame validity). This isn’t the full
story — the algebraic perspective on general frames is vitalto modal logic — but
it should make clear that these unusual looking structures fill an important logical
niche.

Exercises for Section 3.2
3.2.1 (a) Consider a modal language with two diamondsh1i andh2i. Prove that the

class of frames in whichR1 is the reflexive transitive closure ofR2 is defined by the
conjunction of the formulash1ip! (p_h1i(:p^h2ip) andh1ip$ (p_h2ih1ip).

(b) Conclude that in the similarity type ofPDL, the set� as defined in Example 3.10
defines the class of�-proper frames.

(c) Consider the example of multi-agent epistemic logic; let f1; : : : ; ng be the set of
agents. Suppose that one is interested in the operatorsE (E� stands for ‘everybody
knows�’) andC (C�meaning that ‘it is common knowledge that�’). The intended
relations modelingE andC are given by:REuv iff

V1�i�n RiuvRCuv iff there is a pathu = x0REx1RE : : : xn�1RExn = v:
Write down a set of (epistemic) formulas that characterizesthe class of epistemic
frames where these conditions are met.

3.2.2 Show that Grzegorczyk’s formula,2((p ! 2p) ! p) ! p characterizes the class
of framesF = (W;R) satisfying (i)R is reflexive, (ii)R is transitive and (iii) there are no
infinite pathsx0Rx1Rx2R : : : such that for alli, xi 6= xi+1.

3.2.3 Consider the basic temporal language (see Example 1.24). Recall that a frameF =(W;RF ; RP ) for this language is calledbidirectionalif RP is the converse ofRF .

(a) Prove that among the finite bidirectional frames, the formulaG(Gp ! p) ! Gp
together with its converse,H(Hp! p) ! Hp defines the transitive and irreflexive
frames.

(b) Prove that among the bidirectional frames that are transitive, irreflexive, and satisfy8xy (RFxy _ x = y _ RPxy), this same set defines the finite frames.
(c) Is there a finite set of formulas in thebasicmodal language that has these same

definability properties?

3.2.4 Consider the following formula in the basic similarity type: := 32p! 3(2(p ^ q) _2(p ^ :q)):
The aim of this exercise is to show that does not define a first-order condition on frames.
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(a) To obtain some intuitions about the meaning of , let us first give a relatively simple
first-order conditionimplyingthe validity of :� := 8xy (Rxy ! 9z (Rxz ^ 8uv ((Rzu ^Rzv)! (u = v ^ Ryu))));
stating (in words) that for every pair(x; y) in R, x has a successorz which itself
has at most one successor, this point being also a successor of y.
Show that is valid in any frame satisfying�.

(b) Consider the frameF = (W;R) which we define as follows. Letu be a non-
principal ultrafilter over the setN of the natural numbers. ThenW := fug[u[N,
that is, the states ofW areu itself, each subset ofN that is a member ofu and each
natural number. The relationR is the converse of the membership relation, that is,Rst iff t 2 s. Show thatF 6
 � andF 
  .

(c) Prove that does not have a first-order correspondent by showing that is in-
valid on all countablestructures that are elementarily equivalent toF (that is, all
countable structures satisfying the same first-order formulas asF).

3.3 Definable and Undefinable Properties

We have seen that modal languages are a powerful tool for defining frames: we
have seen examples of modally definable frame classes that are not first-order de-
finable, and it is clear that validity is an inherently second-order concept. But what
are the limits of modal definability? For example, can modal languages define all
first-order frame classes (the answer isno, as we will shortly see)? And anyway,
how should we go about showing that a class of frames isnot modally definable?
After all, we can’t try out all possible formulas; somethingmore sophisticated is
needed.

In this section we will answer these question by introducingfour fundamental
frame constructions:disjoint unions, generated subframes, bounded morphic im-
ages, andultrafilter extensions. The names should be familiar: these are the frame
theoretic analogs of the model-theoretic constructions studied in the previous chap-
ter, and they are going to do a lot of work for us, both here and in later chapters.
For a start, it is a more-or-less immediate consequence of the previous chapter’s
work that the first three constructions preserve modal validity, while the fourth
anti-preserves it. But this means that these constructionsprovide powerful tests for
modal definability: by showing that some class of frames isnot closed under one
of these constructions, we will be able to show that itcannotbe modally definable.

Definition 3.13 The definitions of the disjoint union of a family of frames, a gen-
erated subframe of a frame, and a bounded morphism from one frame to another,
are obtained by deleting the clauses concerning valuationsfrom Examples 2.2, 2.5
and 2.10.

That is, for disjoint� -framesFi = (Wi; RMi)M2� (i 2 I), theirdisjoint unionis
the structure

Ui Fi = (W;RM)M2� such thatW is the union of the setsWi and for
eachM 2 � ,RM is the union

Si2I RMi.
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We say that a� -frameF0 = (W 0; R0M)M2� is agenerated subframeof the frameF = (W;RM)M2� (notation:F0� F) wheneverF0 is a subframe ofF (with respect
toRM for all M 2 � ), and the following heredity condition is fulfilled for allM 2 �

if u 2W 0 andRMuu1 : : : un, thenu1; : : : ; un 2W 0.
LetX be a subset of the universe of a frameF; we denote byFX the subframe gen-
erated byX, that is, the generated subframe ofF that is based on the smallest setW 0 that containsX and satisfies the above heredity condition. IfX is a singletonfwg, we writeFw for thesubframe generated byw; if a frameF is generated by a
singleton subset of its universe, we call itrootedor point-generated.

And finally, a bounded morphism from a� -frameF = (W;RM)M2� to a � -
frameF0 = (W 0; R0M)M2� is a function fromW toW 0 satisfying the following two
conditions:

(forth) For allM 2 � , RMwv1 : : : vn impliesR0Mf(w)f(v1) : : : f(vn).
(back) IfR0Mf(w)v01 : : : v0n then there existv1 : : : vn such thatRMwv1 : : : vn andf(vi) = v0i (for 1 � i � n).

We say thatF0 is a bounded morphic image ofF, notation:F � F0, if there is a
surjective bounded morphism fromF ontoF0. a
It is an essential characteristic of modal formulas that their validity is preserved
under the structural operations just defined:

Theorem 3.14 Let� be a modal similarity type, and� a � -formula.

(i) LetfFi j i 2 Ig be a family of frames. Then
UFi 
 � if Fi 
 � for everyi

in I.
(ii) Assume thatF0� F. ThenF0 
 � if F 
 �.

(iii) Assume thatF� F0. ThenF0 
 � if F 
 �.

Proof. We only prove (iii), the preservation result for taking bounded morphic
images, and leave the other cases to the reader as Exercise 3.3.1. So, assume thatf
is a surjective bounded morphism fromF ontoF0, and thatF 
 �. We have to show
thatF0 
 �. So suppose that� is notvalid inF0. Then there must be a valuationV 0
and a statew0 such that(F0; V 0); w0 6
 �. Define the following valuationV onF:V (pi) = fx 2W j f(x) 2 V 0(pi)g:
This definition is tailored to makef a bounded morphism between the models(F; V ) and(F0; V 0) — the reader is asked to verify the details. Now we use the
fact thatf is surjective to find aw such thatf(w) = w0. It follows from Proposi-
tion 2.14 that(F; V ); w 6
 �. In other words, we have falsified� in the frameF,
and shown the contrapositive of the desired result.a
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Think of these frame constructions astest criteria for the definability of frame
properties: if a property is not preserved under one (or more) of these frame con-
structions, then it cannot be modally definable. Let’s consider some examples of
such testing.

Example 3.15 The class of finite frames is not modally definable. For suppose
there was a set of formulas� (in the basic modal similarity type) characteriz-
ing the finite frames. Then� would be valid in every one-point frameFi =(fwig; f(wi; wi)g) (i < !). By Theorem 3.14(1) this would imply that� was
also valid in the disjoint union

Ui Fi:'& $%����uw0 ����uw1 ����uw2 ����uw3 . . .

But clearly this cannot be the case, for
Ui Fi is infinite.

The class of frames having a reflexive point (9xRxx) does not have a modal
characterization either (again we work with the basic modalsimilarity type). For
suppose that the set� characterized this class. Consider the following frameF:�� ��uv uu� -uwÆ
��
As w is a reflexive state,F 
 �. Now consider the generated subframeFv of F.
Clearly,� cannot be valid inFv, since neitherv noru is reflexive. But this contra-
dicts the fact that validity of modal formulas is preserved under taking generated
subframes (Theorem 3.14(ii)).

The two final examples involve the use of bounded morphisms. First, irreflexiv-
ity is not definable. To see this, simply note that the function which collapses the
set of natural numbers in their usual order to a single reflexive point is a surjec-
tive bounded morphism. As the former frame is irreflexive, while the latter is not,
irreflexivity cannot be modally definable.

Actually, a more sophisticated variant of this example letsus prove even more.
Consider the following two frames:F = (!; S), the natural numbers with the
successor relation (Smn iff n = m + 1), andG = (fe; og; f(e; o); (o; e)g) as
depicted below.
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In Example 2.11 we saw that the mapf sending even numbers toe and odd num-
bers too is a surjective bounded morphism. By the same style of reasoning as in
the earlier examples, it follows that no propertyP is modally definable ifF hasP
andG lacks it. This shows, for example, that there is no set of formulas character-
izing the asymmetric frames (8xy (Rxy ! :Ryx)). a
Now for the fourth frame construction. Recall that in Section 2.5 we introduced
the idea ofultrafilter extensions; see Definition 2.57 and Proposition 2.59. Once
again, simply by ignoring the parts of the definition that deal with valuations, we
can lift this concept to the level of frames, and this immediately provides us with
the followinganti-preservation result:

Corollary 3.16 Let � be a modal similarity type,F a � -frame, and� a � -formula.
ThenF 
 � if ue F 
 �.

Proof. Assume that� is not valid inF. That is, there is a valuationV and a statew
such that(F; V ); w 
 :�. By Proposition 2.59,:� is false atuw in the ultrafilter
extension ofM. But then we have refuted� in ue F. a
Once again, we can use this result to show that frame properties are not modally
definable. For example, working in the basic modal similarity type, consider the
property that every state has a reflexive successor:8x9y (Rxy ^ Ryy). We claim
that this property isnotmodally definable, even though it is preserved under taking
disjoint unions, generated subframes and bounded morphic images. To verify our
claim, the reader is asked to consider the frame in Example 2.58. It is easy to
see that every state ofue F has a reflexive successor — take any non-principal
ultrafilter. ButF itself clearly does not satisfy the property, asF hasno reflexive
states. Now suppose that the property were modally definable, say by the set of
formulas�. Then we would haveue F 
 �, but F 6
 � — a clear violation of
Corollary 3.16.

Note the direction of the preservation result in Corollary 3.16. It states that
modal validity isanti-preserved under taking ultrafilter extensions. This naturally
raises the question whether the other direction holds as well, that is, whetherF 
 �
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implies ue F 
 �. For a partial answer to this question, we need the following
theorem:

Theorem 3.17 Let � be a modal similarity type, andF a � -frame. ThenF has an
ultrapower

QU F such that
QU F� ue F. In a diagram:

FQU F ue FZZZZ~~
Proof. Advanced track readers will be asked to supply a proof of thisTheorem in
Exercise 3.8.1 below. a
And now we have the following partial converse to Corollary 3.16:

Corollary 3.18 Let � be a modal similarity type, and� a � -formula. If� defines
a first-order property of frames, then frame validity of� is preserved under taking
ultrafilter extensions.

Proof. Let� be a modal formula which defines a first-order property of frames, and
let F be a frame such thatF 
 �. By the previous theorem, there is an ultrapowerQU F of F such that

QU F � ue F. As first-order properties are preserved under
taking ultrapowers,

QU F 
 �. But thenue F 
 � by Theorem 3.14. a
We are on the verge of one of the best-known results in modal logic: theGoldblatt-
Thomason Theorem. This result tells us that — at least as far as first-order definable
frame classes are concerned — the four frame constructions we have discussed
constitute necessaryand sufficientconditions for a class of frames to be modally
definable. We are not going to prove this important result right away, but we will
take this opportunity to state it precisely. We use the following terminology: a class
of framesK reflectsultrafilter extensions ifue F 2 K impliesF 2 K.

Theorem 3.19 (Goldblatt-Thomason Theorem)Let� be a modal similarity type.
A first-order definable classK of � -frames is modally definable if and only if it
is closed under taking bounded morphic images, generated subframes, disjoint
unions and reflects ultrafilter extensions.

Proof. A model-theoretic proof will be given in Section 3.8 below; this proof lies
on the advanced track. An algebraic proof will be given in Chapter 5; this proof
lies on the basic track. In addition, a simple special case which holds for finite
transitive frames is proved in the following section.a
In fact, we can weaken the condition of first-order definability to closure under
ultrapowers, cf. Exercise 3.8.4 or Theorem 5.54.
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Exercises for Section 3.3
3.3.1 (a) Prove that frame validity is preserved under taking generated subframes and

disjoint unions.
(b) Which of the implications in Theorem 3.14 can be replacedwith an equivalence?
(c) Is frame validity preserved under taking ultraproducts?

3.3.2 Consider the basic modal language. Show that the following properties of frames
are not modally definable:

(a) antisymmetry (8xy(Rxy ^ Ryx! x 6= y)),
(b) jW j > 23,
(c) jW j < 23,
(d) acyclicity (there is no path from anyx to itself),
(e) every state has at most one predecessor,
(f) every state has at least two successors.

3.3.3 Consider a language with three diamonds,31, 32 and33. For each of the frame
conditions on the corresponding accessibility relations below, find out whether it is modally
definable or not.

(a) R1 is the union ofR2 andR3,
(b) R1 is the intersection ofR2 andR3,
(c) R1 is the complement ofR2,
(d) R1 is the composition ofR2 andR3,
(e) R1 is the identity relation,
(f) R1 is the complement of the identity relation.

3.3.4 Show that any frame is a bounded morphic image of the disjointunion of its rooted
generated subframes.

3.4 Finite Frames

In this section we prove two simple results about finite frames. First we state and
prove a version of the Goldblatt-Thomason Theorem for finitetransitive frames.
Next we introduce the finite frame property, and show that a normal modal logic
has the finite frame property if and only if it has the finite model property.

Finite transitive frames

An elegant analog of the Goldblatt-Thomason Theorem holds for finite transitive
frames: within this class, closure under the three structural operations of (finite)
disjoint unions, generated submodels, and bounded morphisms is a necessaryand
sufficientcondition for a class of frames to be modally definable. The proof is
straightforward and makes use ofJankov-Fine formulas.

