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Computability and Complexity

In this chapter we investigate the computability and coxipteof normal modal
logics. In particular, we examine the computabilitysatisfiability problemggiven
a modal formulap and a class of modelsl, is it computable whethep is M-
satisfiable?) ansgalidity problemggiven a modal formul@ and a class of models
M, is it computable whethes is valid on M?). When the answer is ‘yes’, we
probe further: how complex is the problem — in particularamesources of time
(that is, computation steps) or space (that is, memory) eeeled to carry out the
required computations? When the answer is ‘no’, we pose asiquestion: how
uncomputable is the problem? There are vast differencelseircomplexities of
modal satisfiability problems: some are no worse than thiefisduility problem
for propositional calculus, while others are highly undedile.

This chapter has two main parts. The first, consisting of treedections on the
basic track, introduces the basic ideas and discusses fupdalecidability. Three
techniques for proving decidability are discussed (finitedeis, interpretations in
monadic second-order theories of trees, and quasi-modélmasaics) and unde-
cidability is approached via tiling problems. In the secqadit, consisting of the
last three sections of the chapter, we examine the compleksome key modal
satisfiability problems. These sections are on the advatreel, but the initial
part of each of them should be accessible to all readers.

Basic ideas about computability and complexity are revisdtie first section,
and further background information can be found in SectionT@roughout the
chapter we assume we are working with countable languages.

Chapter guide

Section 6.1: Computing Satisfiability (Basic track)n this section we introduce
the key concepts assumed throughout the chapter: satisfiabid validity
problems, and how to compute them on Turing machines.

Section 6.2: Decidability via Finite Models (Basic track)\Ve discuss the use of
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6.1 Computing Satisfiability 335

finite models for proving decidability results. Three batkieorems are
proved, and many of the logics discussed in Chapter 4 arershowe
decidable.

Section 6.3: Decidability via Interpretations (Basic tre: Another way of prov-
ing modal decidability results is via interpretations inyaoful decidable
theories such as monadic second-order theories of treds. t&dhnique
is useful for showing the decidability of logics without tfigite model
property.

Section 6.4: Decidability via Quasi-models and Mosaics @8atrack). For log-
ics lacking the finite model property it may also be possibl@rove de-
cidability results by computing with more abstract kindgioite structure;
quasi-models and mosaics are important examples of suditigtes.

Section 6.5: Undecidability via Tiling (Basic track)In this section we show just
how easily undecidable — and even highly undecidable — miadgts
can arise. We do so by introducing an important proof methiahg
arguments.

Section 6.6: NP (Advanced track)This section introduces the concept of NP al-
gorithms, illustrates the modal content of this idea usimge simple ex-
amples, and then proves Hemaspaandra’s Theorem: everyahlmogic
extendingS4.3is NP-complete.

Section 6.7: PSPACE (Advanced track)'he key complexity class for the basic
modal language is PSPACE, the class of problems solvablelympmial
space. We give a PSPACE algorithm for the satisfiability fgobfor K,
and prove Ladner's Theorem: every normal logic betwKeand S4 is
PSPACE-hard.

Section 6.8: EXPTIME (Advanced track)We show that the satisfiability prob-
lem for PDL is EXPTIME-complete. EXPTIME-hardness is shown by
reduction from a tiling problem, and the EXPTIME algorithnirbduces
an important technique called elimination of Hintikka sets

6.1 Computing Satisfiability

The work of this chapter revolves around satisfiability aatfidity problems. Here
is an abstract formulation.

Definition 6.1 (Satisfiability and Validity Problems) Letr be a modal similar-
ity type, ¢ be ar-formula andM a class ofr-models. TheM-satisfiability problem
is to determine whether or netis satisfiable in some model M. The M-validity

problemis to determine whether or ngtis true in all models iM; that is, whether
or notM IF ¢. (We call this the validity problem because we are mostlgrested
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in cases wherd is the class of all models over some class of frames.) Nihe
validity andM-satisfiability problem are each othedsals -

In fact, as far as discussions of computability (or non-cotability) are concerned,
we are free to talk in terms of either satisfiability or valjdproblems.

Lemma 6.2 Let 7 be a modal similarity type, and suppose tihtis a class of
7-models. Then there is an algorithm for solving tiesatisfiability problem iff
there is an algorithm for solving thigl-validity problem.

Proof. As —¢ is not satisfiable inM iff M I- ¢, given an algorithm foM-satis-
fiability, we can test for the validity od by giving it the input-¢. In a similar
fashion, an algorithm fol-validity can be used to test fdil-satisfiability. -

This argument does not give us any interesting informattmuathe relativecom-
plexity of dual satisfiability and validity problems; and indeedgytimay well be
different.

How do the themes of this chapter relate to tioemal modal logicsntroduced
in Section 1.6 and discussed in Chapters 4 and 5? Clearly addsimvestigate
the following two problems.

Definition 6.3 Let 7 be a modal similarity types be a normal modal logic in a
language for-, and¢ a7-formula. The problem of determining whether or gas
A-consistent is called thé-consistency problepand the problem of determining
whether or notd i ¢ is called theA-provability problem

Note thatA-consistency andi-provability problems are satisfiability and validity
problems in disguise. In particular, if is a normal modal logic, an¥l is any
class of models such that = Ay, then theA-consistency problem is thiel-
satisfiability problem, and thé-provability problem is thé/-validity problem. As
every normal modal logic is determined by at least one clas®dels (namely, the
singleton class containing its canonical model; see Tmeet22), we are free to
think of consistency and provability problems in terms dfs$gbility and validity
problems. We do so in this chapter, and to emphasize this uedlysall the A-
consistency problem thd-satisfiability problem and the/-provability problem
the A-validity problem

Our discussion so far has given abstractaccount of the problems we will ex-
plore, and most of our results will be stated, proved, ancudised at this level. But
what does it mean to have an algorithm for solving (say) aitglproblem? And
what does it mean to talk about the complexity of (say) a fsalbisity problem?
After all, computation is the finitary manipulation of finisgructures — but both
formulas and models are abstract set-theoretical obj&otshow that our abstract
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account really makes sense, we need to choose a well-unoénstethod of com-
putation and show that formulas and models camepeesentedn a way that is
suited to our method.

We have chosemuring machine¢Section C) as our fundamental model of com-
putation. The most relevant fact about Turing machines torpurposes is that
they compute by manipulating finite strings of symbols; leeme need to rep-
resent models and formulas as symbol strings. As far as noenputability is
concerned, the key demand is that these symbol string emeg®ons bdinite.
For complexity analyses more is required: representationst also beefficient
Let’s discuss these requirements.

Clearly modal formulas can be represented as finite strings @ finite set of
symbols: proposition letters can be represented by a ssygteol (say,p) fol-
lowed by (the representation of) a number. Thus, insteadookivwg with an infi-
nite collection of primitive symbols we could work with (3gy1, p10, p11, p100
and so on, where the numeric tail is represented in binang ++ but what about
models? Models are set-theoretic entities of the foiin R, V'), and each com-
ponent may be infinite. However, the difficulty is more appéaitban real. For a
start, when evaluating a formuain some model, the only relevant information in
the valuation is the assignments made to proposition&rtetictually occurring in
¢ (see Exercise 1.3.1). Thus, instead of working withwe can work with the fi-
nite valuationV”” which is defined on the (finite) language consisting of eyabti
proposition letters i, and which agrees with” on these letters. Secondly, much
of our work will revolve around models based fonite frames (or more generally,
the frames ofinite characterdefined below).

We already know quite a lot about finite models and their IegiEor a start,
in Section 2.3 we introduced two techniques for buildingtéinnodels (selection
and filtration) and defined the finite model property for theibanodal language.
In Section 3.4 we introduced the finite frame property (agiinthe basic modal
language) and proved Theorem 3.28: a normal modal logic Heéiriite frame
property iff it has the finite model property. Since then weehdearned what a
normal modal logic in a language of arbitrary similarity ¢yjs (Definition 4.13),
so let’'s now define the finite frame property and the finite nhpdeperty for modal
languages of arbitrary similarity type, and generalizedram 3.28.

Definition 6.4 Letr be a modal similarity type. A frame of typehasfinite char-
acter if it contains finitely many states, and finitely many non-éynelations. If
A'is a normal modal logic in a language forandF is a class of--frames of finite
character, andl = Af, thenA is said to have thénite frame property (f.f.p.)ith
respect td-. If A = A for some class of-framesF of finite character, therl has
the finite frame property.

A class ofr-modelsM is finitely based if every model inM is based on a-
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frame of finite character. Ifl is a normal modal logic in a language for and
M is a class of finitely based-models, andl = Ay, thenA has thefinite model
property (f.m.p.)with respect taMl. If A = Ay for some class of of finitely based
7-modelsM, then A has the finite model property.

A few remarks may be helpful. First, the concept of finite eleter is a natural way
of coping with similarity types containing infinitely manglations. Second, note
that the way the finite frame property is defined here (wherasimwgly insist that
A = Ag) is somewhat simpler than that used in Definition 4.13 (whkezensisted
thatF IF A, and for every formula such thatp ¢ A there is somg € F such that
¢ is falsifiable ong). It is easy to see that these definitions are equivalentliiaa
class of frames of finite character (or indeed, a class offingmes) may well be
a proper class. Nonetheless, up to isomorphism, there &relenumerably many
frames in any such class; henceihas the finite frame property, it has the finite
frame property with respect to a denumerably infisigtof frames, and we take
this for granted without further comment throughout theptba

Given this definition, it is straightforward to generalize€brem 3.28.

Theorem 6.5 Let r be a modal similarity type. Any normal modal logic in a lan-
guage forr has the finite model property iff it has the finite frame prayper

Proof. This is a matter of verifying that the proof of Theorem 3.28eexls to
arbitrary similarity types; see Exercise 6.1.1

There are many ways to represent a frame of finite charaotgsther with a val-
uation V' defined on finitely many proposition letters, as a finite syhgbong.
While any such finitization is sufficient for discussions ofhputability, we need
to exercise more care when it comes to complexity. Complékiory measures
the difficulty of problems in terms of the resources requi@dolve them — and
these are measured as a function of the size of the input. Wyhigefficient rep-
resentation of the input can render such resource measarasus, So we must be
careful not to smuggle in sources of inefficiency. For the plaxity classes we
will be dealing with, this is pretty much a matter of commonse but the follow-
ing point should be made explicit: we musdt represent the numeric subscripts
on propositional variables and states in unary notation.

The point is this. Even binary representations (which angéo than the more
familiar decimal representations) are exponentially noampact than unary ones.
For example, the representation of the number 64 in unarystsirey of 64 con-
secutive ones, whereas its representation in binary isQ@DAf we represent our
subscripts in unary, we are usindnighly inefficient representation of the problem.

For this reason we will regard modal formulas (for the basadat language)
as strings over the alphabép, 0, 1, (, ), A, =, ¢}, and proposition letters will
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be represented by strings consistingpdbllowed by thebinary representation of
a number (without leading zeroes). Similarly, we will redjanodels as strings
over the alphabetw, p, 0, 1, ;, (, )}. A state in a model will be represented by
w followed by the binary representation of a number (witheaiding zeroes), and
the representation of proposition letters (which we neeentmode the valuation)
will be as just described. A string representing a model hale the following
form:

<(w1; Ce W)
(wiswj); .5 (wr; wy) );
(P (w5 ws))i s (pys (wis -5 wa))),

wherel < i, j, k, [, r, s, t, u < n. Such triples represent models in the obvious
way: the first component gives the states, the second theoreland the third the
valuation. The subscripted’s andp’s are metavariables over our representations
of states and proposition letters, respectively. We asghateour representations
of models contain no repetitions in any of the three comptsmemd that they sat-
isfy obvious well-formedness conditions (in particuldre tthird component rep-
resents dunction thus we cannot have the same representatjoappearing as
the first item in different tuples). Here is a simple examgi@gh to keep things
readable we have represented the numbers in decimal):

P e q

(w15 wa; w3);
\o/ <<(1;1;11212>;?Zw1;w3>>;
p

((p1; (w5 w2)); (p2; (ws))))
A model Its representation

Such representations open the door to all the standard gisnegcomputability
theory and computational complexity. For a start, it now egagense to describe
sets of formulas (including normal modal logics), sets otiels, and sets of frames
as beingrecursively enumerable (r.e.9r as beingecursive Saying that a set is
r.e. means that it is possible to write a Turing machine thihswccessively output
all and only its elements. Saying that a set is recursive s\t it is possible to
write a Turing machine which, when given any input, will perh afinite number
of computation steps, halt, and then correctly tell us wéethe input represents
a member of the set or not. (In short, recursive sets are ttaosghich we can
decide membership using a terminating computation.)

Furthermore, it is clearly possible to program a Turing niaelso that when it
is presented with (the representations of) a formula, a mede a point, it will
evaluate (the representation of) the formula in (the regmegion of) the model at
(the representation of) the point. Admittedly it would b&hex painful to write out
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such a Turing machine in detail — but it is straightforwardaigte a program to
carry out this task in most high-level programming langsadpence, by Church’s
Thesis (see Section C), it is possible to write a Turing naetio do the job as
well. Thus it makes perfectly good sense to talk about wgifliuring machines
which test for the satisfiability or validity of a formula orctass of finitely based
models and to inquire about the complexity of such problems.

Apart from asking the reader to generalize the above reptatsen schema to
cover modal languages of arbitrary similarity type (seerkise 6.1.2) we will not
discuss the issue of representation further. In most of fdflaivs we talk as if the
abstract definition of satisfiability and validity problewgigen earlier was the focus
of our computational investigations. For example, we witen call |¢| the size
of the input formula; strictly speaking, it is the size of iepresentation. Nor do
we mention Turing machines very often. The results of thagpoér rest on the fact
that there is an efficient representation which enables gsrtpute satisfiability
and validity problems; for many purposes we can ignore thailde

Exercises for Section 6.1

6.1.1 Prove Theorem 6.5. That is, show that for any modal simyldyipe 7, any normal
modal logic in a language far has the finite model property if and only if it has the finite
frame property. This is simply a matter of verifying that gireof of Theorem 3.28 extends
to arbitrary similarity types — but note that there will beapgn your proof if you haven't
yet proved the Filtration Theorem for modal languages oitia@ty similarity type.

6.1.2 Modify the representation schema for models given abovéabit can represent
any finitely based model of any modal similarity type.

6.1.3 Show that ifA is the normal modal logic generated by an r.e. set of formitiesn A
itself is an r.e. set. (The reader unfamiliar with this typ@mof may find it useful to look
at the proof of Lemma 6.12 below.)

6.2 Decidability via Finite Models

Call a normal modal logict decidableif the A-satisfiability (or equivalently:A-
validity) problem is decidable, anghdecidablef it is not. How should we estab-
lish decidability results? A lot depends on our ‘accesshmlbgic. For example,
we may knowA purely semantically: it is given as the logic of some class of
frames of interest. However, we may also have a syntactidlbam A; in partic-
ular, we may know that it is the logic generated by some sekioihas. Whether

A is semantically or syntactically specified, establishimgf it has the finite model
property is a useful first step towards proving decidabifity if we can prove this,
two plausible strategies for establishing decidabilitygest themselves, as we will
now explain.
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e Decidability for semantically specified logics: informalrgument. Suppose
we only have a semantic specification/afbut that we have been able to prove
that A possesses a strong form of the finite model property: not dogsA
have the f.m.p. with respect to some set of models, but fofamyula ¢ there
is a computable functiorf such thatf(|¢|) is an upper bound on the size of
these models needed to satisfyWrite a Turing machine that takesas input,
generates all the finite models belonging to this set up ®fil|), and tests for
the satisfiability ofp on these models. Becaugés /A-satisfiable iff it is satisfied
in a A-model of size at mosf (|¢|), and because the machine systematically
examines all these models, our machine decitisstisfiability.

e Decidability for syntactically specified logics: informargument. Supposel
is given axiomatically, and we have been able to show Ahlads the f.m.p. with
respect to some set of modd¥s First, construct a Turing machine that makes
use of the axiomatization to recursively enumeratethalidities. Second, con-
struct a Turing machine that recursively enumerates alfittiee models inM.
Given two such machines we can effectively test thealidity of any formula
¢: if ¢ is valid it will eventually be generated by the first machiifat is not,
we will eventually be able to falsify it on a model generatgdte second. One
of the machines must eventually settls fate, and thus decidg-validity.

Such arguments underly most applications of the finite mpigderty to decidabil-
ity. We have deliberately phrased both arguments ratheelgpthe fundamental
goal of this section is to explore the underlying ideas mareftlly, and formulate
them rigorously. Our investigation will yield three mairetrems. The first is a
precise formulation of the argument for semantically sfetilogics. The second
and third are distinct reformulations of the argument fartagtically specified log-
ics. We will consider a number of applications of these thew, and will put both
of the methods introduced in Section 2.3 for constructingefimodels (namely
filtration andselection to work.
Let us begin by scrutinizing the first of the above argumentsis revolves

around a strong form of the finite model property.

Definition 6.6 (Strong Finite Model Property) Let /A be a normal modal logic,
M a set of finitely based models such thia& Ay, andf a function mapping nat-
ural numbers to natural numbet$.has thef (n)-size model propertwith respect
to M if every A-consistent formulap is satisfiable in a model iV containing at
mostf(|¢|) states.

A has thestrong finite model propertwith respect taM if there is acomputable
function f such that1 has thef (n)-size model property with respect kb. A has
the polysize model propertyith respect tav if there is apolynomialp such that
A has thep(n)-size model property with respect kb.
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A has thef (n)-size model property (respectively, strong finite modelperty,
polysize model property) if there is a set of finitely baseddeieM such that
A = Ay and 4 has thef (n)-size model property (respectively, strong finite model
property, polysize model property) with respecMo

If a logic A has the polysize model property, atysatisfiable formula is satisfiable
not just on a finite model, but a genuinedgnallmodel. Even this very strong form
of the f.m.p doesot guarantee decidability: as the reader is asked to prove in
Exercise 6.2.4, there are uncountably many normal modaldaghich possess the
polysize model property but haumdecidablesatisfiability problems.

In view of this result, the first informal argument sketchlsacly inadequate —
but where does its deficiency lie? It makes the followings@gilassumption: that
for any set of models, and any natural numheit is possible to generate all and
only the models irM of size at most:.. This assumption is warranted onlyM
is a recursive set (that is, only if a Turing machine can deeixkctly which finite
models belong td/1). But this is the only shortcoming of the informal argument.

Theorem 6.7 If A is a normal modal logic that has the strong finite model proyer
with respect to a recursive set of modblsthenA is decidable.

Proof. First, observe that for any natural numbeit is possible to generate all
distinct (representations of) modelshhthat have size at most we need simply
write a machine that generata#f distinct (representations of) models that have
size at most:, tests each model (representation) as it is generated twlsstber
it belongs toM (this is the key point: we can effectively test for membepsini
M precisely becaush! is a recursive set) and then outputs exactly those models
(representations) which do belong M (From now on we drop all mention of
representations, and will speak simply of ‘generating atels’ or ‘generating all
models up to size’, and so on.)

So, giveny, we use this machine to generate all models of the appreseéitup
to sizef(¢), and test whethes is satisfiable on any of the models it produces) If
is satisfiable on at least one of them, itissatisfiable; if not, it is noti-satisfiable,
for A has the strong f.m.p. with respectNb

Theorem 6.7 is an important result. If we are to apply it, h@we establish that a
logic has the strong finite model property? Unfortunatetyfully general answer
to this question is known — nonetheless, both filtration aiddion can be useful.
We start by illustrating the utility of filtrations.

Corollary 6.8 K, T,KB, K4, S4, S5 K, K;4.3 andK,;Q are decidable.

Proof. First, all these logics have the f.m.p. with respect to theeeted sets of
models; for examplek4 has the f.m.p. with respect to the set of finite transitive
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models, anK;Q has the f.m.p with respect to the finite dense unbounded weak
total orders (that is, the finiteuwTo frames; see Theorem 4.41). The easiest
way to prove this is to use filtrations. In Section 2.3 we defifigrations for
both the basic modal language and the basic temporal larg@&igen a modelt

that satisfies a formula at some state, by filtratingt through the set of alp’s
subformulas we obtainfinite modelMt/ that satisfies. Of course, we need to be
careful thatit/ has all the right properties; for exampleit was ak4-model, we
want9t/ to be aK4-model as well. By and large this is straightforward, thottgh
reader will need to think a little about how to handle dense Exercise 6.2.1.

Such filtration arguments actually establish sgh®ngf.m.p. for these logics. If
we form 9/ by filtrating Mt through the subformulas af, thenMt/ has at most
21%l nodes, thus we have a computable (though, unfortunatgbgresntial) upper
bound on the size of satisfying models for all these logies; Section 2.3.

It remains to check that the relevant sets of finite modelseamarsive. Checking
for membership in these sets boils down to checking that theehs possess (vari-
ous combinations of) such properties as reflexivity, ttant, trichotomy, and so
on. ltis clearly possible to devise algorithms to test far thlevant properties,
hence (by Church’s thesis) we can program a Turing machide so. Thus The-
orem 6.7 applies, and all these logics are decidabté.

Filtration is a widely used technique for showing that Iagi@ave the strong finite
model property, but it has limitations. Suppose we are waykvith a modal lan-
guage containing unary modal operators:(> 0) and no others. Let} be the set
of frames for this language such that for egle F7, the relation corresponding
to each modality is a partial function, |81} be the set of models built ovéi},
and letK , Alt be its logic. NowK, Alt, has the strong finite model property, but
there is no obvious way of using filtrations to show this; sgerEise 6.2.3.

However — at least in the present case — it is straightforvianaseselection
the other method of building finite models discussed in $ai3, to establish the
strong finite model property.

Corollary 6.9 K,Alt; is decidable.

Proof. We argue as follows. Suppo8& is in M} andt, w I- ¢. Let 9 be the
model that is identical td)t save possibly that any relationsfIi’ not correspond-

ing to modal operators in are empty. Clearly)t’ is also inM} and9t’, w I+ ¢.
Letm be the degree af (that is, the maximal depth of nested modalities; see Defi-
nition 2.28). Le®” be the submodel éft’ formed by selecting all and only those
nodes reachable from in m or fewer steps. Clearlgt” is in M} andd”, w I ¢.
Moreover, because each relation is a partial functioty, has only finitely many
nodes: indeed, it can contain at mé’$t+ 1 nodes, where is the number of dis-
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tinct types of modality that occur in. HenceK,, Alt; has the strong finite model
property with respect tM7.

It is clear that the set of finitely basédf’ models is recursive, for testing whether
a finite modebt belongs to it essentially boils down to checking that eachitf
(finitely many non-empty) transition relations is a parfiahction. Decidability
follows by Theorem 6.7. -

Selection is not as general a method as filtration — but it camudeful, espe-
cially when working with non-transitive models. As we witeswhen we discuss
NP-completeness, selection is a natural way of turning gefmbdel (perhaps pro-
duced via a filtration) into a truly small (that is, polysizapdel.

