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The last one!

I I want to discuss soundness and completeness

Intuitively, they are the way to synchronize the semantics of a
logic with an inferece method like tableaux.
They are the way to show that we got it right.

I I want to discuss also Compactness and Löwenhein-Skolem.
Properties that actually characterize first order logic:
Lindström Theorem.

I And we will finish with Second Order Logic.
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Not called classical logic for nothing

I Some logicians (notably Quine) view first-order logic as the
be-all and end-all of logic.

I We disagree with this viewpoint, but there is no getting away
from a very stubborn fact — first-order logic certainly is
special (and beautiful).

I Being “first-order logic” is not a matter of notation or
symbolism. It’s about something much deeper. It’s about
finally being able to get to grips with each and every element
in the domains of our models.

I And as we shall learn today, this has some deep consequences.
Today we’re going to take a (rather abstract) look at
inference and expressivity in first-order logic.
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In today’s lecture

I First we’ll look at inference, and discuss the concepts of
soundness and completeness.

I But then we turn to the heart of the lecture: expressivity. We
have clearly gained a lot of expressivity, but interesting gaps
remain. We will discuss two results, the Compactness
Theorem and the Löwenhein-Skolem Theorem(s) that pin
down the crucial expressive limitations of first-order logic.
Indeed, as we shall learn, these results actually characterize
first-order logic.
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To Infinity and Beyond. . . ?!

I The distinction between finiteness
and the different degrees of infinity
will play an important role in the
later part of this lecture.

I Will we get to infinity? Will we get
beyond?
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Example: Theory of linear order

We now have a lot of expressive power — enough to state some
interesting theories. Here, for example, is a simple theory of linear
order:

I Axiom Irr: [[x ]](x :¬〈R〉x)

I Axiom Tran: [[x ]][[y ]](x :〈R〉〈R〉y → x :〈R〉y)

I Axiom Lin: [[x ]][[y ]](x :y ∨ x :〈R〉y ∨ y :〈R〉x)

So if we had a proof system for our first-order language, we could
proved some non-trivial theorems:

|= Irre ∧ Tran ∧ Lin→ [[x ]][[y ]](x :〈R〉y → y :¬〈R〉x).
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Proof theory

I Proof theory is the syntactic approach to logic.

I It attempts to define collections of rules and/or axioms that
enable us to generate new formulas from old. That is, it
attempts to pin down the notion of inference syntactically.

I Given some proof system P, we write `P ϕ to indicate that a
formula ϕ is provable in the the proof system. (6`P ϕ means
that ϕ is not provable in proof system P.).
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Many types of proof system

I Natural deduction

I Hilbert-style system (often called axiomatic systems)

I Sequent calculus

I Tableaux systems

I Resolution
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Why so many different proof systems?

I Well, one of the most important reasons may simply be that
logicians love to play with such systems — and every logician
has his or her own favourite pet system!

I A more serious reason is: different proof systems are typically
good for different purposes.

I In particular, some systems (notably tableau and resolution)
are particularly suitable for computational purposes.
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But what does all this have to do with semantics and
inference?

I Note: nothing we have said so far about proof systems makes
any connection with the model-theoretic ideas previously
introduced.

I All we have done is talk about provability and vaguely said
that we want to “generate” formulas syntactically. What does
this have to do with relational structures and semantics?

I Answer: we insist on working with proof systems with two
special properties, namely soundness and completeness.
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Soundness

I Recall that we write |= ϕ to indicate that the formula ϕ is
valid (that is, satisfied in all models under all assignments).

I Recall that we write `P ϕ to indicate that ϕ is provable in
proof system P.

I We say that a proof system P is sound if and only if
`P ϕ implies |= ϕ.

I That is, soundness means that syntactic provability implies
semantic validity. To put it another way: P does not produce
garbage.

I Needless to say, all the standard proof systems are sound.
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Proving Soundness

I Soundness is typically an easy property to prove.

I Proofs typically have some kind of inductive structure. One
shows that if the first part of proof is true in a model, then
the rules only let us generate formulas that are also true in a
model.
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Completeness

I Recall that we write |= ϕ to indicate that the formula ϕ is
valid (that is, satisfied everywhere in all models).