Let F = (W;R) be a point-generated finite transitive frame for the basic modal
similarity type, and letw be a root ofF. The Jankov-Fine formula�F;w is essen-
tially a description ofF that has the following property: it is satisfiable on a frameG if and only if F is a bounded morphic image of a generated subframe ofG.
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We build Jankov-Fine formulas as follows. Enumerate the states ofF asw0, . . . ,wn, wherew = w0. Associate each statewi with a distinct proposition letterpi.
Let �F;w be the conjunction of the following formulas:

(i) p0
(ii) 2(p0 _ � � � _ pn).
(iii) (pi ! :pj) ^2(pi ! :pj), for eachi; j with i 6= j � n
(iv) (pi ! 3pj) ^2(pi ! 3pj), for eachi; j with Rwiwj
(v) (pi ! :3pj) ^2(pi ! :3pj), for eachi; j with :Rwiwj

Note that asR is transitive, each node inF is accessible in one step fromw. It fol-
lows that when formulas of the form ^2 are satisfied atw,  is true throughoutF. With this observed, the content of Jankov-Fine formulas should be clear: the
first three conjuncts state that each node inF is uniquely labeled by somepi (withp0 labellingw0) while the last two conjuncts use this labeling to describe the frame
structure.

Lemma 3.20 Let F be a transitive, finite, point-generated frame, letw be a root
of F, and let�F;w be the Jankov-Fine formula forF andw. Then for any frameG
we have the following equivalence: there is a valuationV and a nodev such that(G; V ); v 
 �F;w if and only if there exists a bounded morphism fromGv ontoF.

Proof. Left to the reader as Exercise 3.4.1.a
With the help of this lemma, it is easy to prove the following Goldblatt-Thomason
analog:

Theorem 3.21 Recall that�0 denotes the basic modal similarity type. LetK be a
class of�0-frames. ThenK is definable within the class of transitive finite� -frames
if and only if it is closed under taking (finite) disjoint unions, generated subframes,
and bounded morphic images.

Proof. The right to left direction is immediate: we know from the previous section
that any modally definable frame class is closed under these operations. So let’s
consider the more interesting converse.

Assume thatK satisfies the stated closure condition. Let�K be the logic ofK;
that is,�K = f� j F 
 �, for all F 2 Kg. We will show that�K definesK. Clearly�K is valid on every frame inK, so to complete the proof we need to show that ifF 
 �K, whereF is finite and transitive, thenF 2 K. We split the proof into two
cases.

First suppose thatF is point-generated with rootw. Consider the Jankov-Fine
formula�F;w for F andw. Clearly�F;w is satisfiable inF atw, so:�F;w =2 �K.
Hence there is someG 2 K such thatG 6
 :�F;w; in other words, for some
valuationV and statev we have(G; V ); v 
 �F;w. Thus by the previous lemma,
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closure conditions onK, it follows thatF 2 K.

So suppose thatF is not point-generated. But then asF 
 �K, so does each
point-generated subframe ofF, hence by the work of the previous paragraph all
these subframes belong toK. But by Exercise 3.3.4,F is a bounded morphic image
of the disjoint union of its rooted generated subframes, soF belongs toK too. a
The finite frame property

Our next result deals not with frame definability, but with the relationship between
normal modal logics and finite frames. Normal modal logics were introduced in
Section 1.6 (see in particular Definition 1.42). Recall thatnormal modal logics
are sets of formulas (containing certain axioms) that are closed under three simple
conditions (modus ponens, uniform substitution, and generalization). They are the
standard tool for capturing the notion of validitysyntactically.

Now, in Section 2.3 we introduced the finitemodelproperty. We did not apply
the concept to normal modal logics — but as a normal logic is simply a set of
formulas, we can easily extend the definition to permit this:

Definition 3.22 A normal modal logic� has the finite model property with respect
to some class of modelsM if M 
 � and every formulanot in� is refuted in afinite
modelM in M. � has the finite model property if it has the finite model property
with respect to some class of models.a
Informally, if a normal modal logic has the finite model property, it has a finite
semanticcharacterization:it is precisely the set of formulas that some collection of
finite models makes globally true. This is an attractive property, and as we’ll see in
Chapter 6 when we discuss the decidability of normal logics,a useful one too.

But something seems wrong. It is the level offrames, rather than the level of
models, which supports the key logical concept of validity.It certainly seems sen-
sible to try and semantically characterize normal logics interms of finite structures
— but it seems we should do so using finiteframes, not finite models. That is, the
following property seems more appropriate:

Definition 3.23 (Finite Frame Property) Let� be a normal modal logic andF a
class of finite frames. We say� has thefinite frame property with respect toF if
and only ifF 
 �, and for every formula� such that� 62 � there is someF 2 F
such that� is falsifiable onF. We say� has thefinite frame propertyif and only if
it has the finite frame property with respect to some class of finite frames. a
Note that to establish the finite frame property of a normal modal logic�, it is not
sufficient to prove that any formula� 62 � can be refuted on a model where� is
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globally true: in addition one has to ensure that the underlying frameof the model
validates�. If a logic has the finite frame property (and many important ones do,
as we will learn in Chapter 6) then clearly there is no room forargument: it really
can be characterized semantically in terms of finite structures.

But now for a surprising result. The finite frame property isnotstronger than the
finite model property: we will show that a normal modal logic has the finite frame
property if and only if it has the finite model property. This result will prove useful
at a number of places in Chapters 4 and 6. Moreover, while proving it we’ll meet
some other concepts, notablydefinable variantsanddistinguishing models, which
will be useful when proving Bull’s Theorem in Section 4.9.

Definition 3.24 (Definable Variant)LetM = (W;R; V ) be a model andU �W .
We sayU is definable inM if and only if there is a formula�U such that for all
statesw 2W ,M; w 
 �U iff w 2 U .

Any modelM0 based on the frame(W;R) is called avariant of M. A variant(W;R; V 0) of M is definable in M if and only if for all proposition symbolsp,V 0(p) is definable inM. If M0 is a variant ofM that is definable inM, we callM0
adefinable variantof M. a
Recall that normal modal logics are closed under uniform substitution, the process
of uniformly replacing propositional symbols with arbitrary formulas (see Sec-
tion 1.6), and that a formula obtained from� by uniform substitution is called a
substitution instanceof �. Our intuitive understanding of uniform substitution suf-
fices for most purposes, but in order to prove the following lemma we need to refer
to the precise concepts of Definition 1.18.

Lemma 3.25 LetM = (F; V ) be a model andM0 = (F; V 0) be a definable vari-
ant ofM. For any formula�, let�0 be the result of uniformly replacing each atomic
symbolp in � by �V 0(p), where�V 0(p) definesV 0(p) in M. Then for all formulas�, and all normal modal logics�:

(i) M0; w 
 � iff M; w 
 �0:
(ii) If every substitution instance of� is true inM, then every substitution in-

stance of� is true inM0.
(iii) If M 
 � thenM0 
 �.

Proof. Item (i) follows by induction on�. For the base case we haveM0; w 
p iff M; w 
 �V 0(p). As (:�)0 = :�0, (� _  )0 = �0 _  0, and(3�)0 = 3�0
(cf. Definition 1.18) the inductive steps are immediate.

For item (ii), we show the contrapositive. Let be a substitution instance of�
and suppose thatM0 6
  . Thus there is somew in M such thatM0; w 6
  . By
item (i),M; w 6
  0, which means thatM 6
  0. But as 0 is a substitution instance
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of  , and is a substitution instance of�, we have that 0 is a substitution instance
of � (see Exercise 1.2.5) and the result follows.

Item (iii) is an immediate consequence of item (ii), for normal modal logics are
closed under uniform substitution.a
We now isolate a type of model capable of definingall its variants:

Definition 3.26 (Distinguishing Model)A modelM is distinguishingif the rela-
tion! of modal equivalence between states ofM is the identity relation. a
In other words, a modelM is distinguishingif and only if for all statesw andu
in M, if w 6= u, then there is a formula� such thatM; w 
 � andM; u 6
 �.
Many important models are distinguishing. For example, allfiltrations (see Defi-
nition 2.36) are distinguishing. Moreover, the canonical models introduced in Sec-
tion 4.2 are distinguishing too. And, and as we will now see, when a distinguishing
model isfinite, it can define all its variants.

Lemma 3.27 LetM = (F; V ) be a finite distinguishing model. Then:

(i) For every statew inM there is a formula�w that is true at, and only at,w.
(ii) M can define any subset ofF. HenceM can define all its variants.

(iii) If M 
 � thenF 
 �.

Proof. For item (i), suppose thatF = (W;R), and enumerate the states inW asw1,. . . ,wn. For all pairs(i; j) such that1 � i; j � n andi 6= j, choose�i;j to be a
formula such thatM; wi 
 �i;j andM; wj 6
 �i;j (such a formula exists, forM is
distinguishing) and define�wi to be�i;1 ^ � � � ^ �i;n: Clearly�wi is true atwi and
false everywhere else.

Item (ii) is an easy consequence. For letU be any subset ofW . Then
Ww2U �w

definesU . Hence asM can define all subsets ofW , it can defineV 0(p), for any
valuationV 0 onF and propositional symbolp.

As for item (iii), supposeM 
 �. By item (iii) of the previous lemma we have
thatM0 
 �, whereM0 is any definable variant ofM. But we have just seen thatM can define all its variants, henceF 
 �. a
Lemmas 3.25 and 3.27 will be important in their own right whenwe prove Bull’s
theorem in Section 4.9. And with the help of a neat filtration argument, they yield
the main result:

Theorem 3.28 A normal modal logic has the finite frame property iff it has the
finite model property.

Proof. The left to right direction is immediate. For the converse, suppose that�
is a normal modal logic with the finite model property. Since we will need to take
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a filtration through�, we have to be explicit about the set of proposition letters of
the formulas in�, so assume that� � Form(�; �).

Take a formula in the languageML(�; �) that does not belong to�. We will
show that� can be refuted on a finite frameF such thatF 
 �.

As � has the finite model property, there is a finite modelM such thatM 
 �
andM; w 6
 � for some statew in M. Let � be the set of all subformulas of
formulas inf�g [�, and letMf be any filtration ofM through�. AsM is finite,
so isMf . As Mf is a filtration, it is a distinguishing model. By the Filtration
Theorem (Theorem 2.39),Mf ; jwj 6
 �. MoreoverMf 
 �, for as every state
in M satisfies all formulas in�, so does every state inMf (again, this follows
from the Filtration Theorem). LetF be the (finite) frame underlyingMf . By
Lemma 3.27 item (iii),F 
 �, and we have proved the theorem.a
Note the somewhat unusual use of filtrations in this proof. Normally we filtrate
infinite models through finite sets of formulas. Here we filtrated afinite model
through aninfinite sets of formulas to guarantee that an entire logic remained true.

This result shows that the concepts of normal modal logics and frame valid-
ity fit together well in the finite domain: if a normal logic hasa finite semantic
characterization in terms of models, then it is guaranteed to have a finiteframe-
basedsemantic characterization as well. But be warned: one of themost striking
results of the following chapter is that logics and frame validity don’t always fit
together so neatly. In fact, theframe incompleteness resultswill eventually lead
us (in Chapter 5) to the use of new semantic structures, namely modal algebras, to
analyze normal modal logics. But this is jumping ahead. It’stime to revert to our
discussion of frame definability — but from a rather different perspective. So far,
our approach has been firmlysemantical. This has taught us a lot: in particular,
the Goldblatt-Thomason theorem has given us a model-theoretic characterization
of the elementary frame classes that are modally definable. Moreover, we will see
in Chapter 5 that the semantic approach has an important algebraic dimension. But
it is also possible to approach frame definability from a moresyntacticperspective,
and that’s what we’re going to do now. This will lead us to the other main result of
the chapter: the Sahlqvist Correspondence Theorem.

Exercises for Section 3.4
3.4.1 Prove Lemma 3.20. That is, suppose that�F;w is the Jankov-Fine formula for a
transitive finite frameF with rootw. Show that for any frameG, �F;w is satisfiable onG
at a nodev iff F is a bounded morphic image ofGv .

3.4.2 LetM be a model, letMf be any filtration ofM through some finite set of formulas�, and letf be the natural map associated with the filtration. Ifu is a point in the filtration,
show thatf�1[u℄ is definable inM.
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3.5 Automatic First-Order Correspondence

We have learned a lot about frame definability in the previoussections. In partic-
ular, we have learned that frame definability is a second-order notion, and that the
second-order correspondent of any modal formula can be straightforwardly com-
puted using the Second-Order Translation. Moreover, we know that many modal
formulas have first-order correspondents, and that the Goldblatt-Thomason Theo-
rem gives us a model-theoretic characterization of the frame classes they define.

Nonetheless, there remains a gap in our understanding: although many modal
formulas define first-order conditions on frames, it is not really clearwhy they do
so. To put it another way, in many cases the (often difficult todecipher) second-
order condition yielded by the second-order translation isequivalent to a much
simpler first-order condition. Is there any system to this? Better, are there algo-
rithms that enable us to compute first-order correspondentsautomatically, and if so,
how general are these algorithms? This section, and the two that follow, develop
some answers.

A large part of this work centers on a beautiful positive result: there is a large
class of formulas, theSahlqvist formulas, each of which defines a first-order con-
dition on frames which is effectively calculable using theSahlqvist-van Benthem
algorithm; this is the celebratedSahlqvist Correspondence Theorem, which we
will state and prove in the following section. The proof of this theorem sheds light
on why so many second-order correspondents turn out to be equivalent to a first-
order condition. Moreover each Sahlqvist formula iscompletewith respect to the
class of first-order frames it defines; this is theSahlqvist Completeness Theorem,
which we will formulate more precisely in Theorem 4.42 and prove in Section 5.6.
All in all, the Sahlqvist fragment is interesting from both theoretical and practical
perspectives, and we devote a lot of attention to it.

In this section we lay the groundwork for the proof of the Sahlqvist Correspon-
dence Theorem. We are going to introduce two simple classes of modal formulas,
theclosedformulas and theuniformformulas, and show that they define first-order
conditions on frames. Along the way we are going to learn about positive and
negative formulas, what they have to do with monotonicity, and how they can help
us get rid of second-order quantifiers. These ideas will be put to work, in a more
sophisticated way, in the following section.