Theorem 6.7, together with such methods as filtration anecseh, can be a
useful tool for establishing modal decidability results; it does not require us to
have an axiomatization. Very often we do have an axiomaizait our disposal,
and it is natural to ask whether (and how) we can make use ofhelp establish
decidability. This is what the second informal argumerg¢ratits to do. The key
idea it embodies is the following: if a logic is both axionzatble and has the finite
model property with respect to some (recursively enumejadet of modelsvl,
then we should be able to prove decidability. This is an irtgodridea that can be
developed in two different ways, depending on the kind obaratization we have,
and what we know about the computational propertiell of

When we discussed completeness in Chapter 4, we viewed atizations very
abstractly: we simply said that it was a normal modal logicy’ a set of modal
formulas, and<X (the smallest normal logic generated by equaled, then ¥
was an axiomatization ol. To give computational content to the phrase ‘gener-
ated by’ we need to impose restrictions i) for under the definition just given
every normal logicd generates itself. This is too abstract to be useful here,eso w
will introduce various notions o&xiomatizabilitythat offer more computational
leverage.

Definition 6.10 A logic A is finitely axiomatizablef it has afinite axiomatization
i it is recursively axiomatizablé it has arecursiveaxiomatizationX’; and it is
axiomatizablef it has arecursively enumerablaxiomatization¥. -

Although it won't play a major role in what follows, there isn@at result called

Craig’s Lemma that readers should knasvery axiomatizable logic is recursively
axiomatizable So the following lemma is essentially Craig’s Lemma for ralod
logic:

Lemma 6.11 If A is axiomatizable, therl is recursively enumerable.

So, given a computationally reasonable notion of axiorabtlity, the idea of using
axiomatizations to generate validities is correct. But ldmwe use this fact to turn
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the informal argument into a theorem? Here’s the most olsweay: demand that
M be anr.e. set. As the following lemma shows, this ensuréswhaan recursively
enumerate the formulas that aret valid on M.

Lemma 6.12 If M is a recursively enumerable set of finite models, then thefset
formulas falsifiable irM is recursively enumerable.

Proof. As M is an r.e. set, we can construct a macHifieto generate all its ele-
ments, and clearly we can construct a macitiethat generates all the formulas.
So, construct a machind3 that operates as follows: it calls dril to generate a
model, and orM2 to generate a formula, and then stores both the model and the
formula. It then tests all stored formulas on all stored ni®@43 is not going to
win any prizes for efficiency) and outputs any of the storedhidas it can falsify
on some stored modelAt any stage there are only finitely many stored formulas
and models, hence this testing process terminaésen the testing process is fin-
ished,M3 calls onM1 andM2 once more to generate another model and formula,
stores them, performs another round of testing, and saanfinitum

Supposey is falsifiable on some modéht in M. At some finite stage both
and 2t will be stored byM3, hence¢ will eventually be tested ofit, falsified,
and returned as output. This means that the set of formulsi§ighle on91 is
recursively enumerable. —

Theorem 6.13If A is an axiomatizable normal modal logic that has the finite
model property with respect to an r.e. set of modé|shen A is decidable.

Proof. A is r.e. by Lemma 6.11. But the set of formulast in A is also r.e. for
A = Ay and the set of formulas that anet M-valid is r.e. by the previous lemma.
Any formula ¢ must eventually turn up on one of these enumerations, hdnse
decidable. -

As an application, we will show that the minimal proposigbmlynamic logic is
decidable.

Corollary 6.14 PDL is decidable.

Proof. By Theorem 4.91PDL is complete with respect to the set of all regular
pDL-models. The axioms dPDL clearly form arecursiveset, so trivially they
form a recursively enumerable set, thus to be able to apglyrtiteorem 6.13 it
only remains to show th&DL has the finite model property with respect to anr.e.
set of models.

This follows easily from our completeness proof RIDL. Recall that we proved
completeness by constructing, for any consistent formula finite model}3 that
satisfiedy. This gives us what we want, modulo the following glitch: halagh
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B contains only finitely many nodes, it may contain infinitehamy non-empty
relations, thus it may not be of finite character and thusc{strspeaking) our
completeness proof does not establish Biat has the finite model property. This
is a triviality: for any formula¢, only finitely many of the relations off are
relevant to the satisfiability of, namely those that actually occurdn Let R4 be
the smallest set that contains all the relationgicorresponding to modalities in
¢ and is downward closed under the usual relation constsi€toat is, ifR...» €
R4 then so areR; and R/, and analogously for relations defined by union and
transitive closure). Note thak,, is finite. LetP’ be the model that is identical
to B save that all the relationsotin R, are empty; we cali’ areduced model
Clearly*p’ is a finitely based model that satisfiges This shows thaPDL has the
finite model property.

The set of reduced models is a recursive set, since chediang@ finite model is
a reduced model boils down to showing that the relationsesponding to non-
basic modalities really are generated out of simpler @tativia composition,
union, or transitive closure, and this is obviously sonreghwe can write a program
to do. Hence, the relevant models are recursively enunertihls the conditions
of Theorem 6.13 are satisfied, aR@L is decidable.

We can also show th&DL is decidable by appealing to Theorem 6.7. As we have
just seen, our completeness proof RIDL gives us the finite model property for
PDL — but in fact it even gives us th&trongfinite model property. To see this,
recall that for any consistent, we constructedg out of atoms that is, maximal
consistent subsets of the Fisher-Ladner closurfsf As there are at mog!?!
such atoms for some constantwe have a computable upper bound on the size of
the models needed to satisfy We noted in the proof of Corollary 6.14 that the
relevant finite models (the reduced models) form a recursaéte hence we have
established everything we need to apply Theorem 6.7.

Theorem 6.13 is a fundamental one and is useful in practicgods not make
use of axiomatizations in a particularly interesting watyuses them merely to
enumerate validities. To apply the theorem we need to knattlte set of relevant
finite models is recursively enumerable. We often have mui@nger syntactic
information at our disposal: we may know that a logidirstely axiomatizable.
Our next theorem is based on the following observation: dgd with the f.m.p.
is finitely axiomatizable, we can use the axiomatization not only tainseely
enumerate the validities, but to help us enumerate the abdiies as well.

Theorem 6.151f A is a finitely axiomatizable normal modal logic with the finite
model property, thenl is decidable.

Proof. As in the proof of Theorem 6.13 we can use the axiomatizatiore¢ur-
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sively enumeratel, so if we can show that the set of formulastin A is also r.e.
we will have proved the theorem.

By Theorem 6.5, ifA has the finitenodelproperty it also has the finittame
property, thus there is some set of finite frantesuch thatA = Ag. Hence,
if ¢ ¢ A, ¢ is falsifiable in some model based on a framerin Obviously all
such frames must validate every axiom/Afhence if¢p ¢ A, ¢ is falsifiable in
some model based on a frame that validates/ttexioms. Now for the crucial
observation: we can write a machinég which decides whether or not a finite
frame validates thel axioms, for asi has only finitely many axioms, each frame
can be checked in finitely many steps. With the helplbf we can recursively
enumerate the formulas falsifiable in sofdased model, but these are just the
formulas which do not belong td. It follows that A is decidable.

Can Theorem 6.15 be strengthened by replacing its demaralfioite axiomati-
zation with a demand for eecursiveaxiomatization? No — in Exercise 6.2.5 we
give an example of anndecidablerecursively axiomatizable logi€U y with the
finite model property; the result hinges on Craig’s Lemma.

Theorem 6.15 has many applications, for many common modkiearse logics
have the f.m.p. and are finitely axiomatizable. For exampheorem 6.15 yields
another proof thak, T, KB, K4, S4, S5 K, K;4.3, andK,Q are decidable, for
all these logics were shown to be finitely axiomatizable iragter 4, and we saw
above that they all have the (strong) finite model propertywever, a more inter-
esting application follows from our work on logics exterglis4.3in Section 4.9.

Corollary 6.16 Every normal logic extendin§4.3is decidable.

Proof. By Bull’s Theorem (Theorem 4.96) every normal logic extemds4.3has
the finite model property, and by Theorem 4.101 every normogicl extending
S4.3is finitely axiomatizable. Hence the result is an immediat@itary of Theo-
rem6.15. -

Corollary 6.16 completes the main discussion of the secfiansummarize what
we have learned so far, in Theorems 6.7, 6.13, and 6.15 werbauds that pin
down three important situations in which the finite modelgandy implies decid-
ability — and indeed, most modal decidability results make of one of these
three theorems.

Exercises for Section 6.2

6.2.1 Provide full proof details for Corollary 6.8. Pay particukgtention to showing that
K;Q has the f.m.p. with respect to the finiblwwTO-frames (see Theorem 4.41). Filtra-
tions generally don't preserve density, so how do we know tthia filtration is dense?
(Hint: trichotomy.)
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6.2.2 Show that ifA is a finitely axiomatizable normal modal logic with the finiteodel
property, thent has the finite frame property with respect to a recursive fsieames.

6.2.3. In this exercise we ask you to show that there is method o#fiittg a partial
function that guarantees that the resulting relation israg@artial function.

Consider the modelt = (N, S, V') whereS is the successor relation on the 8ebf
natural numbers, and makes the proposition lettertrue at precisely the even numbers.
Let ¥ be the se{O—p, Op, —p, p}. Prove that no filtration ofJt throughX' is based on a
frame in whichS” is a partial function.

6.2.4 In this exercise we ask the reader to prove that there areumtaloly many undecid-
able normal modal logics with the polysize model property.

Let Fy,. be the set of all finite frame8¥V, R) such that = {0,...,k} (for some
k € w)andforalldo < n < m < k, Rnm ifft m = n + 1. (Note that this definition permits
reflexive points. Indeed, any frame in this set is uniquetgdrined by its size and which
points, if any, are reflexive.) Then, for eagle w defineF; to be the set containing: (1) all
the irreflexive frames it ;,,.; (2) all the frames irF, . whose last point is reflexive; and
(3) the (unique¥,. frame containing + 1 nodes such thdtis the only reflexive point;
call this frameg;. Now define, for any non-empty C w, F; as the setJ,; Fi; let A; be
its logic.

Defineg; to be the formula A Op A O(=p A SI~10 1),

(a) Prove thap; is satisfiable irf; iff i = j.

(b) Prove that if is F;-satisfiable, then it is satisfiable on a framerinthat contains
at mostm + 2 points, wheren is the number of modalities ig.

(c) Prove that ifl andJ are distinct (non-empty) subsetswfthen there is a formula
that is satisfiable ift; but notinF ;.

(d) Prove that each; has the polysize model property.

(e) Prove thatthere can only be countably many decidabiedo(rhis step is actually
the easiest one: after all, how many distinct Turing machoan there be?)

(f) Conclude that there are uncountably many undecidabismabmodal logics with
the polysize model property.

6.2.5 Let X be an r.e. subset of the natural numbers thatoisrecursive; assume that
0 € X butl ¢ X. ThenKU x is the smallest normal modal logic containing the following
formulas:

(UL) O(OpA<Oq) — OO(pAg)

U2) <O(pAOL)AO(@AOL) = O(pAQ)
U3) OMACT)IAO(GADST) = O(pAq)
(U4), (0O LAOOT) — 0OFOT, wherek € X.

Note that by Craig’s LemmBKU x has arecursiveaxiomatization.

(a) Use Sahlqgvist's Correspondence and Completeness @inetor find a first order
definable clas¥ of frames for whichKU x is sound and complete.

(b) Prove thakU x has the finite model property.

(c) Show thaKU x is undecidable.
(Hint: prove that any formula Udwith j notin X, is not satisfiable itJ.)
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6.3 Decidability via Interpretations

For all its usefulness, decidability via finite models hasuanher of limitations.

One is absolute: as we will shortly see, there are decidalgied that lack the
finite model property. Another is practical: it may be difficio establish the finite
model property, for although filtration or selection worknvany cases, no univer-
sal approach is known. Thus we need to become familiar wiikraiechniques
for establishing decidability, and in this section we idimoe an important one:
decidability via interpretationsand in particularinterpretations inSnS.

A general strategy for proving a problem decidable is toctiffely reduce it to
a problem already known to be decidable. But there are marigalele problems;
which of them can help us prove modal decidability resultd@ally, we would
like to find a decidable problem, or class of problems, to Winiodal satisfiability
problems can be reduced in a reasonably natural manner. ovarenve would
like the approach to be as general as possible: not only dleolarge number of
modal satisfiability problems be so reducible, but the neglireductions should
be reasonably uniform.

A suitable group of problems is the satisfiability problem$aS (wheren € w
or n = w), the monadic second-order theory of trees of infinite deptiere each
node has: successors. Because these problems are themselveslstitispeob-
lems — and indeed, satisfiability problems for monadic sdemntler languages,
the kinds of language used in correspondence theory — iteaglétively straight-
forward to reduce modal satisfiability to»S satisfiability. Moreover, the various
reductions share certain core ideas; for example, anafafe standard translation
play a useful role. The method can also be used for strong Infetizuages, such
as languages containing the until operdtQrsee Exercise 2.2.4.

In this section we introduce the reader to such reductionbdtier, for reasons
which will become clearjnterpretation$. We first introduce the theoriesnS,
note some examples of their expressivity, and state theatmecidability results
on which subsequent work depends. We then illustrate thbodetf interpreta-
tions with two examples. First, we prove th&tB, a logic lacking the finite model
property, is decidable. AKvB is characterized by single structure (hamely, a
certain general frame) this example gives us a relativedigtforward introduc-
tion to the method. We then show how the decidabilitySdfcan be proved via
interpretation. The result itself is rather unexciting —abheeady know thaS4has
the finite model property and is decidable (see Corollary 6-8but the proof is
important and instructiveS4is most naturally characterized as the logic of transi-
tive and reflexive frames, but this is a characterizatioreims of an uncountable
class of structures. How can this characterization berjmeged’ in $iS? In fact,
it can be done rather naturally, and the ideas involved operdbors to a wide
range of further decidability results.
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Let us set about definingriS. If A is some fixed set (our alphabet), thdr is
the set of all finite sequences of elementsdofincluding the null-sequence We
introduce the following apparatus:

(i) Define an ordering< on A* by « < y if y = xz for somez € A*. Clearly
this ‘initial-segment-of’ relation is a partial order. if < y andx # y we
write x < y.

(i) SupposeA is totally ordered by a relation 4. Then we define< to be the
lexicographic ordering ofA* induced by< 4. Thatis,x < y if and only if
x <y, orx = zau andy = zbv wherea,b € A anda <4 b. Note that<
totally ordersA*.

(i) Foranya € A we definer, : A* — A*, thea-th successor functiory
rqo(r) = xa.

Definition 6.17 (SnS) For anyn such thatn is a natural number, ot = w, let
T, be{i € w| i < n}*. The structurent,, is (1,7, <, <)i<n, Where< is the
lexicographic ordering induced by,,, the usual ordering of the natural numbers.
N, is called thestructure ofn successor functiongNote that all these structures
are countably infinite.)

The monadic second-order theory ofsuccessor functions the monadic sec-
ond-order theory dit,, in the monadic second-order language of appropriate signa-
ture (we spell out the details of this language below); théty is usually referred
toas &S. A

Let us spell out the intuitions underlying this machineryirs& note that each
structured,, really is an infinite tree where each node hasnmediate succes-
sors (ordaughtersin standard tree terminology). For example, consiter that
is ({0}*,ro, <,=). This is the infinite tree in which each node has exactly one
daughter; that is, it is simply an isomorphic copy of the ratmumbers in their
usual order. Next, considéR,, that is({0,1}*,ro,r1, <, <). This is the full bi-
nary tree (that is, the infinite tree in which every node hascty two daughters).
An initial segment oM, is shown in Figure 6.1. Note thatis theroot nodeof
the tree depicted in Figure 6.1, and thagndr; are thefirst daughterandsecond
daughterrelations, respectively. Further, note thathas a natural tree-geometric
interpretation: it is simply thelominategelation. That is; < y iff it is possible
to reachz: by moving upwards in the tree frog Similarly, < is thedominates-or-
to-the-left-ofrelation. The tree-like nature of these models plays an rapbrole
in the work that follows, and must be properly understoododrticular, the reader
should check thdtt, really is an infinite tree in which every node haslaughters.
So much for the structures — what about the theories? Eacheothieories
SnS is a monadisecond-ordetheory in theappropriatelanguage. For example,
the monadic second-order language appropriate for tatdmyit)l, contains two
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Fig. 6.1. An initial segment dfit,

function symbols for talking about, andr; (we will be economical with our
notation and usey andr; for these symbols) and two binary predicate symbols
for talking about< and < (we use< and < for this purpose). In addition, the
language contains a denumerably infinite set of individealablesr, y, z, ..., a
denumerably infinite set of predicate (or set) varialites), S, ..., that range over
subsets of the domain, and the usual quantifiers and boofesrators. The syntax
and semantics of the language is standard; see Section Artbef discussion of
monadic second-order logic.

Using these languages, we can say many useful things &hpugirst, note that
although we did not include a primitive equality predicate,equality predicate is
definable oveft,,:

r=yiff r JyANy <z

Next, note that we can define a unary predicate symlmabRthat is true only of
the root node\:

RooT(z) iff -3y (y < x). (6.1)

We can define the unary higher-order predicdteis a finite set” Recall that a
total orderingR on a setS is awell-orderingif every non-empty subset ¢f has

an R-least element; it is a standard observation thas well ordered byR iff S
contains no infinitely descending-chains. It follows that a subsét of 7, is finite

iff it is well-ordered by both< and its converse, for such a set contains no infinitely
descending<-chains and no infinitely ascendingchains.

FINITE(P) iff (6.2)
VQ ((Fx Qx AVy (Qy — Py)) — Ju (Qu AVw (Quw — u < w))
A Jv (Qu AYw (Quw = w < v))).

(That is, P is finite if every non-empty subset d? has a<-first and a=<-last
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element.) In short, monadic second-order logic is an ex@¢hemowerful language
for talking about trees — which makes the following resultla more remarkable.

Theorem 6.18 (Rabin) For any natural number, or n = w, SnSis decidable.

That is, for anyn, it is possible to write a Turing machine which, when given
a monadic second-order formula (in the language of apmtgpsignature), cor-
rectly decides whether or not the formula is satisfiabl&tin The proof of this
beautiful result is beyond the scope of this book; we referrdader to the Notes
for discussion and references.

Given a modal logict, how can we use the fact oiS-decidability to estab-
lish A-decidability? Supposel = Ay for some class otountablemodelsM.
The essence of the interpretation method is to attempt tstiaat, for any modal
formula¢, a monadic second-order formuatA(¢) that does three things.

e It must encode the information in; this is usually achieved by using some
variant of the standard translation.

e It must define a set of substructuresff, (for some choice of,) which are
isomorphic copies of the models .

e It must bring the two previous steps together. ThaSatA(¢) must be con-
structed so that it is satisfiable W, iff (the translation of)y is satisfiable in (a
definable substructure 8t,, that is isomorphic to) a model il — that is, iff ¢
is A-satisfiable.

If such a formulaSatA(¢) can be constructed, the ramifications for modal decid-
ability are clear: as &S is decidable, we can decide whether or 8atA(¢) is
satisfiable oM1,,. As this is equivalent to deciding the-satisfiability ofp, we will
have established thatis decidable.

As our first example of the method in action, we will prove tleeidability of
KvB. We met this logic briefly in Exercise 4.4.2; it is the logicab€ertain general
frameJ. The domainJ of J consists ofN U {w,w + 1} (that is, the set of natural
numbers together with two further points), and the relafitis defined byRxy iff
r#w+landy < zxorz = w+ 1andy = w. The frame(J, R) is shown in
Figure 6.2.4, the collection of subsets of admissible ir{j, consists of allX C J
such that eitheX is finite andw ¢ X, or X is co-finite andv € X.

As the reader was asked to show in Exercise 4KvB, is incomplete; that is, there
is no class oframesF such thatKvB = Ag. By Theorem 6.5 it follows thakvB
lacks the finite model property. Even though it lacks thedinitodel propertykKvB

is decidable, and we will demonstrate this via an interpretain 2S.

Theorem 6.19 KvBis decidable.
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Fig. 6.2. The frame underlyingt Note thatv + 1 is related only taw.

Proof. Let us make two initial assumptions; we will shortly showttbath as-
sumptions are correct. First, let us suppose that (J, R, A) can be isomorphi-
cally embedded iM1,. We will refer to this isomorphic copy &% no confusion
should arise because of this double usage. Furthermores lstippose that this
isomorphic image islefinablein the monadic second-order language‘for. That
is, suppose that there are formuJ/E(s:), ]?(a:, Y) andZ(P) (containing 1 free indi-
vidual variabler, 2 free individual variables andy, and 1 free predicate variable
P, respectively) such that

~

J = {teT| M J@)t)}
R = {(t,t') €Ty x Ty | N2 = R(x,y)[t, t']}
A = (UCT|N EAP)U).
Given these assumptions, it is easy to reduce the satigiigiibblem for the gen-
eral frame to the satisfiability problem for S2S. First, witle help of the formula
R, we can define a translatidfi from the modal language into the second-order
language:
T,(p) = Px
To(=¢) = —Tu(9)
Tx(¢ A 1/)) = Tx(¢) A Tx(w)
T:(¢¢) = 3y (Ray ATy(9))
Note thatT), is just the standard translation with the formlﬁareplacing the use

of a fixed relation symbol. We leave it as an exercise to shawftir any modal
formula¢ (built out of proposition lettergy, ..., p,)

(L, R, A), V), wlk ¢ iff Ny |=To(0)[w,V(p1),-.., Vipn)] (6.3)

(See Exercise 6.3.1; the notatipn, V' (p1), ...,V (p,)] means assign the state
to the free variable;, and assign the subsEtp;) to the predicate variablg;.)

For any modal formula, let Sat-KvB ¢) be the following monadic second-order
sentence:

~

AP, ... 3P, 3x (A(P) A - ANA(P) A J(3) ATw(6)).
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It follows that¢ is satisfiable ir{./, R, A) iff My = Sat-KvB¢). Thus —given our
two initial assumptions— we have effectively reduced the satisfiability problem
for KvB to the S2S-satisfiability problem, feris satisfiable ory iff Sat-KvB¢)
belongs to S2S, and by Rabin’s result it is possible to detiddatter.

Hence, to complete the proof thatB is decidable, it only remains to show that
our assumptions were justified; that is, to show thatally does have a definable
isomorphic image iMty. Given the expressive power at our disposal, this is actu-
ally rather easy to do. We will make use of the general preéeléca, RooT, and
FINITE defined in (6.1) and (6.2). In addition, we will use

x <y yliff ri(x) <yA-Fz(x < z2Are(2) <y).

Note thatr <; y means that: is a proper initial subsequence gfsuch thaty
extendse by a finite sequence of 1s — or, in terms of tree geometry, ib&sible
to move down fronr to y by using only the ‘second daughter’ relation.

We will now define an isomorphic image gfin 91,. First, we can define the
numeric part of the underlying frame as follows:

N(x) iff RooT(z) V Jy (RoOOT(y) Ay <y x).

The isomorphism involved should be clear: the natural nurmbm is taken to be
the empty sequence, and the positive integes taken to be the sequencerofs.
Next, we will representy by 0, andw + 1 by 00. Defining these choices is easy:

OMEGA(x) iff Jy(RoOT(y) A x = ro(y))
OMEGA+1(z) iff Jy(RoOT(y) Az =ro(ro(y))).