I Recall that we write `P ϕ to indicate that ϕ is provable in
proof system P.

I We say that a proof system p is complete if and only if
|= ϕ implies `P ϕ.

I That is, completeness means that our proof system is strong
enough to prove everything that is provable.

I To put it another way: No valid formula is out of reach of our
proof system.

I The standard proof systems are complete.

Areces & Blackburn: LogicS INRIA Nancy Grand Est



Completeness

I Recall that we write |= ϕ to indicate that the formula ϕ is
valid (that is, satisfied everywhere in all models).

I Recall that we write `P ϕ to indicate that ϕ is provable in
proof system P.

I We say that a proof system p is complete if and only if
|= ϕ implies `P ϕ.

I That is, completeness means that our proof system is strong
enough to prove everything that is provable.

I To put it another way: No valid formula is out of reach of our
proof system.

I The standard proof systems are complete.

Areces & Blackburn: LogicS INRIA Nancy Grand Est



Remark

I Completeness is a much more informative property that
soundness, and is a lot more difficult to proof.

I It is typically proved by contraposition. We show that if some
formula is not provable (6` ϕ) then ϕ is not valid (6|= ϕ). This
is done by building a model for ¬ϕ.

I And our first-order language is very expressive — so it can
describe some pretty intricate models (they certainly won’t all
be trees!).
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Soundness and completeness together

I Recall: proof system P is sound if and only if

`P ϕ implies |= ϕ

I Proof system P is complete if and only if

|= ϕ implies `P ϕ

I So if a proof system is both sound and complete (which is
what we want) we have that:

|= ϕ if and only if `P ϕ

I That is, syntactic provability and semantic validity coincide.
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Expressivity of first-order logic

I We turn now to the theme of expressivity of first-order logic.

I Our discussion revolves around two famous results: the
Compactness Theorem, and the Löwenheim Skolem
Theorem(s). I’m going to state (but won’t prove) these
results and discuss some of their consequences.

I As we said at the start of the lecture, our discussion will have
a lot to do with finiteness, and the different grades of infinity.
So before going any further let’s remind ourselves what in
infinite set is . . .
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Finite and Infinite

I The most fundamental infinite set in set theory is the natural
numbers N. This is the set

{0, 1, 2, 3, 4, 5, . . .}.

I A set S is infinite if there is one-to-one (injective) function
from N to S .

I A set is finite if it is not infinite. That is, a set is finite if it is
not possible to define such a function. This amounts to saying
that it is the same size as some finite set

{1, 2, 3, 4, 5, . . . , n}

.
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Infinite Axiom Sets!

I We already seen a simple set of axioms, namely
the three axioms that defined the theory of
linear order.

I But note: any finite set of axioms can be
replaced by one single axiom — for we simply
need to form their conjunction!

I So, very early in the history of logic, logicians
started to consider the consequences of working
with infinite sets of axioms. After all, why not?
Remember: Logicians are the Masters of the
Universe!

I Now, using infinite sets of axioms does give us
more power. . .
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An infinite set of axioms defining infinity!

I Try to write down a single sentence of first-order logic that is
true in every infinite model (and false on every finite one). But
don’t try too hard, for I promise that you won’t find one. . .

I But it’s easy to write down an infinite set of sentences with
this property.

I Let AtLeast2 be 〈〈x〉〉〈〈y〉〉(x :¬y).

I Let AtLeast3 be 〈〈x〉〉〈〈y〉〉〈〈z〉〉(x :¬y ∧ x :¬z ∧ y :¬z).

I Following this pattern, we can write down sentences AtLeast4,
AtLeast5, AtLeast6, AtLeast7,. . . ,AtLeast100,. . . . . . .

I Let INF be the set of all these sentences. Then we have that

M |= INF iff M is an infinite model.
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Compactness Theorem

Compactness Theorem: Let Σ be an infinite set of first-order
sentences. If every finite subset of Σ can be made true (in some
model or other) then there is at least one model that
simultaneously makes every sentence in Σ true.

We can paraphrase this as follows. To check whether an infinite
set of first-order sentences Σ, has a model, we don’t need to try
and find a model that make all the sentences in Σ true at once. If
it enough to show that any finite subset of Σ can be made true in
some model. For if we can show this, the Compactness Theorem
guarantees that there is some model that makes all the (infinitely
many) sentences in Σ true all at once.