One other thing: in what follows we are going to work with a stronger notion of
correspondence. The concept of correspondence given in Definition 3.5 isglobal:
a modal and a (first- or second-order) frame formula are called correspondents if
they are valid on precisely the same frames. But it is naturalto demand that validity
matcheslocally:

Definition 3.29 (Local Frame Correspondence)Let � be a modal formula in
some similarity type, and�(x) a formula in the corresponding first- or second-
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order frame language (x is supposed to be the only free variable of�). Then we
say that� and�(x) are local frame correspondentsof each other if the following
holds, for any frameF and any statew of F:F; w 
 � iff F j= �[w℄: a
In fact, we’ve been implicitly using local correspondence all along. In Example 3.6
we showed thatp ! 3p corresponds to8xRxx — but inspection of the proof
reveals we did so by showing thatp! 3p locally corresponds toRxx. Similarly,
in Example 3.7 we showed that3p ! 33p corresponds to density by showing
that3p ! 33p locally corresponds to8yz (Rxy ^ Ryz ! Rxz). It should be
clear from these examples that the local notion of correspondence is fundamental,
and that the following connection holds between the local and global notions:

Proposition 3.30 If �(x) is a local correspondent of the modal formula�, then8x�(x) is a global correspondent of�. So if� has a first-order local correspon-
dent, then it also has a first-order global correspondent.

Proof. Trivial. a
What about the converse? In particular, suppose that the modal formula� has a
first orderglobal correspondent; will it also have a first-order local correspondent?
Intriguingly, the answer to this question is negative, as wewill see in Example 3.57.

But until we come to this result, we won’t mention global correspondence much:
it’s simpler to state and prove results in terms of local correspondence, relying on
the previous lemma to guarantee correspondence in the global sense. With this
point settled, it’s time to start thinking about correspondence theory systematically.

Closed formulas

There is one obvious class of modal formulas guaranteed to correspond to first-
order frame conditions: formulas which contain no proposition letters.

Example 3.31 Consider the basic temporal language. The formulaP> defines
the property that there is no first point of time. More precisely, P> is valid on
precisely those frames such that every point has a predecessor.

Now, obviously it is easy to prove this directly, but for present purposes the
following argument is more interesting. By Proposition 3.12, for any bidirectional
frameF and any pointw in F we have that:F; w 
 P> iff F j= 8P1 : : : 8Pn STx(P>)[w℄;
whereP1, . . . ,Pn are the unary predicate variables corresponding to the proposi-
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tion lettersp1, . . . , pn occurring inP>. But P> containsno propositional vari-
ables, hence there are no second-order quantifiers, and hence:F; w 
 P> iff F j= ST x(P>)[w℄:
ButST x(P>) is 9y (Ryx^y = y), which is equivalent to9y Ryx. SoP> locally
corresponds to9yRyx (and thusglobally corresponds to8x9yRyx). a
The argument used in this example is extremely simple, and obviously general-
izes. We’ll state and prove the required generalization, and then move on to richer
pastures.

Definition 3.32 A modal formula� is closedif and only if it contains no proposi-
tion letters. Thus closed formulas are built up from>,?, and any nullary modali-
ties (or modal constants) the signature may contain.a
Proposition 3.33 Let� be a closed formula. Then� locally corresponds to a first-
order formula
�(x) which is effectively computable from�.

Proof. By Proposition 3.12 and the fact that� contains no propositional variables
we have: F; w 
 � iff F j= ST x(�)[w℄:
As it is easy to write a program that computesST x(�), the claim follows immedi-
ately. a
Closed formulas arise naturally in some applications (a noteworthy example is
provability logic), thus the preceding result is quite useful in practice.

Uniform formulas

Although the previous proposition was extremely simple, itdoes point the way to
the strategy followed in our approach to the Sahlqvist Correspondence Theorem:
we are going to look for ways of stripping off the initial block of monadic second-
order universal quantifiers in8P1 : : : 8PnST x(�), thus reducing the translation toSTx(�). The obvious way of getting rid of universal quantifiers is toperform
universal instantiation, and this is exactly what we will do. Both here, and in the
work of the next section, we will look for simple instantiations for theP1, . . . ,Pn,
which result in first-order formulas equivalent to the original. We will be able to
make this strategy work because of the syntactic restrictions placed on�.

One of the restrictions imposed on Sahlqvist formulas invokes the idea ofpos-
itive andnegativeoccurrences of proposition letters. We now introduce this idea,
study its semantic significance, and then, as an introduction to the techniques of
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the following section, use a simple instantiation argumentto show that the second-
order translations ofuniform formulas are effectively reducible to first-order con-
ditions on frames.

Definition 3.34 An occurrence of a proposition letterp is apositiveoccurrence if
it is in the scope of an even number of negation signs; it is anegativeoccurrence if
it is in the scope of an odd number of negation signs. (This is one of the few places
in the book where it is important to think in terms of the primitive connectives.
For example, the occurrence ofp in 3(p ! q) is negative, for this formula is
shorthand for3(:p _ q).) A modal formula� is positive inp (negative inp) if all
occurrences ofp in � are positive (negative). A formula is calledpositive(negative)
if it is positive (negative) in all proposition letters occurring in it.

Analogous concepts are defined for the corresponding second-order language.
That is, an occurrence of a unary predicate variableP in a second-order formula is
positive(negative) if it is in the scope of an even (odd) number of negation signs. A
second-order formula� is positive inP (negative inP ) if all occurrences ofP in �
are positive (negative), and it is calledpositive(negative) if it is positive (negative)
in all unary predicate variables occurring in it.a
Lemma 3.35 Let� be a modal formula.

(i) � is positive inp iff STx(�) is positive in the corresponding unary predicateP .
(ii) If � is positive (negative) inp, then:� is negative (positive) inp.

Proof. Virtually immediate. a
Positive and negative formulas are important because of their special semantic
properties. In particular, they exhibit a useful form ofmonotonicity.

Definition 3.36 Fix a modal languageML(�; �), and letp 2 �. A modal for-
mula � is upward monotone inp if its truth is preserved under extensions of
the interpretation ofp. More precisely,� is upward monotone inp if for ev-
ery model(W;RM; V )M2� , every statew 2 W , and every valuationV 0 such thatV (p) � V 0(p) and for allq 6= p, V (q) = V 0(q), the following holds:

if (W;RM; V )M2� ; w 
 �, then(W;RM; V 0)M2� ; w 
 �.

In short, extendingV (p) (while leaving the interpretation of any other proposi-
tional variable unchanged) has the effect of extendingV (�) (or keeping it the
same).

Likewise, a formula� is downward monotone inp if its truth is preserved under
shrinkings of the interpretation ofp. That is, for every model(W;RM; V )M2� ,
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every statew 2 W , and every valuationV 0 such thatV 0(p) � V (p) and for allq 6= p, V (q) = V 0(q), the following holds:

if (W;RM; V )M2� ; w 
 �, then(W;RM; V 0)M2� ; w 
 �.

The notions of a second-order formula beingupwardanddownward monotone in
a unary predicate variableP are defined analogously; we leave this task to the
reader. a
Lemma 3.37 Let� be a modal formula.

(i) If � is positive inp, then it is upward monotone inp.
(ii) If � is negative inp, then it is downward monotone inp.

Proof. Prove both parts simultaneously by induction on�; see Exercise 3.5.3.a
But what do upward and downward monotonicity have to do with frame definabil-
ity? The following example is instructive.

Example 3.38 The formula32p locally corresponds to a first-order formula. For
supposeF; w 
 32p. Regardless of the valuation, the formula32p holds atw.
So consider aminimal valuation (forp) on F; that is, choose anyVm such thatVm(p) = ?. Then asw 
 32p, there must be a successorv of w such that2p
holds atv. However, there are nop-states, sov must be blind (that is, without
successors). In other words, we have shown that(F; Vm); w 
 32p only if F j= 9y (Rxy ^ :9z Ryz)[w℄:
Now for the interesting direction: assume that the statew in the frameF has a
blind successor. It follows immediately that(F; Vm); w 
 32p, whereVm is any
minimal valuation (forp). We claim that the formula32p is valid atw. To see this,
consider an arbitrary valuationV and a pointw of F. By item (i) of Lemma 3.37,32p is upward monotone inp. Hence it follows from the fact thatVm(p) � V (p)
that(F; V ); w 
 32p. AsV was arbitrary,32p is valid onF atw. a
The key point is the last part of the argument: the use of a minimal valuation fol-
lowed by an appeal to monotonicity to establish a result about all valuations. But
now think about this argument from the perspective of the second-order correspon-
dence language: in effect, weinstantiatedthe predicate variable corresponding top with the smallest subset of the frame possible, and then useda monotonicity
argument to establish a result aboutall assignments toP .

This simple idea lies behind much of our work on the Sahlqvistfragment. To
illustrate the style of argumentation it leads to, we will now use an instantiation
argument to show that alluniformmodal formulas define first-order conditions on
frames.
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Definition 3.39 A proposition letterp occursuniformly in a modal formula if it
occurs only positively, or only negatively. A predicate variableP occurs uniformly
in a second-order formula if it occurs only positively, or only negatively. A modal
formula isuniform if all the propositional letters it contains occur uniformly. A
second-order formula is uniform if all the unary predicate variables it contains
occur uniformly. a
Theorem 3.40 If � is a uniform modal formula, then� locally corresponds to a
first-order formula
�(x) on frames. Moreover,
� is effectively computable from�.

Proof. Consider the universally quantified second-order equivalent of �:8P1 : : : 8Pn ST x(�); (3.6)

whereP1, . . . ,Pn are second-order variables corresponding to the proposition let-
ters in�. Our aim is to show that (3.6) is equivalent to a first-order formula by per-
forming appropriate instantiations for the universally quantified monadic second-
order variablesP1, . . .Pn.

As � is uniform, by Lemma 3.35 so isST x(�). We will instantiate the unary
predicates that occur positively with a predicate denotingas small a set as possi-
ble (that is, the empty set), and the unary predicates that occur negatively with a
predicate denoting as large a set as possible (that is, all the states in the frame). We
will use Church’s�-notation for the required substitution instance providing the
formulas that define these predicates. For everyP occurring inST x(�), define�(P ) � � �u: u 6= u; if STx(�) is positive inP�u: u = u; if STx(�) is negative inP :
Of course, the idea is that instantiating a universal second-order formula according
to this substitution� simply means (i) removing the second-order quantifiers and
(ii) replacing every atomic subformulaPy with the formula�(P )(y), that is, with
eithery 6= y or y = y (as given by the definition).1

Now consider the following instance of (3.6) in which every unary predicateP
has been replaced by�(P ):[�(P1)=P1; : : : ; �(Pn)=Pn℄ST x(�): (3.7)

We will show that (3.7) is equivalent to (3.6). It is immediate that (3.6) implies
(3.7), for the latter is an instantiation of the former. For the converse implication
we assume thatM j= [�(P1)=P1; : : : ; �(Pn)=Pn℄ST x(�)[w℄; (3.8)1 If you are unfamiliar with�-notation, all you really need to know to follow the proof is that�u: u 6= u and�u: u = u are predicates denoting the empty set and the set of all states respectively. Some explanatory

remarks on�-notation are given following the proof.
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and we have to show thatM j= 8P1 : : : 8Pn STx(�)[w℄:
By the choice of�(P ), for predicatesP that occur only positively inST x(�) we
have thatM j= 8y (�(P )(y) ! P (y)), and for predicatesP that occur only neg-
atively in STx(�), we have thatM j= 8y (P (y) ! �(P )(y)). (Readers familiar
with �-notation will realize that we have implicitly appealed to�-conversion here.
Readers unfamiliar with�-notation should simply note that when�(P ) is a predi-
cate denoting the empty set, then�(P )(y) is false no matter whaty denotes, while
if �(P ) denotes the set of all states,�(P )(y) is guaranteed to be true.) Hence,
asSTx(�) is positive or negative in all unary predicatesP occurring in it, (3.8)
together with Lemma 3.37 imply that foranychoice ofP1, . . . ,Pn,(M; P1; : : : ; Pn) j= ST x(�)[w℄;
which means thatM j= 8P1 : : : 8Pn STx(�) as required. Finally, in any program-
ming language with decent symbol manipulation facilities it is straightforward to
write a program which, when given a uniform formula�, producesST x(�) and
carries out the required instantiations. Hence the first-order correspondents of uni-
form formulas are computable. a
On �-notation

Although it is not essential to use�-notation, itis convenient and we will apply it
in the following section. For readers unfamiliar with it, here’s a quick introduction
to the fundamental ideas.

We have used Church’s�-notation as a way of writing predicates, that is, entities
which denote subsets. But lambda expressions don’t denote subsets directly; rather
they denote theircharacteristic functions. Suppose we are working with a frame(W;R). Let S � W . Then the characteristic function ofS (with respect toW ) is
the function�S with domainW and rangef0; 1g such that�S(s) = 1 if s 2 S and�S(s) = 0 otherwise. Reading 1 as true and 0 as false,�S is simply the function
that says truthfully of each element ofW whether it belongs toS or not.

Lambda expressions pick out characteristic functions in the obvious way. For
example, when working with a frame(W;R), �u: u 6= u denotes the function
fromW to f0; 1g that assigns 1 to every elementw 2 W that satisfiesu 6= u and
0 to everything else. But forno choice ofw is it the case thatw 6= w; hence, as
we stated in the previous proof,�u: u 6= u denotes the characteristic function of
the empty set. Similarly,�u: u = u denotes the characteristic function ofW , forw = w for everyw 2W .

Lambda expressions take the drudgery out of dealing with substitutions. Con-
sider the second-order formulaPx. This is satisfied in a model if and only if the
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element assigned tox belongs to the subset assigned toP . For example, ifP is as-
signed the empty set,Px will be false no matter whatx is assigned. Now suppose
we substitute(�u: u 6= u) for P in Px. This yields the expression(�u: u 6= u)x.
Read this as ‘apply the function denoted by�u: u 6= u to the state denoted byx’.
Clearly this yields the value 0 (that is,false). The process of�-conversion men-
tioned in the proof is essentially a way of rewriting such functional applications
to simpler but equivalent forms; for more details, consult one of the introductions
cited in the Notes. Newcomers to�-notation should try Exercise 3.5.1 right away.

Exercises for Section 3.5
3.5.1 Explain why we could have used the following predicate definitions in the proof of
Theorem 3.38: for everyP occurring inSTx(�), define�(P ) � � �u:?; if STx(�) is positive inP�u:>; if STx(�) is negative inP :
If you have difficulties with this, consult one of the introductions to�-calculus cited in the
notes before proceeding further.

3.5.2 Let � be a modal formula which is positive in all propositional variables. Prove that� can be rewritten into a normal form which is built up from proposition letters, usinĝ ,_,3 and2 only.

3.5.3 Prove Lemma 3.37. That is, show that if a modal formula� is positive inp, then it
is upward monotone inp, and that if it is negative inp, then it is downward monotone inp.

3.6 Sahlqvist Formulas

In the proof of Theorem 3.40 we showed that uniform formulas correspond to first-
order conditions by finding a suitableinstantiation for the universally quantified
monadic second-order variables in their second-order translation and appealing to
monotonicity. This is an important idea, and the rest of this section is devoted to
extending it: the Sahlqvist fragment is essentially a largeclass of formulas to which
this style of argument can be applied.