Putting it all together, we define the required predicatemd R as follows:

J(x) = Nz V OMEGA(z)V OMEGA+1(x)

R(z,y) = (NyA(y <iaxV OMEGA(r)))V (OMEGA(y) A OMEGA+1(x)).

Clearly these two formulas define a subset of the tree dorsamarphic tq J, R).
Thus it merely remains to defing, the class of allowable valuations. With the help
of the ANITE predicate, this is straightforward.

~

A(P) iff
Vo (Pz — J(z)) A ((FINITE(P) A Vz (OMEGA(2) — —Pz)) V
VQVz (Qx <> (Jx AN —=Px) — (FINITE(Q) A Vz (OMEGA(z) = =Q%))))

In short, a definable isomorphic imageJifeally does live insid8t,. We conclude
thatKvB is decidable.

While the above result is a nice introduction to decidapiiia interpretation, in
one respect it is rather misleadingvB is characterized by a single structure (and
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a rather simple one at that) thus we only had to define a sisghaarphic image,
and were able to do this fairly straightforwardly usingSS However, as we saw
in Chapter 4, it is usual to characterize logics in terms ofagsof structures; for
example S4is usually characterized as the logic of the class of reféeaind tran-
sitive models. Do class-based characterizations meshwitéllthe idea of decid-
ability via interpretations? Classes of models may conti@icountable structures
— and only countable structures can be isomorphically emhedn9t,,. And
why should we expect to be able to isomorphically embed eventable models
in infinite tree®

Two simple observations clear the way. First, in many imgaricases, only
the countablestructures in characterizing classes are required. Sedback is
a standard method for converting a model into a tree-basedeinoamely the
unravelingmethod studied in Chapters 2 and 4. Taken together, thesevalisns
enable us to view the classes of structures characterizegy important logics
as a collection of definable substructuresdbf. We will illustrate the key ideas
involved by proving the decidability dd4via interpretation in $S.

As a first step, we claim th&4is sound and strongly complete with respect to
the class otountablereflexive and transitive models. We could prove this digectl
(for example, using the step-by-step method discusseddtidBe4.6) but it also
follows from the following general observation. (Recakltlior the duration of this
chapter, we are only working with countable languages.)

Theorem 6.20 If A is a normal logic that is sound and strongly complete with re-
spect to a first-order definable class of moddlghen is also sound and strongly
complete with respect to the class of @luntablemodels inM.

Proof. Left as Exercise 6.3.3.

Lemma 6.21 S4s sound and strongly complete with respect to the classwiteo
able (reflexive and transitive) trees.

Proof. By Theorems 4.29 and 6.284is sound and strongly complete with respect
to the class otountablereflexive, transitive models; that is, eve®gconsistent

set of sentence¥' is satisfiable on such a mod®t = (W, R, V') at some pointv.

Now, (as in the proof of Theorem 4.54) @t = (W, R, V) be the unraveling diit
aroundw, and let9t* be (W, R*, V), whereR* is the reflexive transitive closure

of ﬁ; this model is a reflexive transitive tree that verifiesat its root. Moreover,

it is acountablemodel, for its nodes are all the finite sequences of stat®® that

start atw, and agt is countable, there are only countably many such sequences.
The result follows. -

Corollary 6.22 S4is decidable, and its decidability can be proved via intetpr
tions.
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Proof. Let us call a subset dft,, aninitial subtreeif it contains A and is closed
under the inverse ok (that is, if y belongs to the subset, and < y, thenx
belongs to the subset). K is such a subtree, thefig denotes the restriction of
< to S. Now for the key observation. LetV, R) be the unraveling of some
countableS4frame (W, R) around a pointv, and letR* be the reflexive transitive
closure ofR. Then(W, R*) is isomorphic to a paifS, <g) for some initial subtree
S. To see this, note that we can inductively construct an isphism f from
(W, R*) to some initial subtree as follows. First, we stipulate thataps the root
of (W, R*) to \. Next, suppose that for soniec W, f (@) has been defined to be
m. Now, {5 € W | ZR5Y} is a countable set 4% is countable, so we can enumerate
its elements. Then, i§ is thei-th element in this enumeration, we stipulate that
f(8) =r;(m). (Thatis, the successor @fthat isi-th in our enumeration is mapped
to thei-th successor af.) In short, 91, is ‘wide enough’ to accommodate a copy
of every branch through a tree-lik&4 model in a very obvious way. In fact, it is
precisely because the required isomorphisms are so silmgileve have elected to
work with 91,,.

With this observed, the interpretation is easy to definestFive define a predi-
cate BUBTREKS), which picks out the initial subtrees of,,:

IsuBTREE(S) iff Jy (ROOT(y) A Sy) AV2Vu ((SzAu < z) — Su)).

Second, we define a predicatg that defines the restriction &f to a subset of
N, by

x<gyiff SeASynz<uy.

Third, we define a translatio* from the basic modal language to the monadic
second-order language fot,,. Like the translatiorif” we used when proving the
decidability ofKvB this translation is a simple variant of the standard trdiwsia

In fact, it is identical tdl” save in the clause for modalities, which is given by:

vs(Co) =Ty (z <s y AT, 5(9))-

Note that as well as containing the free individual variahléhe translation o> ¢
contains a free set variable when written in full the above expression becomes:

vs(C0) =Ty (SzASyna <yNT ().

We need the free variable here because we are not workingowéltiixed isomor-
phic image (as we were when proving the decidabilityjkeB). Rather, we have
a separate relation for each initial subtree, and the peesehthe free variable
allows all our definitions to be relativized in the appropzisvay.

It simply remains to put it all together. Suppases a modal formula constructed
out of the proposition letterg, ..., p,. DefineSat-S4¢) to be the following
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sentence:

353P; ... 3P, 3z (ISUBTREE(S) A
Vz(Prz = Sz)AN--- AVz(Ppz — Sz) A Sx /\T;;‘jS(QS)).

Recall thatI”(¢) contains free occurrences sfandx; these become bound in
this sentence. Bearing this in mind, it is clear this sergeagserts the existence of
an initial subtrees of 91, a collection ofn. subsets?; of this subtree, and a state
x in the subtree, that satisfy the translation¢gof That is, it asserts the existence
of a tree-likeS4 model for the (translation ofp, and we have reduced thst-
satisfiability problem to the &S-satisfiability problem.

This completes our discussion of interpretations #8S— though we should im-
mediately admit that we have barely scratched the surfatieeainethod’s poten-
tial: Rabin’s theorem is very strong, the ideas underlytmgake contact with many
branches of mathematics, and it has become a fundamenitéh toany branches
of logic and theoretical computer science. Nonetheless,d@cussion has un-
earthed themes relevant to modal logic: the importance tab&shing complete-
ness results with respect to classesatintablestructures, the use ainraveling
to produce tree-like models, and the particular utilit®f in allowing reasonably
straightforward isomorphic embeddings. These three idrable a wide range of
modal decidability results to be proved via interpretagion

One final remark: while 8S is important, it is certainly not the only logical sys-
tem in which modal logics can be interpreted. Many fragmentdassical logic,
or theories in classical logics, are known to be decidabid, Gifer opportunities
for proving modal decidability results. Indeed we haveadsemet a (very simple)
example. We pointed out in Section 2.4 that the basic modagjuage translates
into the 2 variable fragment of classical logic, (see Priajmrs2.49), from which it
immediately follows thaK (and some simple extensions suchiTasire decidable.
Moreover, on occasions it can be useful to interpret a madgt in another modal
logic already known to be decidable. See the Notes for fudiszussion.

Exercises for Section 6.3
6.3.1 We claimed that the general frame &vB is isomorphically embedded in the tree

domain, and thak? defines the accessibility relation of this isomorphic ima@beck this
claim, and show that

((W7 R7 A)7 V)vw II— ¢ Iﬁ m? ': T$(¢)[w7 V(p1)7 ] V(pn)]v
for any modal formula (see (6.3)).

6.3.2 Show by interpretation in S2S that both the tense logic ohidteiral numbers, and
the tense logic of the integers, are decidable. Now add ttikkoperatorU to your language
(this operator was defined in Chapter 2 in Exercise 2.2.4¥ tAe logics of the natural
numbers and the integers in this richer language still daxe?
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6.3.3 Prove Theorem 6.20. That is, show thatlifis a normal logic that is sound and
strongly complete with respect to a first-order definablesiaf modeldv, then is also
sound and strongly complete with respect to the class abaihtablemodels inM. (Hint:
use the standard translation and the Downward Lowenhéiote8 Theorem.)

6.4 Decidability via Quasi-models and Mosaics

In this section we will show that such familiar techniquedilisition can be em-
ployed to prove decidability, even for logics lacking thatérmodel property. The
key move is simply to think more abstractly: instead of tgyto work with finite
models themselves, we will work with finite structures whéericode information
aboutmodels.

Quasi-models forKvB

For our first example we will re-examine the lodivB, which we proved de-
cidable in the previous section via interpretation in S28c& thatKvB is the
logic of a single general framgwhose univers¢ is N U {w,w + 1}, and whose
accessibility relation ig2. Also recall thaKvB is anincompletdogic, which im-
plies that it doesiot have the finite model property. Nonetheless, we can edtablis
the decidability ofKvB using a filtration argument. We cannot use filtration to
build a finite KvB model(no such model exists), but we can use it to build a finite
quasi-model

Consider a modeit = (J, R,V'), whereV is an admissible valuation fdy.
What kind of filtration seems natural for this structure? livere not for the point
w + 1, it is obvious that we would go for the transitive filtratiowery well then
— let’s adopt the following procedure: first delete the point 1, then take the
transitive filtration of the remainder of the frame, and fipajlue a copy of the
pointw + 1 back on to the resulting finite structure. Of course, we knoat this
will not result in a finiteKvB model; but hopefully it will yield something from
which we carconstructa KvB model.

First we need the notion of @osureof a set of sentences. We will not filtrate
through arbitrary subformula-closed sets of sentencabemawe will insist on
working with sets of sentences that are closed under sirggations as well.

Definition 6.23 (Closed Sets and Closuresh set of formulasY' is said to be
closedif it is closed under subformulas and single negations. ®hitc € X and
6 is a subformula ofr, thend € X'; and moreover it € ¥, ando is not of the
form =6, then—o € X.

If I"is a set of formulas, thef(I"), theclosureof I', is the smallest closed set
of formulas containing”. Note that ifI" is finite then so isCI(I"). If I' = {¢},
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where¢ is any modal formula, then we usually writ€ , for CI({¢}) and call this
set the closure af. -

Advanced track readers should note that they have alreatlya mere elaborate
version of this idea when we proved the completenes2Dif: any Fisher-Ladner
closed set (see Definition 4.79) is closed in the sense ofrtheéqus definition.

Now for quasi-models. Letp be some basic modal formula. KvB quasi-
model for¢ is a pairQ = (F, \) where:

(i) § = (@, S) is afinite frame, containing two distinct distinguished mei
calledc andoo, that satisfies conditions F1-F5 below; and

(i) Xis afunction mapping states g§fto subsets of’l, that satisfies the con-
ditions LO—L3 below. We cal\ alabeling

Let’s first consider the conditions F1-F5. These are vernpkimand should be
checked against Figure 6.2. If you reads ‘co-finite’ and view this element as the
quasi-model’'s analog af, and viewoo as the analog af + 1, the resemblance
between finite frames fulfilling these conditions and therfes ./, R) should be
clear.

(F1) OnQ \ {oc}, S is trichotomous and transitive,
(F2) Scw iff w # oo,

(F3) Sweciff w=corw = oo,

(F4) Soow iff w = ¢, and

(F5) Swoo for now in Q.

Note thatc is reflexive Intuitively, the filtration process described above sgeas
w down into a cluster.

There are also conditions on the labeling. One of these tiondiis that every
label should be &lintikka set This is an important concept, and one we will use
again later in this chapter.

Definition 6.24 (Hintikka Sets) Let X' be a closed set of formulas. HAintikka
setH over X' is a maximal subset of that satisfies the following conditions:

() Lg H
(i) If ~¢ € ¥, then-¢ € H iff & & H.
(i) If ¢AY € X, thenp A € Hiff € Handy € H.

It is important to realize that Hintikka sets also satisfydibions such as the fol-
lowing: if p V¢ € X, theno V¢ € Hiff ¢ € Hory € H. This is because in
this book we define/ (and also—, <+, andT) in terms of L, —, andA (see Defi-
nition 1.12). Hintikka sets neeabt be satisfiable (the reader is asked to construct
a non-satisfiable Hintikka set in Exercise 6.4.2) but iteinarfd (ii) above guar-
antee that they contain no blatant propositional conttaxatis. If a Hintikka set



360 6 Computability and Complexity

is satisfiable we call it aatom Note that both the MCSs used to build canonical
models, and the special atoms used to prove the completeifeBd. are examples
of (consistent) Hintikka sets.

We are now ready for the quasi-model labeling conditions:

(LO) ¢ € A(w) for somew € Q,

(L1) A(w) is a Hintikka set, for eachv € Q,

(L2) ForallGyr € Cly, O € A(w) iff ¢ € A(v) for somew with Swo,
(L3) If &y € AN(w), theny € A\(v) for somewv with Swv and notSvw.

We take thesizeof a quasi-model@, S, ) to be the size of its universg.

Lemma 6.25 Let¢ be a formula in the basic modal language. Thieis satisfiable
in J if and only if there is a quasi-model far, of size at mos2!?!.

Proof. We leave it to the reader to prove the left to right directitims is simply a
matter filling in the details of the ‘delete+ 1, filtrate, gluew + 1 back on’ strategy
sketched above (the filtration must be made throGgk) and the upper bound on
the size of the quasi-model follows as in any filtration arguain So let’s look at
the right to left direction.

Let Q = (@, S,\) be a quasi-model fop, let ¢ and co be the distinguished
points of the quasi-model, and I€% denote the sep \ {co}. We now define an
equivalence relatior-y on @y by

w ~p v iff w=vor(SwvandSvw).

This really is an equivalence relation, and a more-or-lagsilfar one at that: the
equivalence clasg containing areflexivepoint w is simply theclusterthatw be-
longs to (see Definition 4.55), while the equivalence clag®ntaining anrreflex-
ive pointw is simply{w}. The equivalence classes @y are naturally ordered by
the relation>- defined as follows:

w > v iff Swv and notSvw.

It follows from F1 that- is a strict total ordering. Now consider an enumeration
qos q1, - - -, g Of the elements of)y, such thaty first enumerates all elements of
the leftmost equivalence class, then all elements of itémgst neighbor, and so
on. We may extend this enumeration to a nfap/ — @ by putting

qw fw<N,
flw)y=< ¢ ifw>Norw=w,
oo fw=w+1.

It is straightforward to check that for all, v in J, Rwv implies Sf(w)f(v).
Consider, for instance, the case where= w; Rwv implies thatv = n for some
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natural number.. But thenf(w) = candf(v) € Qo, S0S f(w) f (v) follows from
F2. The other cases are left to the reader. What we have slsavati

f is a homomorphism mapping, R) onto (@, S). (6.4)

Now consider the following valuatiol” on (.J, R):

Vip) ={we J|peAf(w))}

It is easy to see thdt is admissible in the general franje if w € V (p) then by
definition of V', n € V (p) for all n > N, soV (p) is co-finite.

Hence, in order to prove the lemma, it is sufficient to show thholds some-
where in the mode(J, V'); but this follows from LO and the following claim:

forally € Cly,and allw € J: J,V,w - iff ¢ € A(f(w)). (6.5)

We will prove this claim by induction on the complexity of The base case, where
1 is a propositional variable, holds by definition 6f and the induction step for
the boolean connectives is trivial singelabels withHintikka setsonly. Hence,
the only interesting case is wheteis of the form<y. Note that the inductive
hypothesis applies tq and thaty € Cly4 since the set is closed under taking
subformulas.

First assume thady, V,w IF &y. There is a state with Rwv andv IF y.
By the fact thatf is a homomorphism it is immediate théff (w)f (v), while the
inductive hypothesis implies that € A(f(v)). From this and L2 it follows that
Ox € A(f(w)).

Now suppose, in order to prove the other direction of (69t ©y € A\(f(w)).
We have to show thd, V, w I Oy. Distinguish the following cases:

(i) w = w+ 1. From this it follows thatf (w) = oo, so from L2 and the fact
(F4) thatc is theonly successor ofo, it follows thaty € A\(c). Hence from
¢ = f(w) and the inductive hypothesis it follows that- . But then it is
immediate thatv + 1 I <.

(i) w # w+ 1. By L3 we may assume the existence of an elemert )
satisfyingS f(w)q, notSqf(w) andx € A(q). Itis obvious fromS f(w)q
and F'5 thatq # oo. Letwv be a pre-image of; from ¢ # ~o it follows
thatv # w + 1. SinceR is trichotomous o/ \ {w + 1}, we haveRvw
or w = v or Rwv. The first two options are impossibl&vw would imply
Sf(v)f(w), whilew = v is incompatible with the fact thett f (v) f (w) but
not Sf(w)f(v). Hence, we find thaRwwv; but the induction hypothesis
givesu I+ v, so indeed we have I+ <.

This finishes the proof of (6.5) and hence, of the lemmd.

Theorem 6.26 The logicKvB is decidable.
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Proof. By Lemma 6.25 it suffices to show that it is decidable whetherd is a
quasi-model forg of size not exceeding!?l. But this is easy to see: we first
make a finite list of all triple§@Q, S, \) such that|Q| < 214/, S C Q x Q and
A: Q — P(Cl,); we then check for each member of this list whether it is aiguas
model for¢. And clearly it is possible to write a terminating programigvhdoes
this. -

The important lesson is that in order to prove decidabilitg mgic, not only finite
modelsare useful: rather, any finite structure tleaicodesa model is potentially
valuable. Now, the finite structure employed in the previexsmple was still very
muchlike a model — as our name ‘quasi-model’ indicates — but in the ggne
case one can push the idea much further. The satisfiabilitydafesn’'t need to be
witnessed by a finite model faf, or indeed by anything that looks very much like
a model; all we need is a finit®olkit which contains the instructions needed to
construct a model fop. The concept of aosaicdevelops this line of thought.

Mosaics for the tense logic of the naturals

Consider the framét = (N, <) with < the standard ordering of the natural num-
bers, and leK;IN be its tense logicK;N doesnot have the finite model property
(see Exercise 6.4.1), buti# decidable, as we will now show using mosaics.

We use the following terminology and notation. For a giverfola ¢ in the
basic temporal similarity type, lef7, denote the smallest subformula closed set
containing¢ (note that we use the same notation as before, but for aefiffeset
since we are dealing with a different similarity type).

Definition 6.27 (Bricks) A brick is a pairb = (&, A) such that® and A are
Hintikka sets satisfying

(BO) if Gi» € @, thenG, v € A,
(B1) if Hi € A, thenH, v € .

A brick is calledsmallif it satisfies, in addition:

(B2) if F'yy € @, then either) or Fypisin A,
(B3) if Py € A, then either) or Py isin .

What we are really interested in asetsof bricks satisfying certain saturation con-
ditions. A brick setB is asaturated set of bricks fop (in short: a¢-SSB) if it
satisfies

(S0) for somg®, A), HL € »andp € AU P,
(S1) forall(®,A) € B,if Fip € Athenthereis @A, ') € Bwithy € I,
(S2) forall(®, A) € B there is a path of small bricks leading frabrto A.
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Here we say that path of (small) bricks from® to A is a sequencé®y, Ay), ...,
(D, Ay) (n > 0) of (small) bricks such tha = &y, A = A, andA4;;; = @;
for all i < n. Finally, we simply define theizeof an SSBB to be the number of
bricksinB. -

The best way of grasping the intuitive meaning of these nstis by reading the
proof of the next lemma.

Lemma 6.28 If ¢ is satisfiable irD1, then there is a-SSB of size at mogt!?!.

Proof. Assume that we have a valuatibhon 91 such that is true at the number
k. For any numbern, let I, denote the truth set of:

Iy ={Y e Cly | N, V,nl- 1}

Define B as the set
B={(I,,[)) | n<m},

and call a bricksequentialf it is of the form (I, I},+1) for some numbern. We
now prove thatB satisfies the conditions BO—B3 and S0-S2.

For BO, assume thaty € I, and thath < m; we have to prove that botfiy
and belong tol;,,. But from the assumption it follows that, V, n I G+. This
implies thatn’ I+ « for all n’ > n; in particular,m I ¢. But alsom |- G, by
transitivity of <. By definition ofI’;,, then we havesy € I, andy € I,,. Blis
proved in a similar way.

For B2, take an arbitrary sequential brick,, I,+1) and assume thdty € I,.
By definition, 9%, V, n I F4, so there must be some > n with m I+ ¢. Note
that eitherm = n + 1 orm > n + 1; in the first case, we obtaip € 7,1, in the
second F'y € I, 1. B3 is proved similarly, hence all sequential bricks arelsma

It is likewise straightforward to prove the saturation citiods. For example, in
order to prove SO, we consider the bridk, I';) (recall thatk is the state where
holds).

Finally, the collection{’, | n € N} is a subset of the power set 01,4, whence
its cardinality does not exceet'; but then the size aB can be at mos2/?l)? =
22l¢l 4

We now show that we have recorded enough information in tlii@iten of a
saturated set of bricks f@r to construct afi-based model fop.

Lemma 6.29 If there is ap-SSB, the is satisfiable irD1.

Proof. Assume thafB is a saturated set of bricks fgr We will use these bricks
to build, step by step, the required model far As usual, in each finite stage
of the construction we are dealing with a finite approximatas this model: a
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history is a pair(L, \) such thatZ is a natural number andl is a function on the
set{0, ..., L} to the set of atoms. Such a histdry, \) is supposed to satisfy the
following constraints:

(HO) HL € X(0).
(H1) for all m with m < L, (A(m), A(m + 1)) is a small brick.

We leave it to the reader to verify that any histddy, \) has the following proper-
ties:

(H2) if Fip € A(n) for somen < L, then there is some. with n < m < L and
1 € A(m), or otherwiseF'y) € \(L).
(H3) if Py € A(n) for somen < L, then there is some: with m < n and

b € A(m).

The importance of the properties H2 and H3 is that they shaitlte only essential
shortcomings of a history (regarded as a finite approximaifa model) are of the
form ‘Fy € A(L), and there is no witness for this fact; that is,;na> L such that
v € A(m).

Of course, we are not going to use histories in isolation; ayetsat one history
(L', \') is anextensionof another history(L, \), notation: (L, \) < (L', \), if
L < L', while A and )\’ agree on the domain of. The crucial extension lemma of
the step-by-step construction is given in the followingrola

Any history (L, ) with F'y» € A\(L)
has an extensiof’, \') with ¢» € X'(L’).

To prove (6.6), lef{ L, \) be a history and’ a formula such that'yy € A\(L). It
follows from H1 that(A(L — 1), \(L)) is a brick, so by S1 there is a bri¢i, A)

in B such that> = A\(L) andy> € A. We now use S2 to find a path of small bricks
(20, 21), (21, 22), R (Ek,h Ek), such thatty = ¢ and ¥, = A. ObViOUSly
we are going to ‘glue’ this path to the old history, thus dreata new history
(L', \'"). To be precisel’ is defined ad.’ = L + k, while \' is given by

/\'(n):{ An) fn<L

(6.6)

With this definition(L’, \") satisfies the condition of (6.6).