Areces & Blackburn: LogicS INRIA Nancy Grand Est



How do you prove the Compactness Theorem?

Many proofs are known, but two are worth mentioning. . .

I Actually, one can prove the Compactness Theorem for
first-order logic more-or-less simultaneously with the
Completeness Theorem. More precisely, completeness for
first-order logic is a reasonably simple extension of
compactness.

I And there is another (in a sense more revealing) proof. The
ultraproduct construction lets us “multiply together” the finite
models into one big model.
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A powerful theorem

The Compactness Theorem is central to mathematical model
theory:

I A powerful theorem — and a two-sided one.

I On the positive side, it allows us to build many interesting
and unexpected models (such as non-standard models of
arithmetic).

I And it has negative uses too — it can also show that we
cannot define certain things. And that’s the kind use we will
put it now.
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Finiteness is not first-order definable

The question we will ask is the following:

Is there a single sentence of first-order logic that defines
finiteness?

That is, is there a single first order sentence (let’s call it fin) such
that:

M |= fin iff M is finite

As we shall see, the answer is no.
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The argument

I Suppose there is such a sentence fin. We are going to show
(with the help of the Compactness Theorem) that this
assumption leads to a contradiction.

I Consider the set of sentences INF ∪ fin

I That is: {AtLeast1,AtLeast2,AtLeast3,AtLeast4, . . .} ∪ fin

I Claim: every finite subset of this has a model. Why is this?
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And now we have a problem

I Since every finite subset of INF ∪ fin is true, by the
Compactness Theorem, there is some model M that
simultaneously makes every sentence in INF ∪ fin

I Hence, as M makes INF true, M is infinite.

I But as M also makes fin true, so M is finite!

I Oooooooooooops!!!!!!!!!!!

I From this contradiction we deduce that fin does not exist.
That is, there is no sentence of first-order logic that expresses
the concept of finiteness.
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Countably infinite and bigger. . .

I A set S is countably infinite if there is one-to-one (injective)
and onto (surjective) function from N to S .

I Countable infinite sets are the smallest infinite sets. Examples
of countable infinite sets include: N, E (the even numbers), Z
(the integers), and Q (the fractions).

I The set of real numbers R is not countably infinite — it is
bigger.

I In general, the power set P(S) of S is bigger than S .

I The universe of sets is huge. It contains infinitely many
ever-bigger grades of infinity.
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Löwenhein-Skolem Theorems
The Löwenheim Skolem Theorems tell us that first-order logic is
completely blind to all these distinctions:

Upward Löwenhein-Skolem Theorem: If a set of sentences
Σ has an infinite model, it has infinite models of all larger
infinite cardinalities.

Downward Löwenhein-Skolem Theorem: If a set of
sentences Σ has an infinite model, it has infinite models of all
lower infinite cardinalities. In particular, it always has a
countable model.

It follows that is is not possible to fully describe the real numbers R (that

is, describe them up to isomorphism) using first-order logic. Any

description will have many models (indeed models of every infinite

cardinality) and a model that (being countable) is too small!
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Lindström’s Theorem

I There is a field of logic called abstract model theory which
works with very abstract definitions of what logics are.

I There is a celebrated result from abstract model theorem
called Lindtröm’s Theorem which tells us that first-order logic
is the only logic for which both the Compactness and the
Downward Löwenheim-Skolem Theorems hold.

I That is, if you invent a very strange logical formalism, but can
prove that it has these two properties, then you have invented
a logic with exactly the same expressive power as first-order
logic. You “new” logic, when you get right down to it, is in
the business of quantifying over individuals.

I And is there really anything else out there to quantify over....?
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Sets, and Relations, and Functions, and

I Aren’t we already quantifying over everything that there is in
our models?

I The answer is no. There’s lot more sitting out there in our
models, patiently waiting to be quantified.

I Sure, we’re already quantifying over the individuals — but
there are higher-order entities there too, such as sets of
individuals, and relations.

I And these logics certainly do offer increased expressivity. . .
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Transitive closure

I We already met the concept of the reflexive transitive closure
of a relation.