Very simple Sahlqvist formulas

Roughly speaking, Sahlqvist formulas are built up from implications� !  ,
where is positive and� is of a restricted form (to be specified below) from which
the required instantiations can be read off. We now define a limited version of the
Sahlqvist fragment for the basic modal language; generalizations and extensions
will be discussed shortly.
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Definition 3.41 We will work in the basic modal language. Avery simple Sahl-
qvist antecedentover this language is a formula built up from>, ? and proposi-
tion letters, using onlŷ and3. A very simple Sahlqvist formulais an implication�!  in which is positive and� is a very simple Sahlqvist antecedent.a
Examples of very simple Sahlqvist formulas includep ! 3p and(p ^ 33q) !23(p ^ q).

The following theorem is central for understanding what Sahlqvist correspon-
dence is all about. Its proof describes and justifies an algorithm for converting
simple Sahlqvist formulas into first-order formulas; the algorithms given later for
richer Sahlqvist fragments elaborate on ideas introduced here. Examples of the al-
gorithm in action are given below; it is a good idea to refer tothese while studying
the proof.

Theorem 3.42 Let � = � !  be a very simple Sahlqvist formula in the basic
modal languageML(�0; �). Then� locally corresponds to a first-order formula
�(x) on frames. Moreover,
� is effectively computable from�.

Proof. Our starting point is the formula8P1 : : : 8Pn (ST x(�)! ST x( )), which
is the local second-order translation of�. We assume that this translation has
undergone a pre-processing step to ensure that no two quantifiers bind the same
variable, and no quantifier bindsx. Let us denoteSTx( ) by POS; that is, we
have a translation of the form:8P1 : : : 8Pn (ST x(�)! POS): (3.9)

We will now rewrite (3.9) to a form from which we can read off the instantiations
that will yield its first-order equivalent.

Step 1. Pull out diamonds.
Use equivalences of the form(9xi �(xi) ^ �) $ 9xi (�(xi) ^ �)
and (9xi �(xi)! �) $ 8xi (�(xi)! �)
(in that order) to move all existential quantifiers in the antecedentSTx(�) of (3.9)
to the front of the implication. Note that by our definition ofSahlqvist antecedents,
the existential quantifiers only have to cross conjunctionsbefore they reach the
main implication. Of course, the above equivalences are notvalid if the variablexi occurs freely in�, but by our assumption on the pre-processing of the formula,
this problem does not arise.

Step 1 results in a formula of the form8P1 : : : 8Pn8x1 : : : 8xm (REL^ AT ! POS); (3.10)
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where REL is a conjunction of atomic first-order statements of the formRxixj cor-
responding to occurrences of diamonds, and AT is a conjunction of (translations of)
proposition letters. It may be helpful at this point to look at the concrete examples
given below.

Step 2. Read off instances.
We can assume that every unary predicateP that occurs in the consequent of the
matrix of (3.10), also occurs in the antecedent of the matrixof (3.10): otherwise
(3.10) is positive inP and we can substitute�u: u 6= u for P (that is, make use of
the substitution used in the proof of Theorem 3.40) to obtainan equivalent formula
without occurrences ofP .

Let Pi be a unary predicate occurring in (3.10), and letPixi1 ; : : : ; Pixik be all
the occurrences of the predicatePi in the antecedent of (3.10). Define�(Pi) � �u: (u = xi1 _ � � � _ u = xik):
Note that�(Pi) is theminimalinstance making the antecedent REL^ AT true; this
lambda expression says that if a nodeu has propertyPi, thenu must be one of the
nodesxi1 , xi2 , . . . orxik explicitly stated to have propertyPi in the antecedent. But
this is nothing else than saying that if some modelM makes the formula AT true
under some assignment, then the interpretation of the predicateP mustextendthe
set of points where�(P ) holds:M j= AT[ww1 : : : wm℄ impliesM j= 8y (�(Pi)(y)! Piy)[ww1 : : : wm℄ (3.11)

This observation, in combination with the positivity of theconsequent of the Sahl-
qvist formula, forms the key to understanding why Sahlqvistformulas have first-
order correspondents.

Step 3. Instantiating.
We now use the formulas of the form�(Pi) found in Step 2 as instantiations; we
substitute�(Pi) for each occurrence ofPi in the first-order matrix of (3.10). This
results in a formula of the form[�(P1)=P1; : : : ; �(Pn)=Pn℄8x1 : : : 8xm (REL ^ AT ! POS):
Now, there are no occurrences of monadic second-order variables in REL. Further-
more, observe that by our choice of the substitution instances�(P ), the formula[�(P1)=P1; : : : ; �(Pn)=Pn℄AT will be trivially true. So after carrying out these
substitutions we end up with a formula that is equivalent to one of the form8x1 : : : 8xm (REL! [�(P1)=P1; : : : ; �(Pn)=Pn℄POS): (3.12)

As we assumed that every unary predicate occurring in the consequent of (3.10)
also occurs in its antecedent, (3.12) must be a first-order formula involving only=
and the relation symbolR. So, to complete the proof of the theorem it suffices to



160 3 Frames

show that (3.12) is equivalent to (3.10). The implication from (3.10) to (3.12) is
simply an instantiation. To prove the other implication, assume that (3.12) and the
antecedent of (3.10) are true. That is, assume thatM j= 8x1 : : : 8xm(REL! [�(P1)=P1; : : : ; �(Pn)=Pn℄POS)
and M j= REL ^AT[ww1 : : : wm℄:
We need to show thatM j= POS[ww1 : : : wm℄. First of all, it follows from the
above assumptions thatM j= [�(P1)=P1; : : : ; �(Pn)=Pn℄POS[ww1 : : : wm℄:
As POS is positive, it is upwards monotone in all unary predicates occurring in
it, so it suffices to show thatM j= 8y (�(Pi)(y) ! Piy)[ww1 : : : wm℄. But, by
the essential observation (3.11) in Step 2, this is precisely what the assumptionM j= AT[ww1 : : : wm℄ amounts to. a
Example 3.43 First consider the formulap! 3p. Its second-order translation is
the formula 8P ( Px|{z}AT ! 9z (Rxz ^ Pz)):
There are no diamonds to be pulled out here, so we can read off the minimal in-
stance�(P ) � �u: u = x immediately. Instantiation gives(�u: u = x)x! 9z (Rxz ^ �u: u = x)z);
Which (either by�-conversion or semantic reasoning) yields the following first-
order formula. x = x! 9z (Rxz ^ z = x):
Note that this is equivalent toRxx.

Our second example is the density formula3p! 33p, which has8P (9x1 (Rxx1 ^ Px1)! 9z0 (Rxz0 ^ 9z1 (Rz0z1 ^ Pz1))):
as its second-order translation. Here we can pull out the diamond9x1:8P8x1 (Rxx1| {z }REL ^Px1|{z}AT ! 9z0 (Rxz0 ^ 9z1 (Rz0z1 ^ Pz1))):
Instantiating with�(P ) � �u: u = x1 gives8x1 (Rxx1 ^ x1 = x1 ! 9z0 (Rxz0 ^ 9z1 (Rz0z1 ^ z1 = x1)));
which can be simplified to8x1 (Rxx1 ! 9z0 (Rxz0 ^Rz0x1)).
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Our last example of a very simple Sahlqvist formula is(p ^ 33p) ! 3p. Its
second-order translation is8P (Px ^ 9x1 (Rxx1 ^ 9x2 (Rx1x2 ^ Px2))! 9z0 (Rxz0 ^ Pz0)):
Pulling out the diamonds9x1 and9x2 results in8P8x18x2 (Rxx1 ^Rx1x2| {z }REL ^Px ^ Px2| {z }AT ! 9z0 (Rxz0 ^ Pz0)):
Our minimal instantiation here is:�(P ) � �u: (u = x _ u = x2). After instanti-
ating we obtain8x18x2 (Rxx1 ^Rx1x2 ^ (x = x _ x = x2) ^ (x2 = x _ x2 = x2)!9z0 (Rxz0 ^ (z0 = x _ z0 = x2))).
This formula simplifies to8x18x2 (Rxx1 ^Rx1x2 ! (Rxx _Rxx2)). a
Simple Sahlqvist formulas

What is the crucial observation we need to make about the preceding proof? Sim-
ply this: the algorithm for very simple Sahlqvist formulas worked because we were
able to find a minimal instantiation for their antecedents. We now show that min-
imal instantiations can be found for more complex Sahlqvistantecedents. First a
motivating example.

Example 3.44 Consider the formula3122p ! 2231p; we will show that this
formula locally corresponds to a kind of localconfluence(or Church-Rosser) prop-
erty ofR1 andR2:8x1z0 (R1xx1 ^R2xz0 ! 9z1(R2x1z1 ^R1z0z1)):
The reason for the apparently unnatural choice of variable names will soon become
clear, as will the somewhat roundabout approach to the proofthat we take. The
name ‘confluence’ is explained by the following picture:ux ux1uz0 uz1�����*HHHHHj H H H Hj� � � �*12 21
Let F = (W;R1; R2) be a frame andw a state inF such thatF; w 
 3122p !2231p, and letv be a state inF such thatR1wv. A sufficient condition for a
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valuation to make3122p true atw would be thatp holds at allR2-successors ofv. So aminimalsuch valuation can be defined asVm(p) = fx 2W j R2vxg:
That is,Vm makesp true atpreciselytheR2-successors ofv. AsF; w 
 3122p!2231p, we have(F; Vm); w 
 2231p, but what does this tell us about the (first-
order) properties ofF? The crucial observation is that by the choice ofVm:(F; Vm); w 
 2231p iff(F; Vm) j= 8z0 (R2xz0 ! 9z1 (R2x1z1 ^R1z0z1))[wv℄; (3.13)

which yields thatF j= 8x1z0 (R1xx1 ^R2xz0 ! 9z1 (R2x1z1 ^R1z0z1))[w℄.
Conversely, assume thatF has the confluence property atw. In order to show thatF; w 
 3122p! 2231p, letV be a valuation onF such that(F; V ); w 
 3122p.

We have to prove thatw 
 2231p. By the truth definition of31, w has anR1-
successorv satisfyingR1wv andv 
 22p. Now we use the minimal valuationVm
again; first note that by the definition ofVm, we haveVm(p) � V (p). Therefore,
Lemma 3.37 ensures that it suffices to show that2231p holds atw under the
valuationVm. But this is immediate by the assumption thatF is confluent and
(3.13). a
This example inspires the following definitions.

Definition 3.45 Let � be a modal similarity type. Aboxed atomis a formula of the
form2i1 � � �2ikp (k � 0), where2i1 , . . . ,2ik are (not necessarily distinct) boxes
of the language. In the case wherek = 0, the boxed atom2i1 � � �2ikp is just the
proposition letterp. a
Convention 3.46 In the sequel, it will be convenient to treat sequences of boxes
as single boxes. We will therefore denote the formula2i1 � � �2ikp by2�p, where� is the sequencei1 : : : ik of indices. Analogously, we will pretend to have a
corresponding binary relation symbolR� in the frame languageL1� . Thus the
expressionR�xy abbreviates the formula9y1 (Ri1xy1 ^ 9y2 (Ri2y1y2 ^ � � � ^ 9yk�1 (Rik�1yk�2yk�1 ^Rikyk�1y) : : :)):
Note that this convention allows us to write the second-order translation of the
boxed atom2�p as8y (R�xy ! Py).

If k = 0, � is the empty sequence�; in this case the formulaR�xy should be
read asx = y. Note that the Second-Order Translation of2�p (that is, of the
proposition letterp) can indeed be written as8y (R�xy ! Py).
Definition 3.47 Let � be a modal similarity type. Asimple Sahlqvist antecedent
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over this similarity type is a formula built up from>, ? and boxed atoms, using
only ^ and existential modal operators (3 andM). A simple Sahlqvist formulais
an implication�!  in which is positive (as before) and� is a simple Sahlqvist
antecedent. a
Example 3.48 Typical examples of simple Sahlqvist formulas are3p ! 33p,2p! 22p,2122p! 23p,3122p! 2231p and(2122p)M(33p^2221q)!33(qMp).

Typically forbiddenin a simple Sahlqvist antecedent are:

(i) boxes over disjunctions, as inH(r _ Fq)! G(Pr ^ Pq),
(ii) boxes over diamonds, as in23p! 32p,

(iii) dual-triangled atoms, as inp O p! p. a
Theorem 3.49 Let � be a modal similarity type, and let� = � !  be a simple
Sahlqvist formula over� . Then� locally corresponds to a first-order formula
�(x)
on frames. Moreover,
� is effectively computable from�.

Proof. The proof of this theorem is an adaptation of the proof of Theorem 3.42.
Consider the universally quantified second-order transcription of�:8P1 : : : 8Pn (ST x(�)! ST x( )): (3.14)

Again, we first make sure that no two quantifiers bind the same variable, and that
no quantifier bindsx. As before, the idea of the algorithm is to rewrite (3.14) to a
formula from which we can easily read off instantiations which yield a first-order
equivalent of (3.14).

Step 1. Pull out diamonds.
This is the same as before. This process results in a formula of the form8P1 : : : 8Pn8x1 : : : 8xm (REL^ BOX-AT ! ST x( )); (3.15)

where REL is a conjunction of atomic first-order statements of the formRxixj cor-
responding to occurrences of diamonds, and BOX-AT is a conjunction of (transla-
tions of) boxed atoms, that is, formulas of the form8y (R�xiy ! Py).
Step 2. Read off instances.
Let P be a unary predicate occurring in (3.15), and let�1(xi1), . . . , �k(xik) be
all the (translations of the) boxed atoms in the antecedent of (3.10) in which the
predicateP occurs. Observe that every�j is of the form8y (R�jxijy ! Py),
where�j is a sequence of diamond indices (recall Convention 3.46). Define�(P ) � �u: (R�1xi1u _ � � � _R�kxiku):
Again,�(P1), . . . ,�(Pn) form theminimalinstances making the antecedentREL^
BOX-AT true.
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The remainder of the proof is the same as the proof of Theorem 3.42, with the
proviso that all occurrences of ‘AT’ should be replaced by ‘BOX-AT’. a
As in the case of very simple Sahlqvist formulas, the algorithm is best understood
by inspecting some examples:

Example 3.50 Let us investigate some of the formulas given in Example 3.48. The
simple Sahlqvist formula2122p ! 23p has the following second-order transla-
tion: 8P (8y (R12xy ! Py)| {z }

BOX-AT

! 8z (R3xz ! Pz)):
There are no diamonds to be pulled out here, so we can read off the required sub-
stitution instance�(P ) � �u:R12xu immediately. Carrying out the substitution
we obtain 8y (R12xy ! R12xy)! 8z (R3xz ! R12xz);
which is equivalent to8z (R3xz ! R12xz).