Using (6.6), by a standard step by step construction one efineda sequence
(Lo, Ao) < (L1,A1) < ... of histories such thalf L € A\y(0) and¢ € A\o(Ly),
while for eachi and each formuld™y) € \;(L;) there is aj > ¢ and a number
L; < m < Ljsuch that) € \;(m). This sequence of nested histories will be our
guideline for the definition of a valuation di. Note that for all formulas) and
all i andn, we have that

if n < L;, theny € \j(n) iff o € \j(n) forall j > i.
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In other words, the histories always agree where they araatkfihis fact will be
used below without explicit comment.
Now consider the following valuatiol” on 91:

V(p) ={n € N| p € \j(n) for somei}.
We are now ready to prove the crucial claim of this lemma.
Forally € Clgand alln: N, V,n Ik iff ¢ € \j(n) for some. (6.7)

Obviously, (6.7) will be proved by induction an. The base step and the boolean
cases of the induction step are straightforward and we lieara to the reader; we
concentrate on the modal cases.

First assume that is of the form £'y. For the direction from left to right,
assume thait, V, n IF Fy. There must be a numbet > n with m I- y; so by the
inductive hypothesis, there is awith x € \;(m). Itis easy to show (by backward
induction and H1) that this implieB'y € \;(k) for all k with n < k < m.

For the other direction, assume thag € \;(n) for somei. It follows from H2
that there is either a numbet with n < m < L; andy € \;(m), or otherwise
Fx € \(L;). In the first case we use the inductive hypothesis to estabiist
m IF y and hencep I F'y. Hence, assume that we are in the other case:c
Ai(L;). Now our sequence of histories is such that this implies gigtence of a
history (L, ;) with j > i and such that € A;(m) for somem with L;,m < L;.

It follows from the inductive hypothesis that I ; thus the truth definition gives
us thatn I+ F'y.

Now assume thap is of the formPy. The direction from left to right is as in
the previous case. For the other direction, assumeRiat \;(n) for somei; it
follows by H3 that there is am < n with y € A\;(m). The inductive hypothesis
yields thatht, V, m I x, so by the truth definition we geti- F'y. -

Theorem 6.30 KN is decidable

Proof. Immediate by Lemmas 6.28 and 6.29, and the obvious factttisatiecid-
able whether there is@SSB of size at most?/¢l.

A wide range of modal satisfiability problems can be studmedsing quasi-models
and mosaics. Indeed, such methods are not only useful fvlessting decidability

results, they can be used to obtain complexity results ak sext the Notes for
further references.

Exercises for Section 6.4
6.4.1 Prove thatK;IN does not have the finite model property.
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6.4.2 Give an example of an unsatisfiable Hintikka set. (Hint: waith the closure of
{8(p A q),~Op,~0g}.)

6.4.3 Extend our proof of the decidability of the tense logic of treural numbers to a
similarity type including thenext timeoperatorX. The semantics of this operator is given
by

M, V),nlF Xoiff (0L, V),n+11F ¢.

6.4.4 LetF, be the class of frames for the basic modal similarity typeliciv every point
has exactly two successors. Use a mosaic argument to pratmvih class has a decidable
satisfiability problem.

6.4.5 In this exercise we consider a version of deterministic. in which everyprogram
is interpreted as a partial function — at least, in the ineghsemantics. The syntax of this
language is given by

¢ == p|lL]|-@]| o1 Ao | (m)¢ (paproposition letter)

m u= a|m ;e |if(p,m,m) | repeat(r, @) (a @an atomic program)
In a regular modedn for this language, each relatiaR, is a partial function, and the
interpretation of the composed programs is given in the@lwivay. That iSR, ., IS
the relational composition aR., and R, ; Rif(¢ =, x,)st holds if eitherdt, s I- ¢ and
Ry, st or elsed, s |f ¢ and Rr,st. Finally, we haveR, . cq¢(r ) st if there is a path

sR;t1R;ty ... R:t, = t from s tot such thatw > 1 andt = t, is thefirst t; where¢
holds.

(&) Prove thatin a regular model, each prograim interpreted as a partial function.

(b) Prove that the class of regular models has a decidabdeytiower this language.
(Hint: use mosaics (bricks) of the for(®, A, IT) where® and A are Hintikka sets
andI is a set of programs closed under some natural conditions.)

6.5 Undecidability via Tiling

There are lots of undecidable modal logics; indeed, eveoumably many with
the polysize model property (see Exercise 6.2.4). Morednere are undecid-
able modal logics which in many other ways are rather welaved (we saw an
example in Exercise 6.2.5). Nice as they are, these exardplest really make
clear just how easily undecidable modal logics can arisehow serious the un-
decidability can be. This is especially relevant if we arakirgg with the richer
modal languages (such esL) typically used in computer science and other appli-
cations, and the first goal of this section is to show thatmahtand on the face of it,
straightforward) ideas can transform simple decidablécsomto undecidable (or
evenhighly undecidable) systems. While the examples are interestitiggir own
right, this section has a second goal: to introduce the quirafdiling problems
Given a modal satisfiability problersi, to prove thatS is undecidable we must
reduce some known undecidable problémto S. But which problems are the
interesting candidates for reduction? Unsurprisinglgretis no single best answer
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to this question. As with decidability proofs, proving ucdkbility is something
of an art: it can be very difficult, and there is no substituie denuine insight
into the satisfiability problem. Certain problems lend tisehaes rather naturally
to modal logic, and tiling problems are a particularly nigample.

What is a tiling problem? In essence, a jigsaw puzzldileXT" is simply al x 1
square, fixed in orientation, each side of which haslar. We refer to these four
colors asright(T), left(T'), up(T), anddown (T'). Figure 6.3 depicts an example.
(We have used different types of shading to represent tferelift colors.)

il i T 2

Fig. 6.3. Six distinct tile types.

Six tiles are shown in Figure 6.3. Note that if we rotated thiedttile 180
degrees clockwise, it would look just like the fourth tiledathat if we rotated the
first tile 180 degrees clockwise it would look just like thethitile. We ignore
such similarities. (This is what we meant when we said tHas tare ‘fixed in
orientation.’) That is, the diagram shows six distinct typétile.

Now for a simple tiling problem:

Is it possible to arrange tiles of the type just shown an»a4 grid in such a
way that adjacent tiles have the same color on the commof side

A little experimentation shows that this possible. A solution is given in Fig-
ure 6.4.

°o:::o° -}j g """"""""
..%: .::%::.0 '::::::? &

Fig. 6.4. A2 x 4tiling.

This simple idea of pattern-matching underlying tiling lplems gives rise to a
family of problems which can be used to analyze computatioomplexity and
demonstrate undecidability. This is the general form titiagtproblems take:

Given a finite set of tile type$, can we cover a certain part @fx Z in such
a way that adjacent tiles have the same color on the commaee(®glow,
covering a grid with tiles so that adjacent colors match balicalled ‘tiling’.)
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Some tiling problems impose additional constraints on wbants as a successful
tiling (we will shortly see an example) and some are fornadaas games to be
played between two players (we will see an example at the Etiilsacchapter).

To spell this out somewhat, we might describe our previowsmte as an in-
stance of the x 4 tiling problem. That is, we were given a finite set of tile tgpe
(six, to be precise), asked to tile2ax 4 grid, and no further constraints were im-
posed. In the remainder of this section, we are going to makeofl two much
harder tiling problems. The first is the:

N x N tiling problem . Given a finite set of tile types, can7 tile N x N?

Here is a simple instance of this problem: can wellile N using the six tile types
shown? Of course! We need simply ‘slot-together’ copies wfsolution to the
2 x 4 problem.

In general, however, th& x N tiling problem is hard, and in fact it is known
to beundecidable Indeed, this problem igl{-complete; that is, it is a paradig-
matic example of ‘ordinary undecidability.” (See Sectiorio€ further discussion
of degrees of undecidability.) We won't prove this resultehe- see the Notes for
references — but it is really quite straightforward: thinkeach row of tiles as
encoding Turing machine tapes and states, and the matcioonggs as governing
the state transitions.

The second problem we will use is the:

N x N recurrent tiling problem . Given a finite set of tile type®, which
includes some distinguished tile typg can7 tile N x N in such a way that
Ty occurs infinitely often in the first row?

As an easy example, note that our previous six tile typesrregctly tile N x N
when either the first, the third, the fourth, or the sixth tilpe is distinguished.

Now our new problem is just th& x N tiling problem with an additional con-
straint imposed — but what a difference this constraint raeakgot only is this
problem undecidable, it i& -complete (again, see Section C).

We will prove two modal undecidability results with the aifitbese problems.
Both examples are based around a natural variant of DetestiniPropositional
Dynamic Logic, with intersection replacing choice andaten as program con-
structors; we call this variamRr. We obtain our undecidability results as follows.
First we enrichkrR with the global modality As we will show, the combination of
the intersection construct with the global modality is a pdwl one: it is possible
to give an extremely straightforward reduction of thex N tiling problem. We
then enrichkr with a modality called thenaster modality This is also a natural
operator — indeed, perhaps more natural than the global lihodss a very easy
reduction from theN x N recurrent tiling problem reveals, the resulting system is
highly undecidable.
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Intersection and the global modality

Our first example vividly illustrates how easily undecidepican arise. We are
going to mix two simple ingredients together, both of whigk decidable, and
show that the result has an undecidable satisfiability prabl

The first ingredient is a variant afPDL, with intersection replacing choice and
iteration as program constructors. Recall from Exampl& thatppbpL is simply
PDL interpreted over deterministDL structures (that issDL structures in which
the relationsk,, corresponding to atomic programsire partial functions). Further,
recall from Example 1.26 that modalities built with the mstection constructor
(that is, modalities of the forrfrr; N72)) are interpreted by the relatidR,, N R,
whereR, is the relation corresponding {a,) and R, the relation corresponding
to <7T2>.

In what follows we will not use the entire language; insteawill work with a
fragment (calledkr) which consists of all formulas without occurrences«aind
U. That is,KR contains precisely the following formulas

¢ == plL]-g| Aol (me (paproposition letter)
T u= a|m;m|mNm (aanatomic program)

The KR language is rather simple: essentially it allows us to stdtether or not
different sequences of (deterministic) programs termgimathe same state when
executed in parallel. Note that (over deterministi. structures) a selection argu-
ment immediately shows that it is decidable. Over detestimstructuresevery
modal operator iKR is interpreted by a partial function. (This is because alfrat
programs are modeled by partial functions, and the onlynaragconstructors we
have at our disposal are composition and intersectionglltiviis that if a sentence
¢ from KR is satisfiable in a deterministic model, then it is satisBaipol afinite
deterministic model; the proof is essentially the same aisahCorollary 6.9.

The second ingredient is even simpler. We are going to addldiel modality
A to our fragment. This is an interesting operator that we aiagyto discuss
in detail in Section 7.1; for present purposes we only neekintaw two things
about it. First, it is interpreted as follow83t, w I+ A¢ if for all v in 99t we have
M, v IF ¢. Thus, as its name suggests, the global modality is a mocahtyy
which allows us to express global facts. SecoAdhas a decidable satisfiability
problem. (To see this, simply observe thhis anS5 operator, and we know that
S5is decidable.) Thus, on its owd, is pretty harmless.

But what happens when we addo KR? The resulting language callegA can
talk about computations in a very natural (and very powgsfidy. For example,

A((@) T = 9)

expresses that in every state of a computatiois a precondition for the program
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a to have a terminating execution. As we will now shatgA has crossed the
border into undecidability.

Theorem 6.31 Assume that the language has at least two atomic programen Th
the satisfiability problem fokRA is undecidable. To be precise, itig)-hard.

Proof. We show this by reducing thg x N tiling problem to thexrRA satisfiability
problem; the undecidability (anff?-hardness) of the satisfiability problem will
follow from the known undecidability[{Y-hardness) of thl x N tiling problem.

Recall that théN x N tiling problem asks: given a finite set of tile typgs can7
tile N x N? Putting this more formally: does there exist a functiolN x N — 7
such that

right(t(n,m)) = left(t(n + 1,m))
up(t(n,m)) = down(t(n,m+1))?
We will reduceN x N tiling to the satisfiability problem as follows. L&t =
{T1,...,T}} be the given set of tile types. We will construct a formugla such
that
T tilesN x Niff ¢ is satisfiable. (6.8)

If we succeed in constructing such a formula it follows tlegKRA-satisfiability
problem is undecidable. (For suppose it was decidable. Weeoould solve the
N x N tiling problem as follows: givery, form ¢+, and use the putativeRA-
satisfiability algorithm to check for satisfiability. By @.this would solve the
tiling problem — which is impossible.)

The construction of; proceeds in three steps. First, we show how toxrse
to demand ‘gridlike’ models. Second, we show how to ke@ to demand that a
tiling exists on this ‘grid.” Finally we prove (6.8).

Step 1. Forcing the gridThe basic idea is to let the nodesdifh mimic the nodes
in N x N, and to use two relationg, and R,, to mimic the ‘to-the-right’ and the
‘up’ functions of N x N. To get the gridlike model we want, we simply demand
that R, and R,, commute:

¢grid = A((T ; u) N (u ; 7“)>T

This says that everywhere in the model it is possible to matethe-right transi-
tion followed by an up transition’ and an ‘up transition falled by a to-the-right
transition,” and both these transition sequences leadetedime point. (Note that
this is all we need to say, since by assumptignand R,, are partial functions.)
Step 2. Tiling the modelVe will ‘tile the model’ by making use of proposition
lettersty, ..., t; which correspond to the tile types . The basic idea is simple:
we wantt; to be true at a node iff a tile of type T; is placed onv. Of course, not
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any placement of tiles will do: we want a genuine tiling. Bu following three
demands ensure this:
(i) Exactly one tile is placed at each node:

1A(\/tl/\ A tl/\t]>.

1<i<j<k

(ii) Colors match going right:

P2 :=A ( \ (ti A <7“>tj)> :
right (T;)=left(T})

(iii) Colors match going up:

b3 :A( \/ <tiA<u>tj>>.
up(T3)=down (T})

Putting this together, we defingr := ¢4.5a A @1 A 2 A ¢3.

Step 3. Proving the equivalenc&/e now show that (6.8) holds. Assume first
thatt : N x N — 7T is a tiling of N x N. Construct a satisfying model fer; as
follows.

W = {wn,m | n,m € N}
R, {(wnmsWnt1.m) | n,m € N}
Ry = {(wnm;wnm+1) | n,m € N}
V(t;) = {wpm|n,meNandt(n,m)="T;}.

Clearly, o7 holds at any state) of 91.

For the converse, 160t be a model such thapt, wy IF ¢7. It follows from
M, wo I @44 that there exists a functioh: Nx N — W such thatf (0,0) = wy,
R.f(n,m)f(n+1,m)andR,f(n,m)f(n,m+1). Define the tilingt : Nx N —
T by

t(n,m) =T; iff M, f(n,m) k¢,

By ¢1, t is well-defined and total. Moreoverfifn, m) = T; andt(n+1,m) = T},
thenR, f(n,m)f(n + 1,m), and bothdt, f(n,m) Ik ¢t; and9, f(n + 1,m) Ik
t;. Given thatw, satisfiesp,, we conclude thatight(T;) = left(1};). Similarly,
because obs, if t(n,m) = T; andt(n, m + 1) = T}, thenup(T;) = down(T}).
Thus,7 tilesN x N.

The above proof clearly depends on having two determingtenic programs at
our disposal. But what happens if we only have one? It shoeldld&ar that then
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M cannot do any interesting work for us, and in fact the languaas adecidable
satisfiability problem; see Exercise 6.5.1.

We now know thakRA-satisfiability is undecidable (given more than one atomic
program) buthow undecidablés it? In particular can we also provel&) upper
bound to match thél?-hardness result? (That is, can we show that we are dealing
with a case of ‘ordinary undecidability’?) To prove thissitffices to show that the
validities of KRA form an r.e. set. Now we could do this by devising a recursive
axiomatization of thexrA-validities, but by making use of a general lemma from
correspondence theory we can establish the result morgtafcawardly.

Lemma 6.32 If K is a class of frames defined by a first-order formula, then its
modal logic is recursively enumerable.

Proof. Assume that the first-order formutadefinesk, wherea is built using only
relation symbols of arity 2 or higher, and identity. Then, @dal formulag is valid
onK iff it is valid on all frames inK iff

a E=EVYavP ... VP, ST(¢), (6.9)
where P, ..., P, are unary predicate symbols corresponding to the propasiti
letters in¢. As the predicate variableBy, ..., P, do not occur ina, (6.9) is

equivalent tax |= Vx ST (¢). But this is an ordinary first-order implication, which
is an r.e. notion. Hence, modal validity &nis an r.e. notion as well. -

Theorem 6.33 Assume that our language has at least two, but at most finitely
many atomic programs. Then the satisfiability problemxfea is I77-complete.

Proof. The I1 lower bound is given by the encoding of thex N tiling problem

in the proof of Theorem 6.31. For tH&) upper bound we show that the validity
problem forkRrA is r.e. The standard translations for the constructensdn are
given in Section 2.4; both are first-order. (Recall thatstlenstructor is the only
part of PDL that takes us out of first-order logic.) The standard trdiosidor A is
obvious (and clearly first-order):

ST(A¢) =Vyly/x]ST ().

Thus — assuming we are working with a languageKrA that contains at most
finitely many atomic programs — the required class of framsegefined by

/\ Vaeyz (Rozy AN Ryxz — y = 2).
« atomic

Hence, by Lemma 6.32, the modal logic of the class of frame&#a is r.e. as
required. -
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Intersection and the master modality

Our next example illustrates how eadiligh undecidability can arise. Once again,
we will enrich thekR language, but this time with threaster modalityAs we will
see, the resulting languag&® has a¥}-complete satisfiability problem.

Like the global modality, the master modali# is a tool for expressing general
constraints in the object language, but it works ratheredéfitly. A formula of
the form & ¢ is true at a nodev iff ¢ is true at all nodes reachable by any finite
sequence of atomic transitions fram Formally,

w - B iff v Ik ¢ for all v such thatw, v) € ( U Ra> .
a atomic

That is,® explores the reflexive transitive closure of the union otlad relations
used to interpret the atomic programs. If we only have fipiteny atomic pro-
gramsay, ..., a,, the master modality is simply shorthand for theL modality
[(a1U---Ua,)*]. From a computational perspective, this modality is arguaeben
more natural than the global modality: it is a way of lookingwvat must happen
throughout the space of possible computations. (It has odteral interpretations
as well. For example, if we interpret our basic modalitiesnasiulti-agent epis-
temic logic — that is[a]¢ means ‘agent knows thaiy’ — then & is the ‘common
knowledge’ operator.)

But, for all its naturalness, the master modality can beeexély dangerous.
Let us see what happens when we add ko First, observe thatRE must be
undecidable. (There is nothing new to prove here; simplenkesthat if we sys-
tematically replace every occurrenceAin the proof of Theorem 6.31 b, the
argument still goes through.) But can we prove a matcliiigupper bound? We
certainly cannot appeal to Lemma 6.32; while the global mgdaas essentially
first-order, the master modality is not. (As with theonstructor oPDL, its natural
correspondence language is infinitary; see Section 2.4d iAdeed, any attempt
to recursively enumerate the validitieskat® is bound to fail.

Theorem 6.34 The satisfiability problem fokR& is highly undecidable. To be
precise, it is¥}-hard.

Proof. We show this by reducing the recurrent tiling problem to kires -satisfia-
bility problem; the X'} -hardness of the satisfiability problem will follow from the
known ¥} -hardness of the recurrent tiling problem.

Recall that the recurrent tiling problem asks: given a fisié of tile typesT,
which includes some distinguished tile typg can7 tile N x N in such a way that
T occurs infinitely often in the first row? Putting this morerfally: does there
exist a functiort : N x N — 7 such that

right(t(n,m)) = left(t(n +1,m))
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up(t(n,m)) = down(t(n,m+1))
{n|t(n,0) =11} is infinite?

We reduceN x N recurrent tiling tokRE-satisfiability as follows. Let] =
{T1,...,T}} be the set of tile types. We will define a formu#a 7, such that

T andT; recurrently tileN x N iff ¢7 1, is satisfiable. (6.10)

Most of the real work was done in the proof of Theorem 6.31. Wetsimply
take the earlier encoding; and replace every occurrence 4fwith ®m. Call the
resulte?-. This formula reduces the x N tiling problem to thexR&-satisfiability
problem.

To reduce theecurrent tiling problem, it remains to ensure that our distin-
guished tileT} occurs infinitely often on the first row. Afg is the proposition
letter corresponding t@;, this means we want to foree to be true at nodes of the
form ¢(n, 0) for infinitely manyn. To do this, we will introduce a new proposition
letterfirst-row and then define:

Grec = first-row A & [u]—first-row A & (first-row — (r)® (first-row A ¢1)).

Suppose thap,.. is satisfied at some point, of a grid-like model. It follows that
first-row is satisfied atwy; thatfirst-row can only be satisfied at points reachable
by a finite number of?, transitions fromwy; and that for infinitely many distinct
natural numbers, wq IF (r)"(first-row A ¢1).

So, let¢7 1, be the conjunction ob%- and¢,.... Then (6.10) holds. -

To conclude this section, two general remarks. First, ttemgtes in this section
were clearly chosen to make the undecidability proofs rusnasothly as possible.
In particular, our examples hinged on the usenofo force the existence of the
grid. What happens if we are working in languages withoug tlminstructor? That
is, how widely applicable is this method for proving undedidity?

Suppose we are working with an arbitrary modal language vandant to es-
tablish the undecidability of its satisfiability problenfinle abstract from the proof
of Theorem 6.31, we see that there is one ingredient thatalvilays be needed
to make similar arguments go through: sufficient ‘globalpeessive power. This
power may arise directly through the presence of additiop&rators, or it may
arise indirectly through special features of the class alef®under consideration,
but one way or another we will need it. On the other hand, weatmaed then
constructor; Exercise 6.5.2 is a nice example.

Second, we have discussed tiling problems as if they weffelusay for estab-
lishing different grades of undecidability. In fact, thegncalso be used to analyze
the complexity ofdecidableproblems: for example, there are NP-hard, PSPACE-
hard, and EXPTIME-hard tiling problems (see the Notes fothter references).
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At the end of this chapter we will use a 2-player tiling prabléo show that the
satisfiability problem foPDL is EXPTIME-hard.

Exercises for Section 6.5

6.5.1 Show thakRA-satisfiability is decidable if we have only one atomic pieograt our
disposal. (This result can be proved via a finite model priypgument.)

6.5.2 (i) Show that the satisfiability problem of the followinglitig’ logic Tile; is
undecidableTile; is a normal modal logic with three diamongis), (r) and<,
defined by the following (Sahlgvist) axioms:

(u)p — [ulp and(r)p — [r]p (6.11)
(ri(uyp — [u](r)p

OOp — Op

(uyp = Opand(ryp — Op.

(i) Now use this logic plus the standard translation to dode that the three variable
fragment of first-order logic (without function symbols timossibly with equality)
is undecidable.