I There are two (equivalent) ways of defining reflexive transitive
closure.

I As the relation T on D defined by xTy iff either x = y or there
is a finite sequence of elements of D such that x = d0 and

d0Rd1, d1Rd2, . . . , dn−1Rdn.

I As the smallest reflexive and transitive relation S (on the
domain D) containing an arbitrary relation R; or

I Let’s try defining this concept with 〈〈x〉〉 and [[x ]] . . .
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Let’s try. . .

Let R and S be binary relations

It easy to insist that R is reflexive:

Ref(S) := [[n]](n:〈S〉n).

And it’s easy to say that R is transitive:

Tran(S) := [[n]][[m]](n:〈S〉〈S〉m→ n:〈S〉n).

And to say that R is a subrelation of S

R ⊆ S := [[n]][[m]](n:〈R〉m→ n:〈S〉n).
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Here’s a first try. . .

So let’s put all this together to define transitive reflexive closure:

Tran∗(R,S)

:= ∧ Ref(S)

∧ Tran(S)

∧ R ⊆ S

∧ S-is-the-smallest-such-relation

Oh dear. . . !
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No way José!

I Try as you might, you won’t be able to do this

I And we can prove it using the Compactness Theorem

I {¬p, [R]¬p, [R][R]¬p, [R][R][R]¬p, . . . , 〈R∗〉p}
I Every finite sunset has a model. Hence (by Compactness) so

does the whole thing. But this is impossible.

I Hence we cannot define R∗.

I But as we know, we’re free to extend the language.

I We could just add the 〈R∗〉 operator — but that was just one
example of something we couldn’t do.

I Lets give ourselves the power to quantify over two types of
higher order entities: properties and binary relations.
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A second order language

I 〈〈p〉〉ϕ, and [[p]]ϕ express existential and universal quantification
over properties.

I 〈〈R〉〉ϕ, and [[R]]ϕ express existential and universal
quantification over relations.

I Semantics? Simply extend what we did in first-order case.
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Now we can define reflexive transitive closure. . .

Tran∗(R,S)

:= ∧ Ref(S)

∧ Tran(S)

∧ R ⊆ S

∧ [[X ]](Ref(X ) ∧ Tran(X ) ∧ R ⊆ X → S ⊆ X ).
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What’s the Price

I Loss of Completeness (for standard models)

I Loss of Compactness. After all:

{¬p, [R]¬p, [R][R]¬p, [R][R][R]¬p, . . . , 〈R∗〉p}

is now an example of a set in which each finite subset has a
model, and the complete set doesn’t.

I Loss of Löwenheim-Skolem. (It is easy to define the natural
number N and the integers Z up to isomorphism.)

I Which brings us back to the fundamental trade-off,
expressivity versus inference/tractability.

I We’ve bought serious expressivity — and have lost everything
else.
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What we covered in the course

I We’ve been essentially looking at a menu of logics.

I But the menu was designed by a Master Chef (Tarski!); the
meal is built around the crucial ingredient of relational
structures.

I Relational structures tell us why logic is applicable in
semantics (natural language metaphysics) and computer
science.

I Back to a logicist position, but not in traditional sense.

I Monotheist — but not in terms of logic, rather, in terms of
semantics.
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Relevant Bibliography

Georg Cantor (1845-1918) created
modern set theory, which is the setting
for virtually all of modern mathematics.
As David Hilbert, the famous
mathematician and logician once
remarked, “No one shall expel us from
the Paradise that Cantor has created.”
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Relevant Bibliography

The Completeness Theorem for
first-order logic was proved by Kurt
Gödel (1906–1978) in his 1928 doctoral
thesis. As it turned out, however, this
was merely the first of many great
results that he was to prove.
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Relevant Bibliography

The modern form of the Compactness
Theorem seems to trace back to the
work of the Russian mathematician
Anatoly Maltsev (1909–1967).
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Relevant Bibliography

The downward Löwenheim-Skolem
Theorem was first proved by Leopold
Löwenheim (1878–1957; top picture) in
1915. In 1920 his proof was greatly
simplified and generalised by Thoralf
Skolem (1887 -1963).

Areces & Blackburn: LogicS INRIA Nancy Grand Est