Next we consider the confluence formula3122p ! 2231p, whose second-
order translation is8P (9x1 (R1xx1 ^ 8y (R2x1y ! Py))! 8z0 (R2xz0 ! 9z1 (R1z0z1 ^ Pz1))):
Pulling out the existential quantification9x1 yields8P8x1 (R1xx1| {z }REL ^8y (R2x1y ! Py)| {z }

BOX-AT

! 8z0 (R2xz0 ! 9z1 (R1z0z1 ^ Pz1))):
The minimal instance making BOX-AT true is�(P ) � �u:R2x1u. After instanti-
ating we obtain8x1 (R1xx1^8y (R2x1y ! R2x1y)! 8z0 (R2xz0 ! 9z1 (R1z0z1^R2x1z1)));
which can be simplified to8x18z0 (R1xx1 ^R2xz0 ! 9z1 (R1z0z1 ^R2x1z1)):

As our final example, let us treat a formula using a dyadic modality M:(2122p)M(33p ^2221q)! 33(qMp):
We use a ternary relation symbolT for the triangleM. Its second-order translation
is the rather formidable looking8P8Q (9x1x2 (Txx1x2 ^ 8y (R12x1y ! Py) ^9x3 (R3x2x3 ^ Px3) ^ 8y (R21x2y ! Qy))! 9z (R3xz ^ 9z1z2 (Tzz1z2 ^Qz1 ^ Pz2)));
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from which we can pull out the diamonds9x1, 9x2 and9x3. This leads to8P8Q8x1x28x3 ( RELz }| {Txx1x2 ^R3x2x3 ^BOX�ATz }| {8y (R12x1y ! Py) ^ Px3 ^ 8y (R21x2y ! Qy)!9z (R3xz ^ 9z1z2 (Tzz1z2 ^Qz1 ^ Pz2))):
Now we can easily read off the required instantiations:�(P ) � �u: (R12x1u _ u = x3)�(Q) � �u: (R21x2u):
Performing the substitution[�(P )=P; �(Q)=Q℄ and deleting the tautological parts
from the antecedent gives8x1x28x3(Txx1x2 ^R3x2x3 !9z (R3xz ^ 9z1z2 (Tzz1z2 ^R21x2z1 ^ (R12x1z2 _ z2 = x3))): a
Sahlqvist formulas

We are now ready to introduce the full Sahlqvist fragment andthe full version of
the Sahlqvist-van Benthem algorithm.

Definition 3.51 Let � be a modal similarity type. ASahlqvist antecedentover� is
a formula built up from>,?, boxed atoms, and negative formulas, using^, _ and
existential modal operators (3 andM). A Sahlqvist implicationis an implication�!  in which is positive and� is a Sahlqvist antecedent.

A Sahlqvistformula is a formula that is built up from Sahlqvist implications by
freely applying boxes and conjunctions, and by applying disjunctions only between
formulas that do not share any proposition letters.a
Example 3.52 Both simple and very simple Sahlqvist formulas are examplesof
Sahlqvist formulas, as are�(p ! 3p), p ^ 3:p ! 3p, and�(31�2p !�231p) ^�1(p! 32p). As with simple Sahlqvist formulas, typically forbidden
combinations in Sahlqvist antecedent are ‘boxes over disjunctions,’ ‘boxes over di-
amonds,’ and ‘dual-triangled atoms’ as inp O p! p (see Example 3.48). a
The following lemma is instrumental in reducing the correspondence problem for
arbitrary Sahlqvist formulas, first to that of Sahlqvist implications, and then to to
that of simple Sahlqvist formulas.

Lemma 3.53 Let � be a modal similarity type, and let� and be� -formulas.
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(i) If � and�(x) are local correspondents, then so are��� and8y (R�xy ![y=x℄�).
(ii) If � (locally) corresponds to�, and (locally) corresponds to�, then�^ 

(locally) corresponds to� ^ �.
(iii) If � locally corresponds to�,  locally corresponds to�, and� and have

no proposition letters in common, then�_ locally corresponds to�_ �.

Proof. Left as Exercise 3.6.3. a
The local perspective in part one and three of the Lemma is essential. For instance,
one can find a modal formula� that globally corresponds to a first-order condition8x�(x) without2� globally corresponding to the formula8x8y (Rxy ! �(y));
see Exercise 3.6.3.

Theorem 3.54 Let � be a modal similarity type, and let� be a Sahlqvist formula
over� . Then� locally corresponds to a first-order formula
�(x) on frames. More-
over,
� is effectively computable from�.

Proof. The proof of the theorem is virtually the same as the proof of Theorem 3.49,
with the exception of the use of Lemma 3.53 and of the fact thatwe have to do some
pre-processing of the formula�.

By Lemma 3.53 it suffices to show that the theorem holds for allSahlqvist im-
plications. So assume that� has the form�!  where� is a Sahlqvist antecedent
and a positive formula. Proceed as follows.

Step 1. Pull out diamonds and pre-process.
Using the same strategy as in the proof of Theorem 3.49 together with equivalences
of the form ((� _ �)! 
) $ ( (�! 
) ^ (� ! 
) )
and 8 : : : (� ^ �) $ (8 : : : � ^ 8 : : : � );
we can rewrite the second-order translation of�!  into a conjunction of formu-
las of the form8P1 : : : 8Pn8x1 : : : 8xm (REL^ BOX-AT ^ NEG! ST x( )); (3.16)

where REL is a conjunction of atomic first-order statements of the formRM~x cor-
responding to occurrences of diamonds and triangles, BOX-AT is a conjunction of
(translations of) boxed atoms, and NEG is a conjunction of (translations of) neg-
ative formulas. By Lemma 3.53(ii) it suffices to show that each formula of the
form displayed in (3.16) has a first-order equivalent. This is done by using the
equivalence (� ^ NEG! �) $ (�! � _ :NEG);
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where:NEG is thepositiveformula that arises by negating the negative formula
NEG. Using this equivalence we can rewrite (3.16) to obtain aformula of the form8P1 : : : 8Pn8x1 : : : 8xm (REL^ BOX-AT ! POS);
and from here on we can proceed as in Step 2 of the proof of Theorem 3.49. a
Example 3.55 By way of example we determine the local first-order correspon-
dents of two of the modal formulas given in Example 3.52. To determine the
first-order correspondent of the Sahlqvist formula�(p ! 3p) we first recall that
the local first-order correspondent ofp ! 3p is Rxx. So, by Lemma 3.53(i)�(p! 3p) locally corresponds to8y (Rxy ! Ryy).

Next we consider the Sahlqvist formula(p ^3:p)! 3p. Its translation is8P (Px ^ 9y (Rxy ^ :Py)! 9z (Rxz ^ Pz)):
Pulling out the diamond produces8P8y ( Px|{z}

BOX-AT

^Rxy|{z}REL ^:Py|{z}NEG ! 9z (Rxz ^ Pz))| {z };
and moving the negative part:Py to the consequent we get8P8y ( Px|{z}

BOX-AT

^Rxy|{z}
REL

! Py _ 9z (Rxz ^ Pz)| {z }
POS

):
The minimal instantiation to makePx true is�u: u = x. After instantiation we
obtain 8y (Rxy ! y = x _ 9z (Rxz ^ z = x));
which can be simplified to8y (Rxy ^ x 6= y ! Rxx). a
Exercises for Section 3.6
3.6.1 Compute the first-order formulas locally corresponding to the following Sahlqvist
formulas:

(a) 3132p! 3231p,
(b) (p ^ 2p ^ 22p)! 3p,
(c) 3k2lp! 2m3np, for arbitrary natural numbersk, l,m andn,
(d) (2p)M(2p)! pOp,
(e) 3(:p ^3(p ^ q)) ! 3(p ^ q),
(f) 2((p ^ 2:p ^ q)! 3q)).

3.6.2 (a) Show that the formula2(p_ q)! 3(2p_2q) does not locally correspond
to a first-order formula on frames. (Hint: modify the frame ofExample 3.11.)

(b) Use this example to show that dual-triangledatoms cannot be allowed in Sahlqvist
antecedents.
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3.6.3 Prove Lemma 3.53:

(a) Show that if� and�(x) locally correspond, so do��� and8y (R�xy ! �(y)).
(b) Prove that if� (locally) corresponds to�(x), and (locally) corresponds to�(x),

then� ^  (locally) corresponds to�(x) ^ �(x).
(c) Show that if� locally corresponds to�,  locally corresponds to�(x), and�

and have no proposition letters in common, then� _  locally corresponds to�(x) _ �(x).
(d) Prove that (a) and (c) do not hold for global correspondence, and that the condition

on the proposition letters in (c) is necessary as well. (Hint: for (a), think of the
modal formula33p ! 3p and the first-order formula8xyz (Ryz ^ Rzx !Ryx).)

3.7 More about Sahlqvist Formulas

It is time to step back and think more systematically about the Sahlqvist fragment,
for a number of questions need addressing. For a start, does this fragment con-
tain all modal formulas with first-order correspondents? And why didwe forbid
disjunctions in the scope of boxes, and occurrences of nested duals of triangles
in Sahlqvist antecedents, while we allowed boxed atoms? Most interesting of all,
whichfirst-order conditions are expressible by means of Sahlqvist formulas? That
is, is it possible to prove some sort of converse to the Sahlqvist Correspondence
Theorem?

Limitative results

To set the stage for our discussion, we first state (without proof) the principal limi-
tative result in this area: Chagrova’s Theorem. Good presentations of the proof are
available in the literature; see the Notes for references.

Theorem 3.56 (Chagrova’s Theorem)It is undecidable whether an arbitrary ba-
sic modal formula has a first-order correspondent.

This implies that, even for the basic modal language, it isnot possible to write
a computer program which when presented with an arbitrary modal formula as
input, will terminate after finitely many steps, returning the required first-order
correspondent (if there is one) or saying ‘No!’ (if there isn’t).

Quite apart from its intrinsic interest, this result immediately tells us that the
Sahlqvist fragment cannot possibly containall modal formulas with first-order cor-
respondents. For it is straightforward to decide whether a modal formula is a Sahl-
qvist formula, and to compute the first-order correspondents of Sahlqvist formulas.
Hence if all modal formulas with first-order correspondentswere Sahlqvist, this
would contradict Chagrova’s Theorem.
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But a further question immediately presents itself: is every modal formula with
a first-order correspondentequivalentto a Sahlqvist formula? (The preceding ar-
gument does not rule this out.) The answer isno: there are modal formulas corre-
sponding to first-order frame conditions which are not equivalent to any Sahlqvist
formula.

Example 3.57 Consider the conjunction of the following two formulas:

(M) �3p! 3�p
(4) 33q! 3q.
(M) is the McKinsey formula we discussed in Example 3.11, and(4) is the transitiv-
ity axiom. It is obvious that M itself is not a Sahlqvist axiom, and by Example 3.11
it does not express a first-order condition.

It requires a little argument to show that theconjunctionM^ 4 is notequivalent
to a Sahlqvist formula. One way to do so is by proving thatM ^ 4 does not have a
local first-order correspondent (cf. Exercise 3.7.1).

Nevertheless, the conjunctionM^4 does have a first-order correspondent, as we
can prove the following equivalence for all transitive framesF:F 
 M iff F j= 8x9y (Rxy ^ 8z (Ryz ! z = y)): (3.17)

We leave the right to left direction as an exercise to the reader. To prove the other
direction, we reason by contraposition. That is, we assume that there is a transitive
frameF = (W;R) on which the McKinsey formula is valid, but which doesnot
satisfy the first-order formula given in (3.17). Letr be a state witnessing that the
first-order formula in (3.17) does not hold inF. That is, assume that each successors of r has a successor distinct from it. We may assume that the frameis generated
from r, so thatF j= 8y9z (Ryz ^ y 6= z).

In order to derive a contradiction from this, we need to introduce some terminol-
ogy. Call a subsetX of W cofinal inW if for all w 2 W there is anx 2 X such
thatRwx. We now claim thatW has a subsetX such that bothX andW nX are cofinal inW: (3.18)

From (3.18) we can immediately derive a contradiction by considering the valua-
tion V given byV (p) = X. For, cofinality ofX implies that(F; V ); r 
 23p,
while cofinality ofW nX likewise gives(F; V ); r 
 23:p. But then(F; V ); r 6
M.

To prove (3.18), consider the collectionC of all pairs of disjoint subsetsY ,Z � W satisfying8y 2 Y 9z 2 Z Ryz and8z 2 Z9y 2 Y Rzy. This set is non-
empty becauseF j= 8y9z (Ryz^y 6= z); order it under coordinate-wise inclusion.
It is obvious that every chain in this partial ordering is bounded above; hence, we
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may apply Zorn’s Lemma and obtain amaximalsuch pairY , Z. We claim thatY [ Z =W (3.19)

SinceY andZ are disjoint, this implies thatZ =W n Y and thus proves (3.18).
Suppose that (3.19) doesnot hold. Then there is an elementw 2 W which

belongs neither toY nor to Z. If there were somez 2 Z with Rwz then the
pair (Y [ fwg; Z) would belong toC, contradicting the maximality of(Y;Z).
Likewise, there is noy 2 Y with Rwy. Even so, we will define non-empty setsY 0; Z 0 such that(Y [ Y 0; Z [ Z 0) 2 C, again contradicting the maximality of(Y;Z). First putw in Y 0. Now choose an elementz1 of W such thatRwz1 andw 6= z1 and putz1 in Z 0 — remember thatz1 62 Y [ Z. Then choose an elementy1 of W such thatRz1y1 andz1 6= y1 and puty1 into Y 0. Continue this process
and observe that none of theyn; zn will belong toY [ Z; this is by transitivity ofR and our assumption onw.

The process will finish if, for instance, someu has just been put inZ 0, but all of
its successors have already been put inY 0 [Z 0 at some earlier state. In such a case
we break off the process; at this moment it is obvious that each y 2 Y [ Y 0 has
a successor inZ [ Z 0, and that eachz 2 Z [ Z 0 distinct fromu has a successor
in Y [ Y 0. To show thatu itself has a successor inY 0, let v be thefirst element
in the sequencewRz1Ry1Rz2 : : : such thatRuv. If v itself does not belong toY 0,
it must belong toZ 0; but since we did not break off the process at this stage, this
means that we could put a successoryi of v in Y 0; by transitivity,Ruyi. The only
other case in which the process may finish is symmetric to the case described.