(i) Let Tile, be obtained fronilile; by omitting axiom (6.11). Show thdFile,
is still undecidable. (Hint: Reduce the satisfiability pierh of Tile; to that of
TiIEQ.)

(iv) Conclude that first-order logic with three variables vithout equality is unde-
cidable.

(V) Use a similar tiling logic to show that first-order logiéttvone variable, two unary
function symbols, and only unary predicate symbols is uitiddxte. (Hint: adjust
the standard translation so that it exploits the unary fonatymbols directly.)

6.6 NP

The interpretation method (and in particular, interpiets inSnS) is a powerful
and widely applicable way of proving decidability. Nevestigss, it has disadvan-
tages. Reducing the satisfiability problems of what arenofég¢her simple modal
logics toSnS is using a sledgehammer to crack a nut. The decision proldem f
SnS is non-elementary. This means that the time required taddewhether an
arbitrary formula¢ is decidable cannot be bounded by any finite tower of expo-

nentials of the form
olo]

2%

The use of filtrations to establish decidability is open tmikir objections. A
filtration is typically 2/?! in the size of the input formula. But it is not feasible to
enumerate all the models up to this size even for quite snadlie¢ of|¢|. And
even a nondeterministic Turing machine, which could ‘guesSltration in one
move (see Appendix C and the discussion below), would stilfdzed with the
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immensely costly task of checking thatwas true on this huge structure (to use
the terminology discussed in Appendix C, filtrations tyfiicaffer us NEXPTIME
algorithms). Indeed, of the three decidability technigdesussed so far, only
the mosaic method (which ‘deconstructs’ models locallgpeets what is special
about modal logic; and as we will learn in Section 7.4, the aimmethod can be
used to give essentially optimal satisfaction algorithms.

But this is jumping ahead. In this section and the three tbldvi, we will
use concepts drawn frooomputational complexity theotg present a more fine-
grained analysis of modal satisfiability. This analysisiteiesting for two reasons.
First, by making use of only three central complexity clas@¢P, PSPACE and
EXPTIME), we will be able to present a classification of mosiitisfiability that
covers many important logics. Secondly, in many cases tteigues involved
have a distinctly modal flavor: essentially, the work boisva to a refined analysis
of the finite model property.

We begin our analysis with the class NP, the class of probleshable using
nondeterministic polynomial time algorithms. We first eavithe central ideas
underlying this complexity class and their import for mosatisfiability problems.
Then, using examples from multi-modal and tense logic, wavshow simple
selection arguments can be used to prove NP-completensdssreFinally, we
apply the same method to prove a more general result: evenyahonodal logic
extendingS4.3has an NP-complete satisfiability problem.

When a problen? is said to be complete with respect to a complexity class C,
two things are being claimed. The first is tiatbelongs to C; that is, there is an
algorithm using only the resources permitted by C that soReFor example, if
C = NP this means that there exists a non-deterministic polyniaimia algorithm
for solving’P. The second claim is th& is C-hard; that is, any other problem in
C is polynomial time reducible t®.

Now, as far as the satisfiability problem for normal modaiidsgs concerned,
NP-hardness is a triviality: all (consistent) normal mddaics have NP-hard sat-
isfiability problems. The point is this. The classic NP-hardblem is the satis-
fiability problem for propositional logic. But as every nathmodal logic is an
extension of propositional logic, every (consistent) narmodal logic has a sat-
isfiability problem at least as hard as that for propositidogic. Thus — for the
class NP — our work is somewhat simplified: we are simply lagkior normal
modal logics whose satisfiability problem belongs to NP.

What sort of problems belong to NP? Many problems decompategaily into
the following two steps: aearch for a solutionfollowed by averification of
the solution In general, search is expensive, but by thinking in termsaoi-
deterministic algorithms we can abstract away from thiseasp: if a solution
exists, such an algorithm will find it in one non-determiitigtep. (If necessary,
consult Section C for further discussion.) This abstracliaves us free to concen-
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trate on the verification step, and leads us to isolate tlss &&: a problem belongs
to NP iff it has the above general profile (that is, a non-aeteistic choice of a
solution followed by a verificationdind moreovethe verification step is tractable
(that is, solvable in polynomial time).

How do such ideas bear on modal satisfiability? The key ideaees is em-
bodied in the following lemma.

Lemma 6.35 Let 7 be a finite similarity type. Letl be a consistent normal modal
logic overr with the polysize model property with respect to some claassoalels
M. If the problem of deciding wheth&it € M is computable in time polynomial
in |991], thenA has an NP-complete satisfiability problem.

Proof. As noted above, the NP-hardness of the problem is immediaieremains
to prove the existence of an algorithm in NP that soldesatisfiability. Giveng,
non-deterministically choose a mod® whose size is polynomial in the size of
Becausét is polysize in|¢|, we can check in time polynomial ig| whetherdt
verifies¢. For the special case of the basic modal language, this magdie as
follows.

Let ||21|| denote the sum of the number state$hinand the number of pairs in
9's binary relationR™. Let, ..., be an enumeration of the subformulas of
¢, in increasing length. S@;, = ¢ and if ; is a subformula of);, theni < j.
Notice thatk < |¢|. One can show by induction on that we can mark each state
w in M with ¢; or —;, for j = 1, ..., m, depending on whether or nat; is
true atw in time Om - ||90||. The only non-trivial case is if,;, 1 = v, for
some;j < m + 1. Butin that case we mark with Ov; if somev with Rwu is
marked withy;. By our induction hypothesis, every state is already mavkithl
¥, or mp;, this step can be carried out in tindd|9t||. Sincedt is polysize in|¢,
so is||9||. Hence, checking whethépt satisfies¢ can indeed be done in time
polynomial in|¢|.

Finally, then, because membershigMris decidable in time polynomial ift|,
and|90t| is polynomial in|¢|, we can check in time polynomial ig| thatdt is in
M. H

Where did we use the assumption thats a finite similarity type in the proof
of Lemma 6.35? Essentially, it allows us to check whethewerifies ¢ in time
polynomial ing and in|90t|. The key point is this: when working with a fixed finite
similarity type, we are actually working within a finite-vable fragment, say with
[ variables. This allows us to restrict our attention to orytély many relations of
arity at most in 2t. While the total number of tuples in all relationsfifi may be
huge, it is nonetheless independentp$ee Exercise 6.6.2 for further elaborations.
Note that the second demand — tivimembership be polynomial time decid-
able — is vital. As the reader was asked to show in Exercisel 6tBe polysize
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model property alone is insufficient to ensure decidabiléy alone the existence
of a solution in NP. However, for many important logics thisgerty can be estab-
lished by appealing to the following standard result.

Lemma 6.36 If F is a class of frames definable by a first-order sentence, then t
problem of deciding whethe¥ belongs td- is decidable in time polynomial in the
size off.

Proof. Left as Exercise 6.6.1.

We will show that many normal modal logics are NP-completee proofs revolve
around one central idea: the construction of polysize nsobglthe selection of
polynomially many points from some given satisfying model.

For our first example, we return to the multi-modal languag@ainingn unary
modal operators discussed earlier (see Corollary 6.9)alRbatF} is the class of
frames for this language in which each relation is a partiatfion,M? is the class
of models built ovefF!, andK,,Alt; is its logic.

Theorem 6.37 K,Alt; has an NP-complete satisfiability problem.

Proof. We already showed that this logic has the strong f.m.p., lreitselection
argument we used generated models exponential in size ahploe formula. A
simple refinement of the method shows thatAlt ; actually has theolysizemodel
property.

Given a formulag of this language and a mod®t = (W, R, V') we define a
selection functiors as follows:

s(p,w) = {w}

s(mg,w) = s(p,w)

s(@ANY,w) = s(p,w)Us(y,w)

s(layp,w) = {whu ] s(e,w)
{w!|Rywu'}

Intuitively, s(¢,w) selects the nodes actually needed when evaluating)t atw
— and indeed, it follows by induction on the structuregathat for all nodesv of
M, and all formulasp

M, w k¢ iff M| s(o,w),w - .

It is clear that)t [ s(¢,w) € MT. So let us look at size of the new model. If
M € M7, we claim thats(¢, w)| < |¢|+1. To see this, note that only occurrences
of modalities in¢ cause new nodes to be adjoinedst®, w). This adjunction of
points is carried out in the fourth clause of the inductivérdgon for s, which tells

us to adjoin every state’ such that?,ww’. Becausét € M7, every relationR,,



6.6 NP 379

is a partial function; hence if such« exists, it is unique. In shori, Alt; has
the polysize model property: simply counting the numberagfusrences of modal
operators inp and adding one gives us an upper bound on the size of the domain
of the required satisfying model.

By Lemma 6.36, membership i, Alt; is decidable in polynomial time, for this
is a class of frames definable by a first-order sentence — yaimelconjunction
of sentences that say that each of theslations is a partial function.

The result follows by Lemma 6.35.

The argument foK,,Alt; shows the selection method in its simplest form: given
anymodel for¢ we build a new polysize model farby making a suitable selection
of polynomially many points. This simple form of argumendatis applicable to a
number of logics, a particularly noteworthy example bed¥gGiven anyS5model
for ¢, it is possible to seleai: + 1 points from this model (where: is the number
of modality occurrences i) which suffice to construct a ne®5 model for ¢,
and the NP-completeness $5follows straightforwardly. We leave the details as
Exercise 6.6.4 and turn our attention to a modification ofithiet selection method
frequently needed in practice:dgtour via finite models

Both K, Alt; andS5are very simple logics; in neither case is it difficult to dete
mine which points should be selected. In other cases, we wigyenso fortunate.
Suppose we are trying to show that a logihas the polysize model property, and
we already know thatl has the f.m.p. Then, instead of trying to select points from
an arbitrary model, we are free to select points from a finibeleh, or even a point-
generated submodel of a finite model. This often gives us synway of zooming
in on the crucial points. In particular, when we are workinghwnodels based
on finite orderings it makes sense to talk of choosing pohms are maximal (or
minimal) in the frame ordering that satisfy some subformsiach extremal points
are often the vital ones. As an example of such an arguménis nsidekK 4.3,
the temporal logic of linear frames (in the basic temponagjleage).

Theorem 6.38 K;4.3 has an NP-complete satisfiability problem.

Proof. We will first show thatK;4.3 has the polysize model property. Letbe
a formula of the basic temporal language that is satisfiabla &,4.3 model.
As K;4.3 has the f.m.p. with respect to the class of weak total orde¥s Def-
inition 4.37 and Corollary 6.8), there is a finite weakly thteordered model
M = (T, <,V) containing a node such thatht, ¢ IF ¢. We now build a poly-
sized model fows by selecting points frorft.

Let Fi, ..., Fvy, and P#y, ..., PO, be all subformulas of of the form F'v»
and P#, respectively, that are satisfiedSi. For each formuld'y; choose a point
u; such thatt, u; I+ +; andwu; is a maximalpoint in the <-ordering with this
property. Similarly, for each formul#6; choose a point; satisfying6; that is
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minimalin the <-ordering with respect to this property. L®t' (= (77, <", V"))
bem | {t,u1,...,ug,v1,...,0}. As < is a weak total ordering of’, <’ is
a weak total ordering of”. Furthermore, the number of nodesfit' does not
exceedm + 1, wherem is the number of modalities in, thus9?' is a polysize
model in the correct class. It remains to show it ¢ I- ¢, but this follows
straightforwardly by induction on the structure @f

As the class of weak total orders is definable using a firstrosdntence, the NP-
completeness dK ;4.3 follows from Lemma 6.36 and the polysize model property
that we have just established A

We are ready to prove a general complexity result for thechasidal language: all
normal logics extending4.3have an NP-complete satisfiability problem. Recall
from our discussion of Bull's theorem in Section 4.9 thatS#h3frame is a frame
that is rooted, transitive, and connectet:{ (Rxy V Ryx)); note that all such
frames are reflexive. Bull's Theorem tells us that all normabal logics extending
S4.3have the finite frame property with respect to a classS#f3frames. By
making a suitable selection from models based on such franeesan prove that
every such logic has the polysize model property. Then, lmguke fact that every
normal logic extending4.3has a negative characterization in terms of finite sets of
finite frames (Theorem 4.103), we will be able to prove thbthedse satisfiability
problems are NP-complete.

First we need the following lemma,; it is really just Lemma&l.%hich linked
bounded morphisms and covering lists, stated in purely inedas.

Lemma 6.39 LetF and & be two finiteS4.3frames. Then the following two state-
ments are equivalent:

(i) There exists a surjective bounded morphism ffpt &.
(i) & is isomorphic to a subframe @fthat contains a maximal point gf.

Proof. First suppose thaf is a surjective bounded morphism frognto &. Let
Wmae: D€ @ maximal point irf, and letiV consist ofw,q.: together with exactly
one maximal world inf ~*[v] for every pointv of & such that' # f(we.). Then
§ =5 W is the subframe we want.

Conversely, suppose thf is a subset of the points §, such thaf¥’ contains
a maximal pointw,,,,, andg | Wis isomorphic ta®. We claim that the following
defines a bounded morphism frggronto § | W flw) = w, forw € W; and if
w ¢ W, then f(w) is a minimal worldw € W such thatRwi (that is, for any
w', if Rww' then Rww'). Note that such a minimal world must always exist, since
Winaz € W, thus f is well defined. (In shortf maps ‘missing points’ to succes-
sors that are as close as possible. We used the same idean® tihefibounded
morphism in the proof of Bull's Theorem.) Clearlyis surjective. So suppose
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Rww'. SinceRw'f(w') and R is transitive, we havdRw f(w'). By definition,
f(w) is a minimal element in)’ such thatRw f (w), thusRf (w) f (w') and f sat-
isfies the forth condition on bounded morphisms. FinallppgaseR f(w) f(w').
As Rw f(w), by the transitivity ofR we haveRw f (w'). Sincef(f(w')) = f(w'),
the back condition for bounded morphisms is also satisfieldxanhave shown that
31 W is a bounded morphic image §f AsF | Wis isomorphic to®, & is a
bounded morphic image gfas well. A

We now show that any normal modal logic extend®¥3has the polysize model
property.

Lemma 6.40 Let A be a normal modal logic such th&4.3 C A. Any formulag
that is satisfiable on a frame fot is satisfiable on a frame fad that contains at
mostm + 2 states, wheren is the number of occurrences of modal operators.in

Proof. Supposey is satisfiable on a frame fat. By Bull's Theorem,A has the
finite frame property, thus there is a finite model based dnfeame that satisfies

¢ at some pointuy. Let 91 be the submodel of this model that is generated by
wyp. Clearlydt, wg I- ¢, and as formation of generated submodels preserves modal
validity, 9t is based on a frame fot.

Now we select points. Lebiy, ..., Oy be all thed-subformulas ofs that are
satisfied atvy. For eachl < i < k, select a pointv; that is maximal with respect
to the property of satisfying);. These are the points needed to ensure ¢higt
satisfied in the polysize model at), but if we select onlyw, and these points, we
have no guarantee that we have constructedfieame. However, as we will now
see, wecanguarantee this if we glue on a maximal point. So.dgt; be such a
point and define

M =M | {wo,wy,..., W, Wt1}.

M1 contains at mosty + 2 points, wheren is the number of modal operatorsdn
Moreover, itis based on al-frame. To see this, note that the frame underlﬁ‘tg
is a subframe of the frame underlyifig that satisfies the requirements of item (ii)
of Lemma 6.39; hence there is a surjective bounded morphimmT to <M. Such
morphisms preserve modal validity, thusdaisis a A-model, so it

It remains to ensure th@, wp IF ¢. We prove by induction that for all subfor-
mulasy of ¢, and alli such that) < i < k, that

M, w; I iff M, w; I+ .

The only interesting step is for formulas of the fokn). Suppose thadt, w; I+
Oy (thusy = ¢; for somel < j < k). Sincedt is point-generated by
and transitive, it follows thaRwqw;, hencedt, wy I- ¢, We chosew; to be a
world maximal with respect to the property of satisfying henceRw;w;. By the
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induction hypothesiﬁ, wj - ;. Henceﬁ, w; IF &ep. The converse implication
is left to the reader. -

Theorem 6.41 (Hemaspaandra’'s Theorem)Every normal modal logic extend-
ing S4.3 has an NP-complete satisfiability problem.

Proof. Lemma 6.40 established the polysize model propertylf@o it remains to
check that membership fot-frames can be decided in polynomial time. How can
we show this? Recall Theorem 4.103:

For every normal modal logid extendingS4.3there is a finite sell of finite
S4.3frames with the following property: for any finite framgg § I+ A iff §
is anS4.3frame and there does not exist a bounded morphism ffamnto
any frame inN.

This gives us a possible strategy: given any frag§fneheck whether it is a%4.3
frame, and whether there is a surjective bounded morphigmany frame inN.
Now, asS4.3frames are first-order definable, by Lemma 6.36 the first @artee
performed in polynomial time. But what about the second3tFnote that because
N is afixedfinite set, we need only ensure that the task of checking veheliere

is a bounded morphism frofito afixedframe® can be performed in polynomial
time. But the naive strategy of examining all the functiorent § to & is com-
pletely unsuitable: the number of such functiongéi$S!, which is exponential in
the size of§. However, applying Lemma 6.39, we see that the task can be sim
plified: we only need to check whether there is aiseof worlds ing such that
s W is isomorphic to® and W contains a maximal world. Thus we need to
check less tham‘@‘ embeddings. But this numberpslynomialin the size ofg,

for & is fixed. By Lemma 6.35, NP-completeness follows]

The results of this section tell us something about the cerilyl of validity prob-
lems. The complement of NP is called co-NP. As a formuilanot A-satisfiable iff
—¢ is A-valid, it follows that an NP-completeness result fosatisfiability tells us
that A-validity is co-NP complete (see Section C for further d&sian). It is stan-
dardly conjectured that NE co-NP, thus the validity and satisfiability problems
for these logics probably have different complexities.

Exercises for Section 6.6

6.6.1 Prove Lemma 6.36. That is, show thaFifis a class of frames definable by a first-
order sentence, then the problem of deciding wheghleelongs toF is decidable in time
polynomial in the size of.

6.6.2 Explain why the argument given in the proof of Lemma 6.35 magak down when
we lift the restriction to finite similarity types. In partitar, examine the situation when
the similarity type contains modal operators of arbitsahiigh arities.
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6.6.3 Extend the proof of Theorem 6.38 to show tl&tQ has the polysize model prop-
erty, and is NP-complete.

6.6.4 Use a selection of points argument to show ®ahas the polysize model property,
and is NP-complete.

6.6.5 Show that if we restrict attention to a fixed finite set of prsition letters?, then the
satisfiability problem foS5is decidable in linear time.

(Hint: if & is finite, the number of models we have to check to determinethdr a given
formula¢ is satisfied in them, is independent@]

6.7 PSPACE

PSPACE, the class of problems solvable by a deterministiimumachine us-
ing only polynomial space, is the complexity class of mo&tvance to the basic
modal language. As we will see, some important modal sdtiffiaproblems
belong to PSPACE, and many modal logics have PSPACE-has(ialaility prob-
lems. This suggests that modal satisfiability problems ypially tougher than
the satisfiability problem for propositional calculus, fiois standardly conjectured
that PSPACE-hard problems are not solvable in NP.

The work of this section revolves aroutr@es We first show thakK lacks the
polysize model property by forcing the existence of binaeg-based models using
short formulas. We then take a closer lookKasatisfiability and show that it is in
PSPACE. The proof also shows that ev&rsatisfiable formula is satisfiable on
a tree-based model of polynomidépth We then put all this work together to
prove Ladner’s theorem: every normal logic betwéemnd S4 has a PSPACE-
hard satisfiability problem.

Forcing binary trees

The NP-completeness results of the previous section wereeg@rusing polysize
model property arguments. So, before going any further, Wekhow thatk does
not have the polysize model property. We do so by showing khatin force the
existence of binary trees. Many of the ideas introduced hdtde reused in the
proof of Ladner’s theorem.

For any natural number., we are going to devise a satisfiable formuf(m)
with the following properties:

(i) the size of¢®(m) is polynomial (indeed, quadratic) in, but

(i) when ¢? is satisfied in any modélt at a nodew,, then the submodel of
9 generated by, contains an isomorphic copy of the binary tree of depth
m.
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() 0
(i) B0 (g = Ay —gy) (0 <i<m)
(i) Bo A OB, A O2B, A O3B3 A---AO" 1B,
(iv) OS(p1, ~p1) A TS (pr, =p1) AT*S(pr, =p1) A= AO™ 1S (py, —p1)
A DO%S(pa, —p2) AB3S(py, —p2) A - AB™ 1S (pa, —p2)
AT%S(ps,—ps) A--- ABO™ 1S (p3, —p3)

A Dmils(pmfh _'pmfl)

Fig. 6.5. The formula? (m).

As the binary branching tree of depthcontains2’ nodes, the size of the smallest
satisfying model ofp® (m) is exponential iN¢? (m)|. Thus we will have shown
that small formulas can force the existence of large models.

We will define these formulas by mimicking truth tables. Fay aatural number
m, ¢®(m) will be constructed out of the following variableg, ..., ¢,,, andp,

.., pm- Theg; play a supporting role. They will be used to mark theel (or
depth in the model; that is, they will mark the number of upwardstéhat need to
be taken to reach the satisfying node. But any satisfyingatfod ¢ (m) will give
rise to a full truth table fop+, . .., p,,: every possible combination of truth values
for py,...,pm Will be realized at some node, and hence any modebfgrm) must
contain at leas2” nodes.

That's the basic idea. To carry it out, we first define two macr&;, and
S(pi,—pi). Fori =0,...,m — 1, B; is defined as follows:

Bi = ¢ = (O(gi+1 Apit1) A O(gita A i) - (6.12)

Given that we are going to use thgs to mark the levels, the effect &f; should be
clear: it will force abranchingto occur at level, set the value op;; to true at
one successor at level- 1, and sep;; to false at another.

Our other macro is closely related. Foe 0,...,m — 1, S(p;, —p;) is defined
as follows:

S(pi,—pi) == (pi = Opi) A (—pi = O-py). (6.13)

This formulasendghe truth values assigned ppand its negation one level down.
The idea is that oncé&; has forced a branching in the model by creating a
and a—p;;+1 successorS(p;+1, “pi+1) ensures that these newly set truth values
are sent further down the tree; ultimately we want them tohehe leaves.

We are ready to defing®(m). It is the conjunction of the formulas listed in
Figure 6.5. Note thap?(m) has the required effect. The first conjungt, ensures
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that any node that satisfie& (m) is marked as having level 0. The effect of (ii) is
to ensure that no two distinct level marking atogandg; can be true at the same
node (at least, this will be the case all the way out to lexelhich is all we care
about). To see this, recall that™) ¢ is shorthand for A Op A O2H A --- A O™,
Thus our level markers are beginning to work as promised.

But the real work is carried out by (iii) and (iv). Because loé forefixed blocks
of O modalities, theB; macros in (iii) forcem successive levels of branching;
and each such branching ‘splits’ the truth value of one ofjtjse Then, again
because of the prefixed modalities, (iv) uses th§(p;, —p;) macro to send each
of these newly split truth values all the way down to theth level. In short,
(iii) creates branching, and (iv) preserves it. It is wortfile sitting down with a
pencil and paper to check the details. If you do, it will beeoctear thaty? (m) is
satisfiable, and that any satisfying model §8t(m) must contain a submodel that
is isomorphic to the binary branching tree of depthlt follows that any model of
#"(m) must contain at leag™ nodes, as we claimed.

In spite of its appearance?(m) is indeed amallformula. To see this, consider
what happens when we incrementby 1. The answer is: not much. For example
(i) simply gains an extra conjunct, becoming

OBy AO’By ADPBy A---AO" B, 1 AO™B,,.

Similarly, each row in (iv) gains an extra conjunct (as ddesriext empty row)
thus we gain a new column containimg formulas. The biggest change occurs
in (ii). If you write (ii) out in full, you will see that it gais an extra row, and
an extra column, and an extra atomic symbol in each embeddgohct, and this
means that th¢y® (m)| will increase isO(m? log m) (that is, slightly faster than
quadratically). This is negligible compared with the exgdm in the size of the
smallest satisfying model: this doubles in size every tinegnwereasen by one.

Theorem 6.42 Klacks the polysize model property.

That is,K lacks a property enjoyed by all the NP-complete logics erachiin
the previous section, and there is no obvious way of using b#3grand-check
algorithms to solveé -satisfiability. What sort of algorithms will work?

A PSPACE algorithm for K

We will now define a PSPACE-algorithm call&tlitnesswhose successful termi-
nation guarantees thé-satisfiability of the input. It may seem surprising that we
can do this. After all, we have just seen that there are satlsfiformulasy® (m)
whose smallest satisfying model contaiti8 nodes. What happens if we give
#B(m) as input toWitnes® Will it be forced to use an exponential amount of
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space to determine the satisfiability of (m)? The answer isno. Witnesswill
take an exponential amount tifneto terminate on difficult input, but it usepace
efficiently. As we will see, if a formula is satisfiable in some model, it is sat-
isfiable in a tree-based model of polynomial depth. While sdoanmulas require
models with exponentially many nodes, we can always find doshaatisfying
model: the length of each branch is polynomialdn. Witnesstests for the exis-
tence of shallow models, and does so one branch at a timeedtraut need to keep
track of the entire model, and hence can be made to run in PEPAC

Witnessis essentially an abstract tableaux systemKorit explores spaces of
Hintikka setqsee Definition 6.24). Recall that Hintikka sets need no@isfsable,
and that we call satisfiable Hintikka set®oms Witnesswill take two finite sets
of formulas H and X' as input, and determine whether or détis an atom over
Y. It does so by looking at the demands tli&itmakes and recursively calculating
whether all these demands can be met. The following definitiakes the idea of
a demand precise (compare Definition 4.62).

Definition 6.43 SupposeH is a Hintikka set overr’, and<$v¥ € H. Then the
demandhat & creates ind (notation: Dem (H, $1)) is

(WYu{0| 06 e H).

We useH ., to denote the set of Hintikka sets oM@ Dem (H, ¢1)) that contain
Dem(H, <), (Recall that for any set of sentenc&s Cl(Y') denotes the closure
of X; see Definition 6.23.) 4

Remark 6.44 Suppose thatd is an atom overY, and thatCy € A. As A is
satisfiable, so iDem (A, G1p). From this it follows that there is at least one atom
in Ac,, that containsDem (A, G1). For supposélt, w I Dem(A, Ov). Letw
be the set of all formulas satisfied 9 atw. Then¥ N Cl(Dem(A, ) is aan
atom overCl(Dem (A, ) that containgDem (A, ).

Furthermore, as the reader can easily ascertain, for amufar, ¢ is satisfiable
iff there is an atomA overCl(¢) that containss.

Definition 6.45 Supposed and X' are finite sets of formulas such that is a
Hintikka set overY. Then? C PowY) is awitness set generated @y on X' if
H e H and

(i) if I € H,then foreach>y € I, thereisal € Iy such that/ € H.

(i) if J € Hand.J # H then for somex > 0 there arel’,...,I" € H such
that H = I°, J = I"™, and for each) < i < n there is some formula
Oy e I' such thatl '+ e I,

The degreeof a finite set of formulast is simply the maximum of the degrees of
the formulas contained i%; that is,deg(Y) = max{deg(¢) | ¢ € ¥'}.
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For all choices off and.Y, any witness sek generated byf on X' must be finite,
for H C Pow(Y'), which is a finite set. Further, observe that/if/ € H and
J € Ioy then the degree of is strictly less than that of. Moreover, observe that
item (i) of the previous definition is essentially a ‘no jurdondition: if .J belongs
toH, itis there because it is generated by some other elemehtsanfd ultimately
by H itself.

Lemma 6.46 Suppose thal and X' are finite sets of formulas such that is a
Hintikka set overY. ThenH is an atom iff there is a witness set generatedrby
onX.

Proof. For the left to right direction we proceed by induction on tiegree of¥.
Letdeg(X) = 0, and supposé/ is an atom. Trivially,## = {H } is a witness set
generated by. For the inductive step, suppose the required result haldalf
pairsH' and Y’ such that’ is an atom oY’ anddeg(Y’) < n. Let H be an atom
of X such thatdeg(Y) = n. Then, as we noted in Remark 6.44, foréll € H
there exists at least one atdifi in Ho,. As the degree oEl(Dem(H, Ov)) < n,
forall O € H, the inductive hypothesis applies and every such dtoigenerates
a witness sef¥ on Cl(Dem(H, ©v))). Define

H={H}U |J 7%
OypeH

ClearlyH is a witness set generated Byon Y.

For the right to left direction, we will show that i/ is a witness set ot
generated by{, then H can be satisfied in a modgf, V') whereg is a finite tree
of depth at mostleg(H ). This is stronger than the stated result, and later it will
help us understand why-satisfiability is solvable in PSPACE. Assume we have
a countably infinite set of new entitié§ = {wy, wy, wy, ws, ...} at our disposal.
We will use (finitely many) elements &7 to build a model forH, using a finitary
version of the step-by-step method discussed in SectianTi§ model will be a
tree, thus showing once again tffahas the tree model property.

DefineWy = {wop}, Ry = &, fo(wy) = H. SupposéV,,, R,, and f,, have been
defined. If for allw € W,, such that>y € f, (w) there exists a’ € W,, such that
(i) ¥ € fr(w') and (i) f,(w") € fr(w)oy, then halt the step-by-step construction.
Otherwise, if there is @ € W, such that>y € f,(w), while for now’ € W,, are
these two conditions satisfied, then carry on to stagel and define:

Wops1 = Wy U{wpia}s
Rn+1 = R,U {(w7 wn+1)}7
fn-l—l = fnU{(wn-i-le)}v
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wherel € H is such thatl € f,(w)o,. Note that becaus# is a witness set it
will always be possible to find such dn

This step-by-step procedure halts after finitely many step=e eacli € H con-
tains only finitely many formulas of the form¥+ (thus ensuring that the tree we
are constructing is finitely branching), and whenekgrvw’, thendeg(f,,(w')) <
deg(fn(w)) (thus ensuring that the tree is not only finite, but shallowhas
depth at mostleg(H)). Let m be the stage at which it halts, and defigig¢o
be (W,,, R,,). To construct the desired model féf, it only remains to define a
suitable valuatior}’, and we do this as follows: choo$éto be any function from
Y to P(Wp,) satisfyingw € V (p) iff p € fp,(w), forallp € X. LetI = (F,V).
Exercise 6.7.1 asks the reader to show fiaty, I+ H; an immediate consequence
is thatH is an atom. -

Two remarks. The above proof shows that every atom is sdtiisfia a shallow
tree-based model — a fact which will prove to be importanbbelSecond, we now
have a syntactic criterion — namely the existence or nostemce of withess sets
— for determining whether a Hintikka setls-satisfiable. (In short, we have just
proved a completeness result.) Moreover, the criteriontigtively computable:
witness sets are simple finite structures, thus it seememabke to expect that we
can algorithmically test for their existence. And indeedcaa.

We now define théNitnessalgorithm. This takes as input two finite sets of
formulas H and X' and returns the valugue if and only if there is a withess set
generated by on ¥.

*function Witness(H, X') returns boolean*
begin

if H is a Hintikka set ovel)

and for each subformula>y € H there is a set of formulas
I € Hey such thatWitness (1, Cl(Dem(H, <))

then returntrue

elsereturnfalse
end

Note thatWitness is an intuitively acceptable algorithm — and hence (by Chisrc
thesis) implementable on a Turing machine. Checking Hhas a Hintikka set
over X' involves ascertaining thal’ is closed, and thakl satisfies the properties
demanded of Hintikka sets; these tasks involve only simpigastic checking.
Moreover, both thednd for each subformula . .. there is’ clause and the recursive
call to Witness are clearly computable: the first involves search througmigefi
space, while the recursive call performs the same taskspart of lower degree.
Thus Witness is indeed an algorithm. Moreover, it @rrect if H and X' are
finite sets of formulas, theiitness(H, ¥') returnstrue iff H is Hintikka set over
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Y that generates a witness setin This follows by induction on the degree af.
The right to left direction is easy, while the left to righteltion is similar to the
proof of Lemma 6.46; see Exercise 6.7.2.

We are now ready for the main result.

Theorem 6.47 K-satisfiability is in PSPACE.

Proof. It follows from Lemma 6.46 and the correctnessi@itness that for any
formula ¢, ¢ is satisfiable iff there is atf C Cl(¢) such thaty € H and
Witness(H,Cl(¢)) returns the valugrue. Thus, if we can show thalVitness
can be given a PSPACE implementation, we will have the désesult. We will
implementWitness on a non-deterministic Turing machine. Given any formgila
this machine will non-deterministically pick a HintikkatsH in Cl(¢) that con-
tains¢, and runWitness(H, Cl(¢)). It will be easy to show that this machine runs
in non-deterministic PSPACE (that is, NPSPACE). But thdalibws by an appeal
to Savitch’s TheoremHSPACE = NPSPACE; see Section C) that the required
PSPACE implementation exists.

So how do we implemeniitness on a non-deterministic Turing machine? The
key points are the following:

(i) All sets of formulas used in the execution of the program subsets of
Cl(¢), and we can represent any such subset by using pointers tothe
nectives and proposition letters ¢f's representation: a pointer to a propo-
sitional letter will mean that the letter belongs to the stpand a pointer to
a connective means that the subformula built using thatextive belongs
to it. Thus encoding a subset 61(¢) requires only spac&(|¢|) (that is,
space of the order of the size ©f.

(i) The ‘and for each subformula>y € H’ part can be handled by treating
each subformula in turn. As any subformula can be represammg a
pointer to¢’s representation, we can cycle through all possible sulnfier
las, using only polynomial space, by cycling through thesiatprs. More-
over, as we are using a non-deterministic Turing machiree'ttiere is a set
of formulas ...’ clause can be implemented by making noesdenistic
choices. Note that althougH,, is a set ofsets of formulas, to verify
whetherI belongs to it is a rather trivial task, given the definition/of ;.

(i) To enable the recursive calls to be made, we implemestagk on our
Turing machine. To perform the recursion, we copy the foagubnto the
stack and point to propositional variables and connectivesadicate the
subsets of interest.

So, suppose we rufitness on input H and X¥. The crucial point that must be
investigated is whether the recursive callsifGiness cause a blow-up in space
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requirements. From items (i), (ii) and (iii) it is clear that each level of recur-
sion we use spac@(|¢|). How long does it take for the recursion to bottom out?
Note that afterdeg(¢) recursive callsY) = @. That is, the depth of recursion is
bounded bydeg(¢) and hence bys|. Thus, when we implemenit/itness on a
non-deterministic Turing machine the total amount of spacgiired isO(|¢|?),
hence the algorithm runs in NPSPACE. Thus, by Savitch’'srdrapwe conclude
thatK -satisfiability is in PSPACE. H

The appeal to Savitch’s theorem in the above proof can belasloiVitness can
be implemented on a deterministic Turing machine. Thislire® replacing the
non-deterministic choice used in item (iii) by brute foreasch through subsets
of Cl(¢) that uses only polynomial space, and the reader is asked thiglin
Exercise 6.7.4. But the above proof illustrates why Satstéineorem is so useful
in practice: by freeing us to think in terms of non-deterrsiilsi computations, it
reduces the required bookkeeping to a minimum.

Let us try and pin down the key intuition underlying Theorem® K lacks
the polysize model property, but in spite of this esatisfiability problems can
be determined in PSPACE. Why? The key lies in the proof of Lenem6 which
showed that every atom is satisfiable isteallow finite tree-based model. Such
models make it easy to visualize the explorations tatness makes as it tests
the satisfiability of¢: it just works out what each branch of such a model must
contain. While the size of the entire model may be exponkittidyp| it is not
necessary to keep track of all this information. The locedlgvant information is
simply the information on each branch — and we know that tee hras depth at
mostdeg(¢) + 1. In short, Witness exploits the fact that only shallow tree-based
models are needed to determikesatisfiability.

PSPACE algorithms have been devised for a number of wellvkriogics in-
cluding T, K4 and S4, the temporal counterparts &f, T, K4 andS4, and multi-
modalK, T, K4, S4and S5 While proofs of these results are essentially refine-
ments of the proof Theorem 6.47, some are rather tricky. Eader who does
Exercise 6.7.3, which asks for a PSPACE algorithmKdr, will find out why. In
some cases alternative methods are preferable; see the fdofinters.

Ladner’s theorem

We are ready to prove the major result of the section: evergnabmodal logic
betweenK and S4is PSPACE-hard, and hence (assuming PSPACHEP) the
satisfiability problems for all these logics are toughenttiee satisfiability problem
for propositional logic. We prove this by giving a polynoinieme reduction of
the validity problem for prenex quantified boolean formulasall these modal
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satisfiability problems. The reduction boils down to fogcthe existence of certain
tree-based models, and we will be able to reuse much of ouiopiework.

Definition 6.48 The set ofguantified boolean formulas the smallest seX con-
taining all formulas of propositional calculus such that i€ X andp is a proposi-
tion letter, then botlp 5 anddp 5 € S. The quantifiers range over the truth values
1 (true) and O (false), and a quantified boolean formula witticee variables is
valid if and only if it evaluates to 1.

A gquantified boolean formula is said to be pnenexform if it is of the form
Qip1 - Qupm 0(p1, - - -, pm); hereQ is eitherY or 3, andf(py, . .., p,,) is a for-
mula of propositional logic. We will refer to such prenexrfarlas as QBFs. +

The problem of deciding whether a QBF containing no freealdes is valid is
called theQBF-validity problemand it is known to be PSPACE-complete.

We are going to define a polynomial time translatifinfrom QBFs to modal
formulas, and prove that it has the following two properties

(i) If gis a QBF-validity, thenfy (/3) is S4satisfiable.
(i) If fL(pB) is K-satisfiable, thers is a QBF-validity.

These two properties — together with the known PSPACE-tesmsliof the QBF-
validity problem — will lead directly to the desired theorem

Let’s think about what is involved in evaluating a QBF. Werstyy peeling off
the outermost quantifier. If it is of the foralp we choose one of the truth values
1 or 0 and substitute for the newly freed occurrencep.oDn the other hand, if it
is of the formVp we must substitute bothand0 for the newly freed occurrences
of p. In this fashion, we work our way successively through thefiped list of
quantifiers until we reach the matrix, a formula of propaesiél logic.

Abstractly considered we are generating a tree. This tresists of the root
node, and then — working inwards along the quantifier stringaeh existential
quantifier extends it by adding a single branch, and eactetsal quantifier ex-
tends it by adding two branches. Indeed, we are even gemgti annotated tree:
we can label each node with the substitution it records. kamgle, corresponding
to the QBFYp3q (p ++ —q) we have the following annotated tree:

1/q o o 0/q

0/p l\ /«I 1/p
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(1) g0
(i) 00 (g; — Nizj ) (O<i<m)
(iiia) g(m) (@i = Cqiy1) (0 <i<m)
(iib) A,y O'B:
(iv) OS(p1, =p1) A O%S(p1,—p1) A T3S (pr,—p1) A+ AO™ LS (py, —pr)
A O2S(p2, =p2) A T3S (p2, =p2) A= AO™ LS (pa, —ps)
AB%S(ps,—ps) A--- AO™ 1S (p3, —ps3)

A Dm_ls(pm—h _‘pm—l)
(V) Dm(Qm — 9)

Fig. 6.6. The formulg (/).

The information in such annotated trees — we will call thguantifier trees—
will play a crucial role. For a start, QBF-validity is witre=d by certain quantifier
trees: 3 is a QBF-validity if and only if there is a quantifier tree féisuch that the
substitutions it records ensure that the matrix evaluatés Moreover, quantifier
trees give us a bridge between the QBF world and the modatwgyl 5) will be
a modal formula that describes the structure of a quantiéereévaluating’.

We define the translatiofi;, by modifying the way we forced the existence of
binary trees in the proof of Theorem 6.42, and we will reuserttacrosB; and
S(p1,—p1) defined in (6.12) and (6.13), respectively.

Definition 6.49 Given any QBF3 = Qip1 -+ Qupm 0(p1, - - -, Pm), ChoOSE New
propositional variablesgy, . .., ¢,. Thenfz(53) is the conjunction of the formulas
displayed in Figure 6.6. -

The idea underlyingf;, is this: for any QBFj3, f.(3) describes the peel-of-
quantifiers-and-substitute evaluation processffo(That is, it describes how we
generate a quantifier tree fgr) Moreover, it does so using ideas we have met
already: note that (i), (i) and (iv) are exactly the samerfolas we used when
forcing the existence of binary trees.

In fact, the major difference between these formulas andcadier work lies in
the wordbinary. Here wedon’t always want binary branching: we only want it
when we encounter the quantifiér Thus, instead of the earlier (iii) which forced
branching all the way down to leveh, we have the pair of formulas (iiia) and
(iiib). (iiia) guarantees that if; is true andi < m then there is a next level . ;
which simply amounts to saying thatif< m then we have not yet peeled off
all the quantifiers and a new level will be necessary. But @sdwt force binary
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branching. The task of forcing binary branching, when neass is left to (iiib).
Note that this formula is simply a selection of conjunctsrirour earlier (iii). There
is only one other difference: (v) insists that afterquantifiers have been peeled
off, the propositional matri¥ must be true.

Clearly, f.(53) is polysize in|3|, thus this translation causes no blowup in space
requirements.

Theorem 6.50 (Ladner’'s Theorem) If A is a normal modal logic such tha& C
A C S4, then A has a PSPACE-hard satisfiability problem. Moreovérhas a
PSPACE-hard validity problem.

Proof. Fix a modal logicA with K C A C S4 We are going to prove thdy, is a
(polynomial time) reduction from the QBF-validity probleimthe A-satisfiability
problem. The crucial step in this proof is summarized in ikiing two state-
ments:

if 5is a QBF-validity, thenfz () is satisfiable on a frame @4, (6.14)
and
if f.(3) is satisfied in & -model thens is a QBF-validity (6.15)

From these two statements the desired result follows imatelgi For supposg
is a QBF-validity. Then by (6.14j(3) is S4satisfiable and hencé-satisfiable.
Conversely, iff(3) is A-satisfiable then it is als&-satisfiable, and by (6.15)
5 is a QBF-validity. Thus/A-satisfiability is PSPACE-hard. That thévalidity
problem is also PSPACE-hard follows immediately from thet taat PSPACE =
co-PSPACE.

It remains to prove (6.14) and (6.15). For (6.14), assuntetisa QBF-validity.
Generate a quantifier tree witnessing the validitysofif 5 is valid, such a tree
must exist. This tree gives rise to &Fmodel for f1(/5) as follows. First, take
the transitive and reflexive closure of the ‘daughter-ofatien of the tree; this
gives us theS4frame we require. Then make the variabjdérue precisely at the
nodes of level; p; is to be made true at a node of leyel> i iff the substitution
connected to that node, or its predecessor at leretlirns the value 1 fags;. (For
nodes at level < i it does not matter what truth value we chooseggj It is
straightforward to check that the formufa(/3) is true in this model at the root of
the tree; see Exercise 6.7.5.

For (6.15), suppose that is a QBF of quantifier depth, and thatf; (/) is
K-satisfiable. Note thateg(fz(3)) = m, hence from the proof of Lemma 6.46
we know thatf; (3) holds at the root of a tree-based modént = (7, R, V) of
depth at mostn. Using clauses (iiia) and (iiib) of the definition gf.(3), it is
easily verified that we may cut off branches from this treehghat in the resulting
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tree, a node at levél < m has either one or two successors. This number is one
iff ;01 = 3. Andif Q;11 =V, then one of the successors satisfies and the
other one;~p;,1. But then this reduced tree model is a quantifier tree witngss
the validity of 5. 4

Among other things, Ladner’s theorem tells us that , K4 andS4have PSPACE-
hard satisfiability problems. It follows that the temporalinterparts oK, T, K4

and S4, and multi-modakK, T, K4, andS4, are PSPACE-hard too, for they con-
tain the unimodal satisfiability problems as a special cadence, as PSPACE
algorithms are known for these logics, they all have PSPAGIEplete satisfiabil-

ity problems. As PSPACE= co-PSPACE, these logics have PSPACE-complete
validity problems too.

Exercises for Section 6.7
6.7.1 Show that in the modéDt constructed in the proof of Lemma 6.48, wy IF H.

6.7.2 We claimed thaWitnesss a correct algorithm. That is, #f and X are finite sets of
formulas, thenWitness(H, X') returnstrue iff H is Hintikka set overY that generates a
witness set in¥. Prove this.

6.7.3 Adapt theWitnessalgorithm so that it decidek4 satisfiability correctly. (Hint:
since you can't consider smaller and smaller Hintikka setsy(not?) make use of lists of
Hintikka sets, rather than the single Hintikka sets usedhénproof forK, and show that
the length of such lists can always be kept polynomial.)

6.7.4 Show how to avoid the use of Savitch’s Theorem in the proofrafdrem 6.47. That
is, show that théVitness function can be implemented ordaterministicTuring machine.
(Hint: implement theand for each subformula .. .there is’ clause by cycling throuljh a
possible subsets @l(¢). This cycling process has a simple implementation using onl
spaceO(|4]): generate all binary strings of lengjh|, and decide of each whether or not
it encodes a subset &(¢).)

6.7.5 Supply the missing details in the proof of Ladner’s Theorem.
6.7.6 Show that the satisfiability problem for bimodgbis PSPACE-hard.

6.7.7 In this exercise we examine the effects of bounding the nuwit@oposition letters
and of restricting the degree of formulas.

(&) Show that for any fixed, the satisfiability problem fak with respect to a language
consisting of all formulas whose degree is at migss NP-complete.

(b) Show that, in contrast, the satisfiability problem $tremains PSPACE-complete
for languages consisting of all formulas of degree at nkdgt > 2).