Finally, if the process doesnot finish in this way we are dealing with an infinite
sequencewRz1Ry1Rz2 : : :. But then the pair(Y [ Y 0; Z [Z 0) belongs toC. a
Obviously, the example begs the question whether there is a modal formula that
locally corresponds to a first-order formula without being equivalent to a Sahlqvist
formula. The answer to this question is affirmative: the formula 2M ^ 4 is a
counterexample. In Exercise 3.7.1 the reader is asked to show that it has a local
first-order correspondent; in Chapter 5 we will develop the techniques needed to
prove that the formula is not equivalent to a Sahlqvist formula, see Exercise 5.6.2.

Thus the Sahlqvist fragment does not contain all modal formulas with first-order
correspondents. So the next question is: can the Sahlqvist fragment be further
extended? The answer isyes— but we should reflect a little on what we hope
to achieve through such extensions. The Sahlqvist fragmentis essentially a good
compromise between the demands of generality and simplicity. By adding further
restrictions it is possible to extend it further, but it is not obvious that the resulting
loss of simplicity is really worth it. Moreover, the Sahlqvist fragment also gives
rise to a matching completeness theorem; we would like proposed extensions to
do so as well. We don’t know of simple generalizations of the Sahlqvist fragment
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which manage to do this. In short, while there is certainly room for experiment
here, it is unclear whether anything interesting is likely to emerge.

However, one point is worth stressing once more: the Sahlqvist fragmentcannot
be further extended simply by dropping some of the restrictions in the definition
of a Sahlqvist formula. We forbid disjunctions in the scope of boxes and nested
duals of triangles in Sahlqvist antecedents for a very good reason: these forbidden
combinations easily lead to modal formulas that have no first-order correspondent,
as we have seen in Example 3.11 and Exercise 3.6.2.

Kracht’s theorem

Let’s turn to a nice positive result. As has already been mentioned, not only does
each Sahlqvist formula define a first-order class of frames, but when we use one
as an axiom in a normal modal logic, that logic is guaranteed to be complete with
respect to the elementary class of frames the axiom defines. (This is the content of
the Sahlqvist Completeness Theorem; see Theorem 4.42 for a precise statement.)
So it would be very pleasant to knowwhich first-order conditions are the corre-
spondents of Sahlqvist formulas. Kracht’s Theorem is a sortof converse to the
Sahlqvist Correspondence Theorem which gives us this information.

Before we can define the fragment of first-order logic corresponding to Sahl-
qvist formulas we need some auxiliary definitions; we also introduce some helpful
notation. For reasons of notational simplicity, we work in the basic modal similar-
ity type. First of all, we will abbreviate the first-order formula8y (Rxy ! �(y))
to (8y�x)�(y), speaking ofrestricted quantificationand callingx the restrictor
of y. Likewise9y (Rxy ^ �(y)) is abbreviated to(9y�x)�(y). We will call the
constructs(8y�x) and (9y�x) restricted quantifiers. If we wish not to specify
the restrictor of a restricted quantifier we will write8ry or 9ry. Moreover, if we
don’t wish to specify whether a quantifier is existential or universal we denote it
byQ (Qr in the restricted case). Second, for the duration of this subsection it will
be convenient for us to consider formulas of the formu 6= u as atomic. Third, in
this subsection we will work exclusively with formulas in which no variable occurs
both free and bound, and in which no two distinct (occurrences of) quantifiers bind
the same variable; we will call such formulasclean.

Now we call a formularestrictedly positiveif it is built up from atomic formu-
las, usinĝ , _ and restricted quantifiers only; observe that monadic predicates oc-
cur positively in restrictedly positive formulas. Finally, we assume that the reader
knows how to rewrite an arbitrary positive propositional formula to adisjunctive
normal formor DNF (that is, to an equivalent disjunction of conjunctions of atomic
formulas) and to aconjunctive normal formor CNF (that is, to an equivalent con-
junction of disjunctions of atomic formulas).
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The crucial notion in this subsection is that of a variable occurring inherently
universallyin a first-order formula.

Definition 3.58 We say that an occurrence of the variabley in the (clean!) formula� is inherently universal if eithery is free, or elsey is bound by a restricted quan-
tifier of the form(8y�x)� which is not in the scope of an existential quantifier.
A formula�(x) in the basic first-order frame language is called aKracht formula
if � is clean, restrictedly positive and furthermore, every atomic formula is either
of the formu = u or u 6= u, or else it contains at least one inherently universal
variable. a
Restricted quantification is obviously the modal face of quantification in first-order
logic; indeed, we could have defined the standard translation of a modal formula
using this notion. As for Kracht formulas, first observe thateveryuniversal re-
stricted first-order formula satisfies the definition. A second example of a Kracht
formula is(8w�v)(8x�v)(9y�w)Rxy: note that it does not matter that the ‘x’
in Rxy falls within the scope of an existential quantifier; what matters is that the
universalquantifier that bindsx does not occur within the scope of any existen-
tial quantification. On the other hand, the formula(9w�v)(8x�v)w = x is not
a Kracht formula since the occurrence of neitherw nor x in w = x is inherently
universal:w is disqualified because it is bound by an existential quantifier andx
because it is bound within the scope of the existential quantifier (9w�v).

The following result states that Kracht formulas are the first-order counterparts
of Sahlqvist formulas — but not only that. As will become apparent from its proof,
from a given Kracht formula we cancomputea Sahlqvist formula locally corre-
sponding to it. The reader is advised to glance at the examples provided below
while reading the proof.

Theorem 3.59 Any Sahlqvist formula locally corresponds to a Kracht formula;
and conversely, every Kracht formula is a local first-order correspondent of some
Sahlqvist formula which can be effectively obtained from the Kracht formula.

Proof. For the left to right direction, we leave it as an exercise to the reader to
show that the algorithm discussed in the sections 3.5 and 3.6in fact produces,
given a Sahlqvist formula, a first-order correspondentwithin the Kracht fragment.
We’ll give the proof of the other direction: we’ll show how rewrite a given Kracht
formula to an equivalent Sahlqvist formula.

Our first step is to provide special prenex formulas as normalforms for Kracht
formulas. Define atype 1formula to be of the form8rx1 : : : 8rxnQr1y1 : : :Qrmym �(x0; : : : ; xn; y1; : : : ; ym)
such thatn,m � 0 and each variable is restricted by an earlier variable (thatis, the
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restrictor of anyxi is somexj with j < i and the restrictor of anyyi is either somexk or someyj with j < i. Furthermore we require that� is a DNF of formulasu = u, u 6= u,Rux, u = x andRxu (that is, we allow all atomic formulas that are
not of the formRyy0 or y = y0). Here and in the remainder of this proof we use
the convention thatu andz denote arbitrary variables infx0; : : : ; xn, y1; : : : ; ymg
andx an arbitrary variable infx0; : : : ; xng.

Clearly then, type 1 formulas form a special class of Kracht formulas. This
inclusion is not proper (modulo equivalence), since we can prove the following
claim.

Claim 1 Every Kracht formula can be effectively rewritten into an equivalent type
1 formula.

Proof of Claim. Let �(x0) be a Kracht formula. By definition it is built up from
atomic formulas usinĝ , _ and restricted quantifiers. Furthermore, since�(x0) is
clean, in a subformula of the formQrv � the variablev may not occur outside of�. Hence, we may use the equivalences(Qrv �)~ 
 $ Qrv (� ~ 
) (3.20)

(where~ uniformly denotes either̂ or _) to pull out quantifiers to the front.
However, if we want to remain within the Kracht fragment we have to take care
about theorder in which we pull out quantifiers.

Without loss of generality we may assume that each inherently universal variable
is namedxi for somei, while each of the remaining variables is namedyj for somej. This ensures that no atomic subformula of�(x0) is of the formRyy0 or y = y0
(with distinct variablesy andy0).

Observe also that in every subformula of the form((8x�u)�)~
, the variableu occurs free. If thisu is not the variablex0 then it is a bound variable of�; hence,
the mentioned subformula must occur in the scope of a quantifier (Qru�x0). This
quantification must have been universal, for otherwise, thevariablex could not
have been among the inherently universal ones. But this means that the variableu itself must be inherently universal as well, sou is somexi. This shows that
by successively pulling out restricted universal quantifiers 8rx we end up with a
Kracht formula of the form8rx1 : : : 8rxn �0(x0; : : : ; xn; y1; : : : ; ym);
such that each atomic formula of�0 is of the formu = u or u 6= u, or else it
contains some occurrence of a variablexi. Furthermore, the restrictor of eachxi is
somexj with j < i.

It remains to pull out the other restricted quantifiers from�0. But this can easily
be done using the equivalences of (3.20), since we do not haveto worry anymore



174 3 Frames

about the order in which we pull out the quantifiers. In the end, we arrive at a
formula of the form8rx1 : : : 8rxnQr1y1 : : :Qrmym �00(x0; : : : ; xn; y1; : : : ; ym)
such that the atomic subformulas of�00 satisfy the same condition of those in�0
(in fact, they are the very same formulas), while in addition, �00 is quantifier free.
Hence, if we rewrite�00 into disjunctive normal form, we are finished.a
Enter diamonds and boxes. Atype 2formula is a formula in the second-order frame
language of the form~8P0 : : : ~8Pn~8Q0 : : : ~8Qn8rx1 : : : 8rxn0� ^0�i�nST xi(�i)! �1A
such that each�i is a conjunction of boxed atoms inpi andqi, whereas� is a DNF
of formulasSTx( ), with  some modal formula which is positive in eachpi, qj.
Claim 2 Every type 1 formula can be can be effectively rewritten intoan equiva-
lent type 2 formula.

Proof of Claim.Now the prominent role of the inherently universal formulaswill
come out: they determine the propositional variables of theSahlqvist formula and
the ‘BOX-AT’ part of its antecedent. Consider the type 1 formula8rx1 : : : 8rxnQr1y1 : : :Qrmym �(x0; : : : ; xn; y1; : : : ; ym):
We abbreviate the sequence8rx1 : : : 8rxn by8r�x, and use similar abbreviations for
other sequences of quantifiers. Recall that� is a DNF of formulasu = u, u 6= u,u = xi, Ruxi andRxiu. Our first move is to replace such subformulas with the
formulasST u(>), STu(?), STu(pi), STu(3pi) andSTu(qi), respectively; call
the resulting formula�0.

Our first claim is that8r�xQr�y � is equivalent to~8 �P �Q8r�x 0� ^0�i�nST xi(pi ^2qi)! Qr�y �01A : (3.21)

Forbidding as (3.21) may look, its proof is completely analogous to proofs in Sec-
tions 3.5 and 3.6: the direction from right to left is immediate by instantiation,
while the other direction simply follows from the fact that�0 is monotone in each
predicate symbolPi andQi.

Two remarks are in order here. First, since� may contain atomic formulas of the
form Rxixj andxi = xj (that is, withbothvariables being inherently universal),
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there is somechoicehere. For instance, the formulaRxixj may be replaced with
eitherST xi(3pj) or withST xj (qj). Having this choice can sometimes be of use if
one wants to find Sahlqvist correspondents satisfying some additional constraints.

Related to this is our second remark: we don’t need to introduce bothproposi-
tional variablespi andqi for eachxi. We can do with any supply of variables that is
sufficient to replace all atomic formulas of� with the standard translation of eitherSTu(pi), STu(3pi) or ST u(qi). A glance at the examples below will make this
point clear.

We are now halfway through the proof of Claim 2: observe that�0 is already a
DNF of formulasSTu( ) with  positive in eachpi; qj. It remains to eliminate
the quantifier sequenceQr�y. This will be done step by step, using the following
procedure.

Consider the formula(9yi+1�z) 0�_k�K ^l�Lk STukl( kl)1A ; (3.22)

where each modal formula kl is positive in all variablespi, qj; z is either anx or
ayj with j � i; and eachu is either anx or ayj with j � i+1. We first distribute
the existential quantifier over the disjunction, yielding adisjunction of formulas(9yi+1�z) ^l�Lk STukl( kl): (3.23)

We may assume all these variablesu to be distinct (otherwise, replaceSTu( 0) ^STu( 00) with STu( 0 ^  00)); we may also assume thatyi+1 is the variableulLk
(if yi+1 does not occur among theu’s, add a conjunctST yi+1(>)). But then (3.23)
is equivalent to the formulaST z(3 kL) ^ ^l<Lk ST ukl( kl);
whence (3.22) is equivalent to a disjunction of such formulas. Observe further thatyi+1 does not occur in these formulas.

This shows how to get rid of an existential innermost restricted quantifier of the
prenexKr�y. A universal innermost restricted quantifier can be removeddually, by
first converting the matrix�0 into aconjunctivenormal form; details are left to the
reader. In any case, it will be clear that by this procedure wecan rewrite any type
1 formula into an equivalent type 2 formula.a
We are now almost through with the proof of Theorem 3.59. All we have to do
now is show how to massage arbitrary type 2 formulas into Sahlqvist shape.

Claim 3 Any type 2 formula can be can be effectively rewritten into anequivalent
Sahlqvist formula.
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Proof of Claim.Let ~8 �P �Q8r�x 0� ^0�i�nST xi(�i) ! �1A (3.24)

be an arbitrary type 2 formula.
First we rewrite� into conjunctive normal form, and we distribute the implica-

tion and the prenex of universal quantifiers over the conjunctions. Thus we obtain
a conjunction of formulas of the form~8 �P �Q8r�x 0� ^0�i�nSTxi(�i) ! �01A ; (3.25)

where�0 is a disjunction of formulas of the formST x( ) with each positive in
all pi andqj. As before, we may assume that eachxi occurs in exactly one disjunct
of �0, so (3.25) is equivalent to a formula~8 �P �Q8r�x 0� ^0�i�nSTxi(�i)! _0�i�nST xi( i)1A ;
where each�i is a Sahlqvist antecedent and each i is positive. But clearly then,
(3.25) is equivalent to the formula~8 �P �Q:9r�x ^0�i�nST xi(�i ^ : i):
Observe that each modal formula�i ^ : i is a Sahlqvist antecedent.

But now, as before, working inside out we may eliminate all remaining restricted
quantifiers, step by step. For, observe that the formula9rx1 : : : 9rxk�1(9xk�xj) ^0�i�k ST xi(�i)
is equivalent to9rx1 : : : 9rxk�1 0�ST xj (�j ^3�k+1) ^ ^0�i<k;i6=j STxi(�i)1A :
Note that�j ^3�k+1 is a Sahlqvist antecedent if�j and�k+1 are.