(c) Now suppose thag, the set of proposition letters, is finite. Show that for argdi
k, the satisfiability problems fdf andS4with respect to a language consisting of
all formulas whose degree is at masts decidable in linear time.
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6.8 EXPTIME

EXPTIME, the class of problems deterministically solvaiblexponential time, is
an important complexity class for many modal languages. aniqular, when a
modal language has operatdu$ and [a*] which explore a relatio?, and its re-
flexive transitive closuréR,,)*, its satisfiability problem is likely to be EXPTIME-
hard, which means that the worst cases are computatiomdiyctable. As such
operator pairs are important in many applications, we neechtlerstand the com-
plexity theoretic issues they give rise to. In this secti@examine the satisfiability
problem forPDL; our discussion illustrates some key themes and introdsme®
useful techniques.

Forcing exponentially deep models

By Corollary 6.14 we know thaPDL has a decidable satisfiability problem —
but just how difficult is it? Clearly it is PSPACE-hard, forakabasic modalitya|

is aK operator, and we saw in the previous section (Theorem 60Kt has a
PSPACE-hard satisfiability problem. But can we prove a magcRSPACE upper
bound?

We used a tableaux-like algorithm callétitness to show that -satisfiability
was solvable in PSPACEVitness traded on the following insight: while K-
consistent formula may require a satisfying model of si2&!, it is always possi-
ble to build a satisfying tree model of this size in which elaclnch has less than
|¢| nodes. Witness tests forK-satisfiability by building such trees one branch
at a time; as each branch is polynomial in the size of the jnpltness runs in
PSPACE. However, as we will now show, even small fragmentpafare strong
enough to force the existence of exponentialepmodels.

Proposition 6.51 For every natural number there is a satisfiablepL formulas,,

of sizeO(n?) such that every model which satisfigs contains anR,-path con-
taining 2" distinct nodes. Moreoves,, contains occurrences of only two modali-
ties[a] and[a*], wherea is an atomic program.

Proof. We will show how to count using thisDL-fragment. Given a natural num-
bern, we selectn distinct proposition letterg, ..., q,. Using 1 for true, and 0
for false, the list of truth valueld’ (q,,, w), ..., V (g, w), ...,V (q1,w)] is then-bit
binary encoding of a natural number. We tdké;;, w) to be the least significant
digit, andV (¢, w) to be the most significant.

We now construct a formula,, which, when satisfied at some staig, forces
the (»-bit representation of) zero to hold af, and forces the existence of a path
of distinct successors afi; which correctly count front to 27! in binary. For
example, ifn. = 2, the model will contain a path of lengthfrom wy to w3, and as
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we move along this path we will successively encounter thHeviing truth value
lists: [0, 0], [0, 1], [1, 0], [1, 1].

To do the encoding, we need to know what happens when we add hit@ry
numberm. First suppose that the least significant bitrefis O; for example,
suppose thatr is 010100. When we add 1 we obtain 010101, that is, we flip the
least significant digit to 1 and leave everything else ungkdn We can force this
kind of incrementation irrDL as follows:

INCy := ~q1 — ([a]qn A N\ (g = [alg) A (=g — Mﬁ%’)) :
j>1

This guarantees that the valueg@fchanges to 1 at any successor state, while the
truth values of all the othey;s remain unchanged.

Now suppose that the least significant digitxois 1. For example, suppose that
m is 01011. When we add 1 we obtain 01100. We can describe trsnrentation
as follows. First, we locate the longest unbroken block otdstaining the least
significant digit and flip all these 1s to 0s. Second, we fligithlewing digit from O
to 1 (we have to ‘carry one’). Finally, we leave all remainhgits unchanged. The
following formula forces this kind of incrementation wheretlongest unbroken
block of 1s containing the least significant digit has lengtivhere0 < i < n:

?
i1 N /\ 4 | =
j=1

( (@41 A /\ i A\ (@ = [aar) A (~ge = Mﬂ%))) -

k>i+1

We can now define the required formulg:

n—1
(=gn A - A=qr) Afa™[{a) T A [a*] (INCO A /\ INCl(i)> .
i=1
The first conjunct ofs,, initializes the counting at 0, the second guarantees that
there will always be successor states, while the third giiees that incrementation
is carried out correctly. Clearly,, is of sizeO(n?) and uses only the allowed
modalities. -

Proposition 6.51 is suggestive. It does pobve that no PSPACE algorithm is
possible, but it does tend to confirm our suspicions BHaL -satisfiability is com-

putationally difficult. And indeed it is. The remainder oktbhapter is devoted to
proving the following result:PDL-satisfiability problem is EXPTIME-complete.
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The proof methods we use are important in their own right aefll worth master-
ing: we will prove EXPTIME-hardness by reduction from theotperson corridor
tiling game, and demonstrate the existence of an EXPTIM&rdlgn using elim-
ination of Hintikka sets.

EXPTIME-hardness via tiling

In Section 6.5 we used tiling problems to prove two undedlitpbresults. We
remarked that tiling problems were also useful for provingplexity results, and
in this section we give an example. We will describetilie person corridor tiling
gameand use it to prove the EXPTIME-hardnessRiDL -satisfiability; we make
use of notation and ideas introduced in our discussion oéciddbility.

As with our earlier tiling games, the two person corridoingl game involves
placing tiles on a grid so that colors match, but there areesextra ingredients.
There are two players, and we assume that there is a thirdrperesent — the
referee — who starts the game correctly and keeps it flowirapsiny. The referee
will give the players a finite s€itf}, . .., T} of tile types; the players will use tiles
of these types to attempt to tile a grid so that colors mateladdition, the referee
will set aside two special tile types, and7;,,. Ty is there solely to mark the
boundaries of the corridor (we think of the boundaries asrgasome distinctive
color, say white), whild’,, ; is a special winning tile, whose role will be described
later.

At the start of play, the referee placesnitial tiles I3, ..., I,, in arow. To the
left of 7; and to the right off,, he places copies of the white tilg. That is, the
following sequence of tiles is the initial position:

L I o NI || In

This is the first row of the corridor. The white tiles in coluand colummn + 1
mark the boundaries of the corridor. Columns 1 througdre the corridor proper.
Actually, we may as well stipulate that the referee immedyafills in columns0
andn + 1 with the special boundary-marking white tile. That is, tHayprs are
going to be playing into the grid inside the followimgcolumn corridor:

]1 IQ Infl In
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Now the players are ready to start. There are two playerssé&bénd Abelard. The
players take turn placing tiles in the corridor, and it's aj& Eloise who moves
first. The rules for tile placement are strict: the corridas o be filled in from

the bottom, from left to right. For example, after Eloise p&ced her first tile the
corridor will look like this:

T

I I o ||| In

When Abelard replies, he must place his tile immediatelyht® right of tile T.
When the players have completed tiling a row, they starigithe next one, starting
at column 1. In short, the players have no choice albadutreto place a tile,
only about which type of tile they will place there. The pldgehoice of tiles is
subject to the usual color-matching rules of tiling, and &leyplaced in column
0 or columnn has to match the white of the corridor tile. (For example,he t
previous diagram, it must be the case tleft{7") = white))

When do the players win or lose? As follows. If after finitelyany rounds a
tiling is constructed in which the special winning tilg; is placed in column 1,
Eloise wins. Otherwise (that is, if one of the players carékena legal move and
T, is notin column 1, or if the game goes on infinitely long) Alrdlavins.

Now for the EXPTIME-complete problengiven a game, does Eloise have a
winning strategy in that ganfe That is, can she win the game no matter what
Abelard does? It is useful to think of winning strategiesémis ofgame trees
For any game, a game tree for that game records all possip@mses Abelard
can make to Eloise’s moves. (Note that we don't insist thatey&rees encode all
of Eloise’s options; but it iwvital that game trees record all of Abelard’s options.)
Note that Abelard has only finitely many possible respongasthere are only
finitely many tile types. Clearly, if Eloise has a winningagrgy in a game, then
there is a game tree that describes that strategy: such speedie out exactly what
she has to do, and takes all Abelard’s possible responseadnbunt.

Now that we know about game trees, let’s think about winnitigtegies for
Eloise. In fact, we can recursively characterize this cphc&Ve first define the
notion of awinning position for Eloisén a game tree:

(i) Whenever the winning til€,, is placed in column 1, that position is a
winning position for Eloise.

(i) In case Eloise is to move in position, thenz is a winning position for
Eloise if there exists a move to a winning position for Eloise
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(i) In case Abelard is to move in positian, thenx is a winning position for
Eloise if Abelard can make a move and all his moves lead to aingn
position for Eloise.

We now say that Eloise hasvanning strategyiff there is a game tree such that
the root of the game tree is a winning position for her. Thebjam of determin-
ing whether Eloise has a winning strategy is calledtthe person corridor tiling
problem which is known to be EXPTIME-complete (see the Notes foenmafices).

Theorem 6.52 The satisfiability problem foPDL is EXPTIME-hard.

Proof. We show this by reducing the two person corridor tiling pesblto the
PDL satisfiability problem. We will view a game tree as a rootegutar PDL
model with one atomic transitioR,,, which codes one move of the game. Given
an instance/ = (n,{Tp,...,Ts+1}) of the two person corridor tiling game (here
n is the width of the corridor, and thE are the tile types), we will show how to
create a formula; such that

(i) If Eloise has a winning strategy,s is satisfiable at the root of some game
tree for7 (viewed as a regulagDL model).

(i) If o7 is satisfiable, then Eloise has a winning strategy in the gamia
fact, she will be able to read off her winning strategy bydaling a path
through the satisfying model (starting at the point thais§as o).

(iii) The formula ¢ can be computed in time polynomial inands.

The formulags contains two kinds of information: it fully describes theusture
of the game tree, and states necessary and sufficient amwdfor Eloise to win.
The first part boils down to usingbL to describe the initial configuration, that
players move alternately, that colors match, and so on;ighaslittle tedious, but
straightforward. Stating necessary and sufficient comustifor Eloise to win in-
volves findingpDL formulas that capture the recursive characterization ohimg
strategies, and prevent the game from running for infinikedyny moves; this is the
interesting part of the proof.

We use the following proposition letters to constrygt:

@) to, t1, ...,ts, andts1. These will be used to represent the tiles. We will

often writety, aswhite

(i) eloise This will be used to indicate that Eloise has the next mous. |
negation will indicate that Abelard has the next move.

(iii) pos,...,pos,. We usepos to indicate that in the current round, a tile is to
be placed in column.

(iv) col;i(t),forall0 <i <n+ 1landallt € {ty,t1,...,ts,ts41}. These will
be used to indicate that the tile previously placed in colunsof typet.
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(v) win. This means that the current position is a winning positmrHloise.

In addition, we make use of the modalities] and (m) (‘after every possible
move’ and ‘after some possible move’ respectively) &nd], which can be read
as ‘after every possible sequence of moves’.

So let’s describe the structure of the game tree. The fofigWormula records
the situation at the start of play:

eloiseA pos A coly(white) A coly (t,) A --- A col,(tr, ) A col,y1(white).

The first conjunct says that Eloise has to make the first movéewhe second
says that she has to place her tile in column 1. The remaimngiocts simply say
that the tiles previously placed in all columns are thosédefinitial configuration.

(Of course, these were not placed by the players but by teeee) That is, they
say that columns 1 through contain the initial tiles/4, . .., I,,, and that there is a
white corridor tile on each side.

We now write down a series of formulas which regulate the vay further play
takes place. (Note that all these conditions are precedéely.*] modality, thus
ensuring that they continue to hold after any finite sequaficaoves.) We start
by giving the desired meaning pos; andcol;(t).

¢ Tiles always have to be placed in one of columns 1 through
[m*](pos V -+ V pos,),
and indeed, irexactlyone of these columns:
[m*](pog — —pos)) (1 <i#j<n)
e In every columri, at least one tile type was previously placed:
[m*](col;(ty) V- -+ V col;(ts+1)) (0<i<n+1).
¢ In every columni, at most one tile type was previously placed:
[m*](col;(t,) — —col;(t,)) 0<i<n+1land0<uz#v<s+1).
e Moreover, the referee has already placed white tiles inmookiO andh + 1:
[m*](coly(white) A col,, 11 (white)).

¢ In the course of play, tiles are placed left-to-right (flipgiback to column 1
when a row has been completed):

[m*]((pos; — [m]posy) A (pos, — [m]pos;) A--- A (pos, — [m]pos)).

¢ In columns where no tile is placed, nothing changes when arnsowmade:

[m*](=pos — ((col;(t,) — [m]col;(t,)) A (=col;(t,) — [m]—col;(t,)).
(Here0 <i<n+land0 <u<s+1.)



6.8 EXPTIME 401

With these preliminaries behind us, we can now describetthetare of the game
tree.

e First of all, players alternate:
[m*]((eloise— [m]—eloisg A (—eloise— [m]eloise).

e Next, both players make legal moves; that is, they only ptdes which cor-
rectly match adjacent tiles. It will be helpful to define tr@ldwing ternary
relation of ‘compatibility’ between propositional varieis:

C(t',t,t") iff right(T") = left(T) anddown(T) = up(T"),

whereT', T" andT are the tiles that correspond to the propositional vargahle

t" andt” respectively. Thatisy' (¢, t,¢") holds iff the tileT" can be placed to the

right of tile 7" and above tilel”’. With the aid of this relation we can formulate
the first constraint on tile placement as follows:

[m*] (posi A coli—1 (') A coly(¢") = [m] \/ {eol(t) | C(¢'t, t")}) :

(Here0 < i < n, and, by convention\/ @ = 1.)

e However this constraint is not quite enough; it only ensumasching to the left
and downwards. We also need to ensure that tiles placedumeot match the
white corridor tile to their right, and we can do this as fel

[m] (posn — [m] \/{col, (t) | right(T) = white}> .

(Heret is the proposition letter corresponding to tile)
e Next, we need to ensure that all of Abelard’s possible respeare encoded in
the model:

[m*] <—|eloise A pos; A coli(t") A col; 1 (') — /\{(m>coli (t) | C’(t'7t,t")}>.
(Herel < i < n, and, by convention)\ @ = T.)

That completes our description of the game tree. So letis tmour other task:
ensuring that Eloise indeed has a winning strategy. We withis with the help of
our recursive characterization of winning strategiesstthe first step is easy; we
simply state that the initial position is a winning posititan Eloise:

win.
Next, we spell out the recursive conditions:
[m*] (win — (coly(ts41) V (meloise A (m)T A [m]win) V (eloise A (m)win))).

We're almost there — but we don'’t have quite enough. If a gaoescdot ter-
minate, Abelard wins, so we need to rule out this possibilltow, any infinite
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branch must involve repetition of rows. IndeedNf= »**+2, then if a game runs
N moves, repetition must have occurred.

Repetitions do not help Eloise: if she can win, she can do sevrer than
N moves. So we are simply going to insist that games run fewar A moves
— and we can do this with the help of tl®L counter defined in the proof of
Proposition 6.51. To use the notation of that proof, we maleaf propositional
variablesyy, . .. ,qy,, all initially set to zero, and increment the counter by 1vatrg
move. If the counter reaché$ (that is, if all these propositional variables are true
in some successor state) then the game has gone on too lomgpataid wins.
The following formula encodes this observation:

[m*]((counter= N) — [m]—-win).

Let ¢7 be the conjunction of all these formulas. We must now velify three
claims made about” at the start of the proof.

First we need to show that if Eloise has a winning strategy there is a game
tree such thap is satisfiable at the root of the game tree viewedrslamodel. If
Eloise has a winning strategy, then she can win in at iYostoves. £t is thepDL
model corresponding to this at-mast-move strategy, then it is straightforward to
check thaty” is satisfied at the root @t.

The second claim is more interesting: we need to show tHett iiv I- ¢, then
Eloise has a winning strategy in the gaffie— and that her winning strategy is
encoded iMt. So suppose there is such a model. Imagine Eloise facingafbel
across the playing board and consulting this model to chbesenoves. A7 is
satisfied atv, win is satisfied atv (remember that the initial position is marked as
winning), henceeloise A (m)win, the third disjunct of our recursive characteriza-
tion of winning strategy, is true at too. Eloise simply needs to pick a successor
state in the model marked as winning to see which tile to placshort, she plays
the move described in the model, and continues doing so sesutent rounds.

Though this guarantees that Eloise can keep moving to winpasitions, can
she actually win the game after finitely many moves? Yes! &t &e can win
in at mostN moves. For suppose th€-th move has just been played (that is,
counter= N has just become true). As Eloise has always been moving taingn
positions, theV-th position is also winning, which means that one of theofelhg
formulas is satisfied there:

° C0|1 (t5+1), or
e —eloiseA (m)T A [m]win, or
e eloiseA (m)win.

As the counter has reachéd, [m]—win is satisfied too. This means there aren't
any more winning positions, and so the second and thirdrisjuare false. Hence
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coly (ts41) is satisfied: the winning tile was placed in the first columithia previ-
ous round. Thus Eloise has already won.

It remains to check that’ is polynomial inn ands. The only point that requires
comment is that we can encodé Encoding any natural numbet > 2 in binary
requires at mosty(m) + 1 bits (¢ denotes the logarithm to base 2). So encoding
N takes at mostg(n**2) = (s + 2)lg(n) < (s + 2)n bits, which is polynomial
in n ands. Thus we have reduced the two person corridor tiling prokierthe
satisfiability problem foPDL, hence the latter is EXPTIME-hard.-

As the previous proof makes clear, the EXPTIME-hardned3if largely stems
from the fact that it contains a pair of modalities, one forrkilng with a rela-
tion R,, and the other for reflexive transitive closutg,,)*; this is what enabled
us to force exponentially deep models, and to code the @urtiting problem.
Now, this is not the entire story, for theage logics containing such modality pairs
whose satisfiability problem is in PSPACE: one example istleelal logic of the
frame (N, S, <), in a language with two diamonds) and (<). HereN is the
set of natural numbers§ is the successor-of relation, ardis the usual ordering
of N. An even more expressive language — one involving the upgrator —
has a PSPACE-complete satisfiability problem o{€rS, <); see the Notes for
references.

Despite this, the following is a reliable rule of thumb: wheorking with a
modal language containing a pair of modalities for workinthva relation and its
transitive closure, suspect EXPTIME-hardness. Don’tiggur investigations by
looking for a PSPACE-algorithm, unless you are working véthlass of frames
that allows little or no branching. And as this section hasdestrated, an elegant
way of proving EXPTIME-hardness is via the two person canridling game.

Elimination of Hintikka sets

By Theorem 6.52 there are instances of B2l -satisfiability problem which will
require exponentially many steps to solve. As yet we have atching upper
bound. In fact, so far the best solution R®DL-satisfiability we have is the fol-
lowing nondeterministialgorithm: given a formula, let X' be the set of ally’s
subformulas, form the collection of all Hintikka sets i, nondeterministically
choose a model of size at mast?!, and checks on this model. By the decidabil-
ity result forPDL (Corollary 6.14), ifp is satisfiable, it is satisfiable in a model of
at most this size, hendeDL -satisfiability is solvable in NEXPTIME.

As we will now show, the EXPTIME-hardness result of the poegi section can
be matched by an EXPTIME algorithm. Like the PSPABEiness algorithm de-
veloped in the previous section, the EXPTIME algorithmP®@L is based around
the idea ofHintikka sets Here’s how we define this notion f&DL.
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Definition 6.53 (Hintikka set for PDL) Let X be a set ofPrDL formulas and
- FL(Y) the closure under single negations of its Fisher-Ladnesuct(see Defi-
nition 4.79). AHintikka setover X' is any maximal subset efFL(Y) that satisfies
the following conditions:

(i) If =¢ € =FL(Y), then—¢ € Hiff ¢ & H.
(i) If p Ay e =FL(Y), thenp Ay € Hiff ¢ € Handy € H.
(i) If (my;me)p € =FL(Y), then(my;me)p € H iff (m1)(ma)p € H.
(iv) If <’/T1 U ’/T2>¢ € ﬂFL(Z’), then(m U ’/T2>¢ € Hiff (7r1>¢ or <’/T2>¢ € H.
(V) If (7*)¢ € =FL(X), then(n*)¢p € Hiff ¢ € H or (m)(n*)¢p € H.

We denote the set of all Hintikka sets overby Hin(X').

The first clause of Definition 6.53 ensures the maximality witikka sets: ifH <
Hin(Y') then there is ndd’ € Hin(Y) such thatd c H'. So, when the effect
of clause (ii) is taken into account, we see that Hintikka see maximal subsets
of —=FL(X') that contain no blatant propositional inconsistenciestikka sets for
PDL are a generalization of something we met in Chapter 4, naateyns(see
Definition 4.80). Clearlyd¢(Y) C Hin(Y); indeed,At(Y') contains precisely the
PDL-consistent Hintikka sets.

We use Hintikka sets as follows. We define a mo®@ that is built out of
Hin(X). We then iterativelyeliminate Hintikka set§om this model, thus forming
a sequence of ever smaller models. This process is detstimjrand terminates
after at most exponentially many steps yielding a maddel We will then show
that apDL formula ¢ is satisfiable iff it is satisfiable if1.

Elimination of Hintikka sets:

Base case.Let X be a finite set oPDL formulas, and let’I be the set of
programs that occur itv. DefineWW?" to beHin(Y). For all basic programs
a, and allH, H' € W9, define a binary relatio®)? by HQYH' iff for every
¢ € H', if (a)¢p € ~FL(Y) then(a)p € H. For all other programs €
I, define@? to be the usual inductively defineebL relations, and leg®
be (W° Q%) cyr. DefineV® by VO(p) = {H € W' | p € H}, for all
propositional variableg. Finally, let9n® be (§°, V?).

Inductive step. Suppose that > 0 and that§” = (W", Q%) c;; and9”™ =
(3™, V™) are defined. Say thdf € W™ is demand-satisfiedf for all = € IT,
and all formulasy, if (7)1 € H then there is al’ € W™ such that Q7 H'
andy € H'. Then define:

(i) Wrtt ={H e W™ | H is demand-satisfigd
(i) QrtlisQrn (Wt x Wnth), andg™+tis (W, Qu41) .
i)y Vrlis V[ WL andanntl is (3L, v,
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As Hin(Y) is finite andW "+t C W™, then for somen > 0 this inductive
process stops creating new structures. (That is, fof allm, 97 = oM™.)
DefineF (= (W, Qr)rcir) to beg™ and defineét (= (F,V)) to bedt™.

The reader should contrast this use of Hintikka sets withwilig we used them in
our discussion of PSPACE. Th&itness algorithm carefully builds sequences of
ever smaller Hintikka sets using only PSPACE resourceshanpscontrast to this,
the first step oElimination of Hintikka setsorms all possible Hintikka sets (and
there are exponentially many), and subsequent steps filtehe useless ones.

Theorem 6.54 The satisfiability problem foPDL is solvable in deterministic ex-
ponential time.

Proof. Given apDL formula, we will test for its satisfiability as follows. Letting
Y be the set of all)’s subformulas, we forntdin(Y’) and perform elimination of
Hintikka sets. This process terminates yielding a moste: (W, Q., V) e We
will shortly prove the following claim, for all formulag € X:

¢ is satisfiable iffp ¢ H for someH € W. (6.16)

If we can prove this claim, the theorem follows. To see thaerthat the number
of Hintikka sets overY' is exponential in the size af, and the process of con-
structing®™ ! out of 91" is a deterministic process that can be performed in time
polynomial in the size of the model, and hence eliminatiomoftikka sets is an
EXPTIME algorithm.

So it remains to establish (6.16). For the right to left di@t, we will show that
if ¢ € H for someH € W, thend itself satisfiesp at H. Indeed, we will show
that for all¢p € —FL(Y) and allH € W, 9, H IF ¢ iff ¢ € H. This proof is by
induction. The clause for propositional symbols is clead the step for boolean
combinations follows using clauses (i) and (i) in the deiom of Hintikka sets.
For the step involving the modal operators we need the fatigwubclaim:

forall (m)x € =FL(Y), (m)x € H iff

6.17
for someH’ € W we haveQ,.HH' andy € H'. (6.17)

The left to right direction of (6.17) is immediate from thenstruction of)Jt, for at
the end of the elimination process only the demand-satisfiatikka sets remain.
The right to left direction follows by induction on the sttuce of r; we demon-
strate the base case and the step for modalities construsiegl«. Suppose that
for some basic programthere are Hintikka set&l and H' such thatd ), H' and

x € H'. As we built the relatior),, by a sequence of eliminations and restriction,
it follows that if HQ,H' then HQYH' — and hence it follows by definition that
(a)y € H'. Next, suppose that for some progratnthere are Hintikka setd and
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H' such thatH Q.- H andy € H'. But this means there is a finite sequence
H=HyQ:H,...H, 1Q.H, = H'.

As y € H'itfollows inductively that(w)y € H,_; and hence (due the fact that all
Hintikka sets are Fisher-Ladner closed) that)y € H, ;. Again, by induction
on it follows that (7)(7*)x € H,_2, whence(r*)y € H,_» since this set if
Fisher-Ladner closed. By repeating this argument we oltkeit7*)y € Hy =
H. This establishes the inductive proof of (6.17), which imtgompletes the
inductive proof of the right to left direction of (6.16).

The fastest way to prove the left to right direction of (6.16Jo make use of
ideas developed when proving the completened2if in Chapter 4. Recall that
we defined}s, thePDL model overY, to be(At(X), {Rx Y e, V™). HereAt(X)
is the set of all atoms oveX, V'~ is the natural valuation, ani- is defined as
follows: for any two atoms4 and B, and any basic program AR; B holds iff
A A (a)B is consistent. We defineR, for arbitrary programs by closing these
basic relations under composition, union, and reflexivasitave closure in the
usual way.

Now, we first claim that for all programs, Rf C QY. To see this, first observe
that asAt(¥) C Hin(Y), all atomsA and B are inW?'. So supposeiR; B.
Then, asA A <a)§ is consistent, by the maximality of Hintikka sets we havd tha
forall ¢ € B, if (a)¢ € —FL(Y) then(a)¢ € H, thatis, AQ2B. Thus for
all atomic programs, the desired inclusion holds. But tHatimns R, and Q°
corresponding to arbitrary programsare generated out dt, and@? in the usual
way, hence the inclusion follows for all programs.

The importance of this observation is the following conssme: atoms can
never be discarded in the process of elimination of Hintikkés. This follows
from the Existence Lemma fé&?DL (Lemma 4.89, which states that for all atoms
A, and all formulas(w)y € =FL(X), if (m)y € A, there is an atonB such that
AR>B andy € B. As all atoms belong téV°, and asR> C @Y, it follows
that every atom iV is demand-satisfied. Moreover, this demand satisfiability
depends only on the presence of other atoms. It follows tlvatikka elimination
cannot get rid of atoms; that i&in(X) C W.

But now the left to right direction of (6.16) follows easilysuppose thad is
satisfiable. Them is PDL-consistent, which means it belongs to at least one atom
in X. This atom will survive the elimination process, and we higneeresult. -

This establishes the result we wanted: an EXPTIME algoriformdeciding the
satisfiability problem forDL. One question may be bothering some readers: what
is the relationship between the modé&is and‘p3 in the proof of Theorem 6.54?
Let us consider the matter. In the proof, we observed thatalhs survive the
Hintikka elimination process. In fact, only atoms can suevi(To see this, simply



6.9 Summary of Chapter 6 407

observe that if some inconsistent Hintikka gétsurvived the Hintikka process,
then by (6.16), every formula if/ would be satisfied i®t at H. But asdt is a
regular model, this is impossible.) Hen®®, like 3, is a model built over the set
of atoms. Moreover, we showed in the course of proving theipus theorem that
every relation ir3 is a subrelation of the corresponding relatioih It follows
that’p3 is a submodel oft.

Actually, we can say a little more. Recall from Exercise 4 #atJ3 is isomor-
phic to a certain filtration. In facgt is isomorphic to a filtration over the same
set of sentences. Which filtration? We leave this as an eseefor the reader; see
Exercise 6.8.4.

Exercises for Section 6.8

6.8.1 Enrich the basic modal language with the global modality(This was defined in
Section 6.5.) Show that the satisfiability problem for theared language over the class
of all frames is EXPTIME-hard.

6.8.2 As in the previous exercise, enrich the basic modal languéthehe global modality
A. Use elimination of Hintikka sets to show that the satisfigbproblem for the enriched
language over the class of all frames is solvable in EXPTIME.

6.8.3 In this exercise we investigate the complexity of deterstioPDL.

(a) Change thebL-hardness proof so that it works for deterministicL.. How many
programs do you need? Are two programs sufficient?

(b) Encode with just one functional program that a model naes@onential deep path.
Use this to describe-corridor tiling. What can you conclude?

(c) So by now we might have a suspicion that with only one progrthe satisfiability
problem for deterministic PDL might be in PSPACE. But how toye that? The
best way is to find a proof in the literature which can be usatbat immediately.
What are the crucial features of functiomalL with one program? Think of a tem-
poral logic which has precisely these same features. Carnngerpret functional
PDL into that temporal logic, using some kind of translationdtion? If so, what
is the complexity of that function? What can you conclude?

6.8.4 Determine the exact relationship between the moSkederdt discussed following
the proof of Theorem 6.54.

6.8.5 PDL has an EXPTIME-complete satisfiability problem. Supposeaad the the
universal modality to the language. What is the complexitthe resulting satisfiability
problem?

6.9 Summary of Chapter 6
» Decidability and Undecidability A logic is called decidable if its satisfiability
problem (or equivalently, its validity problem) is decidab Otherwise it is
called undecidable.
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» Decidability via the Finite Model PropertyWhile possession of the finite model
property does not guarantee decidability, finite models lmamused to prove
decidability given some extra information about the modelshe logic. The
decidability of many of the more important modal logics,liring PDL, can
be established using such arguments.

» Decidability via Interpretations Another important technique for establishing
decidability is via interpretation in decidable logicakétries, most notably the
monadic second-order theories of countable finitelywdoranching trees. If a
modal logic is complete with respect to a class of models ¢hatbe viewed
as monadic second-order definable substructures of suele,ats decidability
follows.

» Quasi-Models and Mosaic€Even when a modal logic lacks the finite model
property, it is sometimes possible to prove decidabilitingdinite represen-
tations of the information contained in satisfying models. Quasidels and
mosaics are such representations.

» Undecidability Undecidability arises easily in modal logic. Moreovert ab
undecidable modal logics have the simplest degree of udaleidity; many are
highly undecidable.

» Tiling Problems Tiling problems can be used to classify the difficulty of fibot
decidable and undecidable problems. The simple geomelg&siunderlying
them makes them a useful tool for investigating modal sabgfiy problems.

» The Modal Significance of N®nly modal logics with the polysize model prop-
erty with respect to particularly simple classes of struegwcan be expected to
have satisfiability problems in NP. Some important logieshsas the normal
logics extending54.3 fall into this category.

» The Modal Significance of PSPACEssuming that PSPACE. NP, most
modal satisfiability problems amot solvable in NP, but are at least PSPACE-
hard. For example, every normal logic betwdemnd S4 has a PSPACE-hard
satisfiability problem. Explicit PSPACE algorithms are tmofor some of these
logics.

» The Modal Significance of EXPTIMBodal languages containing a modal-
ity (r) and a matching reflexive transitive closure modality) often have
EXPTIME-hard satisfiability problems. The two person adori tiling game
is an attractive tool for proving modal EXPTIME-hardnessules, and elimina-
tion of Hintikka sets is a standard way of defining EXPTIMEalthms.

Notes

Finite models have long been used to establish decidaftibityh in modal logic and
elsewhere. Arguments based forite axiomatizability together with the f.m.p. are
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widely used (Theorem 6.15); this approach traces back tood§219]. Also pop-
ular is the use of thstrongfinite model property; our formulation (Theorem 6.7) is
based on Goldblatt’s [183]. The fact thatexursiveaxiomatization together with
the f.m.p. with respect to gecursively enumerablelass of models guarantees de-
cidability (Theorem 6.13) seems to have first been madeaipliUrquhart [432].
The main point of Urquhart’s article is to prove the result presented as Exer-
cise 6.2.5: there is a normal modal logic which is recurgialiomatizable, and
has the f.m.p., but is undecidable. This shows that the uBeitaf axiomatizations
in the statement of Theorem 6.15 cannot be replaced by reewsiomatizations,
and Urquhart states Theorem 6.13 as the correct geneiatizaExercise 6.2.4
is due to Hemaspaandraée Spaan); see Spaan [412]. For Craig’s Lemma, see
Craig [95].

The original proof of Rabin’s Tree Theorem may be found iniR§®72]. Rabin
shows that the decidability &fnS for n > 2 orn = wis reducible to the decidabil-
ity of S2S, and the bulk of his paper is devoted to proving &% is decidable.
Rabin’s paper is demanding, and simpler proofs have subségubeen found,;
for an up to date survey of Rabin’s Theorem and related natesee Gecseg and
Steinby [174] and Thomas [424]. Rabin’s Theorem was appfiedodal logic al-
most immediately: Fine [135] used it to prove decidabiligults in second-order
modal logic (that is, modal logic in which it is possible tombipropositional vari-
ables), and Gabbay [154, 155, 156] applied it to a wide rarigeaalal logics in
many different languages. Gabbay, Hodkinson, and Reyrjd&#] is a valuable
source on the subject.

Two kinds of variations on Rabin’s Tree Theorem are relevardur readers.
First, theweak monadic second-order theory afsuccessor functionsWSnS)
constrains the set variables to range over finite sets ohly.dEcidability ofWWSnS
— which is due to Thatcher and Wright [421] and Doner [121] —b#&sed on a
close correspondence between formula@inS and finite automata; any relation
¢ definable inWS2S can also be defined by a tree automathnthat encodes the
satisfying assignments to the formula in the labels on tldeamf the tree that it
accepts. ThéIONA system [226] implements this decision procedure. Despite
the non-elementary worst-case complexityp/o2S, MONA works well in prac-
tice on a large range of problems; Basin and Klarlund [28o&éimpirical evidence
and an analysis of why this is the case. At the time of writimgré are no exper-
imental results evaluating the performance of tools sudd@8sIA on logics such
as propositional dynamic logic. Mullest al. [344] use reductions t&VS2S to
explain why many temporal and dynamic logics are decidabEXPTIME.

A second variation is important when working with expressivodal languages
(for example, those containing the until operatdrover highly restricted classes
of models (for example, models isomorphic to the real nusibbetheir usual order)
it may be necessary to appeal to stronger results aboufispgasses of structures;
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Burgess and Gurevich [78] and Gurevich and Shelah [207] ssergial reading
here.

Prenex normal form fragments of first-order logic are defingidg strings over
{3, 3%, v, v*},; for instance,3V* represents the class of first-order formulas in
prenex normal form where the quantifier prefix starts with sistential quanti-
fier and is followed by a (possibly empty) sequence of unalegsiantifiers. The
decidability of prenex normal form fragments seems to haenistudied at least
since early 1920s, which is when Skolem showed ttiat* is undecidable. In
1928, Bernays and Schonfinkel gave a decision procedurhdasatisfiability of
I*V3* sentences. Godel, Kalméar and Schitte, independent®®1, 1933 and
1934 respectively, discovered decision procedures fosdhtisfiability of 3*v23*
sentences. In 1933, Godel showed ti&E* sentences form a reduction class for
satisfiability. More recently, Kahr in 1962 proved the uridability of V3V. Con-
sult Borgeret al. [69] for references and an encyclopedic account of prenexalo
form fragments. For recent work on the relevance of suchieags to modal logic,
see Hustadt [243].

That the two-variable fragment of any first-order language€ecidable is rel-
evant to a number of modal decidability problems. The firstidkbility result
for this fragment (without equality) was obtained by Sc883]; Mortimer [343]
established decidability of the two-variable fragmenthagiquality. In contrast,
for k > 3, thek-variable fragment is undecidable. Consult Gradel, Kslaand
Vardi [201] for complexity results, and Gradel, Otto, andsen [202] for related
results.

But perhaps the most natural way to reduce a modal logic is ardther modal
logic! Such reductions are far likelier to yield not only ddability results, but
information about complexity as well. Embeddings of tengbtwgic into the basic
modal language were first studied by Thomason in the mid 1&&@s for example,
[429]). The approach has gained a new lease of life recentiynpertant results
on the approach can be found in Kracht and Wolter [289] analiKri286].

Our use of quasi-models and mosaics has it roots in the watlakiiaryaschev
and others. In particular, Zakharyaschev and Alekseev][46@ such arguments
to show that all finitely axiomatizable normal logics extengK4.3 are decidable,
and Wolter [450] uses them to show that all finitely axiomatie tense logics
extending k4.3 are decidable too.

The mosaic method for proving decidability of a logic stemusrf Neémeti [345]
who proved that various classes of relativized cylindrigelras have a decidable
equational theory. It has since been used for a wide rangegafd, often with a
multi-dimensional flavor; see for instance Marx and Vene®&#%], Mikulas [335],
Reynolds [379], Wolter and Zakharyaschev [454], Wolterd¥or the references
in our Notes on the guarded fragment in Chapter 7. With hgidsieven Godel's
proof of the decidability of the satisfiability problem fdretv23* prenex sentences
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can be called a mosaic style proof as well; see the very clgawsdion in the
monograph [69]. Mosaics can also be used to investigate lnodglexity theory;
see Marx [322] for further detalils.

Constructing specific examples of undecidable modal logig®t trivial, and
Thomason [427] contains the earliest explicit example otiadecidable normal
logic in the basic modal language that we know of. Undecrldbgics can be
constructed in a variety of ways. Urquhart’s [432] defimtiof Ay (see Exer-
cise 6.2.5) is neat, if abstract. For undecidable logickénltasic modal language
constructed by detailed simulation of a concrete model afifnatation (namely,
Minsky machines), see Chagrov and Zakharyaschev [86, €h&6}.

We have chosen to focus on tiling problems (or domino probleas they are
sometimes called). These were introduced in Wang [446] awe Isince been
used in a variety of forms to prove undecidability and comipyeresults. Proofs
that theN x N tiling problem is undecidable can be found in Berger [50]pRe
son [381], and Lewis and Papadimitriou [308]. Two importaapers on tiling
are Harel [216, 217]: these demonstrate the flexibility ef tethod as a tool for
measuring the complexity of logics. Harel uses tiling toegan intuitive account
of highly undecidable (and in particulak;;-complete) problems, and these two
papers are probably the best starting point for readersestted in learning more.
The logickR used in the text to illustrate the tiling method is a notadilovariant
of Kasper Rounds logic, which is used in computational listics to analyze the
notion of feature structure unification. Decidability armhplexity results for (var-
ious versions of) Kasper Rounds logic can be found in KaspdrRounds [271]
and Blackburn and Spaan [59]; the latter is the source fopiidms 6.31 and 6.34.
A wide range of related results can be found in the literafgee for example
Harel [215], Halpern and Vardi [209], and Passy and Tincl3&2]). Even in quite
modest languages, asserting something about all pathgytiheomodel can lead to
extremely high complexity; for a deeper understanding o tiiis is so, we refer
the reader to Harel [216, 217], and to Harel, Kozen and Ti(2u8].

As to complexity-theoretic classifications of modal sadisfiity and validity
problems, Ladner [299] is one of the earliest analyses; dlaissic paper is the
source of Ladner’'s Theorem and much else besides — it isrestjreading! Hal-
pern and Moses [212] is an excellent introduction to thedtddlity and complex-
ity of multi-modal languages. We strongly recommend thigcler to our readers
— especially those who are encountering complexity theoréeas for the first
time.

But to return to the results in this chapter, the NP-complets ofS5was proved
in Ladner [299]. Ono and Nakamura [353] is the source of Téen6.38; in
that paper it is also shown that the complexity of the sabdiig problems in
the language with¥" and P with respect to the following flows of time are all
NP-complete: linear transitive flows of time without endgej and dense linear
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transitive flows of time without endpoints (see Exercise 3.6 Hemaspaandra’s
Theorem, that all normal modal logics extendi&g.3are NP-complete, may be
found in Spaan [412] and Hemaspaandra [221]). As an asigesdtisfiability
problem for the flow of timgN, <) in the language with just’ was shown to be
NP-complete by Sistla and Clarke [408]; the satisfiabilitplppem is also shown
to be NP-complete for formulas usifgand the so-called operator nexttime oper-
ator. NP-complete modal-like logics were also investigatethe area of descrip-
tion logic; see below for references. Many NP-completemesslts make use of
Lemma 6.36, that frame membership is decidable in polyniaima for first-order
definable frame classes (see in Exercise 6.6.1). This isndasta result in finite
model theory, and you can find a proof in Ebbinghaus and Fl@6][1

The key results on PSPACE come from Ladner [299]. Ladnerdstdblishes
the existence of PSPACE algorithms #r T, andS4. His proof of the PSPACE-
completeness oK is like that given in the text, save that Ladner uses ‘coecret
tableaux’ (that is, his algorithm specifies how to constrilng required atoms)
rather than ‘abstract tableaux’ (which factor out the regpliiboolean reasoning).
Concrete tableaux are also used by Halpern and Moses [2t@h&iruct PSPACE
algorithms for multi-modal versions &f, S4— and indeed5 as they show, log-
ics containing twdS5 modalities are PSPACE-hard. This paper gives a very clear
exposition of how to use tableaux systems to establish dbiity and complexity
results. The abstract tableaux systems used in this chagtérased on the work of
Hemaspaandra [413, 412, 221]. In the description logic camity, tableaux sys-
tems are often calledonstraint systemg 23]; descriptionlogics (also known as
conceptanguages aterminologicallogics) are essentially multi-modal languages,
often equipped with additional operators to facilitate tepresentation of knowl-
edge, with global constraints (the so-called TBox), or witeans to reason about
individuals and properties (the so-called ABox). Unlike tihhodal logic commu-
nity, in the description logic community considerable atien has been paid to
reasoning tasks other than satisfiability or validity chiegksuch as subsumption
checking, instance checking, and reasoning in the presein@doackground the-
ory [122].

In the text (page 403) we also mentioned the fact that, ovemttural num-
bers (with< and the successor functid), the temporal logic with the until op-
erator has a PSPACE-complete satisfiability problem; tasult is due to Sistla
and Clarke [408]. In the same paper, the authors also shawhbaatisfiability
problem for (N, <) is PSPACE-complete for each of the following systen#s:
and X; U (until); U, S (since), X; and the extended temporal logic ETL due to
Wolper [449].

The effect of bounding the number of proposition letters tieddegree of modal
formulas has been studied by Halpern [210]. In addition &r#sults mentioned
in Exercises 6.6.5 and 6.7.7, he shows that the PSPACE-etenglss results of
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Ladner and Halpern and Moses hold for multi-modal version& oT, S4, S5
even if there is only one proposition letter in the langudgere restrict to a finite
degree, then the satisfiability problem is NP-complete fidha logics considered,
butS4 and if we impose both restrictions, the complexity goesmlawinear time
in all cases.

The EXPTIME-hardness dPDL (Theorem 6.52) is due to Fisher and Lad-
ner [143], who explicitly construct abL formula which simulates the actions of
a linear space bounded space bounded alternating Turinkimeaclhe (simpler)
proof given in the text stems from Chlebus [91], which esshigls the EXPTIME
hardness of the two person corridor tiling game (via a redodrom alternating
Turing machines) and uses it to provide a new proof of EXPTIMiEIness for
PDL. Another proof of this via two person corridor tiling can bmuhd in Van
Emde Boas [128], and we have also drawn on this; the recuimineulation of the
game halting condition is due to Maarten Marx.

The existence of an EXPTIME algorithm f&DL, and the method of eliminat-
ing Hintikka sets, comes from Pratt [366]. Other applicagiof the method can
be found in multi-modal logics of knowledge equipped witroaxenon knowledge
operator (see Halpern and Vardi [209], or Fagiral.[133]); in computational tree
logic (cTL; see Emerson [129]); in expressive description logics Berini et
al. [123]); and in work on the global modality (see Marx [322] qrean [412]).

One important approach to the analysis of modal complexaty ot been dis-
cussed in this chapter: the use of finite automata. The thebgautomata has
been a subject of research since the 1960s (Buchi [70]cihbaand Wright [421],
Rabin [372]). Especially relevant to temporal and dynamgids has been a resur-
gence of interest in finite automata on infinite objects in1B80s and 1990s; see
Gecseg and Steinby [174], Hayashi [220], and Thomas [428]. 48 wide va-
riety of automata have been studied, and complexity re$oittheir acceptance
problems are known. It is often possible to analyze the ceriiyl of modal
satisfiability problems by reducing them to acceptance Iprob for types of au-
tomata. For example, general automata-theoretic tecesitpr reasoning about
relatively simple logics using Buchi tree automata haverbdescribed by Vardi
and Wolper [435].

We conclude on a more general note. In this chapter we hausged mainly on
satisfiability and validity problems — what about the debitity and complexity
of other reasoning tasks? For a start, thebal satisfiability problem (whether
there is a model which satisfies a formulakbitits points) is important in many ap-
plications and quite different from the (local) satisfigiiproblem discussed here.
The discussion of the global modality in Section 6.5 and Eiger6.8.1 has given
the reader some of the flavor of such problems; for more, sa& [332]. Other
reasoning tasks that are closely related tajlloeal satisfiability problem, are often
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studied in the area of description logic mentioned befoee; Be Giacomo [102]
or Areces and de Rijke [15].

Furthermore, there is a great deal of interest in buildirecical systems that
evaluate formulas (not necessarily modal ones) in modeis;field is known as
model checking Many interesting problems can be usefully viewed as model
checking problems, and representations which enable a&i@iuto be performed
efficiently — even when the models contain a very large nunobetates — have
been developed. For an intuitive, modally oriented, intiitbn to the basic ideas,
see Halpern and Vardi [213]. For further pointers to the nhodecking literature,
see [332, 93, 245].

Third, itis interesting to inquire into the decidability otherwise of a wide range
of metalogical properties of logics. One such result wastroeed in Section 3.7:
Chagrova’s Theorem tells us that it is undecidable whetlfiestaorder property of
frames can be defined by a modal formula. And many other qusséilong these
lines can be raised (for example: is it decidable whethemapreof rule is admis-
sible in a given logic?). The best sources for further infation on such topics are
Chagrov and Zakharyaschev [86, Chapters 16 and 17] and K2&#]. Another
line of results that we should mention here is work on thefelhg question: given
two (finite) model<Dt and, how hard is it to decide whether they are bisimilar?
Ponseet al. [364] contains a number of valuable starting points for sybstions.