It turns out that for some Sahlqvist antecedent�, (3.25) is equivalent to the
second-order formula ~8 �P �Q:ST x0(�):
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But then (3.24) is equivalent to a conjunction of such formulas, and thus equivalent
to a formula ~8 �P �QST x0  _l �l ! ?! ;
which is the local second-order frame correspondent of the formula

Wl �l ! ?,
which is obviously in Sahlqvist form. a
This completes the proof of the third claim, and hence of the theorem. a
Example 3.60 Consider the formula�(x0) � (8x1�x0)(9y1�x0)(9y2�y1)Rx1y2:
This is already a type 2 Kracht formula, so we proceed by the procedure described
in the proof of Claim 2 in the proof of Theorem 3.59. Accordingto (3.21),�(x0)
is equivalent to the second order formula~8Q1(8x1�x0) (ST x1(2q1)! (9y1�x0)(9y2�y1)ST y2(q1)):
Then, using the equivalences described further on in the proof of Claim 2 we obtain
the following sequences of formulas that are equivalent to�(x0):~8Q1(8x1�x0) (ST x1(2q1)! (9y1�x0)(9y2�y1)ST y2(q1)), ~8Q1(8x1�x0) (ST x1(2q1)! (9y1�x0)ST y1(3q1));, ~8Q1(8x1�x0) (ST x1(2q1)! ST x0(33q1)):
The last formula is a type 2 formula. Hence, the only thing left to do is to rewrite
it to an equivalent Sahlqvist formula; this we do via the sequence of equivalent
formulas below, following the pattern of the proof of Claim 3.~8Q1( (8x1�x0) (ST x1(2q1)! ST x0(33q1)) ), ~8Q1( (8x1�x0):(ST x1(2q1) ^ :ST x0(33q1)) ), ~8Q1( (8x1�x0):(ST x1(2q1) ^ ST x0(:33q1)) ), ~8Q1(:(9x1�x0) (ST x1(2q1) ^ ST x0(:33q1)) ), ~8Q1(:((9x1�x0)STx1(2q1) ^ ST x0(:33q1)) ), ~8Q1(:(ST x0(32q1) ^ ST x0(:33q1)) ), ~8Q1(:ST x0(32q1 ^ :33q1) ), ~8Q1(ST x0((32q1 ^ :33q1)! ?) ):
This means that�(x0) locally corresponds to the Sahlqvist formula(32q1 ^:33q1)! ?, or to the equivalent formula32q1 ! 33q1. a



178 3 Frames

Example 3.61 Consider the Kracht formula�(x0) � (8x1�x0)(8x2�x0) (Rx1x2 _Rx2x1 _ x1 = x2):
According to (3.21),�(x0) is equivalent to~8P1~8Q1(8x1�x0)(8x2�x0) (ST x1(p1 ^2q1)! (ST x2(q1) _ STx2(3p1) _ ST x2(p1)))
and to~8P1~8Q1(8x1�x0)(8x2�x0) (ST x1(p1 ^2q1)! ST x2(q1 _3p1 _ p1)):
The latter is a type 2 formula; in order to find a Sahlqvist equivalent for it, we
proceed as follows:~8P1~8Q1(8x1�x0)(8x2�x0) (ST x1(p1 ^2q1)! ST x2(q1 _3p1 _ p1)), ~8P1~8Q1(8x1�x0)(8x2�x0):(ST x1(p1 ^2q1) ^:ST x2(q1 _3p1 _ p1)), ~8P1~8Q1(8x1�x0)(8x2�x0):(ST x1(p1 ^2q1) ^ST x2(:(q1 _3p1 _ p1))), ~8P1~8Q1 :(9x1�x0)(9x2�x0) (ST x1(p1 ^2q1) ^ST x2(:(q1 _3p1 _ p1))), ~8P1~8Q1 :(9x1�x0) (ST x1(p1 ^2q1) ^(9x2�x0)ST x2(:(q1 _3p1 _ p1))), ~8P1~8Q1 :(9x1�x0) (ST x1(p1 ^2q1) ^ ST x0(3:(q1 _3p1 _ p1))), ~8P1~8Q1 :((9x1�x0)ST x1(p1 ^2q1) ^ ST x0(3:(q1 _3p1 _ p1))), ~8P1~8Q1 :(ST x0(3(p1 ^2q1)) ^ ST x0(3:(q1 _3p1 _ p1))), ~8P1~8Q1 :(ST x0(3(p1 ^2q1) ^ 3:(q1 _3p1 _ p1)))
From this, the fastest way to proceed is by observing that thelast formula is equiv-
alent to ~8P1~8Q1 (ST x0(3(p1 ^2q1) ! :3:(q1 _3p1 _ p1)));
and hence, to the Sahlqvist formula3(p1 ^2q1) ! 2(q1 _3p1 _ p1): a
Example 3.62 Consider the type 1 Kracht formula�(x0) � (8x1�x0)(9y1�x1) y1 6= y1:
According to (3.21), we can rewrite�(x0) into the equivalent~8P0(8x1�x0) (ST x0(p0)! (9y1�x1)ST y1(?))
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and, hence, to ~8P0(8x1�x0) (ST x0(p0)! ST x1(3?))
This is a type 2 formula for which we can find a Sahlqvist equivalent as follows:~8P0(8x1�x0) (ST x0(p0)! ST x1(3?)), ~8P0(8x1�x0) :(ST x0(p0) ^ :ST x1(3?)), ~8P0:(9x1�x0) (ST x0(p0) ^ ST x1(:3?)), ~8P0: (STx0(p0) ^ (9x1�x0)ST x1(:3?)), ~8P0: (STx0(p0) ^ ST x0(3:3?)), ~8P0 (ST x0(:(p0 ^3:3?))
The latter formula is equivalent to the Sahlqvist formulap0 ! 23?. (Obviously,
the latter formula is equivalent to23? and, hence, to2?. Our algorithm will not
always provide the simplest correspondents!)a
This finishes our discussion of Sahlqvist correspondence. In the next chapter we
will see that Sahlqvist formulas also have very nice completeness properties, in
that any modal logic axiomatized by Sahlqvist formulas is complete with respect
to the class of frames defined by (the global first-order correspondents of) the for-
mulas. Here Kracht’s theorem can be useful: if we want to axiomatize a class of
frames defined by formulas of the form8x�(x) with �(x) a Kracht formula, then
it suffices to compute the Sahlqvist correspondents of theseformulas and add these
as axioms to the basic modal logic.

Exercises for Section 3.7
3.7.1 (a) Prove that the conjunctionM ^ 4 of McKinsey’s formula23p! 32p and

the transitivity formula3p! 33p does not have alocalfirst-order correspondent.
Conclude that this conjunction is not equivalent to a Sahlqvist formula.

(b) Show that on the other hand, the formula2M ^ 4 doeshave a local first-order
correspondent.

3.7.2 Prove that the local correspondent of a Sahlqvist formula isa Kracht formula.

3.7.3 Find Sahlqvist formulas that locally correspond to the following formulas:

(a) (8y�x)Ryy,
(b) (8y1�x)(8y2�x)(8y3�x) (y1 = y2 _ y1 = y3 _ y2 = y3)
(c) (8y1�x)(8y2�y1) (y1 = y2 _ 9z (Rxz _ (Ry1z ^ Ry2z))).
(d) (8x1�x)(9y1�x)(8y2�y1) (Ry1x1 _ (Rxy2 ^ Ryxx1))

3.7.4 Prove that if� !  is a simple Sahlqvist formula, then2(� !  ) is equivalent to
a simple Sahlqvist formula.
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3.7.5 Let � be the basic temporal similarity type. Show that over the class of bidirectional
frames, every simple Sahlqvist formula is equivalent to a very simple Sahlqvist formula.
(Hint: first find a very simple Sahlqvist formula that is equivalent to the formulaFGp !GFp.)

3.8 Advanced Frame Theory

The main aim of this section is to prove Theorem 3.19, the Goldblatt-Thomason,
characterizing the elementary frame classes that are modally definable. We’ll also
prove a rather technical result needed in our later work on algebras. We’ll start by
proving the Goldblatt-Thomason Theorem.

Theorem 3.19Let� be a modal similarity type. A first-order definable classK of � -
frames is modally definable if and only if it is closed under taking bounded morphic
images, generated subframes, disjoint unions and reflects ultrafilter extensions.

Proof. The preservation direction follows from earlier results. For the other di-
rection letK be a class of frames which is elementary (hence, closed undertaking
ultraproducts), closed under taking bounded morphic images, generated subframes
and disjoint unions, and reflecting ultrafilter extensions.Let�K be the logic ofK;
that is,�K = f� j F 
 �, for all F 2 Kg. We will show that�K definesK. In order
to avoid cumbersome notation we restrict ourselves to the basic modal similarity
type.

Let F = (W;R) be a frame such thatF 
 �K. We need to show thatF is a
member ofK. This we will do by moving around lots of structures; here’s amap
of where we are heading for in the proof:

FfFa j a 2Wg
1 Fue F G0G QU GÆfGÆ j Æ �fin �g
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First, we can assume without loss of generality thatF is point-generated. For ifF validates�K, then each of its point-generated does so as well. And if we can
prove that each point-generated subframe ofF is in K, then the membership inK
of F itself follows immediately from the closure properties ofK and the fact that
any frame is a bounded morphic image of the disjoint union of its point-generated
subframes (as the reader was asked to show in Exercise 3.3.4). So from now on we
assume thatF is generated by the pointw.

Now for (one of) the main idea(s) of the proof. Let� be a set of propositional
variables containing a propositional variablepA for each subsetA of W . This may
be a huge language: ifW is infinite, then� will be uncountable. We will look at
the modelM = (F; V ) whereV is the natural valuation given byV (pA) = A.
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Now let� be the modal type ofw; that is,� = f� 2 ML(�; �) jM; w 
 �g. We
claim that � is satisfiable inK: (3.26)

In order to prove this, we first show that� is finitely satisfiable inK. Let Æ be a
finite subset of�. It is easy to see thatÆ is satisfiable inK: if it were not, then:V Æ would belong to�K whence we would haveF 
 :V Æ. (Note that whereas� is written in aparticular language, namely, the one having a proposition letter
for each subset ofW , when we are talking about�K we are not really interested
in a specific language. This is why we simply assume that ‘:V Æ would belong
to �K’ even though we have not verified that this formula uses only proposition
letters that occur in�K.) ButF 
 :V Æ would contradict thatM; w 
 V Æ. But if
each finiteÆ � � is finitely satisfiable in some frameGÆ in K then� is satisfiable
in some ultraproduct of these frames (the reader is asked to supply a proof of this
in Exercise 3.8.2 below). SinceK is closed under ultraproducts by assumption, this
proves (3.26).

But to say that� is satisfiable inK amounts to the following. There is a modelN = (X;S;U) and a pointb in X such that the underlying frameG = (X;S)
is in K andN; b 
 �. SinceK is closed under (point-)generated subframes and
modal truth is preserved under taking generated subframes,we may assume that
the frameG is generated fromb.

The only thing left to do is to link upG with our original frameF. This link is
as follows.ue F is a bounded morphic image of some ultrapower ofG: (3.27)

We first ensure the existence of an m-saturated ultrapower ofN. Note that we may
view N as a first-order structure for the languageL1� (�), analogous to the per-
spective in the previous chapter. Now consider a countably saturated ultrapower of
this first-order structure, which we see again as a modal model N0 = (X 0; S0; U 0).
Note that the existence of such an ultrapower is not guaranteed by Lemma 2.73,
since the first-order languageL1�;F may not be countable. We need some heavier
model-theoretic equipment here; the reader is referred to Theorems 6.1.4 and 6.1.8
in [89]. In any case,N0 is m-saturated and also has the property that every set�
that is finitely satisfiable inN0 is satisfiable inN0.

How are we going to define the bounded morphism? That is, givenan elements
of X 0, which ultrafilter overW (the universe of our original frameF) are we going
to assign to it? Recall that an ultrafilter overW is some collection of subsets ofW ; this means that givens, we have to decide for each subset ofW whether to put
it in f(s) or not. But now it will become clear that there is only one natural choice
for f(s): simply put a subsetA of W in f(s) if pA is true ats in the modelN0:f(s) = fA �W j N0; s 
 pAg:
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We will now show thatf indeed maps points inN0 to ultrafilters overW , thatf
is a bounded morphism, and thatf is ontoue F. In these proofs, the following
equivalence comes in handy:

for all formulas� 2 ML(�; �),M 
 � iff N0 
 �: (3.28)

The proof of (3.28) is by the following chain of equivalences:M 
 � , M; w 
 2n� for all n 2 N (M is generated fromw), 2n� 2 � for all n 2 N (definition of�), N; b 
 2n� for all n 2 N (definition ofN andb), N 
 � (N is generated fromb), N0 
 � (N0 is an ultrapower ofN)

This proves (3.28).
Let us now first check that for alls 2 X 0, f(s) is indeed an ultrafilter overW .

We will only check the condition thatf(s) is closed under intersection, leaving the
other conditions as exercises for the reader. Suppose thatA andB are subsets ofW
that both belong tof(s). Hence, by the definition off(s) we have thatN0; s 
 pA
andN0; s 
 pB . It is easy to see that the formulapA^pB $ pA\B holds throughout
the original modelM. It then follows from (3.28) thatN0 
 pA ^ pB $ pA\B. In
particular, this formula is true ats, so we find thatN0; s 
 pA\B. Hence, by the
definition off ,A \B belongs tof(s).

In order to show thatf is a bounded morphism, we will prove that for all ultra-
filtersu overW and all pointss in X 0, we have thatu = f(s) if and only if u (inueM) ands (in N0) satisfy the same formulas. This suffices, by Proposition 2.54
and the m-saturation ofueM andN0. The right to left direction of the equivalence
is easy to prove. If the same formulas hold ins andu, then in particular we have for
eachA � W thatN; s 
 pA iff ueM; u 
 pA. But by definition of the valuation
on ueM we have thatueM; u 
 pA iff A = V (pA) 2 u. Hence, we find thatN; s 
 pA iff A 2 u. This immediately yieldsu = f(s).

For the other direction, it suffices to show that for each formula � 2 ML(�; �)
and each points in N0, ueM; f(s) 
 � only if N0; s 
 �. Suppose that� holds atf(s) in ueM. By Proposition 2.59 we have thatV (�) 2 f(s). Thus by definition
of f we obtain thatN0; s 
 pV (�). It follows easily from the definition ofV thatM 
 � $ pV (�), so by (3.28) we have thatN0 
 � $ pV (�). But then we may
immediately infer thatN0; s 
 �.

Finally, we have to show thatf is surjective; that is, each ultrafilter overW
should belong to its range. Letu be such an ultrafilter; we claim that the set� =fpA j A 2 ug is finitely satisfiable inN0. Let � be a finite subset of�. To
start with,� is satisfiable inM. SinceM is generated fromw, this shows thatM; w 
 3nV� for some natural numbern. From the definition ofN andb it
follows thatN; b 
 3nV�, so from the fact thatN is point-generated fromb we
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obtain that
V� is satisfiable inN. NowN0 is an ultrapower ofN, so we have thatV� is also satisfiable inN0. But N0 is countably saturated; so�, being finitely

satisfiable inN0, is satisfiable in some points of N0. It is then immediate thatf(s) = u.
This proves (3.27), but why does that mean thatF belongs toK? Here we use the

closure properties ofK. Recall thatG is the underlying frame of the modelN in
which we assumed that the set� is satisfiable. SinceG is inK by assumption,G0
belongs toK by closure under ultraproducts;ue F is inK as it is a bounded morphic
image ofG0; and finally,F is inK sinceK reflects ultrafilter extensions.a
The following proposition, which is of a rather technical nature, will be put to good
use in Chapter 5.

Proposition 3.63 Let � be a modal similarity type, andK a class of� -frames.
Suppose thatG is an ultrapower of the disjoint union

Ui2I Fi, wherefFi j i 2 Ig
is a family of frames inK. ThenG is a bounded morphic image of a disjoint union
of ultraproducts of frames inK.

Proof. Let F = (W;R) denote the disjoint union
Ui2I Fi, and assume thatG is

some ultrapower ofF, sayG = QU F, whereU is an ultrafilter over some index
setJ . We assume that� contains only one operatorM, of arity n. This allows us
to writeF = (W;R) andFi = (Wi; Ri) (that is, the subscripti refers to an index
element ofI, not to an operator from the similarity type).

Consider an arbitrary statet of G. By the definition of ultrapowers, there exists
a sequenceft 2Qj2JW such thatt = (ft)U = fg 2Qj2J W j ft �U gg:
As W is the disjoint union of the universesWi, for eachj 2 J there exists an
elementij 2 I such thatft(ij) is an element ofWij . Form the ultraproductFt :=QU Fij :
Clearly this frame is an ultraproduct of frames inK.

We will now define a map�t sending states of the frameFt to states of the frameG, and show that�t is a bounded morphism witht in its range. From this it easily
follows thatG is a bounded morphic image of the disjoint union

Ut2X Ft, whereX is the universe ofG. Observe that a typical element ofFt has the formgU := fh 2Qj2J Wij j g �U hg
for someg 2 Qj2J Wij . Since

Qj2J Wij � Qj2JW , we have thatgU � gU .
Note that in general these two equivalence classes will not be identical, sincegU
may contain elementsh for whichh(j0) 2 W nWij0 for some indexj0. However,
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it is evident thatif both g andh are in
Qj2J Wij , then we find thatgU = hU iffg �U h iff gU = hU . This means that if we put�t(gU ) := gU ;

we have found a well-defined map from the universe ofFt to the universeX of G
(in fact, this map is injective).

Now consider the elementft 2 Qj2JW . By definition of the indicesij , we
must haveft 2Qj2J Wij . It follows thatfUt is in the domain of�t. Now�t(fUt ) = (ft)U = t:
It remains to be proved that�t is a bounded morphism. However, this follows by a
straightforward argument using standard properties of ultrafilters. a
Exercises for Section 3.8
3.8.1 Let � be an arbitrary modal similarity type andF a� -frame. Prove that the ultrafilter
extension ofF is the bounded morphic image of some!-saturated ultrapower ofF; in other
words, supply a proof for Theorem 3.17. (Hint: use an argument analogous to one in the
proof of Theorem 3.19. That is, consider a language having a propositional variablepA for
each subsetA of the universe ofF, and take a countably saturated ultrapower of the modelM = (F; V ), whereV is the natural valuation mappingpA toA for each variablepA.)

3.8.2 Let K be some class of frames, and� a set of formulas which is finitely satisfiable
in K. Show that� is satisfiable in an ultraproduct of frames inK.

3.8.3 (a) Show that the complement of a modally definable class is closed under taking
ultrapowers.

Now suppose that the classK of frames is definable by asingleformula�.

(b) Show that the complement ofK is closed under taking ultraproducts..

Let � (�) be the set of first-order sentences that are semantic consequences of�, in the
sense that for any frameF we have thatF 
 � only if F j= � (�). In other words,� (�) is
the first-order theory ofK.

(c) Prove that� is a semantic consequence of� (�). Hint: reason by contraposition
and use (b).

(d) Prove that� is a semantic consequence of a finite subset of� (�). Hint: prove that� (�) j= 8xSTx(�), and use compactness.
(e) Conclude that if a modal formula� defines an elementary frame class, then� cor-

responds to a (single) first-order formula.

3.8.4 Prove the strong version of the Goldblatt-Thomason Theoremwhich applies to any
frame class that is closed under taking ultrapowers.
(Hint: strengthen the result of Exercise 3.8.2 by showing that any set of modal formulas
that is finitely satisfiable in a frame classK is itself satisfiable in an ultrapower of a disjoint
union of frames inK.)
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3.8.5 Point out where, in the picture summarizing the proof of Theorem 3.19, we use
which closure conditions onK. (For instance: in step 2 we need the fact thatK is closed
under taking ultraproducts.)

3.9 Summary of Chapter 3I Frame Definability: A modal formula is valid on a frame if and only if it is
satisfied at every point in the frame, no matter which valuation is used. A modal
formula defines a class of frames if and only if it is valid on precisely the frames
in that class.I Frame Definability is Second-Order: Because the definition of validity quan-
tifies across all possible valuations, and because valuations are assignments of
subsetsof frames, the concept of validity, and hence frame definability, is in-
trinsically second-order.I Frame Languages: Every modal formula can be translated into the appropriate
second-order frame language. Such languages have ann+1-place relation sym-
bol for everyn-place modality. Proposition letters correspond to unary predicate
variables. The required translation is called the Second-Order Translation. This
is simply the standard translation modified to send proposition letters to (unary)
predicatevariablesrather than predicateconstants.I Correspondence: Sometimes the second-order formulas obtained using this
translation are equivalent to first-order formulas. But often they correspond to
genuinely second-order formulas. This can sometimes be shown by exhibiting
a failure of Compactness or the Löwenhein-Skolem property.I Frame Constructions: The four fundamental model constructions discussed in
the previous chapter have obvious frame-theoretic counterparts. Moreover,va-
lidity is preserved under the formation of disjoint unions, generated subframes
and bounded morphic images, and anti-preserved under ultrafilter extensions.I Goldblatt-Thomason Theorem: A first-order definable frame class is modally
definable if and only if it is closed under disjoint unions, generated subframes
and bounded morphic images, and reflects ultrafilter extensions.I Modal Definability on Finite Transitive Frames: A class of finite transitive
frames is modally definable if and only if it is preserved under (finite) disjoint
unions, generated subframes and bounded morphic images.I The Finite Frame Property: A normal modal logic� has the finite frame prop-
erty if and only if any formula that does not belong to� can be falsified on a
finite frame that validates all the formulas in�. A normal logic has the finite
frame property if and only if it has the finite model property.I The Sahlqvist Fragment: Formulas in the Sahlqvist fragment have the property
that the second-order formula obtained via the Second-Order Translation can
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be reduced to an equivalent first-order formula. The Sahlqvist-Van Benthem
algorithm is an effective procedure for carrying out such reductions.I Why Sahlqvist Formulas have First-Order Correspondents: Syntactically, the
Sahlqvist fragment forbids universal operators to take scope over existential or
disjunctive connectives in the antecedent. Semantically,this guarantees that we
will always be able to find a unique minimal valuation that makes the antecedent
true. This ensures that Sahlqvist formulas have first-ordercorrespondents.I Negative Results: There are non-Sahlqvist formulas that define first-order con-
ditions. Moreover, Chagrova’s Theorem tells us that it is undecidable whether a
modal formula has a first-order equivalent.I Kracht’s Theorem: Kracht’s Theorem takes us back from first-order languages
to modal languages. It identifies a class of first-order formulas that are the first-
order correspondents of Sahlqvist formulas.I Frames and their Ultrafilter Extensions: The ultrafilter extension of a frame
may be obtained as a bounded morphic image of an ultrapower ofthe frame.I Ultrapowers of Disjoint Unions: Ultrapowers of a disjoint union may be ob-
tained as bounded morphic images of disjoint unions of ultraproducts.

Notes

The study of frames has been central to modal logic since the dawn of the classical
era (see the Historical Overview in Chapter 1), but the way frames have been stud-
ied has changed dramatically over this period. The insight that gave birth to the
classical era was that simple properties of frames (such as transitivity and reflex-
ivity) could be used to characterize normal modal logics, and most of the 1960s
were devoted to exploring this topic. It is certainly an important topic. For ex-
ample, in the first half of the following chapter we will see that most commonly
encountered modal logics can be given simple, intuitively appealing, frame-based
characterizations. But the very success of this line of workmeant that for a decade
modal logicians paid little attention to modal languages astools for describing
frame structure. Frames were simply tools for analyzing normal logics. The notion
of frame definability, and the systematic study of modal expressivity over frames,
only emerged as a research theme after the frame incompleteness results showed
that not all normal logics could be given frame-based characterizations. The first
incompleteness result (shown for the basic temporal language) was published in
1972 by S.K. Thomason [426]. The first incompleteness results for the basic modal
language were published in 1974 by S.K. Thomason [427] and Kit Fine [137].

The frame incompleteness theorems and the results which accompanied them
decisively changed the research agenda of modal logic, essentially because they
made it clear that the modal perspective on frames was intrinsically second-order.
We’ve seen ample evidence for this in this chapter: as we saw in Example 3.11
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a formula as innocuous looking as McKinsey’s23p ! 32p defines a non-
elementary class of frames. This was proved independently by Goldblatt [189]
and van Benthem [34]. The proof given in the text is from Theorem 10.2 of van
Benthem [41]. It was shown by S.K. Thomason [428] that on the level of frames,
modal logic is expressive enough to capture the semantic consequence relation forL2. Moreover, in unpublished work, Doets showed showed that modal formulas
can act as a reduction class for the the theory of finite types;see Benthem [41,
23–24] for further discussion.

So by the mid 1970s it was clear that modal logic embodied a substantial frag-
ment of second-order logic, and a radically different research program was well
under way. One strand of this program was algebraic: these years saw the (re)-
emergence of algebraic semantics together with a belated appreciation of the work
of Jónsson and Tarski [260, 261]; this line of work is treated in Chapter 5. The
other strand was the emergence of correspondence theory.

Given that modal logic over frames is essentially second-order logic in disguise,
it may seem that the most obvious way to develop correspondence theory would be
to chart the second-order powers of modal logic. In fact, examples of modal for-
mulas that define second-order classes of frames were known by the early 1970s
(for example, Johan van Benthem proved that the Löb formuladefined the class
of transitive and converse well-founded frames using the argument given in Exam-
ple 3.9). And there is interesting work on more general results on second-order
frame definability, much of which may be found in Chapters XVII–XIX of van
Benthem [41]. Nonetheless, most work on correspondence theory for frames has
concentrated on itsfirst-order aspects. There are two main reasons for this. First,
second-order model theory is less well understood than first-order model theory, so
investigations of second-order correspondences have fewer useful results to draw
on. Second, there is a clear sense that it is the first-order aspects of frame defin-
ability which are truly mysterious (this has long been emphasized by Johan van
Benthem). With the benefit of hindsight, the second-order nature of validity is ob-
vious; understanding when — and why — it’s sometimes first-order is far harder.

In this chapter we examined the two main strands in first-order correspondence
theory (for frames): thesemantic, exemplified by the Goldblatt-Thomason Theo-
rem, and thesyntacticexemplified by the Sahlqvist Correspondence Theorem. (In-
cidentally, as we will learn in Chapter 5, both results have asubstantial algebraic
dimension.)

What we call the Goldblatt-Thomason Theorem was actually proved by Gold-
blatt. His result was in fact stronger than our Theorem 3.19,applying to any frame
class that is closed under elementary equivalence. This theorem was published in
a joint paper [194] with S.K. Thomason, who added a more general result which
applies to all definable frame classes but has a less appealing frame construction.
The model-theoretic proof of the theorem that we supplied inthis chapter is due
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to van Benthem [45], who also proved the finite transitive version we recorded as
Theorem 3.21. Barwise and Moss [27] obtain correspondence results formodels
as opposed to frames; their main result is that if a modal formula � has a first-
order frame correspondent
�, then for all modelsM, M satisfies all substitution
instances of� in infinitary modal logic iff a certain frame underlyingM satisfies
�.

Concerning the identification of syntactic classes of modalformulas that corre-
spond to first-order formulas, Sahlqvist’s result was not the first. As early as in the
Jónsson-Tarski papers [260, 261] particular examples such as reflexivity and transi-
tivity were known. And an article by Fitch [144] was a stimulus for van Benthem’s
investigations in this area, which lead to van Benthem (unaware of Sahlqvist’s ear-
lier work) proving what is now known as Sahlqvist’s theorem.But Sahlqvist’s
paper [388] (essentially a presentation of results contained in his Master’s thesis)
remains the classic reference in the area. It greatly generalized all previous known
results in the area and drew a beautiful link between definability and completeness.

Kracht isolated the first-order formulas that are the correspondents of Sahlqvist
formulas in [282], as an application of his so-called calculus of internal describa-
bility. This calculus relates modal and first-order formulas on the level of general
frames; see also [286].

During the 1990s a number of alternative correspondence languages have been
considered for the basic modal language. In the so-called functional translation
the accessibility relations are replaced by certain terms which can be seen as func-
tions mapping worlds to accessible worlds. From a certain point of view this func-
tional language is more expressive than the relational language, and that certain
second-order frame properties can be mapped to formulas expressed in the func-
tional language — but this is not too surprising: in the functional language one can
quantify over functions; this additional expressive powerallows one to do without
quantification over unary predicate variables; see Ohlbachet al. [350, 349] and
Simmons [407].

As with finite model theory, the theory of finite frames is rather underdeveloped.
However some of the basic results have been known a long time.We showed in
Theorem 3.28 that a normal logic has the finite model propertyif and only if it has
the finite frame property. This result is due to Segerberg [396, Corollary 3.8, page
33]. For some interesting results concerning frame correspondence theory over the
class of finite frames the reader should consult the dissertation of Doets [118].

To conclude these Notes, we’ll tidy up a few loose ends. Example 3.6.2 is due to
van Benthem [41, Theorem 10.4]. Exercise 3.2.4 is based on a result in Fine [140].
Second, we mentioned Chagrova’s theorem [87] that it is undecidable whether a
modal formula has a first-order equivalent. For pointers to,and a brief discussion
of, extensions of this line of work, see Chagrov and Zakharyaschev [86, Chap-
ter 17]. At the end of Section 3.2 we remarked that general frames can be seen
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as a model version of thegeneralized modelsor Henkin modelsfor second-order
logic. Henkin [222] introduced such models, and good discussions of them can be
found in Doets and van Benthem [120] or Manzano [320]. Finally, for more on the
lambda calculus see Barendregt [23] or Hindley and Seldin [229].


